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NGi dung

Céc céu tric co ban
Tép th Hoang Anh Biic
M6t sb khai niém va tinh chat ca ban
Céc phép toan trén tap hop
Biéu dién tap hap bang chudi nhi phan
Ham
Quan hé
Dinh nghia ham va mot sb khai niém
M6t sb ham va toan tlr
Day
Dinh nghia day va mot sb khai niém
Mt sb day dac biét
Téng/Tich
Ky hiéu téng va mot sb khai niém
Mét sb cong thirc téng hitu ich
Ky hiéu tich
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Tap hop

Khai niém va cach mé ta tap hop

Céc cau triic co ban

m M6t t4p hop (set) 1a mét tong thé khong sap thir ty cac dbi
tuong phan biét (goi la cac phan i (element) hoéc thanh
vién (member) Cﬂa tép hdp) Mot s6 khai niém v tinh

Hoang Anh Buc

chét co ban

m e S:zlaphantlicla s
B 2z ¢ S:z khong 1a phan t& cla S
m Ta thudng s dung cac chit in hoa S, T, U, ... dé ky hiéu
tap hop
m C6 thé mo ta mot tap hop bing céch liét ké tat ca cac
phéan tir cla tap dé gilra hai dau ngodc nhon “{” va “}”.
Trong nhiéu trudng hop, cé thé liét ké thong qua “quy luat
don gian” )
m Tap céc nguyén am trong bang chit céi tiéng Anh
V ={a,e,i,o,u}
m Tap cac soO ty nhién N = {0,1,2,3,...}
m C6 thé mé t& mét tap hop théng qua quy tac nhan biét
m VGi vi t P(z) bat ky trén mién xac dinh nao gé, {z | P(z)}
la tAp hgp tat ca = sao cho P(z) dung (c6 thé dung “:” thay
vi ‘")
m Tap c4c sb ty nhién chédn E = {z | z = 2k v6i k € N} =



Tap hop

Khai niém va cach mé ta tap hop

Céc cau triic co ban

C6 thé mo ta mot (hodc nhiéu) tap hap thong qua gidn dé Venn
(Venn diagram)
m T4p vi tru (universal set) U gom tat ca cac doi tuong dang

Hoang Anh Buc

Mét s6 khai niém va tinh

xét . Hinh chit nhat T 2™
[ | Tég hop can mé ta Hinh tron hoac cac hinh khac
m Phan tf clia tAp hop Diém
U

Hinh: M6 té tap céc nguyén &m trong bang chi cai tiéng Anh
V ={a,e,i,0,u} bang gian dod Venn
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Tap hop

Tap hgp réng

Céc cau triic co ban

Hoang Anh Buc

Mét s6 khai niém va tinh
chét c ban

m T4p hop réng (empty set), ky hiéu 0, 1a tap hop duy nhat i rripnan
khong chira bat ky phan ti nao
m () = {} hoac ) = {x | F} v6i F Ia mot ménh dé ludn ludn
sai (mau thuan)
m B4t k& mién xac dinh 1a gi, ménh dé 3z (x € 0) luén diing
m )= {0}
m Tap {0} khong réng, vi né chita mot phan tl—tap hap réng B
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Tap hop

Tap hap con va tap hop bang nhau

Céc cau triic co ban

Cho hai tAp hop A va B. A la tap con (subset) cGa B, ky hiéu
A C B hoac B D A, khi va chi khi mdi phan t clia tap A cling
la mot phan tir clla B N

m(ACB)=Vz(z€A—z€B) oo

m (A¢ B)=—-(AC B) (A khéng la tp con cla B)

B (ACB)=(ACB)A(B¢A)(Alatap con thuc su

Hoang Anh Buc

(proper subset) clia B)
Bai tap 1
Cho A = {1,2,3} va , v
B ={1,3,5,7}. Hay liét ké tht B
ca céac tap hop
(a) latap concla A
(b) 1a tap con thuc sy clia A
(c) vlra la tap con clia A vira
la tAp con cla B

(d) 1a tap con clia A nhung
khéng la tap con cla B o

Hinh: Ac B



Tap hop

Tap hap con va tap hop bang nhau

V|' du 1 Céc cAu triic co ban
Hoang Anh Buic

Ta ching minh vdi moitdp A, taco ) C A ¢
m Nghia I3, ta can chiing minh VAVz ((z € 0) — (z € A)) ot iom o

m Cu thé, ta can chi ra rang vdi tap hop Ay va phan tl z
thudc cac mién xac dinh tuong ng, ménh dé
(zg € 0) = (zg € Ap) lubn dung

m That vay, theo dinh nghia cla tap hgp rong, (z, € 0) = F.
Do dd, (zo € 0) — (w0 € Ag) =T

Bai tap 2 Bai tap 4
Phat biéu sau ding hay sai? Chiing minh rang véi moi

“V6i moi tap hop 4, néutontaitdp tap hop A,tacé A C A
hop B sao cho B C A, thi A # (" A
Baitap 5

Bai tap 3 A

. s o a Liéu c6 ton tai cac tap
Chiing minh rang véi moi tap hop hop A va B théa man
A,B,C,néu AC Bva B CCthi AcBvaAC B?
A g C B 78



Tap hop

Tap hap con va tap hop bang nhau

Cho hai tap hop A va B. A va B |a hai tap bang nhau, ky hiéu
A= B,khivachikhniACBvaBCA
m(A=B)=(ACB)AN(BCA)=Ve(rec A< zeB)
m Tat c& cac phan tlf trong mot tap déu phan biét (distinct);
liét k& mot phan t& nhiéu 1an la vo nghia
] Neua—bthl{a b,ct ={a,c} ={b,c} ={a,a,b,c,a,c,c}
m Ta néi rang tap trén cé (nhiéu nhat) 2 phan t
m Céac phan t{ clia mét tap hop khdng sap thit tu
(unordered)
m Batké a,b,clagi, {a,b,c} = {a,c,b} = {b,a,c} =
{b,c,a} ={c,a,b} = {c,b,a}
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Céc cau triic co ban

Hoang Anh Buc

Mbt 6 khai nigm va tinh
chét co ban




Tap hop

Luc lugng clia mét tap hop

m Luc luong (cardinality) clia mot tap A, ky hiéu |A|, 1a sb
phan ti khac biét ma A ¢
,. |@| =0 |{17 2, 3}| =3; |{{17 2, 3}7 {47 5}}| =2
m Néu |A| € N, thi ta goi A la tap hiu han (finite set). Ngugc
lai, A la mot t4p v han (infinite set)
m M6t s6 tap v6 han quan trong

mN={0,1,2...} Tép sé tu nhién (natural numbers)
mzZ=1{..,-2-1,01,2,...} Tép sb nguyén (integers)
mZt={1,2,...} Tép sb nguyén duong (positive integers)
mQ={p/q|pq€Z vaq+0} Tép s6 hiu ty (rational
numbers)
B R Tép s6 thuc (real numbers)
m R" Tép sé thuc duong (positive real numbers)
mC Tép s phtic (complex numbers)
ENCZCcQcCcRcCC
Bai tap 6

Tim céc tap hop A, B théa man cac diéu kién
(a) A={3,|B[} va (b) B ={1,|A[,|Bl}
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Céc cau triic co ban

Hoang Anh Buc

Mét s6 khai niém va tinh
chét c ban




Tap hop

Tap hop Iy thira

Céc cau triic co ban

m T4p ldy thira (power set) clia mét tap A, ky hiéu P(A), 1a
tap hop gom tat ca cac tap con clia A
u P( ) = {'T | z C A} Mot s6 knhai niém va tinh
. 7’({0 b}) ={0,{a},{b} {a,b}} eosin
P(0) = {0}
u 7’({@}) ={0.{0}}
m Néu A la tap hitu han, [P(A4)| = 241, Do d6 ky hiéu 24 déi
khi cling dugc st dung dé chi tap Ily thira clia A
Baitap 7
Cho A = {1,2,3}. Cac ménh dé sau ding hay sai?
(@ 2€eA4 (c)2eP(A4) (e) {2} eP(4) (9 {{2}} € P(4)
(b)2CcA (d)2CP4) () {2t CP(4) (h) {{2}} CP(4)
Bai tap 8
Chitng minh rang néu A = B thi P(A) = P(B) Vvéi hai tap A, B
bat ky. Ngugc lai, néu P(A) = P(B) thi A c6 bang B khéng?
(Goiy: A=B=(ACB)A(BCA) =Vz(xe A<z € B)va
nétuAC BvaBCCthiACC)

Hoang Anh Buc
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Tap hop

Tich Bécac

Céc cau triic co ban

m Voin € N, mot bo sap thit tu'n phén ttr (ordered n-tuples) Hoang Anh B
(a1,as,...,a,) 12 mot day cac phan t& c6 phan tl thit nhat
|4 a1, phan tl tht hai 12 ao, . ..., va phan tl tht n 12 a,, (t0) wors i v
m Mot bd sap thit tu 2 phan t& dugc goi la mét cdp sdp thi tu Gl hép it ot

(order pair)
m Haibd (ai1,...,a,) va (b, ...,b,) 1a bdng nhau néu véi
moii € {1,...,n},a; = b;
m Chuy: (1,2) #(2,1) # (2,1,1) nhung
{172}:{271}:{27171} phnona Ry vamoteo
m Tich Pécdc (Cartesian product) cla hai tp A, B, ky hiéu ‘
A x B, latap tat ca céc cap sap thi tu (a, b) trong dé g i
aEAVé.bGB !‘Hw 5ng thifc téng hiit
.AXB\:{((Lb)lqu/\beB} . Ky hiéu tich
m Chuy rang tich Décac khdng co tinh chat giao hoan, nghia
la VA, B(Ax B=DBxA)
m Téng quét héa
Al X x Ap ={(a1,...,an) a1 E AL A Nan € Ay}
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Tap hop

Tich Bécac

Céc cau triic co ban

Hoang Anh Buc

Mét s6 khai niém va tinh
chét c ban

Baitap 9

Cho A ={1,{2,3}} va B ={4,5,6}. Tim cac tap hop A x A,
BxB,AxB,vaBx A

Bai tap 10

Chiing minh rang A x B = @ khi va chi khi A = () hodc B = 0 o ——
Bai tap 11 |
Chitng minh rang A x B = B x A khi va chi khi A = () hoac
B=0hoac A=1B
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Tap hop

Chu'y

Céc cu triic cd ban
m Gian db Venn c6 thé dugc st dung dé mé t& mbi quan hé Hoang Anh Bic
gilta hai ho&c nhiéu tap hop
m Trong gidn dé Veenn vdi hai tp hop tré Ién, cac dudng
cong (vong tron hodc cac hinh khac) dugc chong lap theo
moi cach co thé, thé hién tat ca cdc mdi quan hé co thé
gilra cdc tap.

U U

v X

Céc phép ton trén tap hop
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Tap hop

Phép hop

Céc céu tric co ban
m Hop (union) cGa hai tap hop A, B, ky hiéu AU B, 1a tap Hozng Anh Bic
chiia tat c& cac phan ti hodc thudc A, hodc thudc B, hodc
thudc ¢ hai
B VA B(AUB={z|2z€ AVze B})
m AUBDAvaAUBDOB
m {1,3,5U{2,3,4} = {1,2,3,4,5}

Céc phép ton trén tap hop

U

Hinh: Gian 84 Venn mo t4 AU B
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Tap hop

Phép giao

Céc cau triic co ban

m Giao (intersection) cGa hai tap hop A, B, ky hiéu AN B, la
tap chira tat ca cac phan ti dong thdi thudc ca A va B
mVA B(ANB={z|z€ ANz € B})
m ANB - AvaANB CB Q Céc phép todn trén tap hop
m {1,3,5} n{2,3,4} = {3}
m Haitap A va B |a roi nhau (disjoint) néu AN B = 0.
m {1,3,5}N{2,4,6} =0

Hoang Anh Buc

U

Hinh: Gian @b Venn mo ta AN B
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Tap hgp

Phép hiéu

Céc cau triic co ban

m Hiéu (difference) clia hai tap hop A, B, ky hiéu A — B hoac Hoang Anh B
A\ B, |a tap chia tat ca céc phan tr thudc A nhung
khéng thuéc B
BVAB(A-B={z|z€AAzx¢B}) o phép odn en t2p hop
m {1,3,5} — {2,3,4} = {1,5}
m Khi tap vi tru U dudgc xac dinh, phan bu (complement) ctia
tap A, ky hiéu A, latap U — A

mVAA={z|z¢A})
U U

Hinh: Gidn d6 Venn mé tad A — B Hinh: Gian d6 Venn mo ta 4
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Tap hop

Phép hiéu dbi xting

Céc céu tric co ban
m Hiéu dbi xing (symmetric difference) clia hai tap hap A, B, Hoang Anh Bie
ky hiéu AAB hodc A @ B, |a tap chia tat cd cac phan ti
hoac thudc A hoac thudéc B nhung khong thudc ca A va B
B VA B(AAB={z|z€ A®x € B})
m AAB=(A-B)U(B-A)
m {1,3,5}A{2,3,4} = {1,2,4,5}

Q Céc phép ton trén tap hop

Hinh: Gian dd Venn mé td AAB
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Tap hgp

Cac phép toan trén tap hgp

Céc cau triic co ban

Hoang Anh Buc

Mt s6 khéi niém va tinh
chét co ba

Bai tap 12 St
Tim céc tap A va B, biétrang A — B = {1,5,7,8},
B—A=1{210},va AN B = {3,6,9}
Bai tap 13

Cho cac tap hop A, B. Chiing minh
(@) ANBCAvaANBCRB

(b) AC (AUB)
() A—-BCA Motz g

78



Tap hop

Bang tinh thuéc

Céc cau triic co ban
Hoang Anh Buc

Bang tinh thuéc (membership table) clia cac phép toan trén tap
hdp M6t s6 khai niém

hat co b2
Céc phép ton trén tap hop

A B|AUB| ANB| A_B]| A | AAB b ainiio

1] 1 1 1 0 0] o o
110 1 0 1 0 1 :

01 1 0 0 1 1
01]o0 0 0 0 1 0

Bai tap 14
Xay dung bang tinh thudc cla Ky i 1600 va mat s
(a) AU(BUC)Va(AUB)UC R
(b) AN(BUC)Va(ANB)U(ANC) -

(c) AUBVAANB

78



Tap hop

Cac hang déng thic tap hop

Céc cau triic co ban

Hoang Anh Buc

Tén goi Pang thirc
Luét dong nhat ANU=A dtoobin
(Identity laws) Aup=A () s o
Luat nuot AUU=U
(Domination laws) AND=10
Luat Idy dang AUA=A
(ldempotent laws) ANA=A
Luat bu kép =
(Double complement laws) A=A
Luat giao hoan AUB=BUA
(Commutative laws) ANB=BnNA
Luét ket hop Au(BUC)=(AuB)UC
(Associative laws) AN(BNC)=(AnB)NnC
Luét phan phoi AUu(BNC)=(AUB)N(AUCQ)
(Distributive laws) AN(BUC)=(ANB)U(ANC)
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Tap hop

Cac hang déng thic tap hop

Céc cau triic co ban

Hoang Anh Buc

Tén goi Pang thirc
Luat De Morgan ANB=AUB
(De Morgan'slaws) | AUB=ANB

Mot s6 khai nié
hat cot

Céc phép ton trén tap hop

Luat hap thu AU(ANB)=A
(Absorptionlaws) | AN(AUB)=A
Luat bt AUA=U o i i i
(Complement laws) ANA=10 Vot i vt 1
V6i hai tap A, B bét ky, s

Ching minh A =B }

(1) Chiing minh truc tibqp AC BvaBC A Mtk sbcng g

(2) Chiing minh thdng qua dinh nghia tap hgp va cac phép
bién doi 16gic

(3) Ching minh bang bang tinh thuéc
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Tap hop

Cac hang déng thic tap hop

Céc cau triic co ban

Hoang Anh Buc

Vi du 2 (Dung dinh nghia)

Ching minh ANB = AUB Céc phép o tén t3p hop
m ANBCAUB bl phin
m Gid slt z € AN B. Theo dinh nghia, = ¢ AN B. Do dé, .
ménh dé —(z € A A z € B) ding. Ap dung luat De Morgan, Binh ghiaham va m
—(z € A) V —~(z € B) dung. Theo dinh nghia, taco = ¢ A Mot sb ham va todn t
hodcxz ¢ B.Dodd, 2 € Ahodcz € B,suyraz € AUB ‘ .
m ANBDAUB Mo s s
m Gid slt z € AU B. Theo dinh nghia, z € A hodc = € B. Do
dé, = ¢ A hodc x ¢ B. Nhu vay, ménh dé (z ¢ A) V (z ¢ B)
ddng. Theo dinh nghia, —(z € A) V =(z € B) cling ding. Ap gt sbcang
dung luat De Morgan, ménh dé —(z € A A z € B) ding. Do Ky i
dd, -(x € AN B)dung,suyraz € ANB

78



Tap hop

Cac hang déng thic tap hop

Vi du 3 (Dung déng thiic 1dgic da biét)

Ching minh ANB=AUB

ANB={z|z¢ AN B}
={z|-(zx€e AN B)}
={z|-(x€e ANz € B)}
={z|-(ze€A)V-(zxeB)}
={z|x¢ AV ¢ B}
={z|z€eAVze B}
={r|r€ AUB}
=AUB

dinh nghia phan bu
dinh nghia ¢

dinh nghia N

luat De Morgan
dinh nghia ¢

dinh nghia phan bu
dinh nghia U

mé ta tap hop

Céc cau triic co ban

Hoang Anh Buc

Mbt 6 khai
chat co bai

Céc phép ton trén tap hop
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Tap hop

Cac hang déng thic tap hop

Céc cau triic co ban

Hoang Anh Buc

Mbt s6 khai nigm va tinh
chat co ban

Céc phép toan trén tap hop

Vi du 4 (DUng bang tinh thudc) Biéuién o oping
Ching minh AN B =AUB

A|B|A|B|AnB| AnB | AUuB

1 1 (0] 0 1 0 0

110]0]1 0 1 1

O|1 |10 0 1 1

0]0]1]|1 0 1 1
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Tap hop

Cac hang déng thic tap hop

Bé.l tép 15 Céc cau triic co ban
N " < Hoang Anh Buic

Chung minh céc hang dang thiic tap hop da dé cap (st dung ’

cac phuaong phap da trinh bay)

Bai tap 16 (22) ciopnéptonentio oo
V&i cac tap A, B béat ky, chiéing minh

(a) ANB=A—(A-B) (d) AAA =19

(b) AU(B—A)=AUB (e) AAD=A

() AN(B—A) =0 () AAB = BAA

Bai tap 17

V6i cac tap A4, B, C, c6 thé két luan ring A = B néu
(a) AUC=BUC?

(by ANC=BnNnC?

(c) AuC=BUCvaANC=BnNC?

Bai tap 18

C6 thé néi gi vé cac tap A, B néu AAB = A?
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Tap hop

Cac hang déng thic tap hop

Bai tap 19

V6i A 12 tap con clia mét tap v tru U, chitng minh rang
(@) AAU = A

(b) AAA=U

Bai tap 20

V6i hai tap A, B bat ky, chirng minh

(@) AAB=(AUB)—-(ANB)

(b) AAB = BAA

(c) (AAB)AB=A

Bai tap 21

Chiing minh hodc tim phan vi du cho céc dang thic sau
(@ Ax(BUC)=(AxC)U(BxC()

(b) Ax(BNC)=(AxC)Nn(BxC(C)

trong d6 A, B, C' 1a céc tap bat ky

78

Céc cau triic co ban

Hoang Anh Buc

Mot s6 khai nié
hat cot

Céc phép ton trén tap hop



Tap hop

T6ng quéat héa phép hop va phép giao

Céc cdu tric co ban
Hoang Anh Diic
m Do céc phép hop va giao thda man luat giao hoan va luét
két hap, ta c6 thé mé rong céc khai niém nay cho day n
té.p Al, ceey An hOéC thém chi déy vO han cac tép @ Cac phép todn trén tap hop
m Cach nhdém va thi tu thuc hién khéng quan trong
B AUBUC =(AUB)UC = AU(BUC)=BU(AUC) =...
B ANBNC =(ANB)NC =AN(BNC)=BN(ANC) =...

A U U

e/ N

Hinh: Gidn db Venn cho AUBUC Hinh: Gian do Venncho ANBNC
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Tap hop

T6ng quéat héa phép hop va phép giao

Céc cau triic co ban

Hoang Anh Buc

Hop (union) cua mot bo (hu’u han hoac v6 han) cac tap hop la
mot tAp chira tat cd cac phan t 1a thanh vién cda it nhat mot
tap trong bo

[ UAZ-:{:E|EIZ'€{1,...,n}(x€Ai)}:AluAQU...UAn
i=1
m Tuong ty vai tap chi sb I batky | J A; hay véi v han cac

iel

tap hop G A;

i=1

Vidub
lez—l 2 onéud; ={ii+1,i+2,...}thi

UA —U{z i+1,i+42,...}={1,2,3,...} =27
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Tap hap

T6ng quéat héa phép hop va phép giao

Céc céu tric co ban
Giao (intersection) ca mot bo (hitu han ho&c vé han) céc tap Hoang Anh Bde
hop la mét tap chita tat ca cac phan ti 1a thanh vién cla tat ca ‘
cac tap trong bd 1

m(NAi={z|Vie{l,...,n}(zed)}=A4NAN N4 "
Z:]- an hé
m Tuong ty vai tap chi sb I batky (7] A; hay véi v han cac
el
‘e hop 1] 4 S
=1
vidd e I
V8ii=1,2,... néuA;={i,i+1,i+2. ..} thi
ﬂA = ﬂ{l i+1Li+2,...}={nn+ln+2,...}=4,
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Tap hop

T6ng quéat héa phép hop va phép giao

Céc cau triic co ban

Hoang Anh Buc

Mot sb ki
\LuL

N " @ Céc 'ptoanlreniaphdp
Bai tap 22 o A

V6i cac tap hgp A = {1,2,3,4,5}, B = {1,4,6,8}, va
C=1{5,7,910},tmANnBNnCvaAUuBUC

Bai tap 23
V6i cac tap hop A, B, C bét ky, chiing minh
(a ANBNC=AUBUC

() AUBUC=4ANnBnNC
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Tap hop

Biéu dién tap hop bang chudi nhi phan

Céc cau triic co ban

m Gia sl tap vii tru U 13 hitu han va céc phan t& cla U dugc
liét ké theo thi? tr uy, ug, us, . . ., u,. Ta c6 thé biéu dién
mot tAp hitu han A C U dudi dang mét chudi nhi phan
B(A) = z125...a, trong dé z; = 1 néuu, € Avaz;, =0
néuu; ¢ A. (52) st rmnig

| | VGI U = {1,2,...,10} (u1 = 1,...,U10 = 10)vé1
A ={2,3,5,7} thi B(A) = 0110101000

Hoang Anh Buc

U 11 2] 3[4 5|6 7[8|9]10

BA ol 1l 1ol 1o 1]0o]0]0O
m Céc toan tlf tap hop “U”, 1", va “ ” 1an luot tuong ting Véi

cac todn ti 16gic “v”, “A”, va “=” thuc hién theo tirng bit.

Bai tap 24

VoI U ={1,2,...,10} (u; = i), Ay = {2,3,5,7}, 4y = {1,3,9},

hay so sanh

(1) B(Ay U Ay) va B(A;) V B(A)

(2) B(A1 N Az) va B(A1) AB(Az)

(3) B(Ay) va—B(A) 7




N

Ham

Quan hé

m Cho hai tap hop A va B. Mét quan hé (relation) R gilta A Ci‘: o ‘;“;::én
va B |a mot tap con cla tich Décac A x B. Ta viét aRb e
néu (a,b) € R. Trong trudng hgp A = B thi R dudc goi la
mot quan hé trong A

m A latap céc gidng vién. B latap cacldp. R C A x B la
quan hé “phan céng giang vién day I6p hoc”
m R = : khong cé gidng vién nao day bat ky 16p nao
m R = A x B: migidng vién day tat ca cc I6p
m Biéu dién mot quan hé bang hinh vé

Quan hé

A R B A R B
|
(a) (b)

Hinh: (a) tuong tu gian db Venn, (b) db thi, (c) hé toa d6 Décac -

b




N

Ham

Quan hé

Céc cdu tric co ban
m MGt quan hé R trong A dugc goi la quan hé tuong duong Hoang Anh Bitc

(equivalence relation) néu né thda man cac diéu kién sau
Tinh phan xa (reflexive) Vi moi a thudc A, ta cd aRa
Tinh déi xting (symmetric) V&i moi a, b thudc A, néu ta cé

a’Rb thi ta ciing cé bRa
Tinh béc cau (transitive) V&i moi a, b, ¢ thude A, néu ta cé Quanhs

aRb va bRc thi ta cling c6 aRc

Bai tap 25

Trong méi truding hop sau, R cé phai la quan hé tuong duong

hay khéng?

(1) R=1{(p,q) | p = q} V6i p, q |a cdc ménh dé légic

(2) R={(A,B)| AC B} vGi A, Blacactap hgp

(8) R={(A,B)| A= B} VvGi A, B la cac tap hop

(4) R ={(a,b) | bchia hét cho a} véi a,b la céc sb nguyén
duong
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Ham

Dinh nghia ham va mét s6 khai niém

m Vi hai tap khac réng A, B, mot ham (function) f t A dén Gae cau rie co bin
B, ky hiéu f : A — B, 1a mdt quan hé gilta A va B gan
chinh xdc mét phan t& ctia B cho méi phan t clia A

(1) V&imoia € A, ton tai b € B sao cho (a,b) € f
(2) Véi by va bs thudc B sao cho (a,b1) € f va (a,b2) € f,tacéd

by = by
Néu b 1a phan tl duy nhat thudc B dugc gan cho phan tif a o
thudc A bdi f, ta viet f(a) = b g T 8 mt 5
A % B
A\
1 @= 2
4
3 6
1@ 8
5) @ 10

Hinh: Ham Hinh: Khéng phai ham

78



Ham

Dinh nghia ham va mét s6 khai niém

Céc cau triic co ban

Gia si¢ flaméthamtu A dén B Hoéing Anh Diic
m A dudc goi 1a mién xdc dinh (domain) cla f
m B dudc goi la mién gid tri (codomain) cla f
m Néu f(a) = b, ta goi b l1a 4nh (image) clia a va a la mét
nghich anh (preimage) cta b
m Ta ciing néirang f 4nh xa A dén B (s4) o ngtiaam vamorsb

khai niém

Vidu7

Véi ham f cho bdi hinh bén
m Tap xac dinh A = {1,2,3,4,5}
m Tap gidtri B = {2,4,6,8,10}

m4cBladnhclacdle Ava
5¢c A

Hinh: f: A— B

78



Ham

Dinh nghia ham va mét s6 khai niém

Gid st f 12 ham tir A dén B sk ecs i
m Tap hop tat ca cac anh clia cac phan ti thudc A dudc goi
la anh cua A qua ham f, ky hiéu f(A)
mf(A)CB
m VGitap con S C A, danh cua S qua ham f, ky hiéu f(S), la
tap tat ca cac anh clia cac phan tlr thuoc S
mf(S)={t|IseS(t=f(s)}={f(s)|s€S} e
m Chuy: f(s) 1a mét phan tir clia B va f(S) la mot tap con winem
cla B

Vidu 8
Véi ham f cho bdi hinh bén
m f(A) ={2,4,6,8}
m Véi S ={1,2,5},tacod
f(5) ={4,6}

Hinh: f: A— B
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Ham

Ham t8ng va ham tich clia hai ham thuc

Céc cau triic co ban

Cho f, va f, la cdc ham tir A dén R. Ta dinh nghia f1 + f» va entne
fif2lacac ham tir A dén R, goi la cac ham thuc (real-valued ?
function), nhu sau. V&i moi z € A, Vit s ki nigm v o
o |G+ ) =[AE) + F2(2) phép toan il
Ky hiéu ham - hudi i prén

(fifo)fz) =[fi(z) f2(z) [trong R
Bai tap 26 (D s
Hay kiém tra lai rang fi + f2 va fi f» thuc sy 1a cac ham
Bai tap 27
Goi F la tap hop tat ca cac ham f : R — R véi tap xac dinh va .
tap gia tri 1a tap cac so thuc. Cac ménh dé sau la dung hay T,
sai? Hay giai thich dap an clia ban S

(a) VeeR [3f € F (f(0) =¢)]

(b) 3f € F [Ve e R (f(0) =¢)]

(c) 3f € F [Vee R (f(c) =0)]
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N

Ham
Ham hop

m VSicachamg: A — Bva f: B — C, ta c thé dinh nghia
hop (composition) cta f va g, ky hiéu fog: A — C, nhu
sau

(fog)(@) = flg(x))
véimoixz c A

m Chuy: f o g chi dudc dinh nghia khi t4p gid tri cia g la tap
con cua tap xdc dinh cda f

m Chu y: Toan ti “o” khéng giao hoan, nghia I3, trong hau
hét moi truoing hop, fog# go f

(fog)(a)

78

Céc cau triic co ban

Hoang Anh Buc




N

Ham
Ham hop

, Céc cau triic co ban
VI dU 9 Hoang Anh Buc
A g B f C A [foyg C
a Y S—-
b b
2 .
v ¢ @ Mot s6 ham va toén tir
C C
3
d J d J
4
Bai tap 28

Cho g : {a,b,c} — {a,b,c} vGi g(a) = b, g(b) = ¢, va g(c) = a.
Cho f :{a,b,c} = {1,2,3} VGi f(a) =3, f(b) =2, va f(c) = 1.
Hay tim fogvago f
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Ham

Don anh

Céc cau triic co ban

m Ham f: A — B dudc goi la mét don dnh (injection) hay
mét ham mot-mét (one-to-one function) khi va chi khi
f(a) = f(b) kéo theo a = b vGi moi a va b thubc tép xac
dinh A cla f

B Va,b(f(a) = f(b) >a=0b)=Va,b(azb— f(a)# f(b))

Hoang Anh Buc

Vidy 10

./. .\ (39) wotsb ham va toen s

™

Hinh: Pon anh Hinh: Khéng phai don anh 78



Ham

Don anh

Céc cau triic co ban

Hoang Anh Buc

Bai tap 29

Ham f : Z — Z trong méi trudng hop sau day cé phai la don
anh khoéng?

@ f(n)=n-1 (© f(n)=n’

(b) f(n)=n*+1 (d) f(n) = [n/2]

78



Ham

Don anh

Céc cau triic co ban

Hoang Anh Buc

Cho f : A — B lamot ham trong d6 A, B la cdc tap con cia R
m f duoc goi la tang (increasing) khi va chi khi véi moi z, y Mt 5 kv i
thudc A thda man z < y, ta luén co f(x) < f(y) .
B VaVy (z <y — f(z) < f(y)) biipan
m f duoc goi la thuc su tang (strictly increasing) khi va chi .

khi vGi moi z, y thuéc A thda man z < vy, ta luén cé o i o
f(x) < f(y) ° Mbt s6 ham va todn tr
B VaVy (z <y — f(z) < f(y)) o

m f dudc goi 1a gidm (decreasing) khiva chikhivéimoiz,y =
thudc A thda man z < y, ta ludn ¢ f(x) > f(y)
B VaVy (z <y — f(z) > f(y)
m f duoc goi la thuc su giam (strictly decreasing) khi va chi
khi véi moi z, y thudc A théa mén = < y, ta ludn cd
f(@) > f(y)
B VaVy (z <y — f(z) > f(y))
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Ham

Don anh

Céc cau triic co ban

Hoang Anh Buc

Bai tap 30

(a) Cho vi du vé mét ham f a ham thuc su gidm S,
(b) Cho vi du vé mot ham f 12 ham gidm nhung khong 1a thuc (=) Mt v i
su giam Ay

(c) Chiing minh néu f I ham thuc sy tang hodc thuc sy gidam . .. .
thi f 1a don anh
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Ham

Toan anh

Céc cau triic co ban

Ham f: A — B dudgc goi la mot toan dnh (sur/ect/on) khi va chi
khi vGi moi phan tl b thuoc B ton tai mot phan tl a thudc A sao
cho f(a) =

NS Bﬂa € A(f(a)=0)

m f(A) = B (&nh cla A qua f bang vdi tap gia tri B)

Hoang Anh Buc

Vidu 11 / 2

@ Mot s6 ham va todn tit

Hinh: Toan anh Hinh: Khéng phai toan anh 7



Ham

Toan anh

Céc cau triic co ban

Hoang Anh Buc

Bai tap 31

Ham f : Z x Z — Z trong méi trudng hop sau day cé phai 1a

toan anh khéng?
(@ flm,n)=2m-—n (€) flmn)=m+n+1

(b) f(m,n) =m*—n? (d) f(m,n) =m?>—4

Bai tap 32

Chiing minh rang f : A — B la toan anh khi va chi khi g v o5
f(A)=B o s s

78



Ham
Song anh

Céc cau triic co ban

Ham f : A — B dudc goi la mét song anh (bijection) khi va chi
khi n6 dong thdi 1a don anh va toan anh
Vidu 12

4

Hoang Anh Buc

X X

g . @ Mot s6 ham va todn tit

Hinh: Sona 4nh Hinh: Bon anh, - Hinh: Toan anh, Hinh: Khong don
INN=50Ng anit khéng toan anh  khang don anh  &nh, khang toan
anh 78



Ham

Song anh

Céc cau triic co ban

Hoang Anh Buc

Vi cac tap hop hitu han A, B, ta cd |A|
ton tai mot song anh f : A — B

= | B| khi va chi khi

Bai tap 33 (10) worss ram s
Ham f : R — R trong méi trudng hop sau day cé phai la song o

anh khéng? S

(@ flx)=-3z+4 (e) flz)=2z+1 o

(b) f(z)=—-322+7 (f) f(z)=22+1 "

©) fl@)=(z+1)/(z+2) Q) f(z)=2a? o

(d) fla)=2°+1 (h) f(z) = (2* +1)/(a?) +2
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Ham

Ham nguogc

Céc cau triic co ban

Hoang Anh Buc

m Cho f: A — B lamét song anh. Ham nguoc (inverse
function) cla f 1a mot ham gan cho méi phan tir b € B mot
phan t&f duy nhét a € A sao cho f(a) = b. Ham ngugc clia ||
fdugcky hiéula f~*: B— A Bidydén dp o g

m M6t song anh con dugc goi la mét ham kha nghich
(invertible function) bt (s

78



Ham

Ham nguogc

Céc cau triic co ban

Hoang Anh Buc

Bai tap 34
Chitng minh rang £~ 1a mét song anh

Bai tap 35

Ham ngugc clia cac ham sau c6 ton tai hay khong? Tai sao?
@ f:R=R, fla)y=x+1

b) f:R=R, f(z)==
() f:R—=R, f(x)

(d) f:N—=N, f(x)

tsb

2
2x
2z
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Ham

Ham dbng nhét

Céc cau triic co ban

m Cho A 1a mot tap hap. Ham déng nhét (identity function)
trén Alahamida : A — Atrong d6 ida(z) = x v6i moi
reA

m id4 la song anh véi moi tap A

m Véisong anh f : A — B va ham nguoc clia nd
ft1:B— A

Hoang Anh Buc

flof=ida
@ Mot s6 ham va todn tit

Hinh: Ham ddng nhét trén A 7



Céc cau triic co ban

Bai tép 36 Hoang Anh Bitc
Hay tim vi du mét ham f : N — N thda man
(a) f la don anh nhung khong la toan anh
(b) f latoan anh nhung khéng la don anh
(c) flasong anh va f khac ham dong nhét trén N
(d) f vlra khéng la don anh vira khong la toan anh o
Bai tap 37
Chocachamg: A — Bva f: B — C. Chling minh rang
a) Néu ca g va f déu la don anh thi f o g cling la don anh.
b) Néu ca g va f déu la toan anh thi f o g ciing |a toan anh.
c) Néu f o g 1a toan anh thi f cling la toan anh
d) Néu f o ¢ la don &nh thi ¢ ciing la don anh
e) Néu f o g la song anh thi ¢ la toan anh khi va chi khi f 1a
don anh

(
(
(
(
(

78



Céc cau triic co ban

Hoang Anh Buc

Bai tap 38
Tim vi du cac ham f va g théa man f o g la song anh, nhung g
khéng phai toan anh va f khong phai don anh.

Bai tap 39

Goi f : A — Blamot ham véi A, B la céc tap hitu han théa
man |A| = |B|. Chiing minh rang f 1a don anh khi va chi khi né
la toan anh.
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Ham

Ham san va ham tran

Trong todn rdi rac, ta thudng dung hai ham sau
m Ham san (floor function) gan cho s6 thuc = s6 nguyén 16n
nhat c6 gid tri nhd hon hodc bang z. Gid tri clia ham san
duoc ky hiéu 12 ||
m Ham tran (ceiling function) gan cho s6 thuc z s6 nguyén
nhd nhét cé gid tri I6n hon hodc bang z. Gla tri clla ham

tran dugc ky hiéu 1a [z] 5] =
21 @
m Néuz¢Zthi [—z) # —|z] va 156
I—_ljl + _I‘x"l 1= e UE).J:
mNéuzeZthi|z] =[z] == 0
Vidu13 PR e S
24
m L5 =1, [15] =2 N
m[-15/=-2[-15]=-1 |-1.5) = -2
. L_SJ — _3, [‘_3" — _3 —3 =+ .A..
N—~*

78

Céc cau triic co ban

Hoang Anh Buc

Mot s6 ham va todn tit



Ham

Ham san va ham tran

Bai tap 40
Chitng minh c&c tinh chat sau clia ham tran va ham san, trong
doreRvaneZ

(1a) |z] =nkhivachikhin <z <n+1
(1b) [z] =nkhivachikhin —1 <z <n
(1c) |z| =nkhivachikhiz —1<n<uz
(1d) [z] =nkhivachikhiz <n <z +1
@ z-—1<|z]<z<[|z]<z+1
(32) [—z] = —[x]

(3b) [—z] = —[z]

(4a) [z +n]=|z]+n

(4b) [z +n]=[z]+n

78

Céc cau triic co ban

Hoang Anh Buc




Ham

Ham san va ham tran

Céc cau triic co ban

Hoang Anh Buc

Bai tap 41
Chitng minh rang néu n € N thi |n/2] = n/2 néu n chan va
n/2| =(n—1)/2néunlé

B‘a.i té.p 42 @ Mot 6 ham va todn it
Chitng minh rang néu z € R thi |2z] = |z] + [z + 1/2]. (Ggi y:

Khi xét cac bai todn lién quan dén ham san, mot cach tiép can

hitu ich 12 d&t = = n + e trong d6 n = || € Z va € |a mot sb

thuc thda man 0 < e < 1. Tuong tu, véi ham tran, ¢ thé dat

T=n—¢€)
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Day

Dinh nghia day va mot s6 khai niém

M6t day (sequence) 1a mot cAu tric rdi rac dugc dung dé biéu
dién mét danh sdch co thu tr

Vidu 14
m 1,2, 3,5,8 12 mot ddy gom nam sb hang
m1,3,92781,...,3" ... lamotday vo han

78

Céc cau triic co ban

Hoang Anh Buc

khai nigm
Mot so day dac biét

Ky higu tng va mot s kha
niém

Mot sb cong thi

Ky hiéu tich



Day

Dinh nghia day va mot s6 khai niém

Céc cau triic co ban

Hoang Anh Buc
Mot day (sequence)lamétham f: I — Strongdo I CZva S la
mot tap hop bat ky

m Tap I duoc goi la tap cdc chi sé (indices) clia day. Thong
thuong I =N hoac I =Z*
m VGi sb nguyén i € I, ta ky higu a; = f(i) 1a &nh clia i qua f,
va goi a; la sb hang (term) hoac phan ir (element) cGa day
xac dinh béi f va i 1a chi sé (index) cla sb hang a;
m Ta st dung ky hiéu {a,, } dé chi day xac dinh bdi f va ndi rang (z) em s amos
{a,} la day cho béi a,, = f(n) o8 G
m Mot s6 ky hiéu khac 12 {an }ner, (an)ner, NOEC (f(n))ner
m C6 thé md td mot day bang céch liét ké mot vai sb hang dau
tién hodc cudi cling clia day va st dung “...” cho phan con lai
m Chi¥ a trong ky hiéu day c6 thé dugc thay bang cac chi cai khac
m Luuy réng ky hiéu {a,} dung dé chi mét day cé thé xung dét
vdi ky hiéu danh cho mét tap hop. Tuy nhién, tly vao nglt canh
st dung ky hiéu nay, ta sé ludn phan biét dugc ré khi nao ta
dang xét moét tap hop va khi nao ta dang xét mot day.

78



Day

Dinh nghia day va mot s6 khai niém

Vidu 15
Day {a,} xac dinh bdi f : N — Z vGi f(n) = n?
m Céac sb hang cliaday 14 0,1,4,9,16,25,... (nghia la
Qg :O,a1 = 1,@2 :4,a3 :9,CL4 = 16,@5 :25,...)

m C6 thé viét {a,} = 0,1,4,9,16,25, ...
m {a,} 1a day cho béi a,, = n?
Bai tap 43
Trong méi trudng hop sau, fim cac s6 hang ag, a1, . . ., as clia
day {a,} vOi
n = 7
n — *(*2)11
= [n/2]

O
o
3
|
[\)
3
L
—_ =
© a
L e
2 o

—
o
S
3
|
—
S
+
—
S~—"
3
+
=
=
=
S
3

78

Céc cau triic co ban

Hoang Anh Buc

Mat s6 khai nigm
hat co b

Binh nghia day va mot sb
khai niém
Mot sb day dic big




Day

Dinh nghia day va mot s6 khai niém

m MGt chudi ky tu (string) c6 thé dugc coi la mét day hitu
han cac ky tu viet lien nhau, vi du nhu aqas . .. ay,

m Do dai cla chudi ky tu 1a sb ky tu trong chudi

m Chudi ky tu rong X la chudi khdng c6 ky tu nao (d6 dai
bang 0)

Céc cau triic co ban

Hoang Anh Buc

@ Binh nghia day va mot sb
khai niém

Mot so day dac biéf

78



Day

Cép s6 nhan va cép sb cong

£ ~ i i N R ~ , Céc céu tric co ban
m Mot cap s6 nhan (geometric progression) la mét day cé Hoang Anh Blc
dang
2 n

a,ar,ar”,....ar", ...

trong d6 s6 hang dau tién (initial term) a va céng bgi
(common ratio) r 1a cac so thuc
m Vidy véin=0,1,2,...
m {b,} VGib, = (—1)" s6 hang déu tién 1, cong boi —1
B {c,}VOic, =6-(1/3)"  sO hang dau tién 6, cong boi 1/3

m Mét cdp sb cong (arithmetic progression) 1a mot day cé
dang @ Mot sb day dic biet

a,a+d,a+2d,...,a+nd,...

trong d6 s6 hang dau tién (initial term) a va coéng sai e
(common difference) d 1a cac so6 thuc
m Vidy véin=0,1,2,...
m {d,}Véid, =—1+4n  s0hang dau tién —1, cong sai 4
m {e,}Véie,=T7—3n s0 hang dau tién 7, cong sai —3

78



Day

Tim c6ng thitc twdng minh clla mot day

Céc cau triic co ban

Hoang Anh Buc

Bai toan

m Cho trudc mot vai phan ti clia day
® Yéu cau fim
m mot cong thirc tuong minI;] clia céc sb hang
m ho&c mét phuong thic dé liét ké cac phan t& cla day
Vidu 16
S6 tiép theo trong day c6 thé Ia bao nhiéu?
m1,2,3,4,...
m1,3,579,...
m23,5711,... it 5 oo
Vidu 17
Céc sb hang tiép theo c6 thé 1a bao nhiéu?
m1,2,23,33.4,4.4,4
m 0,1,3,6,10,15,21,28, 36,45, 55

78



Day

Tim c6ng thifc twong minh clia mot day

Céc cau triic co ban

Hoang Anh Biic
m Mot phuong phap hitu ich dé tim cong thue t6ng quat cho
cac so hang cla mot day la so sanh cac s6 hang ctia day
can tim voi cac s6 hang cua mét day da biét (vi du nhu
cap sb6 cong, cap s6 nhan, day s6 chinh phuong, v.v...)

Cong thirc | Muwoi so hang dau tién
n? 1,4,9,16,25, 36,49, 64, 81,100, . ..
n? 1,8,27,64, 125,216, 343, 512, 729, 1000, . . .
n* 1,16, 81, 256, 625, 1296, 2401, 4096, 6561, 10000, . . .
fn 1,1,2,3,5,8,13,21, 34, 55,89, ...
2n 2,4,8,16,32,64,128,256,512,1024, . .. (61) worss oay v
3" 3,9,27,81,243,729,2187, 6561, 19683, 59049, . . .
n! 1,2,6,24, 120, 720, 5040, 40320, 362880, 3628800, . ..

m Bang Tra Cltu Day S6 Nguyén Truc Tuyén (The On-Line
Encyclopedia of Integer Sequences - OEIS)
https://oeis.org/

78
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Day

Tim c6ng thifc twong minh clia mot day

Céc cau triic co ban

Hoang Anh Biic
Bai tap 44
V6i mbi day sb nguyén sau, hay tim mét cong thurc don gian
hodc mot céch dé tim cac so hang tiep theo cla day. Gia st
cong thirc ban tim ra la ding, hay tim ba so hang tiép theo clia
day
(a) 1,0,1,1,0,0,1,1,1,0,0,0,1,...
(b) 1,2,2,3,4,4,5,6,6,7,8,8, ...
(c) 1,0,2,0,4,0,8,0,16,0,... () s
(d) 3,6,12,24,48,96,192, . ..
(e) 15,8,1,—6,—13,—20, —27, . ..
(f) 3,5,8,12,17, 23,30, 38,47, ...
) 2,16,54, 128, 250, 432, 686, . . .
)

(9
h) 2,3,7,25,121, 721, 5041, 40321, . ..

(

78



Téng

Ky hiéu t6ng va mot s6 khai niém

m Ta gi6i thiéu ky hiéu t6ng (summation notation) dé biéu Gac chu ric oo bin
dién téng clia cac sb  hang trong mét day Hoang Anh Bie

m Cho day {a, }, mot s6 nguyén gidi han dudi (lower limit) m,
va mét so nguyen 9idi han trén (upper //m/t) n>m. Tong
(summation) clia cac sb6 hang am,, ama1, - - -, an €O thé

dugc viét 1a
Am, +a'm+l ++an hOéC FT“" “\’p:m ot sb
> a; hodc > a;
j=m m<j<n amgm

m G day, j dudc goi 1a chi s6 I4y téng (index of summation) .
va dugc chon hoan toan tly y (&) s rama o

Mat s cong thic t8ng hitu

n n n c
Ky hiéu tich
E aj; = E a; = E ag
j=m i=m k=m

m D€ thuan tién, ta quy udc Y _ a; = 0 véi moi m > n

i=m 78



Téng

Ky hiéu t6ng va mot s6 khai niém

Céc cau triic co ban

Hoang Anh Buc

Vidu 18
Cho day {a,},
m Vi tap chi sb S béat ky, t6ng cac s6 hang a; V6ii € S:

Dinh nghfa ham va mot sb
a; khai niém
Z v M6t sb ham va toan tir

i€S

m Téng cac sb hang 16n hon ho&c bang a;: o g i

Ky hiéu téng va mot sb khai
nigm

0o
E a; :aj-|—aj+1-|—.“ !‘71;:\:“:”:\: (e téng hity

i=j Ky hiéu tich

78



Téng

Ky hiéu t6ng va mot s6 khai niém

Vidu 19
Téng doi (double sum) xuét hién trong nhiéu ngir canh (vi du
khi phén tich cac vong I6ng nhau trong chuang trinh may tinh).

Vi du:
4 3
> g
i=1 j=1

Dé tinh téng nay, khai trién téng bén trong trudc va sau dé tinh
tong bén ngoai:

4 3 4 3 4 4
SN i=3(Yi) =Y (i +2+8) =6
i=1 j=1 =1 j=1 i=1 i=1
4
=6» i=6 % =60
=1

78

Céc cau triic co ban

Hoang Anh Buc

19
khai niém
Mot so day dac biéf

Ky hiéu téng va mot sb khai
nigm

Mat sb cong thiic tdng hit



Téng

Ky hiéu t6ng va mot s6 khai niém

Céc cau triic co ban

Hoang Anh Buc

Vidu 20
Véiham f: X - R,
m V6i X = {x1,2,,...}, t0ng céc gid tri clia ham f:

Zf flz1) + f(a2) +

reX

m V6i X = {x | P(x)} trong d6 P(x) la vi ti cho trudc, téng HH
cac gia tri clia ham f:

Ky hiéu téng va mot sb khai
nigm

S° f@) = flan) + ) + g

P(x) Ky hieu tic

78



Téng

Ky hiéu t6ng va mot s6 khai niém

Vi du 21

4
S iF=1 422432+ 42

j=1
%1—1+1+1+ +1
jzlj_ 2 3 100

ZQj =1+2+22+4+2% 4. ..
=0
Z 22 =0+22+4% 4+ 6+ 8 + 102
(0<x<10)
A(z chén)

Céc cau triic co ban

Hoang Anh Buc

Dinh nghia day va mot s
khai niém

Mot so day dac biét

@ Ky hiéu téng va mot sb khai
nigm
M6t sb cong thirc téng hitu
ict

Ky hiéu tich

78



Téng

Ky hiéu t6ng va mot s6 khai niém

Bai tap 45

SU dung ky hiéu téng dé viét lai cac cong thirc sau
(@) 24+4+6+8+---+2n

(b) 14+5+9+13+--+425

1 1 1
14+ =4 = 4o —
(c) 1+ 5 + 3 + + 50
Bai tap 46
Viét lai cac téng sau dudi dang cong thiic dai hon
100
(@) > (3 +4k)
k=1

50 1
0) > 5
k=2

78

Céc cau triic co ban

Hoang Anh Buc

Ky hiéu téng va mot sb khai

niém

Mat sb cong thi



Téng

Mot s6 cong thiic téng hitu ich

Céc cau triic co ban

Hoang Anh Buc

m 76ng hdng sb: Véi hing sb ¢ bat ky,

J
de=(i—i+1)-c
m Phan phdi: V&i hang sb ¢ bat ky,
J J
> cef(n)=c¢>_ f(n)
u Giao hOén.' @ S;i”sé:éng:thﬂcténghau
; ; i

78



Téng

Mot s6 cong thiic téng hitu ich

Céc cau triic co ban

| BOA’I' chi Sé.’ . Hoang Anh Buc
Y oriy =Y flk—n)
i=j k=j+n > hop

4 6
m Vidu Zﬁ = Z(k—2)2 (dath =i+ 2)
i=1 k=3

m T4chténg:Véij <m < k

k m k
DO =10+ Y ) ;
i=j i=j i=m+1 N
@ ?g:tsécéngthﬂcténghﬂu
| BéO l‘hl]’ tlj Ky hidu tic

78



Téng

Mot s6 cong thiic téng hitu ich

A . , N Céc cau triic co ban
m VGi {a,} 1a cap s0 nhan cé so hang dau tién a va cong boi Hoang Anh Bifc
r, tong clia n + 1 80 hang dau tién clia day la

n
S = E ar’
i=0

m Cong thdc twong minh

ar"tl — ¢

n A
. - n 1 Dinh nghia déy va mét sb
S=Yari=¢ 71 U G
=0 (n+1la néur=1

Ky higu téng va
niém

Mt s6 cong thic tdng hitu
ich

S=a+ar+ar®+ar®+-- +ar" Ky iew en
rS = ar+ar® +ar® + -+ ar™ + ar™t!
rS—S=ar"t —qa

78



Téng

Mot s6 cong thiic téng hitu ich

rS

cong thirc cla S
phan phéi
déichisb, k =i+ 1
tach téng

thém va b6t ar’ = a
tach téng

cong thirc cla S

78

#l

&e
“avoc Ty

o

Jo

o

Céc cau triic co ban

Hoang Anh Buc

Ky higu tng va mot s kha
niém

Mt s6 cong thic tdng hitu
ich

Ky hiéu tich



Téng

Mot s6 cong thiic téng hitu ich

Vidu 22
Tim cong thic twdng minh cho tong 7' = » i

T=14+243+---+n
T=n+n-1)+Mn-2)+---+1
2I'=(n+1)-n

Bai tap 47

le {an} la cap so cong c6 sb hang dau tién a va cong sai d,
téng clia n + 1 sb hang dau tién clia day 1a

T = i +id)
=0

Hay tim céng thic tudng minh cho T

78

Céc cau triic co ban

Hoang Anh Buc

Mt s6 cong thic tdng hitu
ich
Ky hiéu tich



Téng

Mot s6 cong thiic téng hitu ich

Vidu 23
100
Phuang phap clia Gauss dé tinh ) i
=1

14243+ 14+ ... +97+984+99+ 100

Y tu’dng Gheép s6 hang
dau tién vdi s6 hang cuoi
cung, s6 hang th(t hai v6i

s0 hang ap chot, v.v. i
Bai tap 48
Tim cong thic tudng minh cho 7' =) " i sit dung y tudng

i=1
tuong tu. Cé thé ap dung phuong phap tuong tu cho Bai tap 47
khéng?

78

Céc cau triic co ban

Hoang Anh Buc

Mt s6 cong thic tdng hitu
ich
Ky hiéu tich



i

Téng

Mot s6 cong thiic téng hitu ich

\;,l

WL
01 woc Ty nmien|

%

Jo

o

Céc cau triic co ban

Hoang Anh Buc
Vidu 24
oo
Tim cong thic tudng minh clia T = ) _ 2™ véi = a s6 thuc thda
n=0
man -1<z<1
Ta da ching minh
k Mot s6 ham va toan ti
T —1 Pinh nghia day va mot sb

Do-1l<a<1,zF! 5 0khik = o0o. Tacod

Ky hiéu téng va mot sb
niém

Mt s6 cong thic tdng hitu

o k1 _q 1 ST
T:Zl‘":lim 2" = lim = =
n=0

k—o0 k—oo X —1 1—x
n=0

78



Téng

Mot s6 cong thiic téng hitu ich

Tong Cong thirc twong minh
n nt+1
Zark(T;&O) u(7"?t1)
Py r—1
" n(n+1)
>k —-—
k=1 2
zn: 2 nn+1)2n+1)
k=1 6
n 2 2
+1)
Zk?) n (TL
- k=1 4
Zxk (-l<z<1)
P 1—x
= 1
kb=t (-1 <z < 1)
; (1—2)?

Céc cau triic co ban

Hoang Anh Buc

niém
6 Mt s6 cong thic tdng hitu
ich

78



Téng

Mot s6 cong thiic téng hitu ich

Bai tap 49
Tinh cac téng sau
200 200 20
@ > k b) Y & (c) Y K*(k—3)
. k=100 k=99 10
Bai tap 50 n
(a) Chitng minh rang Z(ai —a;_1) = an — ag, trong d6
=1
ag, a1, ..., a, 1a mot day gdm cdac sb thuc
2 2 ’ 1 1 1 N A 4
(b) Su dung dang thirc m =% hil va phan (a) dé

" 1
S
tin kZ:l POESY)
Bai tap 51
LAy tng ca hai vé clia dang thirc k2 — (k — 1)? = 2k — 1 tur
k =1dén k = n va st dung Bai tap 50(a) dé tim mot cong thiic
tuong minh cho Y"1 _ (2k — 1) (tong n sO tu nhién |& dau tién)

78

Céc cau triic co ban

Hoang Anh Buc

Mt s6 cong thic tdng hitu
ich



Tich

Ky hiéu tich

Céc cau triic co ban

Ngoai ky hiéu téng, ta ciing cé ky hiéu dac biét cho tich
(product). Cho day {a,} va cac chi so gidi ham dudi m va gidi

Hoang Anh Buc

han trén n > m. Tich cla céc s6 hang am, ami1, . . ., an cO thé
dugc viét la
Gm - Qa1 .-+ Gy hoAC
H a; hOéC H a;
j=m m<j<n
Dé thuan tién, ta quy udc H a; =1 véimoim >n
Bai tap 52 =
Tinh gia tri cGa céc tich sau
10 8
(a) H l (C) H'L @ Ky higu tich
=0 =5

10
0 TJ-1 @ J]2
=1

78



Part |
Phu luc



NGi dung

Céc cau triic co ban

Hoang Anh Buc

Nghich ly

Tap hop
Nghich ly

Luc luvgng cla tap vé han
binh nghia )
Tap dem dugc va khdng dem dugc

Mét s6 16i thuong gap



Tap hop

Nghich Iy

m Chuing ta dang hoc mét Iy thyét tap hop ngdy tho (naive R
set theory)
m Dinh nghia bang ngdn ng tv nhién, khdng chat ché vé mat Nahich
toan hoc

m M0 ta céc khia canh clia céc tap hgp toan hoc quen thudc S
trong toan roi rac T i e
m Ban than ly thuyét ndy co chira cac nghich ly (paradox) (=
mot phat biéu tu phl dinh chinh né méc du Itc dau nhin ¢é
vé dung)
m Nghich ly Russell (D&t theo t&n nha triét hoc, nha légic
hoc, nha toan hoc ngudi Anh Bertrand Russell
(1872-1970))

m Goi S 1a tap tat cd cdc tap hop khdng chira chinh né nhu 12
mét phan t, nghiala S = {A| Alamottap hgpva A ¢ A}
m Chuay rang theo dinh nghia tdp hop ta da hoc, ton tai mot tap

hop chita chinh nd nhu la mét phan 7. Vi du xét tap T cdc
tap hop cé chifa it nhat mét phan tu

m Lidu S cd phaila mdt phan ti cla chinh né hay khéng, néi
céch khagc, lieu S € S?



Luc lugng cua tap vo han

Dinh nghia

Céc cau triic co ban

m Nhac lai: Luc luong (cardinality) chia mot tap A, ky hiéu
|Al, 12 s0 phan t& khac biét ma A cé
m Cactép Ava B co cung luc lugng, ky hiéu |A| = | B, khi
va chi khi ton tai mot song dnh tir A dén B
m Néu ton tai mot don anhtt A dén B, ta néi “luc lugng clia inh nghia
A nhd hon ho&c bang luc luong clia B”, va ky hiéu
|A] < |B|
m Khi |A| < |B| va haitap A, B ¢6 lyc lugng khac nhau, ta
ndi “luc lugng clia A nhod han luc lugng clia B”, va ky hiéu
Al <|B|
Bai tap 53
Ching minh rang | A| < |P(A)| véi mei tap hop A, trong do
P(A) la tap tat ca cac tap hgp con cia A
Bai tap 54
Tap 2Z gbm cdc sb nguyén chin cé cung luc lugng véi tap sb
nguyén Z hay khéng?

Hoang Anh Buc



Luc lugng cua tap vo han
Dinh nghia

Céc cau triic co ban

Binh Iy 1: Binh Iy Cantor | Haing A Bic

Khéng ton tai mgt toan dnh f : A — P(A) vdi A la mét tép
hop bat ky va P(A) la tdp tat ca cdc tap con cla A

Binh nghia

Tap dém dugc va khong

Ching minh.

Ta chiing minh bang phuong phap phan chiing
m Gid s{ ton tai toan anh f : A — P(A)
m Ta dinh nghia tap con G C A nhu sau

G:={zxcA|zxz¢ f(x)}

m Do f 14 toan anh, tdn tai a € A sao cho G = f(a)
m Xét hai truong hgp
m Néu a € G thi theo dinh nghia clia G, tacé a ¢ f(a) = G.
Pay 13 mot mau thuan
m Néua ¢ G = f(a)thia ¢ f(a). Do d6 theo dinh nghia cla
G, tacd a € G. Pay 1a mot mau thuln 1



Luc lugng cua tap vo han

Tap dém dudc va khdng dém duodc

Céc cau triic co ban

m Mot tap cé hitu han s phan ti hodc ¢ cung luc lugng véi
tap cac sb6 nguyén duong Z+ dudc goi la tap dém duoc
(countable set) va ngudc lai thi goi 1a tdp khéng dém duoc
(uncountable set)

m Co thé liét ké cac phan tlr cla tap dém duagc theo thi tu:
phan t& thit 1, phan t& thi 2, v.v... Tap dém e v kg

Hoang Anh Buc

m Khi mot tap vo han S Ia tap dém dudgc, ta ky hiéu lyc lugng -
cla S 1a Ry (“aleph null”) va viét |S| = R

Vidu 25

Tap céc sb tu nhién N 1a tap dém duogc

— = O
N > —
W > O
> w
U=

Vidu 26

Tap cac s6 nguyén duong 1€ la tap
dem dugc

— > —
W o
G = o
~N =
© =



Luc lugng cua tap vo han

Tap dém dudc va khdng dém duodc

Vll d u 27 Céc cau triic co ban

Hoang Anh Buc

i |

Vi du 28 ) .

Tap dém dugc va khong

Tap céc s hitu ty duong Q" = {2 | p,q € Z*} la tap dém dugc Y7 #new

1 2
Tap céac sb nguyén Z 1a tap dém duagc I I
0 1

= = =
= = N
=D = W
o = i
Wl = Ut




Luc lugng cua tap vo han

Tap dém dudc va khdng dém duodc

Céc céu tric co ban
Ta chitng minh t4p sé thuc R 12 tdp khéng dém duoc bang Hong Anh Biic
phuong phap phan chiing st dung /dp ludn dudng chéo cla
Cantor (Cantor diagonalization argument) Notich

m Gidsi’R la tap dém dugc. Do moi tap con clla méttap
dém dugc cing la mét tap dem dugc (fai sao?), tap cac so A
thuc nam gitta 0 va 1 cling la tap dém duoc e

m Sap thit tu cac sb thuc gitta 0 va 1: rq, 7o, . ...
T = 0.d11d12d13d14 .
T9 = 0.d21d22d23d24 .
rg = 0.d31d32d33d34 N
r4 = O.d41d4gd43d44 e

trong d6 d;; € {0,1,2,3,4,5,6,7,8,9}



Luc lugng cua tap vo han

Tap dém dudc va khdng dém duodc

Céc cau triic co ban

m Xay dung mét sb thuc r = 0.dydodsd, . .. méi trong d6 Hoang Anh Dic

d = 4 néudii¢4
L 5 néudil‘:4

Tap dém dugc va khong
dém dugc

m r khong bang bat c sb ndo trong cac s r1,ro,... Vind
luén khac r; & vi tri th 7 sau “0.”

m Do dé r la mét s6 thuc gilta 0 va 1 khéng nam trong danh
sach ry,rs, ..., do moi sO thyc cd mét biéu dien thap phan
duy nhat

m T6m lai, khdng phai moi s thuc gilta 0 va 1 déu dugc liét
ké theo thir ty 71,79, ..., va do do tap cac so thyc gitra 0
va 1 la tap khong dem dugc

m Néu tap con clia mét tap 1a khong dém dugc thi tap d6
cting khdng dem dugc (tai sao?), suy ra tap so thuc R 1a
khéng dem duoc



Mét sb 16i thudng gap

Céc cau triic co ban

Hoang Anh Buc

Tham khdo ti tai liéu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf) Mot s5 181 thugng g3p

(a) Lay phan bu cuta tap hop khong chinh xac khi si dung
sai luat De Morgan

m Chang han,choring ANB=ANB

m CécphatbiudinglaANnB=AUBvaAUB=ANB

m Day la moét truong hgp cla viéc gia dinh rdng moi todn tr
phan phbi qua toan i khac, & day Ia phép bu phan phbi qua
phép giao (hodc phep hop). Sinh vién doi khi mac 16i tuang
tu trong dai so, chang han nhu khang dinh, khdng chinh
Xac, rang va? + b2 = a + b hodc sin(a + 8) = sin « + sin S.


https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf

Mét sb 16i thudng gap (tiép)

Céc céu tric co ban
(b) S dung ky hiéu khong chinh xac vé phan ti va tap Hoéing Anh Dic
con cla tap hop lily thira va nham lan giira khai niém
“phan tr” va “tap con” khi xi Iy tap hop lay thira
m Néu A 12 tap con clia S, thi A 1a mdt phan tir ca tap Iy
thira cta S
m Vidy,néu S = {p,q,r}, thi {p,r} C S, nén {p,r} € P(S).
Mat khac, {p,r} ¢ P(S), va {p,r} ¢ S. Ngoai ra, luu y rang
Des,0eP(S), va {0 ¢ P(S)
(c) Viét {0} dé biéu dién tap rong
m Mot ly do tai sao day khéng phai I tap réng vi né c6 mot
phan t& trong dé
m Ky hiéu ding cho tap réng 1a {} hodc 0. Tap réng la mét tap
hop khong ¢é phan tl nao
(d) B6 sot dau ngoac don mét cach khéng chinh xac
trong cac biéu thire lién quan dén giao, hop va hiéu
cua tap hop

Mot sb 16i thuding gap



Mét sb 16i thudng gap (tiép)

Céc céu tric co ban
Hoang Anh Buc
m Khi khdng ¢6 th( tv uu tién méc dinh clia céc toan tlr, mot
biéu thirc nhu A N B U C |a khong rd rang, vi né c6 thé cé
nghia la (AN B) U C hodc AN (B UC), va day khong phal
la cac tap hdp gibng nhau. Diéu quan trong la phai d&t dau
ngodc don dé ngudi doc biét ban mubn biéu dat diéu g
(e) Khong coi ham so la mét doi twong & murc trivu twong  ()verss situong gz
cao hon so v@i phan tir, cap co th tw, hoac tap hop
m Ky hiéu f : A — B cd nghiala f 1a mét quy trinh hay mét
quy tic phai ap dung cho moi phdn ti clia A va trong moi
trudng hop cho ra két qué trong B.
m Mot ham khong phai la A, khéng phai 1a B, khéng phai la
phan tl clia A hodc B, né ciing khdng phai 1a tac dong trén
chi mét phan i clia A. Vi du, néu f 1a ham sb tir {1,2,3}
dén céc sb tu nhién cé quy tac f(z) = 22, thi f |a toan bd
quy trinh gan 1 cho 1, 2 cho 4, va 3 cho 9; n6 khdng phai 13,
vi du, chi s6 9 ho&c chi la cap (3,9).



Mét sb 16i thudng gap (tiép)

Céc cu triic cd ban
(/) Nham lan giira y twdng rang mot ham phai duvoc dinh Holing Ach Bifc
nghia ro rang v&i khai niém mot-mot
m Mot ham néi chung khéng can cé tinh chat 1a cac phan &
khéc nhau clia mién xac dinh dudc anh xa dén cac phan ti
khéc nhau clia mién gia tri. Diéu ma mot ham sé phai thda
man 1a yéu cau rang hai phan tir khac nhau clia mién gia tri
khong thé clng 12 anh cla cling mdt phan t trong mién xac
dinh
m Nhu vay f(z) = 2 12 mot ham ti tap hop sb thuc dén tap
hop s6 thuc khong am (né 1a toan anh nhung khong
mot-mét), nhung f(z) = + /z khéng phai Ia mét ham sb tur
s6 thuc khdng am dén sb thuc
(g) Tinh toan khong chinh xac cac gia tri cia ham san
(floor) va tran (ceiling), dac biét 1a doi v&i cac gia tri
am
m Ham san luén 1am tron xubng, va ham tran luén 1am tron
Ién. Vivay, vidu, |-3.2) = —4,va[-3.2] = -3

Mot sb 16i thuding gap



Mét sb 16i thudng gap (tiép)

Céc céu tric co ban
(h) S dung ky hiéu ham sai, dac biét la véi bién trong Hoang Anh Biie
phuwaong trinh dinh nghia
m Céch viét diing: Dau vao nam vao bén trong dau ngoac don
theo sau tén ham, va toan bd biéu thiic sau dé biéu dién

daura ,

m Vidy, néu f(x) = 22, thi viéc viét £(7) = 49 la chinh x&c, va o
cdc cach viét khong chinh xac la f = 49 hodc f = 7 hodc Mot o 16i thuging g3p
7=149

(i) Nham Ian ky hiéu ham v&i phép nhan
m Mac du viéc viét hai biéu thiic todn hoc canh nhau, dac biét
la v6i dau ngodc don, thudng am chi phép nhan, diéu nay
chac chan khong ap dung khi doi tugng dau tién la mot ham
sO
® Vi duy, néu mét ham dugc dinh nghia bdi f(z) = z + 10, thi
F(7) cé nghia la “f cla 7” (trong trudng hgp nay la 17) chi

2

khéng phai “f nhan véi 77 (diéu nay khéng cé y nghia)
() Cho rang moi ham s6 déu la tuyén tinh



Mét sb 16i thudng gap (tiép)

Céc cau triic co ban

Hoang Anh Buc

m Luat phan phdi cho cac sb cho biét ring
t(z +vy) = t(x) + t(y) néu t, z, va y 1a cac sb va ky hiéu viét
lién nhau biéu thi phép nhan. Vi du,
8(2 +10) = 8- 2+ 8 - 10; ¢4 hai vé& déu bang 96
m Tuy nhién, néu ¢ 13 ham binh phuong va z va y van 1a cac
s6, thi t(z + y) = t(x) + t(y) khong ding; néu ching ta lay
x=2vay = 10, thi vé trai la (2 + 10)? = 12% = 144, trong
khi vé& phai 1a 2% 4+ 102 = 4 + 100 = 104
(k) Ap dung khong chinh xac trwc giac vé tap hiru han
cho tap vo6 han
m Vidu, néu mét tap hitu han A c6 thé dugc dat vao tuong
rng mot-mot vai mét tap con thuc sy cla B, thi rd rang
|A| < |B|. Tuy nhién, diéu nay khéng ding néu A 14 tap vé
han

@ Mot sb 16i thuding gap



Mét sb 16i thudng gap (tiép)

Céc cau triic co ban

m Chang han, xét A 1a tap cac sb tu nhién chin va B 14 tap tat rono A Bie

¢ céc s ty nhién—khi d6 A c6 thé dugc dat vao tuang
('ng mot-mot vai (thuc té 12) mot tap con thuc su cla B,
nhung A ciing cé thé dudc dit vao tuong ting mot-mot voi
toan b6 B (ghép cap 2n vGin chon =0,1,2,...), do do
thuc té |A| = |B|
() Khéng vé hinh minh hoa khi xt¥ ly cac quan hé

m Do thi c6 hudng (digraph) clia mot quan hé trén mot tap hop
cung cap mot cach tuyét voi dé hinh dung nhiing gi dang
dién ra )

® L6i phé bién nay c6 thé dugc tong quét hoa: Khong vé hinh
minh hoa khi x( ly bat ky doi twgng toan hoc nao

(m) Quén xem xét cac cap (a,b) va (b, a) khi kiém tra tinh
chat bac cau ctia mét quan hé

m Trong trudng hop ndy, ngudi ta can cé (hodc thém vao)
(a,a) va (b,b) nta

Mot sb 16i thuding gap



Mét sb 16i thudng gap (tiép)

Céc céu tric co ban
(n) Khdng nhan ra rang tinh déi xirng hoac tinh bac cau Hosng Anh bic
thwong dung moét cach tam thuong (vacuously)
m Vidy, quan hé {(1,2), (1,3)} théa man tinh chat bic cau,
bdi vi phat biéu “néu (a, b) va (b, ¢) déu thudc quan hé thi
(a, ¢) cling thudc quan hé” ding mét cach tam thudng—tiic
la, khéng cé cap nao lam cho gia thiét clia ménh dé diéu v
kién néy dL]ng @ M6t s6 I6i thuong gap
(o) Gia dinh khéng chinh xac rang moi quan hé deu co
cac tinh chat mong muon, nhuv tinh doi xtrng hoac
tinh bac cau
m Chac chan khong phai moi quan hé déu 1a quan hé tuong
duang
m Céc phan i c6 thé khdng so sanh duodc véi nhau (vi du,
khéng dng rang {1,2} C {1, 3} va cling khéng ding rang
{1,3} €{1,2})
m Néu tdi biét ban va ban biét Mary, diéu d6 khéng cé nghia la
t6i nhat dinh biét Mary



Mét sb 16i thudng gap (tiép)

Céc cau triic co ban

Hoang Anh Buc
(p) Lam cho viéc hiéu quan hé twang duong tré nén
phtc tap hon mirc can thiet
m Trong hau hét céc truding hop, ban c6 thé ngh vé mét quan
hé tuong duong nhu mét quan hé c6 dang “hai phan tl ¢
lién hé vdi nhau khi va chi khi ching cé cung mét diéu gi dé”
m Vidu, quan hé tuong duong trén tap hgp cac sé nguyén
dugc cho béi “a ¢ lién hé vdi b khiva chikhia = b
(mod 7)” c6 thé dugc hiéu 1a “a va b cé lién hé khi va chi khi
chuing cé cung so6 du khi chia cho 7”

Mot sb 16i thuding gap

(q) Suy nghi khong ding rang mot sé toan t&¥ phan phoi
qua cac toan tr khac
m Viduy, khong ding rang va + b = /a + /b hodc
Va2 + b2 = a + bhoac a® + a¥ = a®"Y hodc
log(a + b) =loga + logb
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