VNU-HUS MAT3302: Toén rgi rac GV: Phan Thj Ha Duong (ly thuyét)

Bai tap tuan 3
25/09/2025 GV: Hoang Anh Ddc (bai tap)

(1) Danh sach bai tap méi tuan c6 6 https://hoanganhduc.github.io/teaching/V
NU-HUS/2025/winter/MAT3302/.

(2) Tham gia Google Classroom (https://classroom.google.com/c/0DAwMzkxNzA30
TEy?cjc=j1jzv5ov) dé biét cach tinh diém thudng xuyén qua viéc lén bang va diém
danh.

(3) Cac bai tap danh dau sao (x) c6 thé can thsi gian suy nghi lau hon.

Bai tap 1. (a) Gia st A, B,C la céac tap hop sao cho A C B va B C C. Chiing minh réng
ACC.

(b) Tim hai tap A va B sao cho A € Bva A C B.

(c) Tich Dé-cac (Cartesian product) ctia hai tap hop A va B, ki hieu la A x B, 1a tap hop
cac cap c6 thi tu (a,b) véia € Avabe B. Vidy, néu A = {1,2} va B = {x,y} thi
Ax B={(1,z),(1,y),(2,7),(2,y)}. Chiing minh rang véi cac tap hop A, B,C, D bat
ki, nftu ACCvaBCDthiAxBCC xD.

(d) (%) Tap lay thira (power set) ctia mot tap hop S la t
ki higu la P(S). Vi dy, néu S = {1,2} thi P(S) = {
A va B bat ky, phat biéu “A = B khi va chi khi P
thich.

tap hgp tat ca cac tap con ctia S,
0,{1},{2},{1,2}}. Véi hai tap hop
(A) = P(B)” ¢6 ding khong? Giai

(e) Bai tap nay trinh bay nghich li Russell (Russell’s paradox). Cho S 1a tap hgp cac tap
x sao cho x ¢ x, tic la

S={x|x ¢z}
(i) Chitng minh rang gia thiét S 13 mot phan tit ctia S dan dén mau thuan.
(ii) Chting minh rang gia thiét S khong phai 1a mot phan tit ctia S ciing dan dén mau

thuan.

Tir cac phan (i) va (ii), ta két luan ring tap S khong thé dinh nghia duge. Nghich ly
nay co thé dugc giai quyét bang cach han ché céc loai phan tit ma mot tap hgp co thé
co.
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(f) (x) Cho A, B, C 1a céc tap hgp. C6 thé két luan ring A = B trong cic trudng hgp sau
Khong?
i) AuC=BUC?
(i) ANC =BNC?
(i) AUC =BUC v ANC = BNC?
Bai tap 2. Mot ham f : A — B 1a mot quy tic 4nh xa moi phan tif ctia tap A (tap xac
dinh (domain)) t6i ding mot phan tit ctia tap B (tap gia tri (codomain)). Ta néi rang f la
don danh (injective hodc one-to-one) néu v6i moi aq,as € A, néu f(a1) = f(az) thi a; = as.

Ta n6i rang f 1a toan dnh (surjective) néu v6i moi b € B, ton tai a € A sao cho f(a) = b.
Cudi cung, ta noi rang f la song dnh (bijective) néu né vira 1a don anh vita 1a toan anh.

(a) Cho vi du vé ham f: A — B thoa man:

(i) f 14 don anh nhung khong phai toan anh.
(ii) f la toan &nh nhung khong phai don anh.
(iii) f khong la don anh va cing khong la toan anh.

(b) Méi ham f : Z — Z sau c6 phai la don anh hay khong? Giai thich.

0) f(n)=n—1

(i) fn)=n?+1

(i) f(n) = n

(iv) f(n)= {g-‘ (6 day [z] 1a ham tran (ceiling), 1y s6 nguyén nho nhat khong nho
hon x)

() fm,n) =2m —n
(i) f(m,n) =m? —n?
(iii) f(m,n)=m+n+1
(iv) f(m,n)=|m|—|n|
(v) f(m,n)=m*—4
(d) Méi ham f: R — R sau ¢6 phai la song anh hay khong? Giai thich.
(i) f(z)=—-3x+4
(i) f(z) = =322 47
(i) flx) =2

x + 2
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()

(iv) f(z)=2"+1
Gia st g 1a mot ham tit A dén B va f 13 mot ham tit B dén C. Ham hgp (composition)
ctia f va g, ky hieu f o g, Ia ham tit A dén C dugce dinh nghia béi (f o g)(z) = f(g(x))
vGi moi z € A.
(i) Chitng minh réng néu ca f va g déu la cAc ham don anh, thi f o g cling 1a mot
ham don anh.
(ii) Chtng minh rang néu ca f va g déu la cdc ham toan anh, thi f o g cling 1& mot
ham toan anh.

Bai tap 3. (a) Ten ctia mot bién trong ngon ngit lap trinh C 13 mot chudi cé thé chita cac

(f)

chit cai viét hoa, chit cai viét thuong, chit s6 hodc dau gach dudi. Hon nita, ky tu dau
tien trong chudi phai 1a mot chit cai (viét hoa ho#ic viét thuong) hodc dau gach dudi.
Néu tén ctia mot bién duge xac dinh bdéi tam ky tu dau tién, c6 bao nhiéu bién khéc
nhau c6 thé duge dat tén trong C? (Luu y rang tén ctia mot bién c6 thé chia it hon
tam ky tu.)

Tén ctia mot bién trong ngon ngit 1ap trinh JAVA 14 mot chudi ¢6 do dai tir 1 dén 65535
ky tu, bao gom ca hai dau, trong dé mdi ky tu c6 thé 1a mot chit cai viét hoa, chit cai
viét thuong, dau do la, dau gach duéi hodc chit s6, ngoai trit ky tit dau tién khong duge
14 chit s6. Xac dinh s lugng tén bién khac nhau trong JAVA.

Lien minh Vién thong Quéc té (International Telecommunications Union - ITU) quy
dinh ring mot s6 dién thoai phai bao gom méa qubc gia c6 do dai tit 1 dén 3 chit s6,
ngoai trit ma 0 khong duge st dung lam ma qudc gia, tiép theo 14 mot s6 ¢ toi da 15
chit s6. C6 bao nhiéu s6 dién thoai kha dung théa man cac han ché nay?

Gid st ring tai mot thoi diém nao d6 trong tuong lai, mdi dién thoai trén thé gisi dugc
gan mot s6 bao gom ma quobc gia dai tit 1 dén 3 chit s6, titc 1a ¢6 dang X, X X, hodc
XXX, tiép theo 1a mot sb dien thoai dai 10 chit s6 c6 dang NXX-NXX-XXXX. O
day, X biéu thi mot chit s6 c6 thé nhan bat ky gia tri nao tit 0 dén 9, N biéu thi mot
chit s6 c6 thé nhan bat ky gia tri nao tit 2 dén 9, va Y biéu thi mot chit s6 phai 1a 0
hodc 1. C6 bao nhiéu s6 dién thoai khac nhau sé c6 sén trén toan thé gisi theo ké hoach
dénh s6 nay?

Mot khoa trong hé mat ma Vigenere 14 mot chudi cac chit cai tiéng Anh, trong dé khong
phéan biét chit hoa hay chit thuong. C6 bao nhiéu khéa khac nhau cho hé mat ma nay
v6i do dai ba, bon, nam hodic sau chit cai?

Mot mat khau WEP (wired equivalent privacy) cho mang WiFi 13 mot chudi gom 10,
26 hodc 58 chit s6 hé thap luc phan. C6 bao nhiéu khéa WEP khéic nhau?

Bai tap 4. (a) Trong ¢ vua, cac quan cd thuong c6 hai mau den va trang. Bén trang luon

di trude, sau dé hai bén lan lugt di chuyén quan cd theo lugt. Hdi c6 bao nhiéu nudc
di dau tién hop lé cho bén trang?
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(b)

Trong dai dich Ebola & Tay Phi bat dau tit nam 2014 (https://www.who.int/emer
gencies/situations/ebola-outbreak-2014-2016-West-Africa), cdc nha di truyén
hoc da lam viéc dé truy vét qua trinh lay lan ctia dich bénh. Dé lam diéu nay, ho da thu
thap cdc mau DNA ciia virus tit mot s bénh nhan va gin mot “nhan” duy nhat vao
mau ctia mdi bénh nhan. Mot nhan 14 mot chudi gom 8 nucleotide—moi nucleotide 13
mot phan tt thuoce tap hop {4, C, G, T'}—duge gan vao cudi mau virus cia moéi bénh
nhan, dé sau d6 c6 thé dé dang xac dinh bénh nhan lién quan dén mot mau cu thé. Co6
bao nhiéu nhén khac nhau nhw vay?

Mot nguoi nhan duge mot mau gidy ghi mat khau ctia mot diém truy cap wifi, duge
viét nhu sau: a154bc0401011. Tuy nhién, co ay khong thé xac dinh tir chit viét tay
trong mau gidy nay lieu mdi ky tuy “1” 14 86 1 (mot), chit 1 (L thudng), hay chit I (i hoa);
hogc lieu “0” 1a s6 0 (khong) hay chit O (O hoa). Héi ¢o6 ay phai thit t6i da bao nhiéu
mat khau c¢6 thé dé tim ra mat khau chinh xac?

Bai tap 5. Nguyeén lj bu tru (inclusion-exclusion principle) phat biéu ring véi hai tap hop

httu han A va B, ta c6

AU B| = |A| + |B| — |AN B|. St dung nguyén ly nay dé tra 15i cac

cau héi sau:

(a)

(f)

MOoi sinh vién trong 16p toan rdi rac hodc la chuyén nganh khoa hoc may tinh (computer
science), hodc la chuyén nganh toan hoc (mathematics), ho#ic la chuyén nganh kép (joint
major) trong hai mon nay. Hoéi ¢6 bao nhiéu sinh vien trong 16p néu c6 38 sinh vien
chuyén nganh khoa hoc may tinh (bao gom ca chuyén nganh kép), 23 sinh vién chuyéen
nganh toan hoc (bao gom ca chuyén nganh kép), va 7 sinh vién chuyén nganh kép?

(x) C6 bao nhiéu s6 nguyen duong nhé hon 1000000 chia hét cho 4 hoac 67

C6 bao nhiéu chudi nhi phan do dai 7 bat dau bang hai chit s6 0 hoac két thic bang ba
chit s6 17

C6 bao nhiéu chudi nhi phan do dai 10 bat dau bang ba chit s6 0 hosic két thic bang
hai chit s6 07

(x) C6 bao nhiéu chudi nhi phan do dai 10 chita nadm chit s6 0 lién tiép hofic ndm chit
s6 1 lien tiép?

(x) C6 bao nhiéu chudi nhi phan do dai 8 chita ba chit s6 0 lien tiép hozc bén chit s6 1
lien tiép?

Bai tap 6. Nguyéen ly bt trit ¢6 thé dugc mé rong cho ba tap hgp hitu han A, B, C' nhu
saw: [AUBUC| = |A|+ |B|+|C|-|ANB|—-|ANC|—-|BNC|+|AnBNC|.

Stt dung nguyén ly trén, hdy dém s6 cic sé nguyén duong khong vugt qua 1000 chia hét
cho 2, 3, hoac 5.

Bai tap 7. C6 bao nhiéu s6 nguyén duong nhé hon 1000:
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) chia hét cho 77
) chia hét cho 7 nhung khong chia hét cho 117
) chia hét cho c& 7 va 117
(d) chia hét cho 7 hogc 117
) chia hét chinh xac cho mot trong hai s6 7 va 117
) khong chia hét cho c& 7 va 117
) ¢6 céc chit s6 khac nhau?
(h) ¢6 cac chit s6 khac nhau va 1a s6 chin?

Bai tap 8. C6 bao nhiéu chudi ky tir gom ba chit s6 thap phan:

(a) khong chita cing mot chit s6 lap lai ba lan?

(b) bit dAu bing mot chit s6 167

(c) c6 chinh x4c hai chit s6 1a s6 47

Bai tap 9. (a) Mot chudi doi wing (palindrome) 13 mot chudi ma khi ddo nguge lai vAn
giong het chudi ban dau. C6 bao nhiéu chudi nhi phan do dai n 1a chudi déi xing?

(b) C6 bao nhiéu tap con ctia mot tap hgp gom 100 phan t1t ¢6 nhiéu hon mot phan ti?

(c) C6 bao nhiéu ham tir tap hop {1,2,...,n}, v6i n 1a mot s6 nguyén duong, t6i tap hop
{0,1}7

Bai tap 10. Nguyén lyj bo cau (pigeonhole principle) phat biéu rang néu c¢6 k + 1 con bd
cau hodc nhiéu hon duge dat vao k chudng bo cau, véi s6 nguyén duong k nao do, thi it
nhat mot chudng chita hai con bod cau hoac nhiéu hon. Téng quat hon, néu N con bd cau
dugce dat vao k chudng, vdi s6 nguyén duong k nao do, thi ton tai it nhat mot chuong chia
it nhat [N/k] con bd cau. Sit dung nguyen 1y nay dé tra 1di cdc cau héi sau:

(a) Mot ngan kéo chita mot ta tat mau nau va mot t4 tat mau den, tat cad déu khong co
doi. Mot ngusi dan ong lay tat ra mot cich ngau nhién trong bong toi.

(i) Anh ta phai Iy ra bao nhiéu chiéc tat dé chic chin ring anh ta c6 it nhat hai
chiéc tat ciing mau?

(ii) Anh ta phai liy ra bao nhiéu chiéc tat dé chic chin ring anh ta c6 it nhat hai
chiéc tat mau den?
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(b)

Co6 sau gido su giang day 16p toan roi rac nhap mon tai mot truong dai hoc. Tat cé
sau gido sut déu st dung cling mot dé thi cudi ky. Néu diém thap nhat c6 thé dat duge
trong bai thi cudi ky 1a 0 va diém cao nhéat 1a 100, can c6 bao nhiéu sinh vien dé dam
béo rang c6 hai sinh vien hoc cting mot giao su dat cting mot diém s6 trong bai thi cudi
kiy?

Chting minh rang trong bat k¥ nhém ndo gom nam sé nguyen (khong nhat thiét lien
tiép), luon c6 hai s6 ¢6 cung s6 du khi chia cho 4.

Cho d 13 mot sd nguyén duong. Chitng minh réng trong bat k¥ nhém nao gom d + 1 s6
nguyén (khong nhat thiét lien tiép), luon c6 hai s6 ¢6 cuing s6 du khi chia cho d.

Cho n 1a mot s6 nguyen duong. Chiing minh rang trong bat ky tap hop nao gom n sb
nguyén lién tiép, luon c6 ding mot s6 chia hét cho n.

Chitng minh réng néu chon ra nam s6 nguyén tit tam s6 nguyén duong dau tién, thi
phéi c6 mot cip sb trong cac sd nay cb tong biang 9. Két luan nay c6 ding khong néu
thay vi chon nam s6 nguyén, ta chi chon bén sé nguyén?

Chting minh réng trong mot mang may tinh gom sau may tinh, méi may tinh dugc két
noéi trie tiép véi khong hodc nhidu may tinh khéac, luon ton tai it nhat hai may tinh
trong mang dugc két noi trie tiép véi cling s6 lugng may tinh khéc.

(x) Chitng minh ring bat ké 25 ban gai va 25 ban trai dugc sip xép xung quanh mot
ban tron nhu thé ndo, luén ton tai mot ngudi ma ca hai ngudi ngdi bén canh déu la
ban trai.

(%) Alice va Bob chdi tro choi sau: Bob chon 10 s6 nguyén bat ky trong khodng tir 1
dén 40. Alice can tim hai tap s6 nguyén khac nhau trong cac s6 ma Bob chon, mdi tap
c6 3 phan tit, sao cho téng cac s6 nguyeén trong hai tap 1a bing nhau. Hay chiing minh
rang Alice luon luon thing.

Bai tap 11. (a) Sit dung dinh 1y nhi thiic dé tim hé s6 ctia 2%’ trong khai trién ciia

(5% + 2¢°)8, véi:
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(c) (x) Tim cong thitc cho hé s6 clia z* trong khai trién ctia ({L‘ + x) 100, véi k 1a mot sb
nguyen.
100
(d) (%) Tim cong thitc cho hé s ctia z¥ trong khai trién ciia <x2 — $> , VOi k 13 mot s6
nguyen.

Bai tap 12. (a) Chiing minh rdng néu n la mot s6 nguyen duong, thi

- @ - (T) ss <Ln72J> - (m%w) s <nil> g <Z> -

(b) Ching minh rang ( k:) < 2™ v6i moi s6 nguyén duong n va moi s6 nguyén k théa man
0<k<n.

Bai tap 13 (x). Dé chitng minh mot déng thitc t6 hgp, ta c6 thé ching minh ring ci vé
trai 1an vé phai déu dém cting mot doéi tuong theo hai cach khac nhau. Phuong phap nay
duge goi 1a phuong phap dém hai lan (double counting). Stt dung phuong phap dém hai lan
dé ching minh cac déng thic sau:
(a) Néu n va k 1a céc s6 nguyén théa man 1 < k < n, thi
n n—1
k = .
() =(:"2)
(b) Néu n,r, k 1a cac sd nguyén khong am théa man r < n va k < r, thi
n\(r\ _(n\(n—k
r)\k) \k)\r—k)°
(c) Cho n la mot s6 nguyén duong. Chiing minh rang
2n + 2n\  1/2n+2
n+1 n) 2\n+1)
(d) Cho n la mot s6 nguyén duong. Chiing minh rang

(3)=2()
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(e) Cho n 1a mot s6 nguyén duong. Chiing minh ring

En: k<Z> = n2n1,

k=1

n 2
n 2n —1
k = .
(o) ()
k=1
(g) Chitng minh rang néu n 1a mot s6 nguyen duong, thi
- n
Z k? (k) =n(n+1)2" 2
k=0

Bai tap 14. (a) C6 bao nhiéu nghiém ctia phuong trinh 21 + x9 + x3 + x4 = 17, trong d6
x1, T2, T3, T4 12 cac sO nguyén khong am?

(f) Ching minh rang

(b) C6 bao nhiéu nghiém cta phuong trinh z1 + z2 + x3 + x4 + x5 = 21, trong do6 z;
(i =1,2,3,4,5) la cac s6 nguyén khong am, thoéa man:

(i) 1 > 17
(ii) 2 > 2 véi i =1,2,3,4,57
(iii) 0 < 21 < 107

(c) C6 bao nhiéu cach dé phan phdi 12 qua béng khong phan biét vio 6 thiing phan bigt?

(d) C6 bao nhiéu s6 nguyén duong nhé hon 1000000 c6 tdng cac chit s6 bang 197
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