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cHU PE 1

Logic va Ching minh

Bai tap 1.1

Cau nao sau day la mot meénh dé?

1
2
3) 1+2=3
4) Hom nay troi mua
6) r+y=>5
7) A ha ha ha ha
8
9 t tot!

(10

Bai tap 1.2

Khéang dinh “Phat biéu nay la sai” c6 phai 1a mot ménh dé logic hay khong? Vi sao?

Bai tap 1.3

(1)

(2)

(3)

(4)

(5) Ban c¢6 néi tiéng Anh khong?
(6)

(7)

(8)

(9) R

) Néuz=3,y=4d,z=

Trai Dat 14 mot hanh tinh

Hay dua cho t6i quyén sach kia

5 thi 22 + y? = 22

Dung bang chan tri dé kiém tra lai cac luat trong Bang 1.1.

Béang 1.1: Hing déng thtic tap hop.

Tén goi Tuong duong logic
Luat dong nhat pAT=p
(Identity laws) pVF=p
Luat nudt pvT=T
(Domination laws) pANF=F
Luat liiy dang pVp=p
(Idempotent laws) PADP=Dp
Luéat phu dinh kép _
(Double negation laws) ~(p) =p
Luéat giao hoan pVqg=qVp
(Commutative laws)

Luat két hop
(Associative laws)

PANG=qADp
(Vo Vr=pVigVvr)
A Ar=pA(gAT)

Luat phan phdi
(Distributive laws)

pV(gAr)={@VgAVr)
pA@Vr)=@AgVpAr)

Luat De Morgan
(De Morgan’s laws)

“(pANqg)=-pV—q
-(pVg) =-pA—q

Luat hap thu pV(pAg) =p
(Absorption laws) pA(pVaqg) =p
Luat phu dinh pV-p=T
(Negation laws) pA-p=F




Bai tap 1.4

Hoan thanh Béang 1.2.

Bang 1.2: Minh hoa Bai 1.4.

plal-wp[-a[p—ala—p[-a—-w][-p——q
T[T T
T|F F
FIT T
FIF T

Bai tap 1.5

Cho cac ménh dé p := “Téi mua mot vé xo6 s6 Vietlott” va ¢ := “Toi tring giai diic biet 200 ty VND”.
Hay mo t& biang cau thong thudng cdc ménh dé phic hgp sau:

(a) —p (e) perg

(b) pVyq (f) =p— —q
() p—yq (8) PN —q
(d) pAgq (h) —=pV (PAq)

Bai tap 1.6

Hay tinh céac biéu thic sau.
(a) 11010

(b)

(¢) 11010 A 10001
(d) 11010 @ 10001

11010 Vv 10001

Bai tap 1.7

V6i p, q 14 cdc ménh dé logic, hay ching minh (p ® q) A (p ® —¢) 14 mdt mau thuin.

Bai tap 1.8
Chitng minh céc tuong duong logic sau béng bang chan tri.
(a) p@g=(PA-qQV(-pAq)
(b) p&g=(Var-(pAq)
Bai tap 1.9
Xay dung bang chan tri cho mot trong s6 cac ménh dé phiic hgp sau.
(a) p— (=g Vr)
(b) @ Ap®-r)
() p—=(g—r)
)

(d) (p—=>q)A(=p—q)
Bai tap 1.10

Chitng minh ring cAc ménh dé sau luon ding.



(a) (p—q) < (pVa) (d) [(pvaAp—=r)A(g=T1)] =7
(b) (p—q) < (=g — —p) (e [p=aAN(g—=n)]—{@—r)
() [pA(p—=q)] —q ) erhg) = (—q)

Bai tap 1.11

Tim dang hoi chuan tic (Conjunctive Normal Form) clia cAc ménh dé sau bang cach sit dung bang chan
tri.

(a) (mp®—q) N g
(b) (p®q)V(p®—q)

Bai tap 1.12

Tim dang tuyén chuan tic (Disjunctive Normal Form) ciia cdc ménh dé sau bing cach sit dung bang
chan tri.

(a) (~p®—q) Vg
(b) gV (p®—q)

Bai tap 1.13

Déi ngdu clia mot ménh dé phitc hgp chi chita cac toan tit logic A, V, va — 13 mot ménh dé nhan duge
bing cach thay mdi V bing A, mdi A bang V, mdi T bing F, va mdi F bang T. D6i ngdu clia mot ménh
dé phtic hop s dude ky hieu 1a s*.

(a) Tim d6i ngdu clia cac ménh dé sau

(a-1) pA—g A - (a-2) pA(gV (rAT))
(b) Khi nao thi s = s*, v6i s 14 mot ménh dé phiic hgp nao d6?
(c) Chiing minh rang (s*)* = s.

Bai tap 1.14

Chttng minh céc tuong duong logic sau bing cach lap bang chan tri hodc sit dung cac tuong duong logic
da biét.

() p—q=-pVgq ) p=NpP—=r)=p—=(gAT)
(b)p=a="g= v (&) P—=r)A(g—=r)=(mVe —r
() pVg=-p—q

(d) pAg=—(p— —q) (h) p=q)Vp—=r)=p—(¢Vr)
() ~(p—q)=pA—q Q) p—=r)Vig—=r)=pAg =

Bai tap 1.15

Chiing minh céc tuong duong logic sau bing cach 1ap bang chan tri hodc sit dung cac tuong duong logic
da biét.

(@) perag=p@—=9N(@—Dp)

(b)

() peag=@Aq)V(pA—q)
)

(d) =(p=q)=p e g



Bai tap 1.16

Trong rat nhiéu ngon ngit lap trinh, céc gia tri chan 1y True va False duge biéu dién tuong tng thong qua
cac s6 1 v 0. Vi du nhu, trong Python, cd 0 == False vd 1 == True déu c6 gia tri True. Do d6, trén
thyc té, chiing ta c6 thé thyc hién cic phép toan s6 hoc (cong, trit, nhan, chia) véi cac gia tri chan 1y!
Thém vao d6, trong rat nhidu ngon ngtt 1ap trinh (bao gdm Python), bat k¥ thi gi khac False (hay noi
cach khac, bat ky thit gi khac 0) déu c6 thé coi 1a True khi xét cac biéu thitc lien quan dén diéu kien, vi
du nhu if 2 then X else Y sé chay va thuyc hién X.

Gid st x va y 1a céc bién Boole trong mot ngon ngit 1ap trinh ma True vi False tuong tng 1an Iugt
vai 1 va 0. (Nghia 13, gid tri clia x va y 13 0 hodc 1.) M&i doan ma sau day bao gdm mot diéu kien dua
trén x, y, va cAc phép toan s6 hoc (cong, trit, nhan, chia). Hay viét lai cac diéu kién nay sit dung ngon
ngtt clia 16gic ménh dé.

(a) if x * y ... (d) if x x (1 - y)
(b) if x +y ...
(c)if 2 -x-y ... () if x* (1 -y) + (1 -x) *xy ...

Bai tap 1.17

Mot tap C cac toan tit logic dude goi 1a day du (functionally complete) néu mdi ménh dé phitc hgp tuong
duong v6i mot meénh dé phitc hop chi st dung céc toan tit trong C. Vi duy, C = {—, A, V} 1a mot tap (cac
toan t1t logic) day du. Tap céc toan tit 1ogic C sau c6 day di khong? Vi sao?

(a) C={~n}
(b) €= {~,v}
() €= {Av)

Bai tap 1.18

Cho p, q,7 1a cac ménh dé nguyen tit. Hay st dung cac ménh dé trén va cac toan tit 1ogic -, A,V dé biéu
dién ménh dé sau

“It nhat hai trong ba menh dé p, ¢, r 1a ding.”

Bai tap 1.19

Cho ménh dé (p — q) A (p @ —q) v6i p,q 1a cdc ménh dé logic.

(a) Lap bang chan tri cho ménh dé trén.

(b) Hay xay dung mot ménh dé logic phitc hgp tuong duong véi ménh dé da cho trong dé chi sit dung
cac toan tit -, A, V.

Bai tap 1.20

Xét cac yéu cau tim kiém sau:

Qa: “python AND algorithm AND NOT computer”
Qp: “(computer OR algorithm) AND python”
Qc:  “python AND NOT (computer OR algorithm OR program)”

Hay mo t4 hodic 1y vi du (mot trang web, mot cau nao do, v.v...) vé két qua tra lai trong cic truong
hgp sau:
(a) Két qua tra lai théa man yéu cau Q 4.
(b) Két qua tra lai thda man yéu cau Q4 va khong théa man yéu cau Qp.

(c) Két qua tra lai thda man yéu cau Q4 va Qp nhung khong thoéa man yéu cau Qc.



Bai tap 1.21

Cho P(z) := “z > 0" la vi tt xac dinh trén mién D = Z. Tim gia tri chan ly clia cac ménh dé sau.

Bai tap 1.22
Gi4 sit mién xac dinh clia tat ci cac bién 1a D = R. Cac ménh dé sau 1a ding hay sai?

(a) Va (22 # )
(b) Vz (22 > z)

(c) Vx (22 #2)

Bai tap 1.23

Tim hiéu mot s6 cach tim kiém v6i Google sit dung cac toan tit logic
Bai tap 1.24

Cac ménh dé sau khi ndo ding va khi ndo sai?

(1) VaVy P(z,y) = VyVaz P(z,y)
(2) Vady P(z,y)
(3) JyVz P(z,y)
(4) 323y P(x,y) = Iy3z Pz, y)

Bai tap 1.25

Hay biéu dién phii dinh cia cac ménh dé sau sao cho tat ci cac ky tu pha dinh — ding ngay trudc cac
vi tu

(a) VaeIyVzT(z,y, 2)

(b) VaIy P(z,y) VVzIy Q(z,y)

(¢) VaTy (P(z,y) A3z R(z,y,2))
)

(d) Va3y (P(z,y) = Q(=,y))

Bai tap 1.26

Gi4 sit bién 2 nhan gia tri tit mién D. Chitng minh mot trong cAc ménh dé sau.
) Vo (P(x) vV (Q(x) A R(x))) = Va (P(x) vV Q(z)) A (P(x) V R(z)))
b) vV (P(x) A (Q(z) V R(x))) = Va ((P(z) A Q(x)) V (P(x) A R(x)))
(¢) Vo~ (P(x) AQ(z)) =V (=P(z) v =Q(x))

(d) Ve =(P(x) vV Q(z)) = Vo (=P(z) A =Q(x))

(a
(



Bai tap 1.27

Gi4 sit bién x nhan gi4 tri tit mién D.

(a) Chitng minh Vx (P(x) A Q(x)) = (Vz P(z)) A (Vz Q(z))

(b) Céc meénh dé Va (P(x) Vv Q(z)) va (Vo P(x)) V (Vz Q(x)) ¢6 tuong duong logic hay khong? Vi sao?
Bai tap 1.28

Gi4 sit bién x nhan gi4 tri tit mién D.

(a) Chiing minh 3z (P(x) V Q(z)) = (3z P(z)) V (32 Q(z))

(b) Céac ménh dé Jz (P(x) A Q(z)) va (3z P(z)) A (3 Q(z)) ¢6 tuong duong logic hay khong? Vi sao?
Bai tap 1.29

Choz € Zvay € Z va P(z,y) := x < y. Xac dinh gié tri chan 1y clia cAc ménh dé sau
(a) VaVy P(z,y

)
)
)
)

Bai tap 1.30

Gia thuyét Goldbach “Moi s6 chin 1én hon hodic bing 4 1a téng ctia hai s6 nguyén t6” c6 thé duge biéu
dién thong qua céc vi tir, lugng tir, vi ménh dé logic theo mot trong hai cich sau:

Vne€Z {n >2A2|n— (Hp €Z3qe [isPrime(p) A isPrime(q) An=p+ q])] (1)

Vne€Z3IpecZIqel [n <2V 2¢{nV [isPrime(p) A isPrime(q) An =p+ q]] (2)

trong d6 2 | n nghia 1a “n chia hét cho 27 2 | n nghia 1a “n khong chia hét cho 27 va isPrime(p) nghia
12 “p 1a mot s6 nguyen t6”. Hay ching minh cdc ménh dé (1) va (2) 1a tuong duong logic.

Bai tap 1.31

Gia st A 13 mot ménh dé théa méan dicu kien A ding hay sai khéng phu thudc vao z. Gia st mién xac
dinh ctia cac bién 13 khong réng. Hiy ching minh cic tuong duong 1ogic sau

(a) (Vo P(z))V A=Yz (P(z)V A) (e) A — Va P(z) =¥z (A — P(x))
(b) Gz P(x)) v A =3 (P(x) V A) (f) 32 P(z) — A =Va (P(z) — A)
(c) (VaP(z)) NA=Va(P(z)AA) (8) A—3dzP(z) =3z(A— P(2))
(d) (3z P(z)) A A =3z (P(z) A A) (h) ¥z P(z) = A =3z (P(z) — A)

(Ggi y: Xét tumg truong hgp A=T va A=F.)

Bai tap 1.32

Chttng minh bing phuong phap phan ching ring

(a) Tong clia mot s6 vo ty vi mot sd hitu t 1a mot s6 vo ty
(b) V6i moi s6 nguyén n, néu n3 + 5 18, thi n chin

(c) Véi moi 6 nguyén n, néu 3n + 2 chin, thi n chin



Bai tap 1.33
Chitng minh ring

(a) C6 it nhat mudi ngay trong 64 ngay bat ky roi vao cling mot ngay ctia mot tuan (nghia la, ¢6 it nhat
muoi ngdy cung la Thit Hai, hodc cing 1a Thit Ba, v.v...)

(b) C6 it nhat ba ngay trong 25 ngdy bat k¥ rdi vao cling mot thang clia nam

Bai tap 1.34

S dung phuong phéap phan ching, hay ching minh ring v/2 khong phai 1a mot sb hitu ty

Bai tap 1.35
Chting minh triyc tiép cac ménh dé sau
(a) Tong clia hai s6 18 14 mot s6 chin
(b) Téng ciia hai s6 chin 13 mot s6 chan
) Binh phuong ctia mot sé chfn 1a mot sé chin
)

(c

(d) Tich cia hai s6 18 1a mot s6 18

Bai tap 1.36

Chitng minh c4dc ménh dé sau. Néu ré phuong phap chitng minh ban st dung
(a) V6i moi sd nguyen n, néu n chin thi (=1)" =1

(b) Véi moi 6 nguyén m va n, néu m - n chén, thi m chin hodc n chin

(c) Véi moi 6 nguyén duong n, n 1& khi va chi khi 5n + 6 18

Bai tap 1.37

Chttng minh cadc ménh dé sau. Néu ré phuong phap ching minh ban st dung

(a) V6i moi sd nguyeén x,y, 2z, néu x + y + z 1&, thi it nhat mot trong ba s6 z, vy, z 13 18
(b) Vé6i moi 6 nguyén duong n, n chdn khi va chi khi 7n + 4 chén

2

(c) Vé6i moi s6 nguyén duong m va n, m? = n? khi va chi khi m = n hosic m = —n



CHU DE 2
‘7 Cac cau tric co ban: Tap hgp, ham, day, tong

Bai tap 2.1

Cho A ={1,2,3} va B={1,3,5,7}. Hay liet ke tat ca cic tap hop
(a) la tap con cua A

(b) la tap con thyc sy cta A

(c) vita la tap con ciia A vita 14 tap con ctia B

(d) la tap con ctia A nhung khong la tap con clia B
Bai tap 2.2

Cac ménh dé sau ding hay sai?

(a) 1€ {1} (c) {1} € {{1}}
(b) 1C {1} (d) {1} € {{1}}
Bai tap 2.3

Chting minh réng néu AC Bva B C C thi ACC.

Bai tap 2.4

Cho A = {1,2,3}. Cac ménh dé sau ding hay sai?

(a) 2€ A (e) {2} € P(A)
(b) 2C A (f) {2} CP(4)
(c) 2€P(4) (g) {{2}} e P(4)
(d) 2CP(4) (h) {{2}} € P(A)
Bai tap 2.5

Chttng minh ring véi moi tap hop A4, ta c6 A C A.

Bai tap 2.6

Cho A =1{1,{2,3}} va B={4,5,6}. Tim cac tap hop Ax A, Bx B, Ax B,va Bx A
Bai tap 2.7

Tim cac tap A va B, biét réang A — B = {1,5,7,8}, B— A= {2,10}, va AN B = {3,6,9}
Bai tap 2.8

Cho cac tap hgp A, B. Chiing minh

(a) ANBCAvaANBCB

(b) AC(AUB)

(c A-BCA
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Bai tap 2.9

Xay dyng bang tinh thuoc clia

(a) AUBUC)va (AUB)UC

(b) AN(BUC)va (ANB)U(ANCQC)
(c) AUBva ANB

Bai tap 2.10

Ching minh céc hing ding thitc tap hgp trong Bang 2.1.

Béang 2.1: Hing ding thtc tap hop.

Tén goi Ding thiic
Luat dong nhat ANU=A
(Identity laws) Auph=A
Luat nudt AUU=U
(Domination laws) ANnd=10
Luat liiy déng AUA=A
(Idempotent laws) ANA=A
Luat bu kép =
(Double complement laws) A=A
Luat giao hoan AUuB=BUA
(Commutative laws) ANB=BNA
Luat két hgp Au(BUC)=(AUuB)UC
(Associative laws) AN(BNC)=(AnB)NnC
Luat phan phoi AU(BNC)=(AUB)N(AUC)
(Distributive laws) AN(BUC)=(ANB)U(ANCQC)
Luat De Morgan ANB=AUB
(De Morgan’s laws) AUB=ANB
Luat hap thu AU(ANB)=A
(Absorption laws) AN(AUB)=A
Luat bu AUA=U
(Complement laws) ANA=1
Bai tap 2.11
V6i cac tap A, B bat k¥, chitng minh
(a) ANB=A—-(A-DB) (d) AAA=1
(by AU(B—A)=AUB (e) AAD=A
(¢c) AN(B—-A)=10 (f) AAB=BAA

Bai tap 2.12

C6 thé noi gi vé cac tap A, B néu AAB = A?

Bai tap 2.13
Vé6i A 1a tap con ctia mot tap vii tru U, chitng minh ring

(a) AAU = A
(b) AANA=U
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Bai tap 2.14

V6i hai tap A, B bt k¥, chitng minh
(a) AAB =(AUB) — (AN B)

(b) AAB = BAA

(c) (AAB)AB = A

Bai tap 2.15
Véi cac tap hop A = {1,2,3,4,5}, B ={1,4,6,8}, va C = {5,7,9,10}, tim ANBNC va AUBUC.

Bai tap 2.16

Véi cac tap hop A, B, C bat ky, chiing minh
(a) ANBNC=AUBUC

(b) AUBUC=ANBNC

Bai tap 2.17

Véi tap va tru U = {1,2,...,10} (u; = ¢) va cac tap con Ay = {2,3,5,7}, A2 = {1,3,9} ctia U, hay so
sanh

(3) B(A1) va ~B(Ay)

trong d6 B(A) la bié¢u dién nhi phan ciia tap A.

Bai tap 2.18
Phét biéu sau diing hay sai?

“V6i moi tap hgp A, néu ton tai tap hdp B sao cho B C A, thi A # 0"

Bai tap 2.19

V6i tap A bat k¥, ta ky hieu P(A) 1a tap hop tat ca cac tap con clia A.

(a) Chiing minh ring néu A = B thi P(A) = P(B) véi hai tap A, B bat ky.
(b) Ngugc lai, néu P(A) = P(B) thi A ¢6 bang B khong?

Bai tap 2.20

(a) Dé chiing minh ménh dé p — ¢ 1a diing béing phuong phap phan chiing, trong d6 p v ¢ Ia cAc ménh
dé nao do, ta can gia thiét gi va két luan gi?

(b) Stt dung phuong phap phan chiing, hay ching minh A x B = ) khi va chi khi A = §) hodc B = 0,
trong d6 A va B 1a cac tap hop bat ki nao do.

Bai tap 2.21
Chting minh réng A x B = B x A khi va chi khi A = 0 hotic B = () hosic A= B
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Bai tap 2.22

Tim céac tap hop A, B thda man céac diéu kien
(a) A={3,|Bl}

(b) B ={1,|A[,|BJ}

Bai tap 2.23

V6i céc tap A, B, C, c6 thé két luan ring A = B néu
(a) AUC =BUC?

(b) ANC = BN C?

(¢) AUC=BUCva ANC = BNC?

Bai tap 2.24

Chitng minh hoiic tim phan vi du cho céc dang thitc sau
(a) Ax (BUC)=(AxC)U(BxC)

(b) Ax(BNC)=(AxC)N(BxC)

(c) (A\B)\C = (4\C)\B

trong d6 A, B, C 1a cac tap bat ky

Bai tap 2.25

V6i mot tap hop A bat k¥, goi P(A) 1a tap hop tit ca cic tap con clia A.

(a) Véi cac tap A, B bat k¥, ching minh rang P(A) N P(B) = P(AN B).

(b) Néu thay N biang U thi phat biéu ¢ phan (a) con ding hay khong? Tai sao?

Bai tap 2.26

Liéu c6 ton tai cac tap hop A va B théa mén A € B va A C B?

Bai tap 2.27

(a) Véi cac tap A, B, C bat ky, chitng minh rang (A x B)U (C x B) = (AUC) x B.

(b) Goi A={n|n€Zvan?+nlamotsdlé} vi B={m|m € Z va m? —2m = 5}. Chitng minh ring
ACB.

Bai tap 2.28

Tap liy thita P(A) clia mot tap hop A 1a tap hop tit ca cic tap con clia A. Véi cac tap hop A, B, C,
chitng minh ring

(a) Tap hgp rong () khong phai 1a tap liiy thita ctia bat ky tap hgp nao.

(b) Gi4 st A = B. Chitng minh ring véi moi tap C, néu C C A thi C C B.
(c) Haitap A x B x C va (A x B) x C ¢6 bang nhau khong? Tai sao?
)

(d) Ucep(a) C = A, nghia la, hop ctia tat ca céc tap hop con clia A bing chinh né.

Bai tap 2.29
Tim hiéu cach chiing minh ménh dé VA (|P(A)| > |A|).
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Bai tap 2.30

Trong mdi trudng hgp sau, R ¢6 phai 1a quan hé tuong duong hay khong?

(1) R={(p,q) | p= q} véi p,q la cac menh de logic

(2) R={(A,B)| AC B} véi A, B la cac tap hop

(3) R={(A,B) | A= B} v6i A, B la cac tap hop

(4) R = {(a,b) | b chia hét cho a} v6i a,b la cac s6 nguyén duong

Bai tap 2.31

Cho f1 va fo la cdc ham t A dén R. Ta dinh nghia fi 4+ fo v& fif2 14 cac ham tit A dén R, goi 1a cac
ham thyc (real-valued function), nhu sau. V6i moi z € A,

(fr+ f2) (@) = fi(z) + fa(z)
(fife)(x) = fi(z)fo(z)

Hay kiém tra lai rang fi + fo vd fifo thuc sy 1a cdac ham.

Bai tap 2.32

Goi F 1a tap hop tat ca cac ham f : R — R v6i tap xac dinh va tap gia tri 1a tap cac s6 thyc. Cac ménh
dé sau la ding hay sai? Hay giai thich dap an ctia ban

(a) Ve eR [3f € F (f(0) = ¢)]
(b) 3f € F [Ve e R (f(0) = ¢)]
(c) 3f € F [Ve eR (f(c) =0)]

Bai tap 2.33

Cho g : {a,b,c} — {a,b,c} v6i g(a) = b, g(b) = ¢, v g(c) = a. Cho f : {a,b,c} — {1,2,3} véi f(a) =3,
f(b)=2,va f(¢)=1. Hay tim fogvago f

Bai tap 2.34

Cho f: A — B la mot song anh. Ham nguge (inverse function) clia f 13 mot ham gén cho mdi phan tir

b € B mot phan tit duy nhat a € A sao cho f(a) = b. Ham ngudc clia f duge ky hieu la f~1 : B — A.
Chting minh rang f~! 14 mot song anh.

Bai tap 2.35

Ham ngudc clia cac ham sau c¢6 ton tai hay khong? Tai sao?

(a) f:RoR, flz) =z +1
(b) f:R =R, f(z)=2?
(€) f:R—=R, f(z) =2z
(d) f:N—>N, f(z) =2z

Bai tap 2.36

Ham f :7Z — 7Z trong mdi truong hgp sau day c6 phai la don 4nh khong?
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Bai tap 2.37

(a) Cho vi du vé mot ham f 1a ham thyc sy gidm

(b) Cho vi du vé mot ham f 13 ham gidm nhung khong 1a thyc sy gidm

(c) Chitng minh néu f 1a ham thyc sy ting hofic thyc sy gidm thi f 14 don anh
Bai tap 2.38

Ham f :7Z x Z — Z trong mdi trudng hop sau day c6 phéi la toan anh khong?
(a) f(m,n)=2m —mn (¢) flmn)=m+n+1
(b) f(m,n) =m? —n? (d) f(m,n) =m? —4
Bai tap 2.39

Ham f: R — R trong mdi truong hop sau day c6 phai 1a song anh khong?

(a) f(z)=—-3x+4 (e) f(x)=22+1

(b) f(z)=—-322+7 ) flz)=2+1

(€) fl@)=(z+1)/(z+2) (g) f(z)=2?

(d) flz)=2°+1 (h) f(z) = («® +1)/(2*) +2

Bai tap 2.40

Hay tim vi du mot ham f : N — N thoéa méan
(a) f1a don anh nhung khong la toan anh
(b) f la toan anh nhung khong 14 don anh
(c¢) flasong &nh va f khac ham dong nhét trén N
(d) f via khong la don anh vita khong la toan anh
Bai tap 2.41

Cho cdcham g: A — B va f: B — C trong d6 A, B, C la cac tap hgp nao d6. Chitng minh mot trong
céc phat biéu sau.

(
(

a) Néu cad g va f déu la don anh thi f o g ciing 1a don anh.

b) Néu ci g vi f déu la toan anh thi f o g ciing 1a toan anh.

)
)
(c) Néu f og la toan anh thi f cling 14 toan 4nh
(d) Néu fog la don 4nh thi g ciing 1a don 4nh

)

(e) Néu f o g la song anh thi g 14 toan 4nh khi va chi khi f 14 don anh

Bai tap 2.42

Tim vi du cac ham f va g théa méan f o g la song anh, nhung ¢ khong phai toan anh va f khong phai
don anh.
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Bai tap 2.43

Chiing minh c4c tinh chat sau clia ham tran va ham san, trong d6 z € R van € Z

(a) |z =m khivachikhin<z<n+1 ) |—z] = —[x]

(b) [x] =nkhivachikhin—1<z<n (0) [-2] = —|2]

(¢) l¢] =nkhivachikhiz—1<n<z

(d) [x] =nkhivachikhiz <n<z+1 (0) [z4n]=lz]+n
e)rz—1l<|z]<z<[z]<z+1 (i) [x+n]=[z]+n

Bai tap 2.44

Chiing minh rang néu n € N thi [n/2| =n/2 néu n chin va [n/2] = (n — 1)/2 néu n 1é

Bai tap 2.45

Ching minh réng néu z € R thi |2z| = |z] + |z + 1/2]. (Ggi y: Khi xét cac bai toan lien quan dén

ham san, mot cach tiép can hitu ich 1a dit © = n + € trong d6 n = || € Z va € 1a mot s6 thyc théoa man
0 < e < 1. Tuong ty, véi ham tran, c6 thé dit z =n — ¢.)

Bai tap 2.46

Chitng minh rang f : A — B la toan anh khi va chi khi f(A) = B

Bai tap 2.47

Goi f: A — B lamot ham véi A, B 1a cic tap hitu han théa man |A| = |B|. Chiing minh ring f 14 don
anh khi va chi khi né 1a toan anh.

Bai tap 2.48

Trong mdi trudng hgp sau, tim céc sé hang ag, ay,...,as cla day {a,} néu
(a) ap =2"""

(b) an =1+ (=1)"

(¢) an = (n+1)"*!

(d) an =

(e) an=—(=2)"

() an = |n/2]

Bai tap 2.49

V6i mbi diy sé nguyen sau, hay tim mot cong thiic don gian hodc mot cach dé tim céc s6 hang tiép theo
clia day. Gi4 sit cong thic ban tim ra 1a ding, hay tim ba s6 hang tiép theo ciia day

(a) 1,0,1,1,0,0,1,1,1,0,0,0,1,... (e) 15,8,1,—6,—13,—20,—27, ...
(b) 1,2,2,3,4,4,5,6,6,7,8,8, ... (f) 3,5,8,12,17,23,30, 38,47, .

(c) 1,0,2,0,4,0,8,0,16,0,. .. (g) 2,16,54, 128,250,432, 686, . ..
(d) 3,6,12,24,48,96,192, . .. (h) 2,3,7,25,121,721,5041,40321, .
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Bai tap 2.50
St dung ky hiéu téng dé viét lai cac cong thiic sau
(a) 2+4+6+8+---+2n

(b) 1+5+9+13+---+425

1 1 1
1 =g —
(c) —|—2+3—|— —|—50

Bai tap 2.51

Viét lai cac tong sau dudi dang cong thitc dai hon

100

(a) > (3+4k)

Bai tap 2.52

Tinh céc tong sau

200

(a) Dk

k=100

200

(b) > &
k=99

20
(c) DK (k—3)
10

Bai tap 2.53

(a) Chitng minh ring Z(ai —a;i_1) = an — ag, trong d6 ag,ai, ..., a, 1a mot diy gom cic sd thuyc
i1
(b) Sit dung déng thiic —— L 1 i phin (a) dé tih zn: !
ng dan —_— - —— ¥ n in
Hne dang kkt1) Kk kel P £ k(k+1)

(c) Lay tong ca hai vé ciia déng thitc k2 — (k —1)2 = 2k — 1 tit k = 1 dén k = n vA st dung phan (a) dé
tim mot cong thic tuong minh cho Y°;'_,(2k — 1) (tdng n s6 tu nhieén 18 dau tien)

Bai tap 2.54

Tinh gia tri ctia cac tich sau

1=0 =5
100 , 10
(b) [T @ ]2
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Bai tap 2.55

Véi {a,} 1 cAp s cong c6 s6 hang dau tien a va cong sai d, tong clia n + 1 6 hang dau tien ctia day la

n
T =Y (a+id)
i=0
Hay tim cong thitc tuwong minh cho T

Bai tap 2.56

100
Gauss tinh E i bing cdch nhém céc s6 hang nhu sau:
i=1

100

d i=142+4---4100

i=1
= (1+100)+ (2+99)+--- + (494 52) + (50 + 51)
=50 - 101 = 5050.

n
(a) Tim cong thic tudng minh cho T' = Zz st dung phuong phap tuong ty.

i=1
(b) Cho {a,} 1 cap sb cong c6 s6 hang dau tién a va cong sai d. C6 thé ap dung phuong phap tuong tu
dé tinh T =" (a + id) khong?

Bai tap 2.57

Tim cong thitc tudng minh cho cac téng sau:

(a) s(n) = Z 5"
k=1

(b) t(n) = Zn: k5k
k=1
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CHU DE 3
( Quy nap va Dé quy

Bai tap 3.1

nn+1)(2n+1)
6
(a) D@ chiing minh P(n) ding v6i moi n € Z* bing phuong phap quy nap yéu:

Cho P(n) 1a phat biéu 12 + 22 + ... +n? =

(1) O bube co s6, ta can ching minh diéu gi?
(2) O bude quy nap, gia thiét quy nap la gi? Ta cAn ching minh didu gi?

(b) Hay chitng minh P(n) ding v6i moi n € Z* bing phuong phap quy nap yéu theo céc bude ban da
tra 161 & phan (a).

Bai tap 3.2

Chitng minh cac ménh dé sau bing phuong phap quy nap yéu.

D 2
(a) B+2%4... 4= (Tl(n;)> véi moin € Z*

(b) 12432 +52 4+ (2n+1)% = (”"‘1)(2”;—1)(2114-3)

v6i moi n € N

3(5n+1 _ 1)

() 3+3-5+3-524---4+3-5" = 1

v6i moi n € N

Bai tap 3.3

Stt dung phuong phap quy nap yéu trong céc bai tap sau.

(a) Chitng minh ring 3" < n! v6i moi sd nguyén n > 6.

(b) Chitng minh riang ton tai mot sd nguyén b sao cho 2n + 3 < 2™ v6i moi n > b.

(c) Chitng minh ring n3 + 2n chia hét cho 3 véi moi s6 nguyén duong n.

Bai tap 3.4

Chitng minh bing quy nap yéu ring v6i moi sd nguyén n > 0,

n

221' —ontl 1

i=0
Bai tap 3.5
Chitng minh bing quy nap yéu ring véi moi s6 nguyén n > 2, cic tap Ap, Az, ..., A, théa man
ANAyN-NA, =A,UAU---UA,.
Bai tap 3.6
V6i cac tap hgp A1, As, ..., A, va B, hay chiing minh cac phat biéu sau ding véi moi s6 nguyen n > 2
bing quy nap yéu.
(a) (A1NnAzn---NA,)UB=(AUB)N(A2UB)N---N(A,UDB)
(b) (AUAU---UA,)NB=(A1NB)U(A2NB)U---U(4,NB)
(¢) (44 —-B)N(A—B)Nn---N(A,—B)=(A1NA4AnN---NA,) — B
(d) (Ai—-B)U(As—B)U---U(A, —B)=(4UAU---UA,)—B



Bai tap 3.7

St dung phuong phap quy nap yéu dé chitng minh ring “(pLVpa V- Vpy)=-pr A-paA--- A-p, VO
moi n > 2, trong dé py,...,pn 1 cic ménh dé logic.

Bai tap 3.8
Cho vi tit P(n):
n =4a+ 5b véi a,b € Z

Chitng minh Vn € Z='? P(n) bing quy nap yéu.

Bai tap 3.9

Goi P(n) la vi tit “ton tai a,b € Z théa man n = 3a + 5b”. Bai tap nay mo ta cach ching minh P(n)
dung véi moi s6 nguyén n > 8 bing phuong phap quy nap manh
(a) D& hoan thanh budc co sd, hay ching minh ring cac ménh dé P(8), P(9), va P(10) la ding
(b) Gia thiét quy nap la gi?

) Trong budc quy nap, ban can chiing minh diéu gi?

)

(c

(d) Hay hoan thanh budc quy nap cho n > 10

Bai tap 3.10

St dung phuong phap quy nap, hiy chitng minh cac phat biéu sau.
(a) 10" — 1 chia hét cho 9 v6i moi s6 nguyén khong am n.

(b) 8™ — 1 chia hét cho 7 v6i moi s6 nguyén duong n.
Bai tap 3.11
Chitng minh bing quy nap riang véi moi s6 nguyén n > 4, ta c6 2" > n?.

Bai tap 3.12

Tim mot sd nguyén b thda méan didu kien véi moi n > b, 2" > n3. Ching minh bing quy nap ring sb b
ban tim dugc thuc sy théa man diéu kién dé ra.

Bai tap 3.13

Chitng minh bing quy nap ring véi moi n € Z7T, ta c6 thé phii kin ban ¢ khong hoan chinh kich thudc
2™ x 2™ v6i mot 6 vuong bi loai bé bing cac khdi hinh chit L nhu trong Hinh 3.1 sao cho khong c6 hai
khéi nao chong lén nhau.'

Bai tap 3.14

Chitng minh bing quy nap ring mot tap c6 n phan ti c6 n(n — 1)/2 tap con chia chinh x4c hai phan
t1, v6i moi sd nguyén n > 2.

Bai tap 3.15

Chitng minh bing quy nap manh ring v6i moi sd nguyén n > 12, ton tai cac s6 nguyén khong am a va
b sao cho n = 3a + 70.

1Ban c6 thé thit phii kin ban ¢ 8 x 8 & https://nstarr.people.amherst.edu/puzzle.html
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(c)

Hinh 3.1: Phu kin cac ban ¢, vi du nhu (b) ho#ic (c), bang céc khoi hinh chi L nhu 6 (a)

Bai tap 3.16

Chitng minh bing quy nap manh ring moi sé6 nguyén duong déu c6 thé duge viét dudi dang 2° - ¢ trong
do6 b 1a mot sd nguyen khong am va ¢ 1a mot sb 18.

Bai tap 3.17
Cho day Fibonacci {f,}. Chiing minh bing quy nap rang
(a) [T+ f3+ -+ f2 = fafnr1 v6i moi 86 nguyen duong n

(b) fi+ f3+ -+ fon_1 = fon vOi moi s6 nguyén duong n

Bai tap 3.18
Chitng minh bing quy nap rang tap S dinh nghia bdi 1€ Svas+tc Snéusec Svate S latap cac
s6 nguyen duong Z*. (Ggi y: Chiing minh S C Z* vA ZT C S)
Bai tap 3.19
Cho S 1a tap cac cip sap thit tu cac sd nguyén duge dinh nghia bing dé quy nhu sau
e Budc cd sa: (0,0) € S
e Buédc dé quy: Néu (a,b) € S, thi (a+2,b+3) € Sva(a+3,0+2)€S

(a) St dung quy nap manh véi s6 lan ap dung bude dé quy trong dinh nghia ctia S & trén, hay ching
minh a + b chia hét cho 5 v6i moi (a,b) € S

(b) St dung quy nap theo cau tric dé chitng minh a + b chia hét cho 5 véi moi (a,b) € S

Bai tap 3.20

Cho S 1a tap dugc dinh nghia theo dé quy nhu sau:
e5¢€S
e NeuzeSthiz+5€ S

Goi 5Z% = {n | n € Z* va n chia hét cho 5}. Chiing minh ring S = 5Z7.

Bai tap 3.21
Cho S 1a tap céc sb nguyén duong dudc dinh nghia theo dé quy nhu sau:
e Budc cosd: 1€ S.

e Buéc dé quy: Néun € Sthidn+2¢c Svan?eS.
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(a) Chting minh réng v6i moi n € S, n = 4a + 1 véi a 1a s6 nguyen khong am nao do.

(b) Chitng minh réng ton tai mot s6 nguyen duong m théa man diéu kien m ¢ S va m = 4a + 1 v6i a
14 s6 nguyén khong am nao do.

Bai tap 3.22

Cho S 1a tap céc sb nguyén duong dudc dinh nghia theo dé quy nhu sau:
e Budc cosd: 5¢ S.
e Buéc dé quy: Néun € Sthidne Svan?eS.

(a) Chting minh rang v6i moi n € S, n = 10a + 5 véi a 1a s6 nguyén khong am nao doé.

(b) Chitng minh ring ton tai mot s6 nguyen duong m théa man diéu kien m ¢ S va m = 10a + 5 véi a
13 s6 nguyén khong am nao dé

Bai tap 3.23

Cho cac ham sau. Hay xay dung dinh nghia dé quy cho méi ham (ghi r6 budc co sé va bude dé quy).

(a) Ham F(n) la tdng ctia n s6 nguyén duong dau tien.

(b) Ham S,,(n) la tong ciia s6 nguyén m va s6 nguyén khong am n.

(¢) Ham P,,(n) la tich ctia s6 nguyén m va s6 nguyén khong am n.

Bai tap 3.24

Hay tim mdt dinh nghia dé quy cta
(a) Day {a,} v6ia, =4n—-2van=12,...

(b) Day {b,} v6ib, =n(n+1)van=1,2,...

(c) Tap hop cac s6 nguyén duong 1é

(d) Tap hop céc s6 nguyen duong 1a liiy thita ciia 3
(e) Tap hop céc sé nguyén duong chia hét cho 5

f) Tap hgp cic s6 nguyén duong khong chia hét cho 5

Bai tap 3.25

Giai cac heé thitc truy hdi v6i diéu kien ban dau sau bang phuong phap doan nghiém va ching minh cong
thitc ban doan dugc 1a ding bing quy nap

(a) ap = —ap_1,a0=>5 (e) an =2a,-1—3,a90=-1
(b) ap=an_1+3,a0=1 (f) an=(Mn+1)ap_1, ap =2
(¢) an=ap_1—n,a90=14 (g) an =2nan_1,a0=3

(d) an =bap—1,a0=1 (h) ap =—an—1+n—1,a0=7

Bai tap 3.26

Gia thiét dan s6 thé gidi nam 2023 la 8 ty ngudi va tang theo ty lé 0.8%/nam. V6i n > 1,
(a) Xay dung hé thiic truy hoi dé tinh dan sb thé gidi n nam sau 2023

(b) Tim cong thiic tuong minh dé tinh dan s6 thé gisi n nam sau 2023

(c) Dan s6 thé gidi nam 2057 sé 1a bao nhieu?
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Bai tap 3.27

Mot ngudsi nop 1 ty VND vao mot tai khoan tiét kiem véi 1ai suat 9%/nam va mdi nam tién lai duge
chuyén vao tai khoan vao ngay cudi ciing cia nam. Gia thiét ring chi c6 thé rit tién khi déng tai khoan.
Véin > 1,

(a) Xay dung hé thiic truy hoi dé tinh s6 tién trong tai khoan sau n nam

(b) Tim cong thiic tuong minh dé tinh s6 tién trong tai khoidn sau n nam

(c¢) Sau 10 nam, trong tai khodn c6 bao nhiéu tién?

Bai tap 3.28
Giai cac he thic truy hdi véi diéu kién ban dau sau st dung da thic dic trung
(a) ap =2ap_1 v6in >1, ag = 3.
) an =Tap_1 véin >1, ay = 3.
) an =an-1+6a,_2 véin>2,a0=0,vaa; =5.
(d) an =5an—1 —6a,_o véin>2 ay=1,a =0.
) ap =4an_1 —4an_o véin > 2, a9 =6, a; = 8.
) an = —3an-1 —3ap—2 — ap_3 vin >3, ag =5, a; = =9, az = 15.
) ap =6a,-1 — 8an—2 (n >2), ap =4, a; = 10.
(h) ap, =2an-1+an—2—2a,-3 (n>3), ap =3, ay =6, ag = 0.
)

(i) Van = /an_1+2\/an—2 (n>2), a9 =a; = 1.

Bai tap 3.29
Giai cac heé thic truy hdi véi diéu kien ban dau sau st dung da thic dic trung

1) ap,=3ap_1+2"v6in>1,a9=1

2) ap =2an_1+202v6in>2 a1 =5

3) an = —bap_1 —6a,_o+42-4" (n > 3), a; =56, az = 278

(1)
(2)
(3)
(4) ap =5ap—1 —6a,_o+2"+3n (Ggi y: Tim nghiém riéng c¢6 dang gn2™ + pin + po, trong do6 ¢, p1, p2

14 cac hing s6)
Bai tap 3.30

n
Tim cong thiic tudng minh clia téng t(n) = Z k5% (n > 1) bing cach xay dyng mot heé thic truy hoi
k=1
véi cac diéu kien ban dau cho t(n) va giai he thitc truy hoi do.
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CHU DE 4
( Thuat toan

Bai tap 4.1
Chitng minh
(a) 7Tz 1a O(x3)
(b) 23 khong la O(z?)

() 1+ -+ nla O(n?)
(d) nl=1x2x---xnlaOn")
(e) log(n!) 1a O(nlogn)

(£ n

(g) logn la O(n)

(h) V6i cac hiing s6 b > 1 va k > 0, log, (n*) 1a O(logn)

31a 0(2n)

Bai tap 4.2

Hay giai thich mot ham f: R — R 1a O(1) nghia la gi

Bai tap 4.3
Chitng minh ring
(a) 2 1a O(2*) nhung 2* khong 1a O(z?)

(b) 32* +11a O(z*/2) va /2 14 O(3z* + 1)

(c) wlogx 1a O(z?) nhung 22 khong 1a O(xlog )
) 2

(d) 2™ 1a O(3™) nhung 3™ khong 1a O(2")

Bai tap 4.4
Chitng minh ring néu f(z) 1a O(x) thi f(z) cling 1a O(z?)

Bai tap 4.5

Chitng minh ring néu f(z) = ap,2™ + ap_12" 1 + -+ 4+ ayx + ag v6i ag, ag, - . .,

1a, f(z) 1a mot da thic bac n) thi f 1a O(z™)

Bai tap 4.6

Uéc lugng theo O-16n ham f(n) = 3nlogn! + (n? + 3)logn
Bai tap 4.7

Chitng minh rang f 14 Q(g) khi va chi khi g 1a O(f)

Bai tap 4.8
(a) Chitng minh ring 1+ 2+ ---+n la O(n?)
(b) Céac tap O(1) va ©(1) ¢6 bang nhau khong? Tai sao?
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Bai tap 4.9

Chitng minh rang véi cac ham f, g tit R dén R, f la ©(g) khi va chi khi ton tai cac hiang s6 duong Cf,
Cy, va k sao cho Cilg(x)] < |f(x)] < Calg(x)| véi moi x > k

Bai tap 4.10

Sap xép cac ham sau trong mot danh sach sao cho mdi ham 13 O-16n clia ham tiép theo

n2

1000000
(b) (1.5)™, n'% (logn)3, y/nlogn, 10", (n!)?, va n% 4 n%

(a) v/n, 1000logn, nlogn, 2n!, 2™ 3™ va

Bai tap 4.11
Gi4 stt ban c6 hai thuat toan khac nhau dé giai mot bai toan. Dé giai mot bai toan c6 kich thude n,

(1) thuat toan thit nhat sit dung diing n(logn) phép toan va thuat toan thi hai st dung ding n®/? phép
toan;

(2) thuat toan thit nhat st dung ding n?2" phép toan va thuat toan thit hai sit dung ding n! phép toan.

Khi n téng, trong mdi truong hgp trén, thuat toan nao sit dung it phép todn hon?
Bai tap 4.12
Hay dua ra uéc lugng O-1én chinh xac nhat c6 thé cho mdi ham sau

(a) (n®+8)(n+1)

(b) (nlogn +n?)(n3+2)
(c) (n!+2)(n® +log(n? + 1))
(d) (n®+n?logn)(logn+ 1)+ (17logn + 19)(n® + 2)

(e
(f

) (
) (
) (
) (n?
) (2n +n?)(n3 + 3n)

) (n™ 4+ n2™ +5")(n! + 5n)
(g) nlog(n?+1) +n?logn

)

(h) (nlogn+1)%+ (logn +1)(n?+1)
(i) n®

Bai tap 4.13

Giai thich ¥ nghia ctia cac ky hiéu sau:
(a) nO®)

(b) n?+ O(n)

(c) n? 4+ 0(n) = O(n?)

Bai tap 4.14

Sit dung ky hieu O-16n dé danh gia lien hé gitta cic cap ham sau. Giai thich két qua ctia ban

(a) n'?* va 1.247 (c) nlogn va nlosn
(b) 3¥n va (logn)2* (d) /n va 2Viesn
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(e) /n va nsn(™) (f) (n+1logn)? va n? +nlogn

Bai tap 4.15

Chting minh ring

n

(a) > _i* 1a O(nk+h).

i=0
(b) (3n)!1a Q(6™).
(¢) Y i(i+1) 1a©(n?).
i=0
Bai tap 4.16
Giast T(1) =0(1) vaT(n) =T(n—1)+ O(1) v6i moi n > 1. Chiing minh sau sai § dau? Hay danh gid
T'(n) theo ky hieu O-l6n va giai thich danh gia cia ban.
Gia stt P(n) 1a phét biéu T(n) = O(1). Ta chiing minh Vn € Z* P(n) bing quy nap.
e Budc ca sé: P(1) ding vi T(1) = O(1).
e Buéc quy nap: Gia sit P(k) ding véi s6 nguyen k > 1 ndo d6, nghia la T(k) = O(1).
Ta ching minh P(k + 1) ding, nghia la ching minh 7'(k + 1) = O(1). That vay, ta co:
T(k+1) = T(k) + O(1) gia thiét (3)
O(1)+0(1) gi4 thiét quy nap (4)
o). (5)

Do d6, P(k + 1) dung.

Vay theo nguyén 1y quy nap, ta c¢6 P(n) dung v6i moi n € Z™T, titc 1a T(n) = O(1) v6i moi
neczr.

Bai tap 4.17

Tim cac vi du ctia cac ham f : R — R théa méan cdc diéu kien (a) — (d) tuong ting trong Bang 4.1. Cu

f(n) 1a O(n?) | f(n) khong 1a O(n?)
f(n) 1a Q(n?) (a) (b)
f(n) khong 1a Q(n?) (c) (d)

Bang 4.1: Cac truong hgp (a) — (d) trong bai tap. Vi du & (a) can dién mot ham f(n) dong thai 1a O(n?)
va Q(n?).

thé, & (a), ban can tim vi du vé mot ham f(n) dong thoi 1a O(n?) va Q(n?) va ching minh vi du ban
tim ra la ding. Tuong tu cho cdc phan (b), (c), va (d).

Bai tap 4.18

Mot thuat toan tinh 2™ véi € RT va n € N dude md t4 nhu sau
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Thuat toan 4.1: Tinh z™.
Input: z: s6 thyc duong, n: sé ty nhién
Output: Gia tri cua ™
answer =1

1
2 m:=n
3 while m > 0 do

4 answer := answer X T
5 Lm::m—l

6 return answer

Hay ching minh phét bidu L sau la mot bat bién vong 1ip cho vong while

n—m

O truéc lan lap véi bién m, answer = x

Bai tap 4.19

(a) Thiét ké thuat toan dé tinh tong clia tat ci céc s6 hang trong mot day s6 nguyen ay, as, . . ., a, cho
truée

(b) Chitng minh thuat toan ban thiét ké 1a ding

(c) Danh gia thoi gian chay ctia thuat todn ban thiét ké

Bai tap 4.20

Mot chudi ky tu duge goi 1a chudi doi ming (palindrome) khi viét tit trai qua phai va viét tit phai qua
trai thi chudi khong thay déi. Mot vi du la chudi madam.

(a) Thiét ké thuat todn dé kiém tra xem mot chudi ky ty c6 phai la chudi déi xing hay khong

(b) Danh gia thoi gian chay clia thuat todn ban thiét ké

Bai tap 4.21

Cho f: A — B la mot ham véi cac tap A, B 1a cac tap con hitu han ciia Z. Hay thiét ké mot thuat toan
dé kidm tra xem

(a) lieu f c6 la don anh khong;
(b) lieu f c6 la toan anh khong.

Trong mdi trudng hgp, hiy danh gia thsi gian chay clia thuat toin ban thiét ké
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CHU DE 5
‘7 Ly thuyét sé cd ban

Bai tap 5.1

Chitng minh céc phét biéu sau véi a,b,c € Z va a # 0.
(1) Néua|bvaal|c, thial| (b+c)

(2) Néu a | b, thi a | be

(3) Néua|bvab|c, thia|c

Bai tap 5.2

Ch@g minh rang quan he dong du theo modun m “= (mod m)” 1a mot quan hé tuong duong trén tap

cac sO nguyeén.

Bai tap 5.3

Chﬁng minh hoic tim phan vi du cho ménh dé: “Véi moi s6 nguyén 7,t,s,u, néu r chia hét cho s va t

chia hét cho w thi r 4 s chia het cho ¢ + u”.

Bai tap 5.4

Chitng minh ring néu a = b (mod m) vd ¢ = d (mod m), trong d6 a,b,c,d € Z va m € Z théa man

m>2 thia—c=b—d (mod m)

Bai tap 5.5

Tinh cac biéu thiic sau

(a) (=133 mod 23 + 261 mod 23) mod 23

(b) ((457 mod 23) - (182 mod 23)) mod 23

(c) (992 mod 32)% mod 15
) (

(d) (3* mod 17)2 mod 11

Bai tap 5.6

(2) (177130)10 = ()2

(b) (177130)10 = (?)s

(c) (177130)10 = (?)16

Bai tap 5.7

(a) (11111010111100); = (?)s
(b) (11111010111100) = ()16
(c) (765)s = (7)2

(d) (A8D)1s = (7)2
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Bai tap 5.8
Tinh téng va tich cac sé nhi phan sau
(a) (1000111) va (1110111),
e Két qua: Tong = (10111110)3, Tich = (10000100000001)
(b) (11101111); va (10111101),
o Két qua: Téng = (110101100)s, Tich = (1011000001110011)s

Bai tap 5.9

Chting minh réng tich ctia ba sd nguyeén lién tiép bat ky chia hét cho 6.

Bai tap 5.10

Mo ta thuat toan chuyén mot sb tit hé thap phan sang hé b-phan (b € Z, b > 1) bing gid ma.
Bai tap 5.11

(a) Mo ta thuat todn tinh b” mod m thong qua biéu dién nhi phan ciia n.

(b) Stt dung thuat toan tinh b” mod m thong qua biéu dién nhi phan ctia n dé tinh 7544 mod 645.
Bai tap 5.12

St dung thuat toan Euclid dé tim

(a) ged(12,18)

(b) ged(111,201)

(¢) ged(1001,1331)

Bai tap 5.13

Biéu dién wéc chung 16n nhat clia céc cip sb6 sau dudi dang t6 hop tuyén tinh clia ching

(a) 10,11 (d) 34,55
(b) 21,44 (e) 117,213
(c) 36,48 (f) 1023,36

Bai tap 5.14

(a) St dung Dinh 1§ Bézout, hiy chiing minh rang néu p la mot s6 nguyen t6 va p | ab véi a,b € Z* thi
p | ahodc p | b.

(b) Phét biéu & phan (a) c6 ding véi p 14 hgp s6 hay khong? Tai sao?

(c) Stt dung quy nap, hay chitng minh phét biéu tong quat: néu p la mot s6 nguyen t6 va p | ajas . . . an,
trong d6 a; € Z véi 1 <i<mn,thip|a; véi j nao dé (1 <j <n)

Bai tap 5.15

Chitng minh rang véi a,b € ZT, ab = ged(a, b) - lem(a, b).
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Bai tap 5.16

Chitng minh réng néu a, b, m 1a céc s6 nguyén véi m > 2 va a = b (mod m) thi ged(a,m) = ged(b,m).
(Ggi y: Chitng minh tap cac wdc chung ciia a vd m bing v6i tap cac wde chung ciia b va m.)

Bai tap 5.17

Cho n la s6 nguyén khong am. Dé chiing minh n? — n chia hét cho 15, hay chitng minh cic phét biéu
sau v6i moi s6 nguyén khong am n.

(a) n? —n chia hét cho 3.
(b) n® — n chia hét cho 5.

Bai tap 5.18

Cho n la s6 nguyen khong am. Dé chiing minh n” — n chia hét cho 21, hay chitng minh cac phat bidu
sau v6i moi sd6 nguyén khong am n.

(a) n” —n chia hét cho 3.
(b) n” — n chia hét cho 7.

Bai tap 5.19

Pinh I co ban ciia sé6 hoc duge phéat biéu nhu sau:

Dinh 1y 5.1 (Dinh 1§ co ban ciia s6 hoc). Moi s6 nguyén duong lon hon 1 c6 thé duoc viét mot cich

duy nhat dudi dang mot s6 nguyén to hodc mot tich cia cdc wdc nguyén té cia né theo thit ty tang dan.
Bai tap nay mo td4 mot cach chiing minh Dinh 1 co ban clia s6 hoc néu trén.

(a) Chitng minh bing phuong phap quy nap: Néu n > 1 14 mot s6 nguyén thi n c6 thé duge biéu dién
duéi dang tich clia mot hoic nhidu sd nguyén t6.

(b) Dé chi ra tinh “duy nhat”, ta chiing minh bing phan chitng: Gia sit s6 nguyen duong n > 1 ¢6 thé dugc
biéu dién dudi dang tich cic s6 nguyén t6 theo hai cach, vi du nhu n = pipa...ps Van = qiqs . .. ¢,
trong d6 méi p; (1 <4 <s) vag; (1 <j<t)la mots6é nguyén t6 théa man p; < py < --- < p, va
q1 < g2 < -+ < q. Hay hoan thanh ching minh bing cach chi ra mot mau thuin.

Bai tap 5.20

(1) Tim nghich ddo ctia a theo moédun m véi (2) Giai cac phuong trinh dong du
(a) a=4,m=9 (a) 4x =5 (mod 9)
(b) a=19,m = 141 (b) 192 =4 (mod 141)
(¢) a=55m =89 (¢c) 55z = 34 (mod 89)
(d) a=89,m =232 (d) 89z =2 (mod 232)

Bai tap 5.21

Nhitng s6 nguyén nao chia 2 du 1 vi chia 3 ciing du 17

Bai tap 5.22

St dung Dinh 1y Fermat nhé dé tinh
(a) 7' mod 13

(b) 231902 1od 41

(c) nghich dio ciia 539 theo modun 41
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Bai tap 5.23
Cho céc s6 nguyen duong mi,ma, ..., m, théa man m; > 2 va ged(m;,m;) = 1 véi moi ¢ # j va

1 < 4,5 < n. Ching minh réng néu a = b (mod m;) v6i moi 1 < i < n, thi @ = b (mod m) véi
m=mims...my. (Goi y: Ching minh véi n = 2.)

Bai tap 5.24
Dinh 1y 5.2 (Dinh Iy phan du Trung Hoa). Cho cdc so nguyén duong my,ms,...,m, théa man m; > 2

va ged(mi,mj) =1 vdi moii # j va 1 < 4,5 < n. Cho cdic s6 nguyén bat ky a1, as, ..., a,. Hé phuong
trinh

x=a; (mod m;)

=ay (mod ma)

x=a, (modm,)
c6 nghiém duy nhat theo modun m = mima ... my,.

(a) Hay chting minh mot phan ctia Dinh 1y 5.2 bang cach chi ra cdch tim mot nghiém z ctia hé phuong
trinh.

(b) Gii thich cum tit “c6 nghiém duy nhat theo modun m = mymsy...m,” trong phéat biéu ciia Dinh
Iy 5.2.

Bai tap 5.25

Giai hé phuong trinh sau bang cac phucng phap

(a) St dung chiing minh ctia Dinh ly phan du Trung Hoa.

(b) Sit dung phuong phap thay thé ngugc.

z=1 (mod 5) (6)
x=2 (mod 6) (7)
=3 (mod7) (8)

Bai tap 5.26
Giai hé phuong trinh sau bing cic phuong phap
(a) Sit dung chitng minh ctia Dinh 1y phan du Trung Hoa.

(b) St dung phuong phéap thay thé ngugce.

z=2 (mod 3) (9)
z=1 (mod 4) (10)
z=3 (mod 5) (11)
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Bai tap 5.27

(Giai hé phuong trinh sau bang cac phuong phap

(a) Sit dung chiing minh ctia Dinh 1y phan du Trung Hoa.
(b) Sit dung phuong phap thay thé ngugc.

z=1 (mod 2) (12)
z=2 (mod 3) (13)
x=3 (mod5) (14)
x=4 (mod 11) (15)

Bai tap 5.28

(a) Sit dung Dinh Iy Fermat nhé dé tinh 52°°3 mod 7, 52°°3 mod 11, va 52°°3 mod 13

(b) Sit dung két qua tit phan (a) va Dinh ly phan du Trung Hoa dé tinh 52°°3 mod 1001 (Chi ¥ ring
1001 = 7-11-13)

Bai tap 5.29

(a) St dung Dinh Iy Fermat nhé dé tinh a; = 232923 mod 7, az = 23223 mod 11, va a3 = 232°%% mod 13.

(b) Tim s6 nguyén x théa man 0 < z < 1001 va

=a; (mod7) (16)
=az (mod 11) (17)
x=az (mod 13) (18)

trong d6 a,as, a3 1a cac s6 duge tinh & phan (a). Stt dung két qui trén va Dinh 1y phan du Trung
Hoa dé tinh 232923 mod 1001. (Chi y ring 1001 = 7 x 11 x 13.)

Bai tap 5.30
(a) St dung Dinh Iy Fermat nhé dé tinh a; = 232°%% mod 3, as = 232023 mod 7, v& a3 = 232922 mod 11.

(b) Tim s6 nguyen z théa man 0 < z < 231 va

z=a; (mod 3) (19)
=as (mod7) (20)
x=a3 (mod 11) (21)

trong d6 ai,az, az 1a cac s6 duge tinh & phan (a). St dung két qua trén va Dinh 1y phan du Trung
Hoa dé tinh 232923 mod 231. (Chu ¥ réing 231 =3 x 7 x 11.)

Bai tap 5.31
Sit dung s trg gitp tit Dinh 1y Fermat nho, hay chitng minh ring 42 1a wéc ctia n’ —n, véi n € Z.

Bai tap 5.32

Giai hé phuong trinh

z=2 (mod 3) (22
=1 (mod 4) (23
=3 (mod 5) (24
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Bai tap 5.33

Chitng minh riang néu ged(a,m) > 1 véi a € Z bat ky va m > 2 thi khong ton tai mot nghich dao ctia a
theo modun m.

Bai tap 5.34

Giai hé phuong trinh

z=5 (mod 6) (25)
=3 (mod 10) (26)
x=8 (mod 15) (27)

Cha y: 6, 10, va 15 khong doi mot nguyén t6 ctiing nhau

Bai tap 5.35

Dinh 1y 5.3 (Dinh Iy Fermat nhd). Néu p la mot s6 nguyén té va a la mot s6 nguyén khong chia hét
cho p, thi a?~! =1 (mod p). Thém vao dé, vdi moi s6 nguyén a, ta cé a’? = a (mod p)

St dung cac gdi ¥ sau, hay ching minh Dinh 1y 5.3.
Nhic lai: V6i cac s6 nguyen a, b, c va s6 nguyén duong m, néu ac = be (mod m) va ged(e,m) = 1
thi a = b (mod m).

(a) Gia st a khong chia hét cho p. Ching minh ring khong c6 hai s nguyén nao trong sé cac so
1-a,2-a,...,(p—1)-ala dong du theo modun p

(b) Tt phan (a), két luan rang tich cac s6 1,2,...,p — 1 dong du véi tich céc s6 a,2a,...,(p — 1)a theo
modun p. Stt dung diéu nay dé chitng minh rang (p — 1)! = a?~(p — 1)! (mod p)

(c) Chi ra tit phan (b) ring a?~! =1 (mod p) néu a khong chia hét cho p. (Ggi §: Xem lai phan chiing
minh Dinh 1y co ban cta s6 hoc. Chitng minh p{ (p — 1)! va 4p dung ménh dé tren)
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cHU DE 6
Cac bai toan dem

Bai tap 6.1

C6 bao nhiéu ham f: A — B véi A va B lan lugt 1a cac tap hitu han gdm m va n phan ti?

Bai tap 6.2

Dia chi kiém sodt truy cap phuong tién truyén thong (MAC (media access control) address), hay con goi
1a dja chi MAC, 1a mot dinh danh duy nhat duge gan cho mot card mang (network adapter), vi du nhu
card mang c6 day (ethernet card) hodc card mang khong day (wireless card). Dia chi nay gom mot day
sau cip cac chit s6 thap luc phan (nghia I cac chws6 0, 1,2, 3,4,5,6,7,8,9, A, B, C, D, E, F). Vi duy,
F7:DE:A1:B6:C4:33 1a mot dia chf MAC. (Céac cip sé thuong duge phan tach bdi dau hai chadm.) C6 tat
c& bao nhiéu dia chi MAC?

Bai tap 6.3

Theo quy dinh ctia B Thong Tin & Truyén Thong Viét Nam, tat ci cac s6 thué bao dién thoai di dong
can c6 10 chit s6, trong d6 ba chit s6 dau tién dai biéu cho nha mang cung cap dich vu. Vi dy, nha mang
Viettel hién tai sé hitu 12 dau s6 di dong: 086, 096 — 098, va 032 — 039. Viettel c6 thé cung cap tdi da
bao nhiéu sé dién thoai di dong?

Bai tap 6.4

Gia st mot mat khau cho mot hé théng may tinh phai c6 it nhat 8, nhung khong qué 12 ky ti, trong dé
mdi ky tu trong mat khau 1a mot chit cai tiéng Anh viét thudng, mot chit cai tiéng Anh viét hoa, mot
chit 6, hosic mot trong sau ky tu dac biet *, >, <, !, +, va =.

(a) C6 bao nhiéu mat khau khac nhau c6 sin cho hé théng may tinh nay?

(b) C6 bao nhiéu mat khau trong sé nay chita it nhat mot lan xuat hien cta it nhat mot trong sau ky
tu dic biet?

(c) St dung cau tra 1i ctia ban cho phan (a), hay x4c dinh xem mot hacker sé mat bao lau dé thit tat
ci cac mat khau cé thé, gid sit ring hacker mat mot nano giay (nanosecond) dé kiém tra mdi mat
khau c6 thé. (Mot nano giay 1a mot phan ty giay, hoac 1079 giay)

Bai tap 6.5

Teén ctia mot bién trong ngon ngit lap trinh C 1a mot chudi c6 thé chita cac chit cai viét hoa, chit cai viét
thudng, chit s6, hodc dau gach dudi. Hon nita, ky tu dau tién trong chudi phai 14 mot chit cai, viét hoa
hoac viét thudng, hodc dau gach dudi. Néu tén clia mot bién dude xac dinh bdi tam ky tu dau tién, co
bao nhiéu bién khéc nhau c6 thé duge dat tén trong C? (Luu ¥ riing tén ctia mot bién c6 thé chita it hon
tam ky tu.)

Bai tap 6.6

Ten ctia mot bién trong ngon ngit 1ap trinh JAVA 1a mot chudi ¢6 do dai tir 1 dén 65535 ky tu (bao gom
c4 hai gia tri), trong d6 mdi ky tu c6 thé 14 mot chit cai viét hoa, mot chit cai viét thuong, dau do la ($),
dau gach duéi, hodc mot chit s6, ngoai trit ky tu dau tién khong duge 1a mot chit s6. Xac dinh s6 lugng
tén bién khac nhau trong JAVA

Bai tap 6.7

C6 bao nhiéu chudi nhi phan do dai 7 bit dau vé6i 00 hodc két thic véi 1117
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Bai tap 6.8

Mot chudi déi xitng 1 mot chudi ky tu ma khi viét nguoc lai tit phai sang trai thi chudi khong thay déi.
C6 bao nhiéu chudi nhi phan do dai n 13 chudi déi xiing?

Bai tap 6.9

C6 bao nhiéu s6 nguyén duong nhé hon hodc bing 1000 théa méan

(a) 1a boi ctia 7

(b) 1a boi cha ca 7 va 11

(¢) 1a boi ctia 7 nhung khong 1a boi ctia 11

(d) 1a boi cta 7 hodc 1a boi cia 11

(e) khong la boi ctia 7 va khong 1a boi ctia 11

Bai tap 6.10

(a) C6 bao nhieu s6 ¢6 8 chit s67

(b) C6 bao nhiéu s6 ¢6 8 chit s6 chia hét 257

(¢) Co6 bao nhiéu s6 c¢6 8 chit s6 khong chia hét cho 257

(d) C6 bao nhiéu s6 ¢6 8 chit s6 ¢6 ba chit s6 dau la 222 hodc hai chit 86 cudi 1a 117
(e) Co6 bao nhiéu s6 c¢6 8 chit 6 ¢6 chita 222222 (chudi 6 chit s6 2 lién tiép)?

(f) C6 bao nhieu s6 ¢6 8 chit s6 ¢6 it nhat hai chit s6 giong nhau?

Bai tap 6.11

(a) C6 bao nhiéu sb c6 8 chit s6?

(b) C6 bao nhiéu s6 c6 8 chit s6 chia hét 57

(¢) C6 bao nhiéu s6 c6 8 chit s6 khong chia hét cho 57?

(d) C6 bao nhiéu s6 c6 8 chit s6 ¢6 ba chit s6 dau 13 111 hodc hai chit s6 cudi 1a 007
(e) C6 bao nhiéu s6 c6 8 chit s6 ¢6 chita 111111 (chudi 6 chit s6 1 lién tiép)?

(f) C6 bao nhieu s6 ¢6 8 chit s6 ¢6 it nhét hai chit s6 giong nhau?

Bai tap 6.12

C6 bao nhiéu s6 nguyén duong chin nhoé hon hoidc bing 1000 thoa man

(a) 1a boi ctia 77 (d) 1a boi ctia 7 hoac 1a boi ctia 117

(b) 1a boi cta ca 7 va 117

(¢) 1a boi ctia 7 nhung khong 1a boi ctia 117 (e) khong la boi ctia 7 va khong 1a boi ctia 117
Bai tap 6.13

Cho tap ¥ = {T,F} va s6 nguyén n > 1. Goi X" 1a tich Décac ctia n tap X. Mot todn tii logic n-ngoi la
mot ham f : ¥" — . Vi dy, toan tit - 1a mot toan ti 1-ngoi. Cu thé, ham — : £ — ¥ dinh nghia béi

=(T) =F vA ~(F) = T. (Chi y 1a ! = 3.) Tuong ty, cac todn ti A, V,®, —, <> 1a cc toan tit 2-ngdi.
C6 bao nhiéu toan tit 16gic n-ngdi khac nhau?
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Bai tap 6.14

C6 tat ca bao nhiéu s6 nguyéen khong vugt qua 1000 1a binh phuong hoic lap phuong clia mot sd nguyén
duong?

Bai tap 6.15

C6 bao nhiéu chudi nhi phan do dai 8 ¢6 chia 000 hoac 11117 (Dap an: 147)

Bai tap 6.16

Gia st hai cach sap xép 4 ngudi quanh mot ban tron 13 giéng nhau khi méi ngudi c6 hai ngudi ngdi canh
gibng nhau trong ci hai cach sip xép khong quan tam la ngdi bén trai hay bén phai, vi du nhu hai cach
sip xép trong Hinh 6.1 1& gibng nhau véi gia thiét hién tai. Trong trudng hop nay, c6 bao nhiéu cach

ny ny

Ny na ng Ny

ns3 n3
Hinh 6.1: Minh hoa Bai 6.16.

khéc nhau dé sip xép 4 ngudi quanh mot ban tron?

Bai tap 6.17

Gia thiét ring hai cAch sip xép la gibng nhau néu mdi ngudi c6 ngudi ngdi bén trai va ngudi ngdi bén
phai gidng nhau trong mdi cach sip xép.

(a) C6 bao nhieu cach khac nhau dé sip xép 5 ban nam va 5 ban nit ngdi quanh mot ban tron?

(b) C6 bao nhiéu cach khac nhau dé sip xép 5 ban nam va 5 ban nit ngdi quanh mot ban tron sao cho
nam va nit ngdi xen k& nhau?

Bai tap 6.18

C6 bao nhiéu cach di tit géc dudi cting bén trai dén goéc trén cling bén phai clia mot ludi kich thuée

n x n? Gi4 st ring trong mdi budc tit mot dinh sang dinh khac ctia u6i, ban chi ¢ thé di sang phai mot
buéc hodc di lén trén mot bude. (Vi dy, xem Hinh 6.2.)

Hinh 6.2: Mot ludi 4 x 4 va vi du mot sé dudng di
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Bai tap 6.19

C6 bao nhiéu chudi nhi phan do dai n khong c6 hai s6 1 lién tiép? (Ggi y: Goi a, 1a s6 chudi nhi phan
do dai n khong c6 hai s6 1 lien tiép. Tim va giai he thtc truy hoi cho a,,)

Bai tap 6.20

Chitng minh ring trong mot nhém n sd nguyén bat k¥, c6 hai s6 nguyén cé ciing sd du khi chia cho
n—1

Bai tap 6.21

Gi4 st mot ngan ti chi ¢6 hai loai tAt mau den vA tring, mdi loai c6 12 chiée. Mot ngudi 14y tat trong
ngin ti mot cach ngiu nhién trong bong tdi

(a) Can lay it nhat bao nhiéu chiéc tat dé chic chin c6 hai chiéc ciing mau? bon chiéc ciing mau?

(b) Can lay it nhat bao nhiéu chiéc tat dé chic chin c6 hai chiéc mau den?

(c) Néu c6 them 12 chiéc tat mau nau nita trong ngan t1 thi can lay it nhat bao nhieu chiéc tat dé chac
chén c6 hai chiéc cting mau?

Bai tap 6.22

Cé sau gido su day toan rdi rac cd ban tai mot trudng dai hoc. Tat ca sau gidgo su déu sit dung cling mot
dé thi cudi ky. Néu diém thap nhat c6 thé dat duge trong ky thi cudi ky 1a 0 va diém cao nhat c6 thé 1a
100 v& céc diém s6 déu la s6 nguyen, thi can c6 it nhat bao nhiéu sinh vién dé dam bao riing c6 hai sinh
vien hoc ciing mot gidgo su dat duge ciing mot diém thi cudi ky?

Bai tap 6.23

(a) Chting minh rang néu 7 s6 nguyen dugce chon tit tap {1,2,...,10} thi ¢6 it nhat hai cip trong s6 cac
s6 dugc chon c6 tong bang 11. Néu ta chon 6 s6 nguyeén thay vi 7 thi két luan trén con ding khong?

(b) Can chon ra it nhat bao nhiéu s6 tir tap {1,2,3,4,5,6} dé chic chin ring trong tap cac s6 da chon
c6 hai s6 c6 téng bing 77

Bai tap 6.24

Chttng minh ring trong mot nhém 6 ngudi bat k¥, ludn c6 it nhat ba ngudi déi mot biét nhau hosic doi

mot khong biét nhau

Bai tap 6.25

Chiing minh riing v6i bat k¥ cach xép 5 ban nam va 5 ban nit ngdi quanh mot ban tron, luén tim duge
mot ban (c6 thé 14 nam hodc nit) ngdi giita hai ban nam (Ggi y: Chitng minh bing phuong phap phan
chiing. Gia stt ¢6 cach xép théa méan didu kien khong c6 ban ndo ngdi gitta hai ban nam. Néu chia nhém
céc ban nam thi mdi nhém c6 t6i da bao nhiéu thanh vien? Gifta cac nhém nay can sip xép tbi thidu
bao nhiéu ban nit dé khong c¢6 ban nao ngdi gitta hai ban nam?)

Bai tap 6.26

Chitng minh ring trong mot nhém n ngudi (n > 2) ¢6 it nhat hai ngudi ¢6 cling s6 ngudi quen biét trong
nhoém
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Bai tap 6.27

Alice va Bob chdi trd chai sau: Bob chon 10 sé nguyén bat ky trong khoang tir 1 dén 40. Alice can tim hai
tap s6 nguyén khéac nhau trong cac s6 ma Bob chon, mdi tap c6 3 phan tit, sao cho téng cac sd nguyén
trong hai tap la bing nhau. Hay chitng minh ring Alice luon luon thing. (Ggi y: Ap dung nguyen ly
chudng bd cau)

Bai tap 6.28

Chitng minh phat biéu sau bing cac cong thitc da biét.
Véi céc s6 nguyén n,r thda mén 0 < r < n, ta c6

cr=crr

Bai tap 6.29
Cho céc sb nguyén n, k théa man n > k > 1.
(a) Bing cic cong thitc da biét, hay chitng minh

k k k—1
Cn = Cnfl + Cnfl'

(b) St dung két qua & phan (a), chiing minh

Bai tap 6.30
Tim hé s6
(a) ctia 27 trong khai trién ctia (1 + 2)!!

(b) ctia 2° trong khai trién cta (2 — z)*°

100
. 1 .
(c) ctia 2 trong khai trién ciia (:1: + x) , trong d6 k 1a mot s6 nguyén

Bai tap 6.31

Theo nguyén I bu trit tong quat, |A; U Ay U Az U Ay =?

Bai tap 6.32

V6i moi n > 0, téng cac phan tit 6 hang n cia tam giac Pascal 1a
n
Z Ck —9n
n
k=0
Hay ching minh phét biéu trén
(a) béing phuong phéap quy nap (Ge¢i y: CF = Ck_, + CiZ});

(b) bang céch st dung Dinh 1y nhi thic.
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Bai tap 6.33
Chitng minh réng v6i moi n > 0, Z 2kCk = 3n
k=0
(a) bing cach 4p dung Dinh ly nhi thic;
(b) () bang phuong phap dém hai lan (Ggi y: C6 bao nhiéu cach xay dung mot chudi n ky tu chi sit
dung cac ky tu A, B, C théa méan diéu kién c6 chinh xac n — k ky tu A?)

Bai tap 6.34

(a) Chiting minh rang v6i moi n > 0, Z(fl)kCﬁ =0
k=0

(b) Chitng minh bing phuong phap quy nap ring v6i moi m > 0, Z(—l)kilCﬁL =1. (Ggi y: CF =
k=1
Ch_ +Ci7)
Bai tap 6.35
Dém s6 nghiém nguyén clia x1 + 29 + 23 = 11 théa man 0 < z; < 2, x5 > 0, x3 > 0 mot cach tryc tiép
bang cach xét timg trudng hop 1 =0, 1 = 1, v 1 = 2.
Bai tap 6.36

Phuong trinh
T+ To+ T3+ 24 =25

¢6 bao nhiéu nghiém nguyén théa méan diéu kieén z; > 0 v6i moi i € {1,2,3,4} va
(a) 1 > 8, z9 > 5, va 3 > 2.
(b) 1 > 10 va z3 < 7.

(¢) o1 <6 vaxo <12,

Bai tap 6.37

Phuong trinh
T+ To+ T3+ T4 =25

¢6 bao nhiéu nghiém nguyén théa man diéu kién z; > 0 v6i moi i € {1,2,3,4} va
(a) 1 > 8, w2 > 5, va x3 > 2.
(b) Iy 2 10 va I3 § 7.

(¢) &1 <6 vh zg < 12.

Bai tap 6.38

C6 345 sinh vién tai mot truong dai hoc da hoc khoéa giai tich, 212 sinh vién da hoc khoéa toan roi rac,
va 188 sinh vién da hoc ca hai khoéa giai tich va toan roi rac. Hdi c6 bao nhiéu sinh vién da hoc it nhét
mot trong hai khoéa giai tich hodc toan roi rac?

Bai tap 6.39

Mot khao sat cac ho gia dinh 6 Hoa Ky cho thiy 96% c6 it nhat mot chiée tivi, 98% cé dich vu dién
thoai, v& 95% c6 ca dich vu dién thoai va it nhat mot chiéc tivi. C6 bao nhiéu phan tram ho gia dinh &
Hoa Ky khong c¢6 ca dich vu dién thoai 1an tivi?
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Bai tap 6.40

Mot bao cao tiép thi vé may tinh ca nhan cho biét 650 000 chti s hitu sé mua mo6t may in cho may cla
ho trong nim t6i va 1250000 sé mua it nhit mot géi phan mém. Néu bao cido cho biét 1450000 chi s6
hitu s& mua may in ho#ic it nhit mot géi phan mém, héi c6 bao nhiéu ngudi sé mua cd méy in va it nhét
mot g6i phan mém?

Bai tap 6.41

(a) Tim sb cac s6 nguyén duong khong vugt qua 100 ma khong chia hét cho 5 va ciing khong chia hét
cho 7.

(b) Tim sb cic s6 nguyén duong khong vigt qua 1000 ma khong chia hét cho 3, 17 ho#c 35.

(¢) Tim s6 cac s6 nguyén duong khong vugt qua 10000 ma khong chia hét cho 3, 4, 7 hoiic 11.

Bai tap 6.42

Chitng minh ddng thic Vandermonde (Vandermonde’s Identity) sau
Crin =Y CrkCE,
k=0

trong d6 m,n,r 1a cdc s6 nguyén khong am va r < min(m,n). (Ggi y: C6 bao nhiéu cach chon ra mot
ban dai dién gom 7 thanh vien tit mot 16p hoc ¢c6 m nam v n nit?)
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cHU DE 7
( Ly thuyét do thi

Bai tap 7.1

Cho G 1a mot do thi vo hudng c6 n dinh va m canh. Goi A(G) va §(G) lan lugt 1a bac 16n nhat va nhé
nhét cia mot dinh ctia G. Chiing minh réng §(G) < 2m/n < A(G).

Bai tap 7.2

Vé cac dd thi sau

(a) Ky (c) Wr

(b) C7 (d) Q4

Bai tap 7.3

Mot dd thi duge goi 1a do thi chinh quy (reqular graph) néu cac dinh ctia do thi c6 cling bac. Ta goi mot
d6 thi 1a d-chinh quy néu né 1a dd thi chinh quy trong d6 cac dinh cé cling bac d. Véi céc gia tri ndo clia
n thi cac d6 thi sau 1& dd thi chinh quy?

(a) Ky (c) Wy

(b) Cn (d) @n

Bai tap 7.4

Céc do thi sau c6 bao nhiéu dinh va bao nhiéu canh?

(a) Kn (d) Km,n
(b) Cn
(C) Wn (e) Qn

Bai tap 7.5
Céc cap do thi ¢ Hinh 7.1, 7.2, 7.3 ¢6 déng cau hay khong? Vi sao?

(%1 (U1

U5 (% Wy Wo

(% U3 Wy w3

G1 GQ

Hinh 7.1: Minh hoa Bai 7.5.
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U1 V2

wi

w w
U5 %

V4 U3 Wy w3

G1 GZ

Hinh 7.2: Minh hoa Bai 7.5.

w1 Wy

(%) Wy

w3 We
Gy

Hinh 7.3: Minh hoa Bai 7.5.

U1 (%

Vs Gl Vy

Bai tap 7.6
Do thi b (complement graph) cia mot don do thi vo huéng G = (V, E), ky hieu G, 1a do thi c6 tap dinh

V=Vvatapcanh E = [V]?\ E = {uwv | u,v € V va uv ¢ E}. o
Gia st G va H 1a cac don do6 thi théa man G ~ H. Ching minh réng G ~ H.

Bai tap 7.7

Do thi b (complement graph) ctia mot don do thi vo hudéng G = (V, E), ky hieu G, la do thi c6 tap
dinh V=V vatap canh E = [V]?\ E = {uv | u,v € V va uv ¢ E}. Mot don dd thi G dugc goi la tu bu

(self-complementary) néu G ~ G.
(a) Chting minh réng dd thi trong Hinh 7.4 14 mot do thi tu bu.

(% U3

U1 Uy

Hinh 7.4: Minh hoa Bai 7.7.
(b) Tim mot do thi ty b c6 5 dinh.

Bai tap 7.8

(a) Chitng minh ring mot don dd thi vo huéng G = (V, E) 1a mot do thi hai phan khi va chi khi ¢c6 mot
céch t6 mau mdi dinh clia G bing hai mau sao cho khong c¢6 hai dinh ké nhau dugc t6 cting mau
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(b) Stt dung phan (a), hay kiém tra xem cdc dd thi trong Hinh 7.5 ¢6 phai dd thi hai phan hay khong.

a b b c b c

Gl Gg G3

Hinh 7.5: Minh hoa Bai 7.8.

Bai tap 7.9

(a) Cho don do thi vo huéng G = (V, E) c6 n > 3 dinh. Goi H = (W, F') 1a mot d6 thi con cta G ¢6 it
nhat hai dinh. Chitng minh ring néu G 1a do thi hai phan thi H ciing 13 do thi hai phan.

(b) Chitng minh K, khong 14 do thi hai phan véi moi n > 3.

(c) Stt dung cac phan (a) va (b), chiing minh W,, khong 1a do thi hai phan v6i moi n > 3.

Bai tap 7.10

Mot do6 thi duge goi 1a do thi chinh quy (regular graph) néu cdc dinh cta do thi c6 cung bac. Ching
minh rang néu mot do thi hai phan G = (V3 U Vs, E) 1a do thi chinh quy thi |V;| = |Va|.

Bai tap 7.11

Hay tim trong dd thi & Hinh 7.6

(a) Mot duong di ¢6 do dain v6in € {1,2,...,7}

(b) Mot dudng di don c¢6 do dai n véin € {1,2,...,7}

(c) Mot chu trinh ¢6 do dai n véin € {3,...,7}

a b &

o/
g J d

Hinh 7.6: Minh hoa Bai 7.11.
Bai tap 7.12
X4c dinh x(G;) vd M(G;) trong cac dd thi G; v6ii=1,2,3 ¢ Hinh 7.7.

Bai tap 7.13

V6i mdi do thi G trong Hinh 7.8, tim x(G), A\(G), va min,cy deg(v).
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U1 (%) U1 (% U1 (%
@, O Q @)
U3 U3
O O @, O
Uy U3 Vg Us Uy Us

Hinh 7.7: Minh hoa Bai 7.12.

i b i
d e
(a) (b)

Hinh 7.8: Minh hoa Bai 7.13.

Bai tap 7.14
Cac do thi trong Hinh 7.9 ¢6 ding cdu khong? Vi sao?

U1 w1y

(%) Vg w we

V4 W4
G G

Hinh 7.9: Minh hoa Bai 7.14.

Bai tap 7.15

Céc dd thi trong Hinh 7.10 c¢6 ddng ciu khong? Vi sao?
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w1 w2

w3 Wy

O o O

Vs Gl Ve G2 We
Hinh 7.10: Minh hoa Bai 7.15.
Bai tap 7.16
Tim s6 duong di do dai n gitta hai dinh phan biét ciia K, véi n bing
(a) 2 (c) 4
(b) 3 (d) 5
Bai tap 7.17
Véi nhiing gia tri ndo clia n thi cdc dd thi sau cé chu trinh Euler?
(a) Kn (c) W
(b) Cn (d) Qn
Bai tap 7.18
Tim chu trinh Euler trong do thi ¢ Hinh 7.11.
a b c
O O O
J J A
d €
C () ff)
J W/
—CF—0O
O/
g h 7
Hinh 7.11: Minh hoa bai 7.18.
Bai tap 7.19
Thuat toan Fleury [341] xay dung cac chu trinh Euler bang cdch dau tién chon mot dinh tuy ¥ ctia mot

da do thi lien thong, va sau dé6 tao thanh mot chu trinh bang cach chon cac canh lién tiép. Mot khi mot
canh dudc chon, né sé bi loai bd. Cac canh dudc chon lién tiép sao cho méi canh bit dau tit ndi canh
cudi ciing két thic, va sao cho canh nay khong phai 1a moét canh cat trit khi khong c6 lya chon thay thé

nao khac. St dung thuat toan Fleury dé tim mot chu trinh Euler trong d6 thi & Hinh 7.12.
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Y

C\
O

g h ?

Hinh 7.12: Minh hoa bai 7.19.

Bai tap 7.20

Céc do thi trong Hinh ¢6 chu trinh/dudng di Hamilton khong?

Gl G2 GB
a b a b a b g
O /j
O—0O0—0—=0
e c d c d c e f
d

Hinh 7.13: Minh hoa Bai 7.20.

Bai tap 7.21

Hay cho vi du vé mot dd thi ma chu trinh Euler ctia n6 ciing 13 chu trinh Hamilton

Bai tap 7.22

(a) Vé do thi biéu dién cac nude di hgp lé ciia quan méa trén ban cd 3 x 3.

(b) Vé do thi biéu dién cac nude di hop 1 clia quan ma trén ban ¢ 3 x 4.

Bai tap 7.23

Mot thong bao chan doan (diagnostic message) c6 thé duge giti qua mang may tinh dé thic hién kiém

tra trén tat ca cac lien két va trong tat ca cac thiét bi. Loai duong di nao nén duge st dung dé kiém tra
tat ca cac lien két? DEé kiém tra tit ca céc thiét bi?

Bai tap 7.24

Dinh ly 7.1 (Dinh ly Dirac). Néu G = (V,E) la mot don do thi vo hudng gom n dinh (n > 3) théa
man diéeu kién bac ciia moi dinh trong G 16n hon hodc bang n/2 thi G ¢6 mot chu trinh Hamilton
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Dinh ly 7.2 (Dinh ly Ore). Néu G = (V,E) la mot don do thi vo hudng gom n dinh (n > 3) théa
man diéu kien deg(u) + deg(v) > n vdi moi cap dinh u,v khong ké nhau trong G thi G ¢6 mot chu trinh
Hamilton

Chitng minh Dinh 1y Dirac biing cach st dung Dinh ly Ore.

Bai tap 7.25

Dinh ly 7.3 (Dinh ly Dirac). Néu G = (V,E) la mot don do thi vo hudng gom n dinh (n > 3) théa
man dieu kién bac ciia moi dinh trong G 16n hon hodc bang n/2 thi G c6 mot chu trinh Hamilton

Dinh ly 7.4 (Dinh ly Ore). Néu G = (V,E) la mot don do thi vo hudng gom n dinh (n > 3) théa
man diéu kien deg(u) + deg(v) > n vdi moi cap dinh u,v khong ké nhau trong G thi G ¢ mot chu trinh
Hamilton

Vé6i mdi do thi trong Hinh 7.14, hay x4c dinh
(i) c6 thé sit dung Dinh ly Dirac dé chitng minh do thi c6 chu trinh Hamilton khong?
(ii) c6 thé sit dung Dinh 1y Ore dé chitng minh dd thi c6 chu trinh Hamilton khong?

(iii) do thi c6 chu trinh Hamilton khong?

(a) ? ? (b) ; z () ; ; (d) @

Hinh 7.14: Minh hoa Bai 7.25.

Bai tap 7.26

Duong di ngén nhét gitta hai dinh ctia mot do thi c6 trong s6 G = (V, E, w) c¢6 phai 1a duy nhat hay khong
néu nhu trong s6 clia cac canh 1a phan bigt, nghia 1a v6i hai canh e, f € E bat k¥ thi w(e) # w(f)?

Bai tap 7.27

Ap dung thuat toan Floyd dé tim khoang cach giita moi cip dinh trong do thi & Hinh 7.15.

Hinh 7.15: Minh hoa Bai 7.27.
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Bai tap 7.28

Mot do thi khong cé dinh cit nao duge goi 1a do thi khong thé tach rai (nonseparable graph). Ching
minh ring mdi do thi sau 1a do thi khong thé tach roi

(a) C,, v6in >3 (¢) Ky v6im>2van>2

(b) W, véin >3 (d) Qn v6in>2

Bai tap 7.29

Chttng minh ring néu G 13 don do thi vo huéng c6 chinh xac hai dinh bac 18 u, v thi cac dinh nay phéai
thuoc cting mot thanh phan lién thong cia G

Bai tap 7.30
Cho G = (V, E) 1a mot don dd thi vo huéng ¢6 n > 2 dinh.

(a) Chiing minh réng khong ton tai dong thoi hai dinh phan bigt u, v théa man degg(u) = 0 va
dego(v) =n — 1.

(b) Chiing minh rang néu véi moi v € V ta ¢6 degg(v) > n/2 thi G 1a mot do thi lien thong.

(c¢) St dung nguyén 1y chudng bd cau (nguyén ly Dirichlet), hay chiing minh riing G ludén c¢6 hai dinh
c6 cung bac.

Bai tap 7.31

Cho G = (V, E) 1a mot don d6 thi vo huéng lién thong gom n > 1 dinh va G # K,,. Chitng minh ring

ludn ton tai mot tap cac dinh V'’ sao cho G — V' 1a dd thi khong lién thong.

Bai tap 7.32

Cho G = (V, E) 1a mot don do thi vo huéng lien thong gom n > 2 dinh. Chitng minh ring luon ton tai

mot tap canh E’ sao cho G — E’ 13 mot do thi khong lien thong.

Bai tap 7.33

Chitng minh ring v6i moi dd thi vo huéng lien thong G = (V, E)

#(G) < min degg(v) (28)
A(G) < mindegg(v) (29)

Bai tap 7.34

Chiing minh ring néu G = (V, E) 1a mot da do thi vo huéng thda man degq (u) > 2 v6i moi u € V' thi
G ¢6 mot chu trinh don

Bai tap 7.35

Hay xac dinh xem cac do6 thi trong Hinh 7.16 ¢6 chu trinh/dudng di Euler hay khong? Néu c6, hay tim
mot chu trinh/dudng di Euler trong do thi do

Bai tap 7.36

Trong céc do thi ¢ Hinh 7.17, dd thi ndo c6 chu trinh Hamilton? Tai sao?
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Hinh 7.16: Minh hoa Bai 7.35.

a b c d e
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Hinh 7.17: Minh hoa Bai 7.36.

Bai tap 7.37

Ap dung thuat toan Dijkstra dé tim khoang cach tit a dén z trong do thi ¢ Hinh 7.18.

Hinh 7.18: Minh hoa Bai 7.37.

Bai tap 7.38
Ap dung thuat toan Dijkstra dé tim khoang cach tit a dén z trong do thi ¢ Hinh 7.19.

b 5 c

Hinh 7.19: Minh hoa Bai 7.38.
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Bai tap 7.39

Ap dung thuat toan Dijkstra dé tim khoang céch tit a dén z trong d6 thi ¢ Hinh 7.20.

Hinh 7.20: Minh hoa Bai 7.39.

Bai tap 7.40

Cho G = (V, E) 1a mot don dd thi vo huéng. Dat §(G) = min,ey deg(v). Chitng minh ring ton tai mot
dudng di don trong G ¢6 do dai 6(G) néu 6(G) > 2.

Bai tap 7.41

Chitng minh rang do6 thi biéu dién cac nude di hop 1é clia quan ma trén ban cd kich thude m x n, véi
moi sb nguyén duong m va n, 1a dd thi hai phan.

Bai tap 7.42

Chiing minh réng do thi trong Hinh 7.21 khong ¢6 chu trinh Hamilton. (Ggi y: Do thi da cho la mot
do thi hai phan)

Hinh 7.21: Minh hoa Bai 7.42.

Bai tap 7.43

Chitng minh ring mot do thi vo huéng lién thong bat ky gom n > 1 dinh ¢6 it nhat n — 1 canh. (Gdi
¥: Quy nap manh theo s6 dinh n ctia do thi.)
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Bai tap 7.44

Dinh ly 7.5 (Dinh ly Dirac). Néu G = (V,E) la mot don do thi vo hudng gom n dinh (n > 3) théa
man diéeu kién bac ciia moi dinh trong G 16n hon hodc bang n/2 thi G c6 mot chu trinh Hamilton

Bai tap nay minh hoa mot cach ching minh Dinh ly Dirac. Hay hoan thanh nhing phan sau day
bing cach giai thich cac phat biéu c6 cum tit “(Tai sao?)”.

(a) Dé& thay Dinh 1y dung v6i n = 3. Gid st n > 4
(b) G phai lien thong (Tai sao?)
(c) Goi P =wp,v1,...,v; la duong di don c¢6 do dai 16n nhét trong G (0 < k <n —1).

e Moi dinh ké v6i vy hodc vg, déu phai thuoc P. (Tai sao?)

e Do deg(vy) > n/2, ¢6 it nhat n/2 canh phan biet v;v;1 clia P théa man v;v, € E. Tuong tu,
do deg(vg) > n/2, ¢6 it nhat n/2 canh phan biet vjv;4q clia P théa man vov,4q € E.

e Do P ¢6 it hon n canh, ton tai mot canh vyv,41 thoa man dong thoi hai diéu kién trén: vyu, € F
va VoVg+1 € E.

(d) P chita tat ca cac dinh ciua G. (Tai sao?)

(e) T P, ta tim dugc mot chu trinh Hamilton ctia G. (Tai sao?)

Bai tap 7.45

Cho G = (V1 U V,, E) la mot do thi hai phan véi [Vi| = |[Vz| = n (n > 2). Ching minh ring néu

deg(v) > n/2 v6i moi dinh v € V = V; U V5 thi G ¢6 mot chu trinh Hamilton. (Ggi y: Xem lai chiing
minh ctia Dinh 1y Dirac.)

Bai tap 7.46

Tim mot biéu dién phéng ciia cac do thi phing trong Hinh 7.22.

G Go G

Hinh 7.22: Minh hoa Bai 7.46.

Bai tap 7.47

Céc do thi trong Hinh 7.23 c6 phéi do thi phang khong? Néu ding, hiy vé mot biéu dién phéng ciia do
thi dé.

Bai tap 7.48

Gia st G 13 mot dd thi don phing va lien thong gdm 20 dinh, méi dinh c6 bac 3. Mot biéu dién phang
ctia G chia mit phang thanh bao nhiéu mién?

Bai tap 7.49

Gia st mot dd thi phang lien thong c6 8 dinh, méi dinh c6 bac 3. Mot biéu dién phing ctia do thi nay
chia mat phing thanh bao nhiéu mién?
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Hinh 7.23: Minh hoa Bai 7.47.

Bai tap 7.50

St dung Dinh ly Kuratowski, hay chting minh do thi trong Hinh 7.24 khong 14 do thi phing.

Hinh 7.24: Minh hoa Bai 7.50.

Bai tap 7.51
Nhitng do thi nao c6 sac s6 bing 17
Bai tap 7.52

To mau cac do thi G ¢ Hinh 7.25 bang t6i da A(G) + 1 mau, trong d6 A(G) la bac 16n nhat ctia mot
dinh cta G.

Bai tap 7.53

Trong s6 cac do thi khong phéng sau, do thi nao théa man diéu kién sau: néu bé di mot dinh bat ky va
céc canh lien thuoc véi dinh d6 thi ta thu duge mot dd thi phing.

(a) Ks (c) K33
(b) Kg (d) Ksza
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Hinh 7.25: Minh hoa Bai 7.52.

Bai tap 7.54

Chitng minh K5 khong 14 do thi phang.

Bai tap 7.55

Chitng minh ring néu G 13 mot don do thi phing va lien thong thi G' ¢6 mot dinh ¢é bac nhé hon hoic
bing 5.

Bai tap 7.56

Chitng minh

(a) x(K,)=n véi moin > 1.

(b) x(C,) =2 néun >4 chin va x(Cy,) = 3 néu n > 3 18.

(¢) G 1a db thi hai phan khi va chi khi x(G) = 2.

Bai tap 7.57

Tinh x(Wn) (n = 3), Xx(Kmn) (m=n21), va x(Qn) (n 2 1).

Bai tap 7.58

Mot cach t6 mau cac canh ctia mot do thi G = (V, E) bang k mau (k-edge coloring) 1a mot ham
f:+E—{1,2,... k} thoa man diéu kien f(e) # f(e’) néu e va €’ lien thudc véi cting mot dinh. Sdc s6
canh (edge chromatic number) ctia mot do thi G, ky higu }/(G), 1a s6 mau nhd nhit c6 thé ding dé to
mau cac canh cta G.

(a) Tim x'(Cy) va x'(W,,) v6i n > 3.
(b) Chiing minh rang x'(G) > A(G), trong d6 A(G) la bac 16n nhat ctia mot dinh ctia G.

Bai tap 7.59

Cho G 1a mot don do thi phéng c6 k thanh phan lién thong. Gia sit G ¢6 n dinh, m canh, vA mot biéu
dién phang ctia G chia mat phang ra thanh » mién. Chitng minh réing n —m +7r =k + 1.

Bai tap 7.60
Dinh ly 7.6. Moi do thj phing G c6 x(G) < 6.

Chtng minh Dinh 1y 7.6 bing phuong phap quy nap.
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Bai tap 7.61
Dinh 1y 7.7. Moi do thj phing G c6 x(G) < 5.

Chtng minh Dinh 1y 7.7 bing phuong phap quy nap theo s6 dinh n ciia G bing cach hoan thanh cac
buéc sau:

(a) Chiing minh bé dé sau: Moi do thi phéng G c6 it nhat mot dinh v théa man deg(v) < 5.
(b) O budc co s8, ching minh Dinh 1y 7.7 dtng v6i moi n < 5

(¢) O budc quy nap, gia st Dinh ly 7.7 ding v6i moi dd thi phéng gdbm n dinh, trong d6 n > 5 la s6
nguyén nao dé. Chiing minh Dinh 1y 7.7 ciing diing véi moi dd thi phédng gom n + 1 dinh. Gia sit G
14 do thi phang v6i n + 1 dinh. Do d6, theo bd dé ¢ phan (a), G ¢6 mot dinh v théa man deg(v) < 5.
Theo gia thiét quy nap, c6 mot cach t6 mau a cac dinh ciia G — v bang t6i da 5 mau {1,2,3,4,5}
(b.1) Néu deg(v) < 4 hodc deg(v) = 5 va cac dinh ké véi v duge t6 mau bang < 4 mau, ching minh

rang cac dinh ciia G ¢6 thé duge t6 mau bing 5 mau
(b.2) (%) Néu deg(v) = 5 va cac dinh ké v6i v, vi du vy, vs,v3,v4,v5, duige t6 mau bing 5 mau khac
nhau, vi du nhu lan lugt 1a 1,2,3,4,5, chiing minh ring cic dinh ctia G c6 thé dudc t6 mau
bang 5 mau
e Xét do6 thi Gy 3 cdm sinh béi cac dinh t6 mau 1 va 3. Diéu gl xdy ra néu v; va vs khong
thuoc cing mot thanh phan lien thong ctia G 3?7 (Ggi y: Trong trudng hop nay, lieu ¢6
cach t6 mau nao dé v, va vz ¢6 cling mau khong?)
e Néu v; va vz thuoc cing mot thanh phan lien thong ctia Gy 3, xét do thi Ga 4 cdm sinh
béi cac dinh t6 mau 2 va 4. Liéu c6 thé xay ra trusng hop v va vy thudc cling mot thanh
phan lien thong ciia G 4 khong? (Ggi y: G 1a dd thi phéng)

Bai tap 7.62

Céc do thi hai phan day du K., , (m,n € Z*) nao la cay?
Bai tap 7.63

D4 thi ndo trong cic do thi ¢ Hinh 7.26 1a cay?

Bai tap 7.64

Gia stt mot cay T = (V, E) ¢6 s céc canh 1a mot s6 chin. Chitng minh ring ton tai mot dinh trong T
c6 bac chin

Bai tap 7.65

Hay tra 10i cac cau héi sau vé cay c6 goc trong Hinh 7.27.

(a) Dinh nao la dinh gbc? (f) Cac dinh nao la dinh anh em cia o?
(b) Céc dinh nao la dinh trong? (g) Cac dinh nao la dinh t6 tien ciia m?
(c) Céc dinh nao la dinh 147 (h) Cac dinh nao la dinh con chau cta b?
(d) Cac dinh nao la dinh con cta j? (i) Mtc ctia mdi dinh 1a bao nhiéu?

(e) Dinh nao la dinh cha cta h? (j) Vé cac cay con goc ¢ va goc e

Bai tap 7.66

Trong sb cac cay ¢ Hinh 7.28, v6i m la sd nguyén duong nao dé, ciy nao la cay m-phan? Cay nao la cay
m-phan day du?
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Hinh 7.26: Minh hoa Bai 7.63.

a

Hinh 7.27: Minh hoa Bai 7.65.

Bai tap 7.67

Xay dung cay tim kiém nhi phan véi danh sach cac phan ti:
(a) L =[10,15,20,30,35,40,45, 50,55, 60,65, 70, 75,80, 90]
(b) L =1[50,35,75,10,60,45, 20,80, 55, 30, 90, 40, 70, 15, 65]
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Hinh 7.28: Minh hoa Bai 7.66.

Bai tap 7.68

St dung thi tu bang chit cdi (alphabetical order)?, hay xay dung mot cay tim kiém nhi phan cho cic tit

trong cau “The quick brown fox jumps over the lazy dog”

Bai tap 7.69

(a) Don dd thi vo huéng lien thong ndo c6 chinh xac mot cay bao triim?

(b) Khi nao thi mot canh ctia mot don do thi vo huéng lién thong phai thuoe moi cay bao triim ctia do
thi d6?

Bai tap 7.70

Tim mot cay bao trium clia do thi trong Hinh 7.29 bang

(a) thuat todn tim kiém theo chiéu sau (DFS);

(b) thuat toan tim kiém theo chiéu rong (BFS);

b&t dau tu dinh a.

b f

Hinh 7.29: Minh hoa Bai 7.70.

Bai tap 7.71

Gia st dia chi ctia dinh v trong cay c6 gbc dugce sap thi ty 7' 1a 3.4.5.2.4.
(a) v nim & mitc nao?
(b

Dia chi ctia dinh cha cta v 1a gi?

)
)

(c) S6 lugng dinh anh em it nhat ma v c6 thé c6 1a bao nhiéu?

(d) Néu v c6 dia chi nhu trén, s6 lugng dinh nhé nhat c6 thé cé trong T 1a bao nhieu?
)

(e) Tim cac dia chi khdc ma bat buoc phai xuét hien trong cay.

2Thit tu bang chit (alphabetical order) cai chinh la thit tu tit dién (lexicographic order) dugc a4p dung véi cac chit cai
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Bai tap 7.72

Liét ké cac dinh clia cay sau bang cach duyét theo
(a) tién thi ty,

(b) trung tha ty, va

(¢) hau tht tu.

(1)
ONNO
ONONONO

Hinh 7.30: Minh hoa Bai 7.72.

Bai tap 7.73
(a) Biéu dién biéu thiic ((x 4+ 2) 1 3) * (y — (3 + x)) — 5 bing cay nhi phan
(b) Viét bidu thitc nay & dang tién t6

) Viét biéu thitc nay ¢ dang hau to

)

(c

(d) Viét bidu thitc nay & dang trung t6

Bai tap 7.74

Vé cay co goc dudce sap thit tir tuong tng véi mdi biéu thitc s6 hoc duge viét ¢ dang tién t6 sau day. Sau
do6 viét méi bidu thic & dang trung t6.

(a) + %+ — 53214
(b) t+ 423 —51
(c) */93 + %24 — 76

Bai tap 7.75

Gi4 tri ctia mdi bidu thic tién tb sau 1 bao nhieu?

(a) — %2/843

(b) 1 — 33 % 425

(c) +—132123/6— 42
(d) *+3+313+333
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Bai tap 7.76

Gi4 tri ctia mdi bidu thic hau t6 sau 1a bao nhieu?
(a) 521 — =314 + +x

(b) 93/5+ 72 — x

(c) 32%x2153—84/*—

Bai tap 7.77

Tim mot cay bao trim nhé nhét ctia do thi trong Hinh 7.31 bang cach s dung

A C
O

6

w

| —
o/

4 |4
O—F0C—=F0
g h 1

Hinh 7.31: Minh hoa Bai 7.77.

(a) thuat toan Prim

(b) thuat todn Kruskal

Bai tap 7.78

Chitng minh ring mot do thi G = (V, E) la mot cay khi va chi khi G khong ¢6 chu trinh va véi moi cap
dinh u,v € V théa man uv ¢ E, dd thi G + uv ¢6 chinh xac mot chu trinh

Bai tap 7.79

Cho T = (V, E) 1a mot cay. Goi A 1a bac 16n nhat ctia mot dinh trong T', nghia la, A = max,cy deg(v).
Chitng minh réng T c6 it nhat A dinh bac 1

Bai tap 7.80

Mot riing bao gom n dinh va ¢ cay (mdi cay la mot thanh phan lién thong ctia ritng) c6 bao nhiéu canh?

Bai tap 7.81
Dinh 1y 7.8. Mot cday m-phan day di vdi
(i) n dinh c6 i = (n— 1)/m dinh trong va £ = ((m — )n+ 1)/m dinh ld;
(i) i dinh trong c6 n=mi+ 1 dinh va £ = (m —1)i + 1 dinh ld;
(iii) £ dinh ld c6 n = (ml—1)/(m —1) dinh vai= (£ —1)/(m — 1) dinh trong
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(a) Chting minh rang moi cay m-phan day da (m > 1) véi ¢ dinh trong c6 chinh xac n = m -4+ 1 dinh.

(b) Sit dung phan (a), hiay chiing minh Dinh ly 7.8.

Bai tap 7.82

Chitng minh réing v6i moi m > 1, ¢6 nhidu nhat m” dinh 14 trong mot cay m-phan c¢6 do cao h. (Gdi ¥:
Quy nap theo h.)

Bai tap 7.83

V6i moi m > 1, chiing minh riing trong mot cay m-phan c6 £ dinh 14 va ¢6 do cao h, ta c¢6 h > [log,, {]

Bai tap 7.84

Cho thuat toan xay dung cay tim kiém nhi phan sau:
Dau vao: Danh sach cac phan tit L = [ki, ko, ..., k]
Pau ra: Cay tim kiém nhi phan T

1. Thu tuc CreateBST(L): (Tao cay tim kiém nhi phan tit danh sach L)
e Khdi tao T 1a cay réng v6i mot dinh gbc r
e Gan key(r) =k
e V6i mdi i tit 2 dén n: Goi thit tuc Insert(T, r, k;)
o Tra ve T
2. Thu tuc Insert(7, v, k): (Cheén phan tit (c6 khoa bang) k vao cay T véi goc v)
e Néu k < key(v):
— Néu v ¢6 con trai: Goi dé quy Insert(T, con trai clia v, k)
— Ngugc lai: Tao dinh méi w véi key(w) = k va thém w lam con trai ctia v
e Néu k > key(v):
— Néu v ¢6 con phai: Goi dé quy Insert(T, con phéai clia v, k)
— Ngugc lai: Tao dinh méi w véi key(w) = k va thém w lam con phéi cia v
Tu thi tuc Insert(T, v, k), hdy viét mot thuat toan dé quy tim kiém mot phan t1t ¢6 khéa bang k
trong cay tim kiém nhi phan T véi gbc v vi néu khong tim dugce thi chén mot phan t& méi c6 khéa bing

k vao cay T va tra lai vi trf clia phan tt méi nay. (Ggi y: Mot phién ban khong dé quy ctia thuat toan
nay 1a [7, Thuat toan 1, Trang 795])

Bai tap 7.85

Hay mo t4 cic cay bao triim xuét ra bdi thuat todn tim kiém theo chiéu rong va thuat toan tim kiém
theo chiéu sau khi chay trén do thi day du K, véi n 1a s6 nguyén duong nao doé

Bai tap 7.86
Cho T = (V, E) la mot cay véi |[V| > 1. Gia st néu v 1a mot dinh lién ké v6i mot dinh bac 1 trong 7 thi

degr(v) > 3. Chiing minh ring ton tai hai dinh bac 1 trong T’ ¢6 chung mot dinh lién ké v6i hai dinh
do
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Bai tap 7.87

Chitng minh rang néu 7' 1a mot cay bao trum ctia G = (V, E,w) xuat ra bdi thuat toan Kruskal thi 7' 1a
cay bao triim nhoé nhat (Gdi y: xem lai chiing minh tinh ding din ctia thuat toan Prim.)

Thuat toan 7.1: Thuat toan Kruskal
Input: G = (V, E,w): do thi lién thong vo hudng c6 trong sb
Output: Mot cay bao trium nhé nhat T’ clia G
T := do thi rdng (khong c6 dinh va canh)
fori:=1ton—1do
L e := mot canh c6 trong s6 nhé nhéat théa man T + e khong c6 chu trinh
T:=T+e

return 7T’

AW N

%]

Bai tap 7.88
Can it nhat bao nhiéu lan can bing can dia dé tim mot dong xu gia trong s6 bén dong xu néu dong xu

gi& c6 thé ning hon hodc nhe hon cac dong xu khac? Mo td mot thuat toan dé tim dong xu gid bing s6
lan can nay
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CHU DE 8
‘7 Dai s6 Boole

Bai tap 8.1

Tinh 1-04 (0+1)

Bai tap 8.2

Dich tuong duong logic (T A T) V —F = T sang mot ding thitc trong Dai s6 Boole.

Bai tap 8.3

(a) Lap bang gia tri clia cdc ham Boole sau:
(1) F(z,y,z) =xyz + TYZ.
(2) F(z,y,2) = z(yz + §2).

(b) Biéu dién mdéi ham & phan (a) trén mot khéi lap phuong Q3 bing cach danh dau céc dinh tai do
ham dat gia tri 1.

Bai tap 8.4

St dung luat De Morgan, ta c6 thé biéu dién phép toan + theo hai phép toan - va ~, tit dé c6 thé biéu
dién moi ham Boole bing mot biéu thiic chi chita hai phép toan d6. Hay tim mot biéu dién nhu vay ciia
cac ham sau:

(a) F(z,y)=x+y
(b) F(z,y,2) =z(x+7) + 2

Bai tap 8.5

St dung luat De Morgan, ta c6 thé biéu dién moi ham Boole bing mot biéu thitc chi chita hai phép toan
+ va ~. Tim mot bidu dién nhu vay cla cac ham sau:

(a) F(z,y) =7y
(b) F(aj?yvz) :m—&—g(fc—i—z)
Bai tap 8.6

Vé cac mach t6 hop c6 dau ra

(a) Z(y +2) b) (x4+y+2)(T+7+2)
Bai tap 8.7

C6 tat ca bao nhiéu ham Boole bac n khac nhau?

Bai tap 8.8

Biing cach sit dung bang dé biéu dién cac ham Boole, hiy chitng minh luat phan phéi x+yz = (z+y)(z+2).
(Ggi y: Xem lai cach sit dung bang chan tri trong logic ménh dé.)

Bai tap 8.9

Bing cach sit dung déng thiic quan trong khac trong Bang 8.1, hay chiing minh luat hap thu z(z+y) = =.
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Tén goi Dang thiic Tén goi Ding thiic
Lugt phan bt kép T==1x Luat liy déng r+r=z,0-x=2
Luat dong nhat z+0=z,z-1=2x Luat nudt z+1=12-0=0

Luat giao hoan

rT+y=y+z, xy=yr

Luat két hop

(z+y)+z =2+ (y+2),
x(yz) = (zy)z

Luat phan phdi r4yz = (z+y)(z+2), Luat De Morgan (xy) =T+7,
z(y+2) =zy+az (x+y) =77
Luat hap thu T+ Yy =17, Tinh chat don vi r+zT=1
z(x+y) ==
Tinh chat khong 2T =0

Béng 8.1: Mot s6 hing dang thiic quan trong trong Dai s6 Boole

Bai tap 8.10

Tim mot biéu dién ctia ham Boole F(z,y, z) biét ring F nhan gia tri 1 khi va chi khi:

(a) c6 ding 2 trong 3 bién x,y, z nhan gid tri 1.

(b) ¢6 mot s6 chéin bién nhan gia tri 1.

Bai tap 8.11

Tim biéu dién dudi dang téng ciia céc tiéu hang (minterm) clia cAc ham sau:

(a) F(z,y,2) = (z+2)y
(b) F(z,y,2) =xy+yZz
Bai tap 8.12

Chitng minh ring

(a) T=z |z

(b) zy=(z]y)|(z|y)
() z+y=(=|z)|(yly)
Bai tap 8.13

Chiing minh ring

(a) T=xlx

b)) zy=(lz)l(yly)

() z+y=(zly)l(zly)

Bai tap 8.14

Diing s6 dd Karnaugh va phuong phap Quine-McCluskey dé rit gon céc khai trién tong céc tich sau

(a) 2yz+2YZ+Tyz +TYZ

(b) 2Pz + 2yZ+Tyz +TY2 +TYZ

(¢) zyz+xyZ+ayz + 2yz+TYyz +TY2 + TYZ

Bai tap 8.15

Doi khi mot hé théng den ¢b dinh duge diéu khién bdi hai hay nhiéu cong tdc. Cac mach dién can duge
thiét ké sao cho khi 4n mot cong tic bat ky thi hé thong dén dang bat sé tit va hé théng deén dang tat
sé bat. Hay thit thiét ké mach theo yéu cau véi ba cong tac.
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