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Logic ménh dé
Ménh dé

Lagic va Chiing minh

Hoang Anh Biic

Ménh dé

Mot ménh dé (proposition) 1a mét phat bidu dtng (True) hodc| = -
sai (False), chi* khong thé vira ding vira sai

v/ Ha Nbi 1a th( d6 cla Viét Nam
v 1=29
vV 134+ 493 = (20 +25)2 = 2025

v/ Moi sb chan In hon hoac bang 4 Ia t8ng cla hai s
nguyén to (Gia thuyet Goldbach)

K My gio roi? [Cau hdi]
® Hay doc quyén sach nay [Ménh 1&nh]
® Thoi tiét hom nay lanh qua [Y kién, Cam than]

Xor1=2 [Dlng/sai tly vao z]
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Légic ménh dé

Ménh dé
B‘a] tép 1 Lagic va Chiing minh
A < A < A A 2 Hoang Anh Biic
Cau nao sau day la mét ménh dé?
1) Trai D4t Ia mot hanh tinh

2
3
4) Hém nay trGi mua

(

(2) 1+2

(3)

(4)

(5) Ban c6 néi tiéng Anh khong?
(6)

(7)

(8)

(9)

1+2=3

6) z+y=>5

7) A hahahaha

8) Hay dua cho t6i quyén séch kia

9) Rét t6t!
(10) Néuz =3,y =4,z = 5 thi 22 + ¢% = 22
Bai tap 2

Khang dinh “Phat biéu nay 1a sai” cé phai la mét ménh dé 1dgic
hay khéng? Vi sao? .



Logic ménh dé

Todn ti 16gic va bang chan tri

Lagic va Chiing minh

m Ta thudng st dung cac chi¥ céi p, ¢, 7, s, ... dé ky hiéu cac
ménh dé

m Ménh dé ding c6 gid tri chan ly diing T (True). Ménh dé
sai ¢6 gia tri chan ly sai F (False)

m Ménh dé phiic hop (compound proposition) dugc xay
dung bang céach t6 hap mot hodc nhiéu ménh dé thong
qua cac todn tir Iégic (logical operators). Ngugc lai, ménh
dé nguyén ti (atomic proposition) khéng thé biéu dién
dudgc qua cac ménh dé don gian hon

Pha dinh NOT

Hoang Anh Biic

Toén tif 1dgic va bang chan
tri

Phép hoi AND A
Phép tuyén OR vV
Phép tuyén loai XOR ©
Phép kéo theo IMPLIES | —
Phép tuong duong IFF “

m Mbi quan hé giita cac gid tri chan ly clia cac ménh dé
dudc thé hién thong qua bang chén tri (truth table)
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Logic ménh dé

Toan ti 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Biic

m Phii dinh (negation) cia ménh dé p, ky hiéu —p hoac p, |a
ménh dé “khéng phai la p”. Gia tri chan ly —p = T khi va
chikhip— Fva—p— F khivachikhip—T

m VGip :=“2 13 s6 chan” thi —p := “2 khong |a sb chin”
m Bang chan tri

p | P
T[F
FIT
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Logic ménh dé

Toan ti 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Biic

m Hoi (Conjunction) clia hai ménh dé p va ¢, ky hiéu p A ¢
hoac pg, la ménh dé “p va ¢”. Gid tri chan ly p A ¢ = T khi
va chi khi ca p va ¢ déu nhan gia tri T, va trong cac trudng ‘
hgpconlaipAg=F
m VGip :=“2 12 s6 chan” va q := “2 la s6 nguyén t6” thi
p A q:="2lasoéchanva2laso nguyén t0”
m Bang chan tri

mmH A
m AR
mmm—>
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Logic ménh dé

Toan ti 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Biic

m Tuyén (Disjunction/Inclusive Or) cla hai ménh dé p va ¢,
ky hiéu p v ¢ hodc p + ¢, 1a ménh dé& “p hodc ¢". Gia tri
chan ly p vV ¢ = F khi va chi khi ca p va ¢ déu nhan gia tri F,
va trong céc truong hopconlaipvg=T
m VGip :=“2 12 s6 chan” va q := “2 la s6 nguyén t6” thi
pV q:="“2lasé chan hodc 2 la s nguyén t0”

m Bang chan tri

mmH A
M= TR
mHHH<

68



Logic ménh dé

Toan ti 16gic va bang chan tri

Logic va Chiing minh
R Hoang Anh Biic
m Tuyén loai (Exclusive Or) clia hai ménh dé p va ¢, ky hiéu
p @ ¢, la ménh dé “hodc p hodc ¢”. Giatrichanlyp® ¢ =T e
khi va chi khi chinh x4c mét trong hai ménh dé p va ¢ nhan (0) gt i
gia tri T, va trong cac truong hgp conlaip® g =F
m VGip :=“21a s6 chan” va ¢ := “2 1a s6 nguyén t&” thi
p ® q := “Hodc 2 12 s6 chan hoac 2 1a sb nguyén t6, nhung
khéng phai ca hai”

m Bang chan tri

Plqg|pDg
T[T| F
TIF| T
FIT| T
FIF| F

mChuy:Khip=Tvag=Tthip+q¢g=Tnhungp®qg=F
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Logic ménh dé

Toan ti 16gic va bang chan tri

Logic va Chiing minh

m Ménh dé kéo theo (implication) p — ¢, V6i p, ¢ 1a hai ménh
dé cho trudc, 1a ménh dé “néu p, thi ¢”. Gia tri chan ly
p — g = F khi va chi khi p = T va ¢ = F, va trong moi
trubng hdp con Ial p—q= T Toan it I6gic va bang chan

Hoang Anh Biic

tri

m Ta goi p la “gia thiét (hypothesis)” va ¢ 1a “két luan
(conclusion)”. Ta ciing néi “p 1a diéu kién du (sufficient) cho
¢" va “q 1a diéu kién can (necessary) cho p”
m V6ip :=“21a s6 chan” va ¢ := “2 1a s6 nguyén t&” thi
p — ¢ := “Néu 2 la s chan, thi 2 1 s6 nguyén t6”
m Bang chan tri

pPla|pP—4q
T(T| T
T|F| F
FIT| T
FIF| T

m Chu y: Gilta p va q khdng nhat thiét co quan hé nguyén
nhan-két qua. Vi du, p — q = F khong nhat thiét la “tir p
khéng suy ra ¢” madon gidnchilap =Tvaqg=F
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Logic ménh dé

Toan ti 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Biic

0 Toan tif 1bgic va bang chan

m TU p — ¢ ta c6 thé xay dung mot s6 ménh dé méi
m ¢ — pla ménh dé dao (converse) clia p — q
m —q — —p |12 ménh dé phan dao (contrapositive) clia p — q
m —p — —q 1a ménh dé nghich ddo (inverse) clia p — q
m Vidu véip — ¢ :=“Néu 2 1a sb chan, thi 2 1a sb nguyén t6”
B ¢ — p:=“Néu 2 1a sb nguyén 6, thi 2 1a s6 chan”
m —¢ — —p := “Néu 2 khong |2 s6 nguyén t6, thi 2 khong 1a sb
chén”
m —p — —¢ := “Néu 2 khdng la sb chén, thi 2 khéng 1a sb

An

nguyén to
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Logic ménh dé

Toan ti 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Biic

m Ménh dé tuong duong (bi-implication) p < ¢, V6i p, ¢ 1a hai
ménh dé cho trudc, la ménh dé “p khi va chi khi ¢”. Gia tri 1 gk A g chén
chan ly p <+ ¢ = T khi va chi khi p va ¢ nhan cung gia tri,
va trong cac truong hgp khac p <» ¢ =F
m V6ip :=“21a sb chn” va ¢ := “2 1a s6 nguyén 16", ta c6
p < q == “2 12 s6 chan khi va chi khi 2 1a s6 nguyén t6”

m Bang chan tri

plalpeg
T(T| T
T|F| F
FIT| F
FIF| T
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Logic ménh dé

Toan ti 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Biic

m Téng két cac toan i I6gic da dé cap

plal-p[pha][pVal[p®a[p—a]ptg
T(T[F | T | T F T T '
TIF|F| F | T | T F F

FIT|T| F | T | T T F

FIF| T| F F F T T

m Todn tl — dudgc goi la mét todn tr mét ngdi (unary operator)
m Cactoan tl A, Vv, @, —, <+ dudc goi la cac toan tir hai ngoi
(binary operator)

m Thi? tu v tién cla cac todn t 16gic trong mot ménh dé
phiic hgp: —, A, V, —, <. Nén st dung ngoac don “(” va “)”
dé xac dinh thi ty uu tién

m —p A g nghia la (—p) A ¢ chit khéng phai —(p A q)
m pAqg— rnghiala (p Agq) — rch khéng phaip A (g — 7)
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Logic ménh dé

Toan ti 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Biic

Bai tap 3
Cho cac ménh dé p := “Toi mua mét vé x5 s6 Vietlott” va ¢ =

“Toi tring giai ddc biét 200 ty VND”. Hay m6 ta bang cau théng
thudng cac ménh dé phirc hop sau:

(@) —p (e) prq

(b) pVq (f) =p— —q
() p—q (9) -pA—q
(d) pAg (h) =pV(pAq)
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Logic ménh dé

Toan ti 16gic va bang chan tri

Logic va Chiing minh

Vi dU 1 Hoang Anh Buc
Xay dung bang chan tri cho ménh dé (p v —q) — ¢
P q —q P V, —q (p V _\q) g ° I’oa'n 1l 16gic va bang chan
T| T F T T
T F T T F
FIT|F F T
FIF| T T F
Vidu2
Xay dung bang chan tri cho ménh dé (p < ¢q) & —(p @ q)
Pl a|peg| pog| ~(pdq | (g« (s
T| T T F T T
T|F| F T F T
FIT] F T F T
FIF| T F T T
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Logic ménh dé

Toan ti 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Biic

Toan tif lgic va bang chan
Bai tap 4
Xay dung bang chan tri cho cac ménh dé ¢ — p, ~¢ — —p, va

plal»|[-a[p—ala=p|[-g—=-p|-pr—g
T[T T
TI|F F
FIT T
FIF T
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Logic ménh dé

Logic va céc toan ti bit

Légic va Chiing minh
Hoang Anh Biic
m Mot bit (binary digit = chit sb nhi phan) cé gid tri 0 hodc 1 ‘
m S dung bit dé biéu dién gid tri chan Iy: 1¢ho TVA0 Cho F () cvmins
m MGt chudi nhj phan d dain la mot day sap thi tu
13 ...z, trong dé moéi z; la mot bit (1 <7 < n).

m Viduy, 1001101010 la mét chudi nhi phan dé dai 10

m CAc toan t bit: = (NOT), A (AND), v (OR), & (XOR)

r|ly|T|xzANy |xzVy | 2Dy
1(1/(0 1 1 0
1]10]0 0 1 1
0111 0 1 1
0101 0 0 0
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Logic ménh dé

Légic va cac toan tu bit

Logic va Chiing minh
Hoang Anh Biic

Tinh todn véi chudi nhi phan: thuc hién theo ting bit
BT T, = (T1) .. (Th)
B2 ... Ty Ay Yn = (T1AY1) oo (T AYn)
B2 ... 2, VY1 Y= (@1 Vy1)...(Tn Vyn)
B2 ... 2, DY Yn= (21D Y1) - (T D Yn)

n

ap 5

11010 =
11010 v 10001 =
11010 A 10001 =
11010 & 10001 =

Légic va cac toan tf bit

Bai

Q:
—

(a

(b
(c
(d

vvvv

68



C4ac ménh dé tuong duong

Phan loai ménh dé

Légic va Chiing minh
Hoang Anh Biic
m Mot hang ding (tautology) 1a mot ménh dé phiic hop ludn
ludn dding véi moi gid tri chan Iy clia cdc ménh dé thanh
phan
m Ky hiéu T
[ p vV -p @ Phan loai ménh dé
m Mot mau thuén (contradiction) 1a mdt ménh dé phiic hop
luén ludn sai véi moi gia tri chan ly clia cac ménh dé thanh
phan
m Ky hiéu F
mpA-p
m Mot tiép lién (contingency) 1a mdt ménh dé phiic hop
khong phai la hang ding ciing khdng phai 1a mau thuan
m(pVg) —>r
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Céc ménh dé tuong duaong

Tuong du’dng l6gic

Lagic va Chiing minh
Hoang Anh Biic

m Ménh dé phuc hop p tuong duong légic (logically
equivalent) véi ménh dé phtic hap g, ky hiéu p = ¢ hodc
p < ¢, khi va chi khi ménh dé p < ¢ la mét hang ding

m Chu y: p va q la tuang duong 16gic khi va chi khi p va ¢
cuing nhan mét gia tri chan ly gibng nhau trong méi hang
tuong ing clia cac bang chan tri clia ching

Q Tuong duong logic
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C4ac ménh dé tuong duong

Tuong duong logic

Logic va Chiing minh
Hoang Anh Biic

Vidu 3
Chitng minh rang —

—

p A q) = —pV —q (ludt De Morgan)

plalpra]»[-q]=pVaqg]=@Aq .
TIT T F F F F @ Tuong duong logic
TIF| F|F[T] T T

FI| T F T F T T

FIF| F T T T T

Baitap 6
Chiing minh céc tuang duong l16gic sau bang bang chan tri
@ pog=p@A-qV(pAqg () p&g=pmVaA-(pPAq)
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C4ac ménh dé tuong duong

Tuong duong logic

Logic va Chiing minh

M6t sO tuong duang lbgic quan trong Hoéng Anh Bifo
Tén goi Tuong duong logic

Luat dong nhat pANT=p
(Identity laws) pVF=p
Luat nudt pVT=T

(Domination laws) pANF=F ruena s e

Luat Ity dang pVP=p e
(Idempotent laws) PAP=D

Luat phti dinh kép

(Double negation laws) ~(p)=p
Luat giao hoan pVqg=qVp
(Commutative laws) PAG=qAp
Luat ket hop (pVqg)Vr=pV(qVr)
(Associative laws) A AT=DpA(qAT)
Luét phan phoi pV(gAr)=(pVg A(pVrT)

(Distributive laws) | pA (g V) = (pAq)V (pAT)
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C4ac ménh dé tuong duong

Tuong duong logic

Logic va Chiing minh

Mét sb tuong duong 16gic quan trong (tiép) Hoang Anh Dic

Tén goi Tuong duong logic
Luat De Morgan =(pAq)=-pV—q
(De Morgan’slaws) | —(pV¢q) =-pA g

Luat hap thu pV(pAg) =p
(Absorption laws) pA(PVqg =p Tuong auong e
Luat pha dinh pV-p=T
(Negation laws) pA-p=F

Chu y: Trong bang céac tuang duang l6gic quan trong & trén, T
la mot ménh dé phuic hop ludn diing (hang ding) va F 1a mot
ménh dé phuc hgp ludn sai (mau thuan)

Baitap 7

Chitng minh céc tuong duong l8gic quan trong néu trén bang
cach 1ap bang chan tri
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C4ac ménh dé tuong duong

Tuong duong logic

Logic va Chiing minh
Hoang Anh Biic

Vidu4
Chiing minh —(p V (=p A q)) va —p A =g la tuong dudng I6gic
bang cach st dung céc tuong duong légic da biét

~(pV (~p A @) =~((pV-p) A(pV¢) Luétphan phoi
=-(TA(pVQq) Luat phti dinh
=-((pvqg AT) Luat giao hoan
=-(pVq) Luat ddng nhat
=-pA—gq Luat De Morgan

Bai tap 8
Kiém tra lai vi du trén bang cach 1ap bang chan tri
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C4ac ménh dé tuong duong

Tuong duong logic

m M6t sb tuong duong logic lién quan dén phép kéo theo

1) p—=qg=-pVyq

W 6) p=A(pp—=r)=p—=(gAT)
@) p—=qg=—qg—p B

7 p=r)AN(@g—=71)=(OVq =T
B) pvg=-p—gq
(@) pAg=(p—s —q) @8 p=qVvp—=r)=p—=(qVr)
5) Q) (p=r)V(@g—=r)=0mAq) =T

5 (p—HI)—pAw

m Mot sb tuong duong logic lién quan dén phép tuong
duong
(10) pa=pP—=>9 N (qg—p)
(1) peg=-pe g
(12) p<rg=PAq@)V (=pA—q)
(13) ~(p+a)=p< g

Baitap 9
Chitng minh céc tuang duong l8gic trén bing cach lap bang
chan tri ho&c sl dung cac tuong duong logic da biet

Logic va Chiing minh
Hoang Anh Biic

@ Tuong dudng Iogic
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C4ac ménh dé tuong duong

Tuong duong logic

Logic va Chiing minh
Hoang Anh Biic

Vidu5
Chding minh (p A q) — (p V ¢) 1a mét hang duing

(Phg) = (Va)=-(pAg)V(pVvg) Tip—sqg=-pVq ran ot
(-pV—q)V(pVq) LuatDe Morgan

=(pV-p)V(gV—q) Luatgiao hodan, két hop
=TVvT Luat phti dinh
=T Luat nubt
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C4ac ménh dé tuong duong

Tuong duong logic

m MOt tap C céc todn t 16gic dugc goi la day du (functionally | e rom
complete) néu méi ménh dé phiic hop tuong duong véi e
mot ménh dé phiic hap chi st dung cac toan ti trong C

m C={-,A,V}lamottap (cac toan t 16gic) day dl

Vidu 6
Tim moét ménh dé tuong duong cla p <+ ¢ chi st dung cac
todn i —, A,V (25) Teong suong e
m Ung v6i moi hang co gid tri
T §cot p < ¢, ta tim mot Pl g |pgq
biéu thiic chi diing vdi cac Ty T PAg
gid tri cua p va q d hang TIF F
dé, va sai véi moi gid tri FIT| F
khéc. FIFL T | -»pA—g
B p < ¢ dung khi it nhat mét (PAQ)V (=p A—q)

biéu thiic trén cé giatiT
Chu y: Phuong phap st dung trong vi du trén c6 thé &p dung
vGi moi ménh de phtic hop. Ménh dé thu duoc goi la dang
tuyén chudn tac (disjunctive normal form - DNF) o



C4ac ménh dé tuong duong

Tuong duong logic

m MOt tap C céc todn t 16gic dugc goi la day du (functionally | e rom
complete) néu méi ménh dé phiic hop tuong duong véi e
mot ménh dé phiic hap chi st dung cac toan ti trong C
m C={-,A,V}lamottap (cac toan t 16gic) day dl
Vidu 6
Tim moét ménh dé tuong duong cla p <+ ¢ chi st dung cac
todn i —, A,V (25) Teong suong e
m Ung v6i moi hang co gid tri

F & cot p < ¢, ta tim mot Pl |peyg
biéu thiic chi sai vdi cc T T T
gid tri ctia p va q & hang TIF F —pVyq
dé, va dung vdi moi gia tri FIT F pV g
khac. FIF] T

m p < ¢ sai khi tat c4 biéu (=pV q) A (pV =q)

thirc trén c6 gia tri F
Chu y: Phuong phap st dung trong vi du trén c6 thé &p dung
vGi moi ménh dé phiic hgp. Ménh dé thu dudc goi la dang héi
chuén tac (conjunctive normal form - CNF) o



C4ac ménh dé tuong duong

Tuong duaong légic

N > 7 A o b Lagic va Chitng minh
.[ Tim CNF/DNF su’ dung cac twvong duong logic da biet ]— ioangAnh fm
m “Kh("” ®, —, va < bing céc tuong duong logic da biét

Bp—>qg=-pVg

mpoqg=(@—q9A(Q—0p)

Bp®g=(pA-q)V(-PAq)
m Gidm “pham vi” clia cac dau pht dinh - théng qua luat De Morgan

va luat pha dinh kép

m Chuyén sang CNF hoac DNF bang cach st dung cac luat phan phoi Tuong duong legi
va két hgp )
Vidu7
TimCNFclapVg—rAs
pVg—=rAs=-(pVq) V(rAs) Khir —
=(-pA-q)V(rAs) Luéat De Morgan
=(-pV (rAs)A(=qV(rAs)) Luat phan phéi

(FpVT)A(=pV ) A((mgVr)A(-qVs)) Luat phan phéi
“pVT)A(mpVs)A(=gVr)A (=g V s) Luat két hop

(
(
(
(
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C4ac ménh dé tuong duong

Tuong duong logic

B‘al té.p 1 0 Logic va Chiing minh
Trong rét nhiéu ngdn ngi lap trinh, céc gia tri chan Iy True va False Hoang Arn B
duac biéu dién tuong ing thdng qua cac sb 1 va 0. Vi du nhu, trong

Python, CA40 == False Va1 == True déu c6 gia tri True. Do d6, trén

thuc té, chung ta c6 thé thuc hién cac phép toan s6 hoc (cong, trir,

nhan, chia) véi cac g|a tri chan ly! Thém vao dé, trong rat nhiéu ngén

ngit lap trinh (bao gdbm Python), bét ky th(t gi khac False (hay ndi

cach khéc, bat ky thir gi khac 0) déu c6 thé coi Ia True khi X6t CAC bIEU (o) rumgaero e
thire lién quan dén diéu kién, vi du nhu if 2 then X else Y sé chay

va thuc hién X.

Gia st x va y 1a c4c bién Boole trong mdt ngdn ngit 1ap trinh ma True

va False tuang (ing 1an luot vai 1 va 0. (Nghia 1, gid tri cllax va y 1a 0

ho&c 1.) M&i doan méa sau day bao gdbm mét diéu kién dua trén x, v,

va cac phép todn sb hoc (cong, trlr, nhan, chia). Hay viét lai cac diéu

kién nay st dung ngdn ngit cla légic ménh dé.

(@) if x x y ...

(b) if x +y ...
(c)if2-x-y ...

(d) if x * (1 - y) .
(e)ifx*(l—y)+(1—x)*y...
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C4ac ménh dé tuong duong

Tuong duong logic

Baitap 11

Tim CNF hodc DNF clia cac ménh dé

(@) p®gq (c) -p®—q

(b) p—q d) p®q) V(p®—q)
Bai tap 12

Tap céc todn tl 16gic C sau c6 day di khong? Vi sao?

(@) C={~A} (b) € ={~,V} () C={A,V}

Baitap 13

Cho p, ¢, r la cac ménh dé nguyén tr. Hay s dung cac ménh

dé trén va céc todn tlr 16gic —, A, V dé biéu dién ménh dé sau
“It nhat hai trong ba ménh dé p, ¢, 1a diing”

Bai tap 14

Chirng minh céc tuong duaong légic sau

@ ~(p®g =p<q

() w—=(@—=r)=q—(pVr)

Logic va Chiing minh
Hoang Anh Biic

@ Tuong dudng Iogic
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Logic vi tu

Vit

Lagic va Chiing minh

Hoang Anh Biic

M6t vi tir (predicate) 1a m6t ham ménh dé (propositional
function) (tit tp cac doi tugng den tap cac ménh dé) mé ta
thudc tinh clia cac doi twgng va moi quan hé gitta ching

m Céc bién (doi tugng) thuding dugc ky hiéu béi cac chir cai
z,y,2,... va co the dugc thay the bang cac gia tricu thé () vw
tlr mot mién xac dinh (domain) D tuang Ung cho trudc b

m Céc chitin hoa P,Q, R, ... thudng dugc dung dé ky hiéu
cac ham ménh dé (vi tir)

m V6in > 1,tagoi P(x1,...,2,) & vi tr (n-ngdi) ((n-place)
predicate) xac dinh trén miénD = D; x --- x D, néu
P(ay,...,a,) la mdt ménh dé véi bd (ay,...,a,) bat ky
trong D (ay € D1, ...,a, € D,)
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Logic vi tu
Vit
Vidu 8
m P(z) :=“zI6n hon 3" (P := “I6n hon 3" va = la mot bién)
VvOi z la so tv nhién. P(z) la vi t xdc dinh trén mién D = N
m Q(z,y,72) := "z cho y diém 2" vGi z,y |a tén riéng va = la s6
ty nhién. Q(z,y, z) la vi tir xdc dinh trén mién
D=TxT xNtrongdoT latap cac tén riéng
m P(z) khdng phdi la ménh dé nhung P(3) la ménh dé.
Q(x,vy, 2) khéng phai la ménh dé nhung Q(Ty, Teo, 10) la

ménh dé
Bai tap 15
P(z) :=“z > 0" la vi tf x4c dinh trén mién D = Z. Tim gia ri
chan ly clia cac ménh dé sau
(@) P(3)vP(-1) (c) P(3) = P(-1)
(b) P(3) A P(-1) (d) P(3) = ~P(-1)

Logic va Chiing minh
Hoang Anh Biic

Vit
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Logic vi tu

Lugng tir

Lvong tw

Luong tir (quantifier) (vi du nhu tat cd, nhiéu, mét s6, khéng
co, v.v...) thuong dugc s dung vdi vi tir dé dinh lugng (dém)
céac doi tugng (bién) “thda man” vi tir do

m Hai luong tU quan trong nhat

Lvong tv Ky hiéu
vGi moi (universal quantifier) v
ton tai (existential quantifier) 3

[ Vm P(x) nghia & “vdi moi gia tri clia = trong mién xéc dinh
P(z) dung”
] H:c P(x) nghia | “ton tai gia tri cla = trong mién xac dinh
D (nghia 1a ¢6 thé cé mot hodc nhiéu gia tri thda man),
P(zx) dung”
P(x) khéng phai la ménh dé nhung Yz P(x) va 3z P(z) la
ménh dé

68

Lagic va Chiing minh
Hoang Anh Biic

Luong tir



Logic vi tu

Lugng tU “véi moi”

Logic va Chiing minh
Hoang Anh Biic

m Va P(z): vdi moi gid tri cia = trong mién x&c dinh D, P(x)
dung
m Vz P(z) la
m diing néu P(x) ding véi moi = trong D
® sai neu P(z) sai véi it nhat mét gia tri cQa x trong D
m VGi D =Rva P(z) := “z® > 0", ménh dé Vz P(x) ding
m V6i D =Rva P(z) :=“z? — 1 > 0", ménh dé Vz P(z) sai
m Mot phan vi du (counterexample) clla ménh dé vz P(z) 1a
mot gia tri « trong mién D sao cho P(zx) sai
m Néu D = () thi ménh dé Vz P(z) ding
m Néu ¢ thé liét ké tht ca cac phan ti clia D, vi du nhu
T1,T2, ..., Ty, thl Vo P(x) tuong duong logic véi

Lugng tir

P(x1) ANP(xa) A+ N P(xy)
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Logic vi tu

Lugng tUr “ton tai”

Logic va Chiing minh
Hoang Anh Biic
m 3z P(x): t6n tai gia tri cﬁa\x trong mién xac dinh D (nghia
la ¢ thé cé modt hodc nhiéu gid tri thda man), P(z) ding
m Jz P(x)
m diing néu P(z) diing véi it nhat mét = trong D
m sai néu P(z) sai véi moi z trong D .
®m V6i D =R va P(z) := “z> = 2", ménh dé 3z P(x) ding
m VGi D =Zva P(x) := “z? = 2", ménh dé 3z P(z) sai
m Néu D = () thi ménh dé 3z P(x) sai
m Néu c6 thé liét ké tht c& cac phan & clia D, vi du nhu
T1,T2,..., Ty, thi 3z P(z) tuong duong légic véi

Q Lugng tir

P(xz1)V P(xa) V-V P(xy,)
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Logic vi tu

Lugng tUr

Vidu9
M6 t& cau “Tat c sinh vién trong I6p nay da hoc mén Lap trinh
Java” bang vi tUr va lugng tu

m J(z) := “z da hoc mén L&p trinh Java”

m Néu D |a tap cdc sinh vién trong I6p nay Va J(x)
m Néu D |a tap tat cd moi ngudi. Bat S(z) := “z |a sinh vién
trong 16p nay” Vo (S(x) — J(x))

Chu y: Tai sao khong phai 1a Va (S(x) A J(z))?
Vidu 10

M6 ta cau “Mat s6 sinh vién trong 16p nay da hoc mén Lap trinh
Java” bang vi ti va lugng tur

m J(x) := “z da hoc moén Lap trinh Java”

m Néu D |a tap cdc sinh vién trong I6p nay Iz J(z)

m Néu D |a tap tat cd moi ngudi. D&t S(z) := “z |a sinh vién
trong I6p nay” Jz (S(z) A J(x))

68

Logic va Chiing minh
Hoang Anh Biic

Lugng tir



Logic vi tu

Lugng tUr

V|' du 1 1 Lagic va Chting minh
M6 ta cau “Ton tai duy nhat mét gid tri clia = (trong mién xac o Arn e
dinh D) sao cho P(x) dung” (Ta cling viet “Jlz P(x)”) bang cac
lvgng ti vV va 3

m dz P(.L) A V;L'ng ((P(.Ll) A P(.’tz)) — (.’131 = LQ))

® Jz (P(x) AVy (P(y) — (y = 2)))
Bai tap 16
Gia st mién xac dinh clia tat ca cac bién la D = R. Cac ménh ) b
dé sau la diing hay sai? ,
(@) Vz (22 # )
(b) V(2% > z)
(c) Va (22 #2)
Bai tap 17
Hay m6 ta dinh nghia s6 chinh phuong sau bang vi tir va lugng
tlr: “MGt s0 tu nhién dugc goi la so chinh phudng néu no 1a
binh phuang clia mot so ty nhién nao dé”
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Logic vi tu

Lugng tUr

Logic va Chiing minh

Hoang Anh Biic

Céc tuong duong logic da biét trong I6gic ménh dé van ding
trong logic vi tur

Vidu 12
Gi& sl bién z nhan gia tri t mién D. Ta chitng minh
Vi (P(x) A Q(x)) = Va (Q(z) A P(x)). Cu thé, ta chitng minh
hai diéu
(1) NéuVz (P(z) A Q(z)) ding thiVa (Q(z) A P(z)) ding eng t
m Gid st Vz (P(z) A Q(z)) ding. Do dd, v6i moi a € D, ménh
dé P(a) A Q(a) dung. Theo luat giao hoan, Q(a) A P(a)
dung. Suy ra Q(a) A P(a) dung véi moi a € D. Do dé,
Vz (Q(z) A P(z)) ding
(2) NéuVz (Q(z) A P(z)) dung thiVa (P(z) A Q(z)) ding
m Gid st Vz (Q(z) A P(z)) ding. Do dd, v6i moi a € D, ménh
dé Q(a) A P(a) dung. Theo luat giao hoan, P(a) A Q(a)
dung. Suy ra P(a) A Q(a) dung véi moi a € D. Do dé,
vz (P(z) A Q(z)) ding o8



Logic vi tu

Lugng tUr

Logic va Chiing minh
Hoang Anh Biic

Khéng nén s dung bang chan tri dé chiing minh hai ménh
dé cd vi tir va luong tur la twang duong l6gic

m Trong trudng hop mién xac dinh D 1a vé han, ta khong xay
dung dudc bang chan tri
® Vi phan I6n cac phat biéu c6 lugng tir va vi tir, mién xac
dinh luén 1a mién vo han
m Tat nhién, khi mién xac dinh D 13 hitu han, c6 thé sit dung
bang chan tri
m GiastD={z1,...,7,}
B Vz P(z) = P(z1) A--- A P(zn)
m 3z P(z) = P(z1) V-V P(zy)

Lugng tir
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Logic vi tu

Lugng tUr

Bai tap 18

Gia sl bién = nhan gid tri t mién D. Ching minh

(@) Vz (P(z) V(Q(z) A R(z))) =
Va ((P(z) V Q(z)) A (P(z) V R(z)))

(b) Vz~(P(z) AQ(z)) = Vo (-P(x) vV ~Q(x))

Bai tap 19

Gia sl bién = nhan gia tri tt mién D.

(@) Chuing minh vz (P(z) A Q(x)) = (Vx P(x)) A (Vz Q(x))

(b) Céc ménh dé vz (P(x) Vv Q(x)) va (Vx P(z)) V (Vz Q(x))
¢6 tuong duong légic hay khéng? Vi sao?

Bai tap 20

Gia sl bién = nhan gia tri tt mién D.

(@) Chiing minh 3z (P(z) V Q(z)) = (3z P(x)) V (3z Q(zx))

(b) Céc ménh dé 3z (P(x) A Q(z)) va (3z P(z)) A (3z Q(x))
¢6 tuong duong légic hay khéng? Vi sao?

68

Logic va Chiing minh
Hoang Anh Biic



Logic vi tu

Lugng tUr

Vidu 13

Céc coéng cu tim kiém (search eng/ne) nhu Google Bing,
Yahoo, v.v... cho phép ngudi dung st dung cac toan t I6gic
(AND, OR, NOT) trong yéu cau tim kiém (query) cla ho.

Vi du, yéu cau (query)
“I6gic AND mat3500”
sé tra lai két qua 1a
céc trang web c6 chia
déng thoi tir “16gic”

va tor “mat3500”. Noi
mot cach don gian,
mot yeu cau tim kiém
6 thé dugc coi nhur 1a
mot vi tir Q (xac dinh
trén tap hop tat ca cac

-
(5%

Google 16gic AND mat3500 x

Al Images Videos Shopping News Books Flights  : More

Tip: Limit this search to English language results. Learn more about filtering by langu

o GitHub

5 hitpsymoanganhduc.github.io s M... - Translate this page  §

VNU-HUS MAT3500 3: Toan réi rac

Légic va Ching minh, slides, béi tap, Phép kéo theo trong logic, Chuong 1, 1.1-1.5, 1.7
(Rosen). Céc cAu triic cor ban I: Tap hop, Ham, slides, bai tap, Chuong 2

Studocu

hitps:/www.studocu.com ) logic-a... - Translate this page  §
Logic and Proofs - toan roi rac - VNU-HUS MAT3500
toan roi rac mat3500: toan réi rac bai tap 1dgic va chirng minh hoang anh dirc bd mén tin hoc,
dai hoc khtn, dhqg ha néi 16gic ménh dé bai tap cau nao sau ddy

trang web cé trong co s& dit liéu); cong cu tim kiém sé tr4 /ai
(theo mdt thir tu nao do) mét danh sdch cac trang web sao cho
ménh dé Q(p) dung vdi moi trang web p trong danh sach do.

Logic va Chiing minh
Hoang Anh Buic
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Logic vi tu

Lugng tUr

Logic va Chiing minh

B‘al tép 21 Hoang Anh Buc
Tim hiéu mot sb cach tim kiém véi Google st dung cac toan
l6gic
Bai tap 22 (x)
Xét cac yéu cau tim kiém sau:
Qa: “python AND algorithm AND NOT computer”

Qp: “(computer OR algorithm) AND python”
Qc:  “python AND NOT (computer OR algorithm OR program)) wensuw

Hay m6 ta hoac lay vi du (mét trang web, mét cau nao do,

V.v...) vé két qua trd lai trong cac trudong hgp sau:

(a) Két qua tra lai théa man yéu cau Q4

(b) Két qua tra lai théa man yéu cau Q4 va khong théa man
yéu cau Qg

(c) Két qua tra lai théa man yéu cau Q4 va Qp nhung khong
thda man yéu cau Q¢
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Logic vi tu

Lugng tUr

Logic va Chiing minh
VI, dU 14 Hoang Anh Biic
m & mic d6 nao dé, chiing ta cé thé coi moét co sd dir liéu
(database) nhu 1a mét bang
m Céc hang tuong ing Véi céc cd thé (individual entity) nao dé
m Céc cot tuong ting véi cac truong (field) md ta dif liéu lién quan dén
Céc cd thé
m M6t truy vén co sé dir liéu (database query) ¢é thé xem nhu 12
mét vi tlr Q () c6 chita céc diéu kién dé kiém tra cac gia tri tif cac
cOt va cac toan ti 16gic lién két cac diéu kién nay.
m Khi mét truy van co sé dif liéu dugc dua vao, hé quan tri co sé dit (&) werow
liéu (database management system) sé tra lai mot danh sach céc
hang (Ung véi cac thuc thé) trong co s dif liéu thdéa méan diéu
kién dé ra trong truy van
m Chung ta cé thé nghi vé hinh thiic truy cap co s& di liéu nay tr
gdc nhin cta légic vi tir: dé phan héi truy van (query) Q, hé théng
tré lai mét danh sdch cdc hang, trong dé méi hang « théa man
diéu kién Q(z) ding
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Logic vi tu

Lugng tUr

Logic va Chiing minh
Hoang Anh Biic

Bang: Vi du mot co s dif liéu. Néu mubn tim danh sach tat ca cac
sinh vién c6 GPA (grade point averages - diém trung binh) téi thiéu 3.4
va néu da hoc it nhat mét khéa hoc vé khoa hoc may tinh (computer
science - CS) thi phai dén tir Hawaii, ta c6 thé truy van

[GPA(x) > 3.4] A [takenCS(x:) — (home(z) = Hawaii)]. K&t qua tra lai
véi co sd dit liéu nay la Charlie.

name GPA CS home age O
taken?
Alice 4.0 yes Alberta 20
Bob 3.14 yes Bermuda 19
Charlie 3.54 no Cornwall 18
Desdemona 3.8 yes Delaware 17
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Logic vi tu

Lugng tUr

m Trudc do, ta thudng phai chi rd mién xéc dinh D c6 chira
cdc gi4 tri clia bién trudc khi phat biéu ménh dé vaéi vi tir
va luong tir. D& thuan tién, cd thé chi ra D ngay trong
ménh dé

m Va > 0 P(z) nghia la “V&i moi sb = > 0, P(z) ding”. (D la
tap tat ca céc sb 16n hon khong.) Thuc ra, day 1a cach viét
ngan gon clia ménh dé Va Q(x) trong d6
Q(z) == (z > 0) = P(x) )

®m Jz > 0 P(z) nghia la “Ton tai so0 = > 0, P(z) dung”. (D la
tap tat ca céc sb 16n hon khong.) Thuc ra, day 1a cach viét
ngén gon clia ménh dé 3z Q(x) trong d6
Q(z) :== (z > 0) A P(x)

m Chuay:

B Vz > 0P(z) Ve (x> 0A P(z))
B Jz > 0P(z) # 3z (x>0 — P(x))

m Céc luong tir v va 3 ¢6 thif tu uu tién cao hon tat ca cdc
todn ti7 I6gic da dé cap

m Vz P(z) vV Q(z) nghia la (Vx P(x)) V Q(x) chit khong phai
Va (P(z) V Q(x))

Logic va Chiing minh
Hoang Anh Biic

° Lugng tir
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Logic vi tu

Bién tu do va bién rang budc

Légic va Chiing minh
m Vit P(z) c6 bién tu do (free variable) = (nghia la, gia tri o frn B
cla x khong xac dinh)
m Lugng tUr (V hodc 3) st dung véi mot vi tir cd mot hoac
nhiéu bién tu do “rang budc” nhitng bién nay, tao thanh
mot biéu thiic cé mdt hoac nhiéu bién rang budc (bound
variable)

Vidu 15
m P(z,y) c6 haibién ty do: z va y
m Yz P(z,y) c6 mot bién tu do y va mét bién rang buodc =

@ Lugng tir

m Biéu thitc khdng cd bat ky bién tu do nao, vi du Va P(z), 1
ménh dé

m Biéu thitc ¢ mét hodc nhiéu bién tu do, vi du Va P(x,y),
khong la ménh dé
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Logic vi tu

Phd dinh véi luong tir

Légic va Chiing minh
m Phii dinh clia ménh dé cé lugng tir Hoéng Anh Biic
B —Vz P(x) =z —P(x)
B 3z P(z) = Vx ~P(x)
m Hai tuong duong légic trén dugc goi la Luat De Morgan
cho lugng tir (De Morgan’s Laws for Quantifiers). Ly do
clia t&én goi nay 1a néu ta cé thé liét ké toan bo cac phan tir

trong mién D, vi du nhu 1, . .., z,,, thi
Vo P(x) = ~(P(x1) A P(z2) A+ A P(zy)) (1) P v
=-P(x1)V-P(z2) V---V-P(z,) LuatDe Morgan .
= dz-P(x)
=3z P(z) = ~(P(z1) V P(x2) V-V P(zy,))

= -P(z1) AN=P(z2) A--- AN=P(zy,) Luét De Morgan
=Vz-P(x)
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Logic vi tu

Phu dinh véi lugng tur

Logic va Chiing minh
Hoang Anh Biic

Bai tap 23
Gia st A la mot ménh dé théa man diéu kién A diing hay sai
khong phu thuc vao x. Gia st mién xac dinh clia cac bien la
khong rong. Hay chiing minh cac tuong duong logic sau

(@) (VzP(x))VA=Vz(P(x
(b) 3z P(x))VA=Tz(P(z
() (Vx P(x))NA =V (P(x
(
(

)
)
d) (32 P(x)) A A =3z (P (&) iomovmms
)
)
)

:B/_\
1
I
=

e) A—VxP(z) =

(f) Iz P(x) > A=Vz
(9) A— JxP(x) =3z
(h) Vo P(z) » A=3a ( ) — )

(GO y: Xétting truong hgp A =Tva A=F)

P(

¢
5\%\,

vz (
(
(A
(P
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Logic vi tu

PhU dinh véi lugng tir

Légic va Chiing minh
Hoang Anh Biic
Vidu 16
Ta chiing minh cau (h) trong Bai tap 23:
Va P(z) — A = 3z (P(x) — A), trong dé A la ménh dé cé gia
tri chan ly khéng phu thudc vao bién =

Jz (P(z) —» A) = Jz (—P(z) V A) p—=qg=-pVgq
=3Jz-P(x)vIz A Bai 20(a) («) rriomwiuengus
=3z-P(z)V Dinh nghia cla A
= -z P(z) V De Morgan cho lugng tir

EVa:P(x)—)A p—qg=-pVq
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Logic vi tu

Long cac luong tir

Lagic va Chiing minh
Hoang Anh Biic

Vidu 17
P(z,y) := “z nhd hon y” x4c dinh trén mién D = Z x Z

® 3y P(z,y) := “co s6 nguyén y sao cho nhé hon y” (Biéu
thitc vai 1 bién tu do—khong phai ménh dé)

m Vo (3y P(x,y)) := “v6i moi s6 nguyén = c6 s6 nguyén y
sao cho = nhd hon y” (Biéu thic véi 0 bien ty do—la ménh
de) i

A @ Léng céc lugng tir

Bai tap 24

Chox eZvay e Zva P(z,y) == “x < y". Xac dinh gia tri chan

ly clia cac ménh dé sau

(a) VaVy P(z,y) (c) Javy P(z,y)

(b) Vz3y P(z,y) (d) 323y P(z,y)
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Logic vi tu

Léng céac luong tir

Logic va Chiing minh
Hoang Anh Biic

m Mot s6 tuong duang légic: ;
m VYaVy P(z,y) = VYyVz P(z,y)
B Jz3y P(z,y) = JyJz P(z,y)
m Dé thuan tién, c6 thé ndi cac lugng tir cling loai
N VaVy P(z,y) = Vz,y P(z,y)
m Trir khi tAt ca céc luong tU déu 1a V hodc déu 1a 3, thi tv
cdc lugng tir la quan trong ‘
m Vz3y P(z,y) khac voi 3yVz P(z,y) (30) tons ciouong s
m Viduy, v6iz,y /a cdc so nguyen ménh dé Va3y (.L <vy)
diing, vi véi mdi z ta ¢é thé chon y = = + 1 va hién nhién
x < y. Nguac lai, ménh dé 3yvz (x < y) sai, vi khéng ton
tai s6 nguyén I6n nhat
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Logic vi tu

Léng céac luong tir

Bai tap 25

Céc ménh dé sau khi ndo duing va khi nao sai?
(1) VaVy P(x,y) = VyVz P(x,y)

(2) VYa3y P(z,y)
(3) JyVz P(z,y)
(4) F23y P(x,y) = JyFz P(x,y)

)

Bai tap 26

Hay biéu dién phd dinh clia cdc ménh dé sau sao cho tat ca
céac ky tu phti dinh — ditng ngay trudc cac vi tir

(@) Va3yvzT(x,y, 2)

(b) Va3y P(z,y) v Vady Q(z,y)

(€) Vady (P(z,y) A3z R(z,y, 2))

(d) Va3y (P(z,y) — Q(z,y))

Logic va Chiing minh
Hoang Anh Biic

Léng céc lugng tif
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Ching minh

Mét sb thuat ngir

Lagic va Chiing minh
| Chu’ng minh (proof): mét ly luan hgp ly chi ra tinh ding Hoang Anh Bde
dan ctia mot ménh dé toan hoc.
m Tién dé (axiom/postulate): mdt ménh dé duagc gia thiét 1a
dung
m Dinh ly (theorem): mdt ménh dé da dugc chiing minh la
dung
m Ménh dé (proposition): mot dinh ly “khdng qué quan trong”
m B6 dé (lemma): mot dinh Iy nhd c6 thé dugc st dung nhu
mot cong cu ho trg chirng minh cac dinh ly khac 1én hon
m Hé qua (corollary): mét dinh ly nhd thu duoc bang cach Mot sb thudt ngis
truc tiep ap dung mét dinh ly khac 1&6n hon
m Gig thuyét (conjecture): mot ménh dé ma tinh ding/sai clia
n6 chua dugc xac dinh, nhung thudng dugc “tin la dung”
thdng qua mét s6 bang ching hoac qua kinh nghiém, dy
doan clia mot chuyén gia
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Ching minh

M6t s6 phuang phép chiing minh

Lagic va Chiing minh

Hoang Anh Biic

Muc tiéu
Chiing minh p dung

m Chi*ng minh truc tiép (direct proof)

m Chi*ng minh gian tiép (indirect proof): Gia thiét —p
dung, chiing minh —p — F (phuong phap Chung minh
phan chirng (Proof by Contradiction))

m Chi*ng minh bang cach chia trvong hop (proof by g min
cases): Timpy,...,p,thbamanp=p, Aps A--- Ap, va o hong s
chitng minh p; ding véi méi i € {1,2,...,n}. (Chia diéu :
can chiing minh p thanh cac phan nhé (trudng hop)

P1, ..., pn Va xét ting phan mot cach rieng biét)
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Chiing minh

M6t s6 phuang phép chiing minh

Py Logic va Chiing minh
Ml']c tleu Hoang Anh Biic
Chiing minh p — ¢ ding

= Chirng minh hién nhién (trivial proof): Chiing minh ¢ diing
ma khéng can gia thiét gi khac
= Chirng minh truc tiép (direct proof): Gia thiét p duing,
ching minh ¢
m Chi*ng minh gian tiép (indirect proof)
= Ching minh phan dao (Proof by Contraposition)
(—q — —p): Gia thiét —¢ diing, chitng minh —p )
m Chirng minh phan chirng (Proof by Contradiction): Gia thiet
p A —q ding, va chi ra ring diéu nay dan dén mot mau thuan
(nghia 13, chL'rng minh (p A ~q) — F) (5+) v sb huong i
® Chirng minh rong (vacuous proof): Chiing minh —p diing B
ma khong can gia thiét gi khac
m Chirng minh bang cach chia truong hop (proof by
cases): Tim py,ps,...,p, thGaman p — ¢ = (p1 — q) A
(p2 = q) A+ A (pn — q) va chiing minh p; — ¢ ding vdi tirng
giatrii e {1,2,...,n}
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Chuiing minh

Mét sb phuang phap chiing minh

Logic va Chiing minh
Hoang Anh Buic

Muc tiéu

Chuing minh p +» ¢ ding

mpeg=(p—>9AN(q—p)
m Chiing minh p — ¢ ding va ¢ — p ding

Mot s6 phuang phap
chiing minh

68



Chiing minh

Vi du

Lagic va Chiing minh

Mot sb nguyen nla sbd chan (even) khi va chi khi n = 2k vGi k 1a
sb nguyén nao do; n 1a s6 /é (odd) khi va chi khi n = 2k + 1 véi
k 1a s6 nguyén nao do

Pinh Iy 1

Hoang Anh Biic

Vi moi s6 nguyén n, n khéng thé vira chan vira 1é ]

Chitng minh phan ching.

(1) Nhac lai: D& chiing minh p, ta chiing minh —p — F

(2) Gia sl ton tai mot s6 nguyén n vira chan vira 1é. Ta chiing
minh ton tai mau thuan

(3) Do n chan, n = 2k véi sb nguyén k nao dé “

(4) Do n 18, n = 2j + 1 v6i sb nguyén j ndo dé (&) viavsuo

(5) Dodé, 2k =25+ 1,suyrak —j= % Ménh dé nay sai véi
moi s6 nguyén k va j, day 1a mot mau thuan. Ta cé diéu
phai chitng minh

68



Chiing minh

Vidu

Logic va Chiing minh

Hoang Anh Biic

Chutng minh sau cla Dinh ly 1

V&i moi s6 nguyén n, n khong thé vira chén vira 1@

|a sai? Tai sao?

Chung minh phan chung.

(1) Gié si ton tai mot sb nguyén n vira chan vira 1é. Ta chiing
minh ton tai mau thuan

(2) Do n chan, n = 2k v6i s6 nguyén k nao dé

(3) Do n 18, n = 2k + 1 véi s6 nguyén k nao dé

(4) Do dd, 2k = 2k + 1, suy ra 0 = 1. Mé&nh dé nay sai v&i moi
s0 nguyén k, day la mét mau thuan. Ta ¢ diéu phai chiing
minh

Vi du va Bai tap

O
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Chiing minh

Bai tap

Bai 13p 27 |
Chung minh bang phuong phap phan chiing rang
(a) Téng clia mot sb vo ty va mot s6 hitu ty 1a mot sb vo ty
(b) V6&i moi sb nguyén n, néu n?® + 5 18, thi n chan
(c) V&i moi s6 nguyén n, néu 3n + 2 chan, thi n chan
Bai tap 28
Chitng minh bang phuong phap phan chiing rang
(a) C6 it nhat mudi ngay trong 64 ngay bat ky roi vao cling
mot ngay clia mot tuan (nghia Ia, ¢ it nhat muai ngay
cung la Tha Hai, hoac cung la Tha Ba, v.v...)
(b) C6 it nhat ba ngay trong 25 ngay bat ky roi vao cing mot () e
thang clia nam
Bai tap 29
S{r dung phuong phap phan chiing, hay chiing minh rang /2
khéng phai 1a mét so hitu ty
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Chiing minh

Vidu

Logic va Chiing minh
Hoang Anh Buic

Dinh Iy 2

Vi moi s6 nguyén n, néu n 1a sé 18, thi n? ciing la sé 16 ]

Chuing minh truc tiép.

(1) Néu n 18, thi n = 2k + 1 v&i k 1a s6 nguyén nao dé

(2) Do dd, n? = (2k +1)? = 4k* + 4k + 1 = 2(2k> + 2k) + 1

(3) Do d6, n? = 2j + 1 vdi j = 2k2 + 2k 1a sb nguyén sbatogs
(4) Theo dinh nghia, n? 1& () viowvasaiue
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Chiing minh

Bai tap

Logic va Chiing minh
Hoang Anh Biic

Bai tap 30

Chiting minh truc tiép cdc ménh dé sau

(a) Téng cla hai s6 18 1a mot s chan

(b) Téng cla hai s6 chan 1a mot s6 chén

(c) Binh phuong clia mot s6 chan 13 mot s6 chén
(d) Tich cla hai s6 1& 1a mot sb 1é

@ Vi du va Bai tap
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Chiing minh

Vidu

Logic va Chiing minh
Hoang Anh Buic

Dinh Iy 3

Vi moi s6 nguyén n, néu 3n + 2 1a s 18, thi n ciing la s6 18

Chuing minh phan dao.
m Nhac lai: dé chitng minh p — ¢, ta chitng minh —¢ — —p

m Ta chiing minh ménh dé phan dao: Véi moi s6 nguyén n,
néu n chan, thi 3n + 2 cing chan

(1) Gia st n chan

(2) Do d6 n = 2k véi sb nguyén k nao dé ot icng s
(3) Suyradn+2=3(2k)+2=6k+2=2(3k+1) (&) waaas
(4) TU d6, 3n + 2 = 2j V6i j = 3k + 1 1a s6 nguyén. Do d6

3n + 2 chan

68



Chiing minh

Vidu

Logic va Chiing minh
Hoang Anh Biic

Dinh Iy 4

V6i moi s6 nguyén n, n(n + 1)? la mét sé chan ]

Chiing minh bang cach chia trudng hop.
m Néu n chan, thi n = 2k véi s6 nguyén k nao do. Suy ra
n(n+1)* = 2j v6i j = k(2k + 1)* 1a s6 nguyén. Do do,
n(n + 1)% la mot s6 chan
m Néu n 18, thi n = 2k + 1 v6i sb nguyén k nao do. Suy ra o126 phucng ph
n(n -+ 1)2 =20V0i /¢ :,(ij- 1)2(](3 =+ 1)2 la so ngUYén. Do @ Viduv;Béitép
do, n(n + 1) 1a moét s6 chan
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Chiing minh

Vidu

Logic va Chiing minh
Hoang Anh Biic

Chitng minh sau clia ménh dé
(V6i moi s6 nguyén n) Ta cé —|n| < n < |n|

|a sai. Tai sao?

Chiing minh bang cach chia trudng hop.

(1) Néun > 0,tacé —n < 0 < n. Theo dinh nghia, |n| = n va
do dd —|n| =—n.Suyra —|n| =-n<0<n=|n|

(2) NéU n <0, ta coOn <0< —n.Theo dlnh nghTa, |’Il| =-n @ Viduv;Béit&p
vadodd —|n| =n.Suyra—|n|=n<0<—n=n|
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Chiing minh

Vidu

Logic va Chiing minh
Hoang Anh Biic

Pinh ly 5 ]

VGi moi s6 nguyén n, néu n vira chdn vira I8, thin? = n +n

Ching minh réng.
m Nhac lai: Dé chung minh p — ¢, ta chiing minh —p ma
khéng can bat cu gia thiét nao
m D& ching minh ménh dé da cho bang cach chiing minh
rong, ta can chiing minh véi moi s6 nguyén n, ménh dé “n
vira chan vira 18” 1a sai
(1) Binh Iy 1: Ménh dé “n vira chan vira 1&” sai v6i moi sb (54) viowvasaiue
nguyén n
(2) Ta c6 diéu phai chiing minh (Tap céc gi thiét 1a réng)
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Chiing minh

Vidu

Logic va Chiing minh
Hoang Anh Biic

Pinh Iy 6

VGi moi s6 nguyén n, néu n Ia tong cta hai sé nguyén 6, thi
hodc n chan hodc n 1é

Chutng minh hién nhién.
= Nhac lai: Dé ching minh p — ¢, ta chirng minh ¢ ma
khéng can bat cl gia thiét nao
m Dé chitng minh menh dé da cho bang cach chirng minh

hién nhién, ta can chiing minh véi moi s6 nguyén n, ménh
dé “ho&c n chin hodc n 18” 1a dung

(1) Binh ly 1: V&i moi s6 nguyén n, ménh dé “hoic n chén
hoac n 1&” ding
(2) Do d6, ménh dé can chiing minh luén ding

Vi du va Bai tap
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Chiing minh

Vidu

Chttng minh sau clia ménh dé

1=2
|a sai. Tai sao?
Ching minh.
Goi a, b 12 hai sb nguyén duong bang nhau.
(1) a=b Gia thiét
(2) a? = ab Nhan hai vé ctia (1) véi a
(3) a® — b? = ab— b? Trir b2 ti ¢4 hai vé cla (2)
(4) (a—Db)(a+b)=(a—0b)b  Phan tich haivé cla (3) thanh
nhan t
(5) a+b=0b Chia ¢4 hai vé clia (4) cho a — b

(6) 2b =10 Thay a bdi b trong (5) vi a = b, va don gian hoa
7) 2=1 Chia ca hai vé cla (6) cho b

Logic va Chiing minh
Hoang Anh Biic

@ Vi du va Bai tap
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Chiing minh

Vidu

Logic va Chiing minh

Hoang Anh Biic

Chitng minh sau clia ménh dé

(V6i moi s6 nguyén n) Néu n2 chan, thi n cling chan

|a sai. Tai sao?

Chiing minh.

(1) Ménh dé ding vé6i n = 0. Do d6 ta chi xét n # 0

(2) Gia st n? chén. Do d6 n? = 2k véi sb nguyén k nao dé

(3) Chia c& hai vé cho n, tacé n = (2k)/n = 2(k/n)

(4) Do d6, ton tai s6 j = k/n sao cho n = 2j

(5) Do tich clia j va mot sb nguyén (2) la mét s6 nguyén (n),
nén j cling la s0 nguyén

(6) Do d6 n chén

@ Vi du va Bai tap
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Chiing minh

Bai tap

Logic va Chiing minh
Hoang Anh Biic

Bai tap 31

Chiing minh cac ménh dé sau. Néu rd phuong phap chiing

minh ban st dung

(a) V&i moi sb nguyén n, néu n chan thi (-1)" =1

(b) Vi moi s6 nguyén x,y, z, néu x + y + z 18, thi it nhat mot
trong ba s6 z,y, z 1a 1é

(c) V6i moi sb nguyén m va n, néu m - n chan, thi m chan
hoac n chan

(d) Vi moi s6 nguyén duong n, n chan khi va chi khi 7n + 4
chan

(e) V6&i moi sb nguyén duang n, n 1€ khi va chi khi 5n + 6 1& (&) viavasao

(f) V&i moi s6 nguyén duang m va n, m? = n? khi va chi khi

m =nhodacm = —n
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Céc quy tac suy luan
Gidi thiéu

Lagic va Chiing minh
Hoang Anh Biic

m Mot I4p luan (argument) |a mot day cac phat biéu két thic
bang mot két luan s
m M6t sb dang lap luan (“hap ly (valid)”) khéng bao git dan
t6i mot két luan sai tir cac phat biéu diing. Mot s6 dang l1ap
luan khac (“nguy bién (fallacies)”) cé thé dan t6i mot két
luan sai tir cac phat biéu ding
m Mot I4p luan I6gic (logical argument) bao gdbm mot day cac
ménh dé (c6 thé 12 ménh dé phic hop) dudc goi la cdc
tién dé (premises)/cdc gid thiét (hypotheses) va mot ménh
dé duy nhét goi 1a két lun (conclusion)
m Cdc quy tac suy ludn légic (logical rules of inference) 1a
cac phuong phap chi phu thudc vao logic dé suy ra mot
phat biéu mdi tir mot tap hop cac phat biéu khac. (C6 thé
coi c&c quy tac nay nhu 1a cac mau (templates) cho viéc
xay dung céc lap luan hop ly (valid arguments))

36



C4c quy tac suy luan

Gigi thiéu

L, , Lagic va Chitng minh
m Mot I8p luan 16gic duac goi 13 hop Iy (valid) néu khi moi gid | veamsm o
thiét dung thi két ludn cung dung. M6t 1ap luan l6gic khong
hgp ly dugc goi la mét nguy bién (fallacy) sames
m Mot quy z‘éc suy luan (inference rule) 1a mot khuén méu '
thiét 1ap rang neu ching ta biét mot tap cdc gia thiét nao
da la dung, thi chung ta c6 thé suy luan mét cach hop ly
rang mot phat biéu két luén lién quan nao dé la ding
m Mé&i quy tac suy luén I6gic hop ly (valid inference rule)
twong tng véi mot hang dung (tautology)
m Ky hiéu .. nghia la “do do”
= Hang diing (tautology) tuong ting (néu
quy tac hop ly)
Gia thiét 1 | ((Gia thiét 1)A(Gid thiét 2)A---) — (Két luan)
Gia thiét 2

. "Kétluan

36



Céc quy tac suy luan

Gigi thiéu

Logic va Chiing minh
Hoang Anh Biic

Vidu 18

m Mot 1ap luan légic
® Gia thiét 1: Néu t6i lam viéc subt dém, thi t6i mét moi
m Gia thiet 2: Toi lam viéc suot dém
m Ket luan: Do dé, t6i mét moi

m Biéu dién céc bién logic
m p = “Toi lam viéc subt dém”
m ¢ = “Téi mét moi’

m Theo géc nhin cla l6gic, 1ap luan trén cé thé dugc viét lai

nhu sau:

Gidi thigu

p—q Gidthiét 1
P Gia thiét 2
q Két luan
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Céc quy tac suy luan

Mbt sb quy tac suy luan trong I6gic ménh dé

m Quy tc Modus Ponens (tiéng Latin clia “phuong phap
khéng dinh (method of affirming)”)

(oA q)—d)

Modus Ponens Hang duing tuong ting
m Chu y rang hang dau tién la hang duy nhat ma gia thiét
luén dung

Vidu 19

p—q  “Néun chia hét cho 3,

“ 9 . A " N s
N&u thi n ch/la hét cho 3 13 DUNG
p “n chia hét cho 3"

thy = ¢ “n? chia hét cho 3" cting DUNG

36

Lagic va Chiing minh

Hoang Anh Biic

Mt s6 quy téc suy luan
trong Iogic ménh dé



Céc quy tac suy luan

Mot s6 quy tac suy luan trong logic ménh dé

Logic va Chiing minh
Hoang Anh Biic
m Quy tac Modus Tollens (tiéng Latin clia “phuong phap ph
dinh (method of denying)”)

Mot s6 quy téc suy luan

trong légic ménh dé
-q
pP—4q
—p (g (0= 9)) = -»)
Modus Tollens Hang duing tuong ting
Vi du 20
p—q “Néu chiéc nhan lam bang kim cuong,
Néu thi né c6 thé lam xuéc dusc tim kinh” 13 DUNG
—q “Chiéc nh3n khéng lam xudc tAm kinh”

thy . —»p “Chiéc nhan khéng 1am bing kim cuong” cling DUNG
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong logic ménh dé

m Quy tac Cong (Addition)

p
pVq

Quy tac Cong (Addition)
m Quy tac Rut gon (Simplification)

PAgq
p

Quy tac Rut gon
~ (Simplification)
m Quy tac Hoi (Conjunction)

p
q
PAq

Quy téc Hoi (Conjunction)

p—(pVa)

Hang dlng tuong ting

(pAq)—p

Hang ding tuong ting

((®) A (@) > pAg)

Hang ding tuong tng

Logic va Chiing minh
Hoang Anh Biic

Mot s6 quy téc suy luan
trong légic ménh dé



Céc quy tac suy luan

Mbt sb quy tac suy luan trong Idgic ménh dé

Logic va Chiing minh
Hoang Anh Biic

Mot s6 quy téc suy luan

V|, du 21 trong légic ménh dé
C4c lap luan sau sl dung cac quy tac suy luan nao? ‘
(a) Néu cé ca nhidm COVID-19 mdi, thi trudng sé déng clra.
Trudng khong déng clra hém nay. Do dé, khéng cé ca
nhiém COVID-19 méi hém nay  [Quy tac Modus Tollens]
(b) Nhiét d6 hién tai la dudi 0°C. Do d6, nhiét do hién tai la
dudi 0°C hoac troi dang mua [Quy tac Céng]
(c) Nhiét d6 hién tai la dudi 0°C va troi dang mua. Do do,
nhiét do hién tai la dudi 0°C [Quy tac Rut gon]
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong logic ménh dé

Logic va Chiing minh

m Quy tdc 7Tam doan luan gid dinh (Hypothetical syllogism) Hoang Anh b
pP—q :
g—r OF L tav
p—r

(= aAr@—7)— @)

Tam doan luan gia dinh )
(Hypothetical syllogism) Hang dung tuong ting

Vidu 22

p q
“Néu trdi mua hém nay, thi chiing ta sé khong t8 chiic tiéc nuéng

hdm nay. Néu ching ta khong t8 chic tiéc nuéng hém nay,qth‘l

chiing ta sé t6 chic tiéc nuéng vao ngdy mai. Do dé néu trdi mua

hdom nay, thi chiing ta sé t8 chiic tiéc nudng vio ngdy mai.”
P r
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong logic ménh dé

m Quy tAc Tam doan luén tuyén (Disjunctive syllogism)

Vg
P
q
. ((eva) A (=p) = 4]
Tam doan luan tuyén
(Disjunctive syllogism) Hang dung tuong ting

Vidu 23

N\ p N\
Vi cta t6i nam trong tdi do khoac hodc né nam trén ban.

Vi cta tdi khdng nam trong thi do khodc. Do dé, né nam
trén ban.” P q

36

Logic va Chiing minh
Hoang Anh Biic

Mot s6 quy téc suy luan
trong légic ménh dé



Céc quy tac suy luan

Mot s6 quy tac suy luan trong logic ménh dé

m Quy tac Hop gidi (Resolution)

Hap giai (Resolution) Hang ding tuong ting
m Khig=r,tacd

((eva)A(=pVa) =)
m Khir = F, ta c6 Quy tac tam doan luén tuyén

, (Vo)A (-p) =4
Vidu 24 » -

“Téi dang di trén dudng hodc trdi mua. Troi khéng mua hodc

, toi dang S nha. Do dé, t6i dang di trén dudng hodc toi
dang & nha.” q
7‘ 36

Logic va Chiing minh
Hoang Anh Biic

((0V ) A (o) = (v )| e



Céc quy tac suy luan

Céac ching minh hinh thic

Lagic va Chiing minh

m Cho trudc céc tién dé (premises) pi, pa, . . . , pn. MOt chiing
minh hinh thiic (formal proof) clia mét két luén C'1a mot
day cdc budc (steps), trong do méi budc dp dung mét quy
tac suy luédn nao do cho céc tién dé hodc cdc phat biéu da
duoc chifng minh triéc dé dé suy luan ra mét phat biéu Gae ching minh hirh i
mdi ding (két luan) :

m Mot chiing minh cho thay rang néu céc tién dé |a dung, thi
két luan 13 ding

Vidu 25
m Gia sU ching ta c6 céc tién dé sau:
m Troi khong nang va thai tiét lanh
m Chiing ta sé di boi chi khi trai nang )
m Neu chung ta khong di bai, thi ching ta sé di cheo xudng
m Néu chung ta di cheo xuong, ching ta sé vé den nha Itc
hoang hén

m Vi cac tién dé da cho, chiing minh két luan “Chung ta sé
vé dén nha lic hoang hén” bang cach st dung cac quy tac
suy luan %

Hoang Anh Biic



C4c quy tac suy luan
Céac chiing minh hinh thic

Logic va Chiing minh

m Budc 1: Xac dinh cac ménh dé Chung ta sé dung cac ky
hiéu sau:
= sunny = “Tr0i nang”; cold = “Thaji tiét lanh”; swim = “Chiing
ta sé di boi”; canoe = “Ching ta sé di chéo xuong”; ;
sunset = “Chung ta sé vé déen nha luc hoang hén” Géc chiing minh hinh thic
m Budc 2: Xac dinh lap luan (Xay dung dang cho lap luén)
p1 —sunnyAcold  Trdi khong nang va thoi tiét
lanh
po  swim— sunny  Chung ta sé di boi chi khi troi
nang
ps  —swim — canoe Néu chiing ta khong di boi, thi
ching ta sé di chéo xubng
p. canoe — sunset Néu ching ta di chéo xubng,
ching ta sé& vé dén nha lic
hoang hoén
sunset Ching ta sé vé dén nha lic
hoang hon

Hoang Anh Biic

36



C4c quy tac suy luan
Céac chiing minh hinh thic

Logic va Chiing minh
Hoang Anh Biic

m Buwdc 3: Xay dung chirng minh hoan chinh dwa trén
cac quy tac suy luan
Budc

Chirng minh bdi

1.

[o 4]

=sunny A cold

2. =sunny
3.
4. ~swim

swim — sunny

. mswim — canoe
. canoe

. canoe — sunset
. sunset

Tién dé P1

Quy tac Rut gon
Tién dé p,

Modus Tollens cho 2
va 3

Tién dé ps

Modus Ponens cho
4vab

Tién dé py

Modus Ponens cho
6va’7

p1
P2
P3
P4

Céc ching minh hinh thitc

—sunny A cold
swim — sunny
—swim — canoe
canoe — sunset

sunset

36



Céc quy tac suy luan

Mét sb nguy bién phd bién

m Mot nguy bién (fallacy) 1a mét quy tac suy luan hodc mét phuong
phdp chitng minh khéng hap ly vé mat l6gic
m M6t nguy bién cé thé dan t6i mot két luan sai
m Nguy bién khang dinh hdu kién (Fallacy of affirming the

conclusion)
m p — q laddng, va q la ddng. Do dd, p la ding (Sai. Béivi F — T
dung)
Vidu 26

m Néu David Cameron 13 Téng théng Hoa Ky, thi 6ng ta it nhét 1a bbn mugi

tudi ; ’ (»—q)
= David Cameron it nhét 1a bén mugi tudi (@)
m Do dé, David Cameron la Téng théng Hoa Ky (»)

m Nguy bién phu dinh gid thiét (Fallacy of denying the hypothesis)
m p — ¢ ladudng, vap sai. Do dd q la sai (Sai. Bdi vi F — T dling)
Vi du 27

m Néu trdi mua, thi dudng lay 16i (p—q)
m Trdi khdng mua ‘ (-p)
m Do d6 duding khong lay 16i (—q)

Lagic va Chiing minh
Hoang Anh Biic

0 Mat s6 nguy bién phd bién
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Céc quy tac suy luan

Mét sb quy tac suy luan trong 18gic vi tir

< 2, 2 . . . R Lagic va Chiing minh
m Quy tac Khoi tao pho quat (Universal instantiation) img Anh i,ac
 CEEEE—
Ve P(z) Véi bat ky mot phan ta
— ¢ cu thé trong mién xac

iC) dinh
m Quy tic Téng quét hda phé quat (Universal generalization) &\ v« viv
P(C) Véi bat k_}‘/ mét pf]én tr trong lagic vi i
VzP(z) ¢ hao do trong mién xac

dinh
m Quy tac Khdi tao hién sinh (Existential instantiation)
3z P(a) Véi phe_u;l tU" ¢ nao do
Pl trong mién xac dinh sao
cho P(c) dung
m Quy tic T6ng quat hda hién sinh (Existential

generalization)
P(c) Vi phan t ¢ nao do
Jx P(x) trong mién xac dinh

U
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Céc quy tac suy luan

Mbt sb quy tac suy luan trong 18gic vi tir

Logic va Chiing minh

Vi dU 28 Hoang Anh Biic
m Ta chitng minh I4p luan sau: “MGi ngudi déu sé chét. Socrates
la nguoi. Do dé, Socrates sé chét”
m Xac dinh cac vi tv
u M(:E) =" ra ngl:l’di" Mat sb quy tic suy luan
| | D(JI) = “r sé chet” R trong légic vi tir i
m S = “Socrates” — mdt phan t( trong vii tru
m Xac dinh lap luan
p1 Vo (M(z) — D(z)) MOi ngusi déu sé chet

po M(S) Socrates la nguoi
D(S) Socrates sé chét
m Xay dwng chirng minh
Budc Chi'ng minh bdi
1.V (M(z) — D(z)) Tién dé p,
2. M(S) = D(S) Quy t&c Khéi tao phé quét cho 1
3. M(S) Tién dé p,

4. D(S) Modus Ponens cho 2 va 3
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong logic vi tir

, Logic va Chiing minh
VI dU 29 Hoang Anh Biic

m Ly luan sau day 1a ding hay sai: “it nhat mét trong sb céc sinh vién
trong 16p rat thdng minh. John 1a mét sinh vién trong I6p. Do dé,
John rat théng minh"?
m Xac dinh cac vi tw
m Gia st mién xdc dinh 1a tdp tat ca moi nguoi ‘
® S(z) = “z 1 sinh vién trong I6p” L s uy o suylin
m I(z) = “z rat théng minh”
m J = “John” — mét thanh vién trong tap tat ca moi nguoi
m Xac dinh lap luan
pi 3z (S(x) AI(x)) It nhat mot trong sb céc sinh vién trong
I6p rat thong minh
po S(J) John la mét sinh vién trong I6p
I(J) John rét théng minh
m Lap luan c6 hgp ly khéng? KHONG
m Phan vi du: Xét trudng hop cd chinh xdc mét sinh vién A trong I6p rat
théng minh va A khéng phai la John, nghia la, S(A) A I(A) ding,
S(B)ANI(B)saivéimoi B+ A,vaA#.J
m Ap dung Quy tac Téng quat héa hién sinh cho S(A) A I(A), tién dé
p1 = 3z (S(z) N I(z)) ding. Tién dé p> = S(J) luén ding
m Tuy nhién, do S(B) A I(B) sai véi moi B # Ava A # J, Quy tic Khdi

tao phd quat cho ta két luan I(.J) la sai
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Céc quy tac suy luan

Mét s6 quy tac suy luan trong logic vi tir

A Logic va Chiing minh
Bai tap 32 Hoang Anh Buic
Lap luan sau Ia ding hay sai: “Moi gidng vién déu ra dé bai kiém tra
kho. Toi la mot giang vién. Do do, t6i ra dé bai kiém tra kho”

Bai tap 33
Vi méi 1ap luén sau, hay gidi thich quy tac suy luan nao dudgc st (:2) vorshauy o uran
dung trong méi budc

(a) Doug la mot sinh vién trong I6p biét cach st dung ngdn nglt Iap
trinh Java. M&i ngudi biét st dung ngdn ng{l 1ap trinh Java déu cé
thé fim dugc mot cong viéc tra luong cao. Do d6, mét sinh vién
nao dé trong 16p cé thé tim dugc mdt cong viéce tra luong cao

(b) Ai dé trong 16p thich xem c& voi. Méi ngudi thich xem ca voi déu
quan tam dén van dé 6 nhiém dai duong. Do dé, ton tai mot sinh
vién trong 16p quan tm dén van dé 6 nhiém dai duong

(c) M&i sinh vién trong 16p c6 mot may tinh ca nhan. Méi ngudi cé
may tinh c& nhan ¢ thé s dung mét trinh soan thdo van ban. Do
do, Zeke, mot sinh vién trong 16p, cé thé st dung mét trinh soan
thao van ban

36



Céc quy tac suy luan

Mbt sb quy tac suy luan trong 18gic vi tir

Logic va Chiing minh
Hoang Anh Biic

Bai tap 34
Lap luan sau dé chiing minh néu 3z P(z) A 3z Q(z) ding thi
3z (P(x) A Q(z)) cling dung co hgp ly hay khéng?

Mot s quy tac suy luan
trong ogic vi tir

Budc Chirng minh bgi

1.3z P(z) AJzQ(x) Tiéndé

2. 3z P(z) Quy tac Rut gon cho 1

3. P(c) Quy tac khai tao hién sinh cho 2
4. 3z Q(x) Quy t&c Rut gon cho 1

5. Q(c) Quy t&c khéi tao hién sinh cho 4
6. P(c) A Q(c) Quy tac hdi cho 3va 5

7.3z P(z) A Q(x) Quy t&c Téng quéat héa hién sinh
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Mbt s6 16i thudng gap

Lagic va Chiing minh

Hoang Anh Bic

Tham khdo t tai liéu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf)

(20) Mot sb 18 thuidng gz

(a) Dich sai cac phat biéu tir ngén ngi¥ thong thuong
sang dang ky hiéu

m Vidu, c6 nhitng khé khan vdi viéc st dung tir “hodc”; hay
chéc chin phan biét giita “A hoic B” (= A v B) va “hodc A
hoac B” (= A® B)

m Mot phat biéu diéu kién hoan toan khac véi mét phép “hoi
(A)”, nhung mdt sb ngudi khdng phan biét dugc ching; viéc
néi raing “B sé xay ra néu A xay ra” hoan toan khac véi viéc
néi rang “A va/hoac B sé xay ra’
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Mot s6 16i thudng gap (tiép)

Logic va Chiing minh
m CG6 I& 16i phé bién nhét 1a nham I&n p — ¢ v6i ¢ — p. Vi du, Hoang Anh Biic
khi néi rang “toi sé di xem phim néu t6i hoan thanh bai tap
ve nha” mang y nghia hoan toan khac vdi viéc khang dinh
rang “toi sé di xem phim chi khi t6i hoan thanh bai tap vé

nha”
(b) Phl dinh sai cac ménh dé phurc hop do khong st
dung dung luat De Morgan Mot sb 1 thuog g3p

® Chang han, cho ring —(p V ¢) tuong duong logic vdi
—-p V —¢, hoac —(p A q) tuong duang logic v&i —p A —q.

m Viduy, “khong phai la John trén 18 tudi hodc sbng xa nha”
nghia 1a John khong trén 18 tudi va (chit khéng phai hoac)
John khéng séng xa nha

m Phat biéu ding 12 —(p V ¢) tuang duong logic v6i —p A —q,
va —(p A q) tuong duong logic véi —p V —q

m LGi nay 13 mot trudng hop tdng quat cla viéc gia dinh ring
méi todn t& phan phéi qua moi toan tr khéc, trong trudng
hop nay 1a cho réing phd dinh phan phéi qua phép hdi (hoac
phép tuyén)
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Mot s6 16i thudng gap (tiép)

’ PO Logic va Chiing minh
(c) Viet sai dang ky hiéu ciia ménh de ton tai Hoang Anh Bic
m Viét sai dang ky hiéu clia ménh dé ton tai dudi dang
Jz(A(z) — B(z)) thay vi 3z(A(z) A B(z))
m Vi du, dang ky hiéu clia “Ton tai mot s6 chan 1a sb nguyén
t6” 1a 3z (E(x) A P(z)), khong phai 3z(E(z) — P(z)), trong
dé E(x) c6 nghia la “z 1a sb ch&n” va P(z) c¢6 nghia la “z 1a
sb nguyén to” . Mét b 16i thudng gap
m Thong thuong, cac lugng tir ton tai thuong dugc theo sau
bdi cac phép hoi
(d) Viét sai dang ky hiéu clia ménh dé phé quat
m Viét sai dang ky hiéu clia ménh dé phd quat dudi dang
Vx(A(z) A B(z)) thay vi Vz(A(z) — B(z))
m Vi du, dang ky hiéu ctia “Moi s6 18 1a sb nguyén t6” la
Vz(O(z) — P(z)), khdng phéi Vz(O(x) A P(z)), trong d6
O(z) ¢6 nghia la “z 1a s6 18" va P(z) ¢ nghia la “z 1a sb
nguyén t6”
m Thong thuding, céc lugng tir phd quét thudng dudc theo sau
bdi cdc ménh dé diéu kién
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Mot s6 16i thudng gap (tiép)

Logic va Chiing minh
Hoang Anh Biic
(e) Dat sai vi tri cac vi tir bén trong vi tr khac
m Dat sai vi tri cac vi tU bén trong vi tir khac, vi du nhu
P(Q(x)) )
m Viduy, néu P(z) 1a “z la sb nguyen t6,” va Q(z) la *x la so
18,” thi viéc viét P(Q(z)) dé cb gang biéu dién mot phat biéu
nhu “z 1a s6 nguyén t6 18” hoac viét Yz P(Q(x)) dé ndi “moi
s6 1& déu 1a sb6 nguyén t6” 1 vo nghia
m Ky hiéu P(Q(x)) thuc sy co ngh|a la phét biéu “z 1a s6 18” Ia
mét s6 nguyén té (hay phat biéu Q(x) la mét s6 nguyen t),
va rd rang mét phéat biéu khong phai 1a bat ky loai s6 nao

(f) Khong thay dai lwgng tir khi pht dinh mat ménh dé co6
lrong twr
m Vi du, pht dinh ctia phat biéu “mdt s con meéo thich gan
lgn” khdng phai 1a “mdt sé con méo khéng thich gan lon”;
ma la “khéng c¢é con méo nao thich gan lgn”, hodc “tat c4
céc con méo déu khdng thich gan lon”

Mét s6 16i thudng gap
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Mot s6 16i thudng gap (tiép)

Logic va Chiing minh
Hoang Anh Biic

(g) Lam dung thuat ng¥ “theo dinh nghia” khi bién minh
cho cac phat biéu trong chirng minh
m Vi du, Franklin Roosevelt khong phai la Téng théng Hoa Ky
vao thai diém nudc nay tham gia Thé chién thi Il vao thang
12 ndm 1941. Tuy nhién, “theo dinh nghia”, 6ng 1 Téng
théng vi 6ng da dudc bau vao vi tri nay vao dau ndm 1941
va chua méat hay rdi khéi chiic vu

(h) Khéng kiém tra can than cac dinh nghia trong chirng
minh
m Vi du, néu dang cb gang chitng minh diéu gi d6 vé cac sb
nguyén 18, thi viéc st dung chinh xac y nghia cla khai niém
d6 (réing mot s6 nguyén 18 12 mot sb ¢ thé viét duéi dang
2k + 1 vdi k 12 mdt s6 nguyén) tai mot hodc nhiéu chd trong
chitng minh 1 rt quan trong

(i) Bat dau chirng minh bang cach gia dinh diéu can
chirng minh

a Mét s6 16i thudng gap
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Mot s6 16i thudng gap (tiép)

Logic va Chiing minh

m M6t truding hop phd bién clia 16i nay 1a cé gang chiing minh Hoang Anh Bitc
cdc dang thic bang cdch bat dau vdi chinh dang thire dé va
s dung cdc bién doi dai s6 dé dat duoc A = A; cach nay 1a
khéng hop 6. Tuong tuw, néu ching ta dang ¢b gang chitng
minh mot déng thiic tap hop trong phan “Céc cau tric co
ban”, chang han nhu A C A U B, sé 1a khdng hop 1é khi bat
d4u vdi chinh phét biéu A C AU B

M6t so 16i thudng gap
(i) Gia dinh sai rang mét vai vi du cia moét ménh dé phé
quat c6 nghia la ménh dé dé dung
m Gia dinh khong hop 1é rang mot vai (hodc tham chi sb lugng
I6n) vi du cia mot ménh dé phd quét cé nghia 14 ménh dé
dé dung
m C6 mot vi du tir ly thuyét s6 v& mot ménh dé tha vi vé sb
nguyén duaong n ma dung véi moi n < 4000 000 ngoai trir
truong hgp n = 1969
= M6t chiing minh clia ménh dé phé quéat Va P(x) bao gébm
viéc chi ra rang thudc tinh P(z) luén diing bét ké = dugc
chon nhu thé nao tir mién xac dinh (vii tru cac dbi tugng)
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Mot s6 16i thudng gap (tiép)

Logic va Chiing minh
Hoang Anh Biic

(k) Gia dinh sai rang doi twong tuy y c6 thudc tinh cu thé
khi chi biét ton tai mot déi twong voi thudc tinh do
m Vi duy, gid s chiing ta dang cb gang chitng minh khéng
dinh réng 22 luén du 1 khi chia cho 8 (&) wot 5 i song g
m Sé 1a khong hop [é khi bat dau chiing minh bang cach gia
s rang = = 2n + 1 v6i mdt sb nguyén n nao dé
m Méc du mét s6 sb nguyén thda man tinh chat nay la s6 18,
nhung khong phai tat cd sé nguyén déu vay, vi vay ching ta
sé chi chitng minh khang dinh ding trong mét s6 truding
hop, chit khéng phai ludn ludn ding
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Cac ky thuat chirng minh (Proof Techniques)
ban nén tranh

,-| Chuy l
Day la ban dich tai liéu Proof Techniques cta Dana Angluin
(SIGACT News, Winter-Spring 1983, Volume 15 #1). Ban dich
nay tuan theo mot ban sao cua tai liéu 6 https://mfleck.c
s.illinois.edu/proof.html.

Moi sai sot trong ban dich nay hoan toan la do han
ché vé kién thic cGia nguoi dich. Moi gép y xin gli vé
hoanganhduc@hus.edu.vn.

\

Chitng minh bang vi du Cac téc‘gié dua ra chiing minh cho
n = 2 va dé nghi rang né c6 chita phan I1én cac y
tudng clia chiing minh cho trudng hop téng quat.
Chitng minh bang ham doa “Tam thudng” ho&c “hién nhién”.

36

Lagic va Chiing minh
Hoang Anh Bic

Céc ky thuat chiing
minh (Proof
Techniques) ban nén
tranh
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Cac ky thuat cthpg minh (Proof Techniques)
ban nén tranh (tiép)

Chiing minh bang céch liét ké tat c& moi thir Mét hoac hai s6
clia mét tap chi chi danh riéng cho chiing minh
clia ban la mot diéu co ich.

Ching minh bang cach bét xén “Doc gia ¢b thé dé dang dua
ra cac chi tiet”, “253 trudng hgp con lai dugc tien
hanh tuong tu”.

Chting minh bang céch giau giém Mat chudi dai cac phat biéu
lién quan dung va’hoac vé nghia vé mat cu phap.

Chiing minh bang céch trich dan day uéc mudn Tac gid trich
dan ph dinh, ddo, hoac tong quat ctia mét dinh
ly da biét dé hé trg cho khang dinh cla minh.

Chitng minh bang hé trg tai chinh Lam sao ma ba t6 chiic
chinh phl khac nhau c6 thé sai dugc? Hoac theo
mot goc nhin doi 1ap: lam sao ma bat ct thu gi
ho trg tai chinh bdi nhiing to chiic tam thuong
nay c6 thé dung dugc?
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Cac ky thuat cthpg minh (Proof Techniques)
ban nén tranh (tiép)

Chttng minh bang dan chi Rét nhiéu ngudi tin rang diéu nay
ding: lam sao ma tat ca bon ho déu sai dugc?

Chttng minh bang kinh té thi truong Ly thuyét clia t6i la ly
thuyet duy nhat trén thi truong sé x ly cac dir
lieu.

Chtng minh bang su hiéu biét sau sac “Toi thiy Ruzena &
trong thang may va c6 ay noi rang diéu dé da
dudgc thr nghiém & nhitng nam 1970 va khong
dung dugc”.

Chitng minh bang vii tru Ph( dinh cla ménh dé nay la khong
tudng ho&c v nghia. Pho bien cho cac ching
minh vé sy ton tai clia Chia va cho céc chiing
minh rang may tinh khéng thé suy nghi.

Chiing minh bang lién hé ca nhan “Bai toan Eight-dimensional
colored cycle stripping 1a NP-day di [Karp, lién
hé ca nhan]”.
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Cac ky thuat cthpg minh (Proof Techniques)
ban nén tranh (tiép)

Chitng minh bang cach lién hé dén cac bai néi chuyén “O mot
budi hdi thdo dac biét clia NSA vé linh vyc thi
giac may tinh, Binford da chiing minh rang
SHGC khong thé nhan biét dugc trong thdi gian
da thuc”.

Chitng minh bang cach dua vé sai bai toan “Dé thay rang bai
toan infinite-dimensional coloured cycle stripping
c6 thé gidi dudc, ta dua né vé bai toan halting”.

Chiing minh bang cach trich dan cac ngudn khéng truy cap duagc
Tac gia trich dan mot hé qué don gian clia mot
dinh ly dugc tim ra trong mét ban ghi nhd luu
hanh noi b clia Hiép hoi Triét hoc Slovenia ndm
1883. Phuang phap nay tham chi con hiéu qua
hon néu tai liéu nay chua bao gio dugc dich tir
ban gbc tiéng Iceland.
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Cac ky thuat cthpg minh (Proof Techniques)
ban nén tranh (tiép)

Chiing minh bang cach trich dan cac ngudn khéng ton tai
Khong c6 diéu gi tham chi hai gibng véi dinh ly
da dugc trich dan xuét hién & trong tai liéu dugc
dé cap. Tot hon la két hop Vi phuang phap
chiing minh bang céch trich dan céc nguén
khong truy cap duagc.

Chiing minh bang cach trich dan mét tai liéu sé xuat ban
Théng thudng tac gia sé trich dan mét bai bao
s&p xuat ban clia chinh minh, va tai liéu nay
thuding khéng con sap xuét ban nhu Itic dau.

Chiing minh bang tinh quan trong Mot lugng I6n cac hé quéa
hitu ich déu suy ra tr ménh dé trong cau hoi.

Chtng minh béng viéc tich Ily bang ching Viéc tim kiém lau
dai va siéng nang khong cho ta bat ky mét phan
vi du nao.
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Cac ky thuat cthpg minh (Proof Techniques)
ban nén tranh (tiép)

Chiing minh bang cdc tai liéu tham khao 14n nhau Trong tai
lieu A, Binh ly 5 dugc cho la suy ra tir Binh ly 3
cla tai liéu B, va dinh ly nay duoc suy ra tir Hé
qua 6.2 trong tai liéu C, va hé qua nay la mot hé
qué dé dang suy ra dugc ti Dinh ly 5 clia tai liéu
A.

Chiing minh bang siéu chitng minh M6t phuong phap dugc
dua ra dé xay dung chitng minh. Tinh ding dan
clia phuong phap nay dugc chitng minh bang
bat k& mot ki thuat nao trong s6 céc ky thuat
nay. Su hiéu biét sau sac vé ngit nghia ngén ngir
lap trinh sé gilp ich & day.

Chitng minh bang hinh vé& M6t hinh thiic thuyét phuc hon clia
Chiing minh bang vi du. Két hop t6t véi Chiing
minh bang céch bét xén.
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Cac ky thuat cthpg minh (Proof Techniques)
ban nén tranh (tiép)

Chitng minh bang db hoa hao nhoang Con dugc goi 1a
phuong phap Jabberwocky. Chi cé mot két qua
thuc su manh mé mdi ¢é thé 1am nén tang cho
mot man trinh dién m thanh va anh sang tuyét
voi nhu vay. “San phdm danh cho nhiing ngudi
khéng c6 bai thuyét trinh.”

Chiing minh bang cac biéu dé dé gay nham lan hoac khong giai
Hau nhu bat ky dudng cong nao cling cé thé
dugc tao ra dé trong gibng nhu két qua mong
mudn bing cach chuyén déi phui hap cac bién va
thao tac vdi cac ty 1é truc. Thudng gap trong
cong viéc thi nghiém.

Chting minh bang viéc khang dinh mot céch kich liét Tét nhét
la khi c6 mot loai quan hé quyén han nao dé véi
khan gia, va do dé phuong phap nay dac biét
hitu ich trong mét 16p hoc.
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Cac ky thuat cthpg minh (Proof Techniques)
ban nén tranh (tiép)

Chting minh bang céch Iap lai Ciing dugc biét dén nhu la
chiing minh ctia Bellman: “Diéu gi t6i ndi ba lan
la dung.”

Chiing minh bang céach kéu goi truc giac Cac hinh vé theo
dang dam may thudng gilp ich G day.

Chttng minh bang céch vay tay mét cach manh mé Hoat dong
tot trong méi trudng I6p hoc, xémina hoac hoi
thao.

Chting minh bang céch thay d6i ngit nghia M6t sb dinh nghia
co ban nhung bét tién dugc thay d6i dé phu hop
véi phat biéu cla ket qua.

Chttng minh bang ky hiéu ruom ra Tot nhat la thuc hién voi
viéc st dung it nhat bon bang chir cai, cac ky tu
dac biét, va phién ban madi nhat clia LaTeX.
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Logic va Chiing minh
Hoang Anh Biic

Cac ky thuat chiing
minh (Proof
Techniques) ban nén
tranh



Cac ky thuat cthpg minh (Proof Techniques)
ban nén tranh (tiép)

Chitng minh bang su tritu tuong vé nghia Mot phién ban cla
Chiing minh bang hdm doa. Tac gia sl dung cac
thuat ngir hodc dinh ly tir todn hoc cao cap trong
rat an tugng nhung chi lién quan truc tiép dén
van dé hién tai. Mot vai tich phan & day, mot vai
day sb chinh xac & kia, va ai sé biét liéu ban ¢
thuc su ¢6 chiing minh hay khong?

Phan chiing bang cach tim ra mot qué tdo xau Mét qud tao
xau lam hong ca chum'. Trong s6 nhiéu nguai
Gng ho ly thuyét nay, chung t6i da tim thay mot
nguai ro rang la dién ro; vi vay chung ta cd thé
lam maét uy tin cla toan bd ly thuyét. (Thudong sl
dung trong ng{t canh chinh tri.)
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Cac ky thuat cthpg minh (Proof Techniques)
ban nén tranh (tiép)

Logic va Chiing minh
Hoang Anh Biic

Chitng minh bang con dudng déc tron trugt Néu ching toi
chap nhan [dé xuét ban déu] ching t6i s& phéi
chap nhan [de xuat dugc slra d6i mot chut] va
cubi cuing diéu nay sé dan dén [de xuat hoan
toan khac biét va rd rang |a cé thé bi phan d6i].  (s)cicky nuicning

minh (Proof
Techniques) ban nén

Chitng minh bang “khéng phat minh & day” Chung t6i ¢6 kinh iranh
nghiém 1am viéc véi thiét bi nay trong nhiéu nam
d MIT va chuing t6i chua bao gio nhan ra hiéu
qua nay.

1Con sau lam rau ndi canh %



2. C4c cAu tric co ban: Tap hop, Ham, D3y, Téng
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Cac ciu tric co ban
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Hoang Anh Burc

B6 mén Tin hoc, Khoa Toan-Co-Tin hoc
Pai hoc KHTN, BHQG Ha Noi
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NGi dung

Céc céu triic cd ban
Tép th Hoang Anh Dic
Mét s6 khai niém va tinh chét co ban
Cac phép toan trén tap hgp
Biéu dién tap hap bang chudi nhi phan
Ham
Quan hé
Dinh nghia ham va mot s6 khai niém
Mot s6 ham va todn t
Day
Dinh nghia day va mot s khai niém
Mbt sb day dic biét
Téng/Tich
Ky hiéu téng va mot sb khai niém
Mét sb cong thiic téng hitu ich
Ky hiéu tich

78



Tap hop

Khai niém va cach mo ta tap hop

Céc cAu tric co ban

m Mot tdp hop (set) 1a mot tng thé khong sap thit tu cac dbi
tugng phan biét (goi la cac phan ti (element) hodc thanh
vién (member) cla tap hop) Mt sb ki i vt

Hoang Anh Biic

chét co ban

m e S zlaphantlicla S
m 2 ¢ Sz khong la phan tif clia S
m Ta thudng sl dung cac chit in hoa S, 7, U, ... dé ky hiéu
tap hop
m C6 thé mo t& mot tap hop bang cach liét ké tat ca céc
phéan tir cla tap dé gilta hai dau ngodc nhon “{” va “}".
Trong nhiéu trudng hop, ¢ thé liét ké théng qua “quy luat
don gian”
m Tap cac nguyén am trong bang chit céi tiéng Anh
V ={a,e,i,o,u}
m Tap cac soO ty nhien N = {0,1,2,3,...}
m C6 thé mé tA mét tap hop théng qua quy tdc nhan biét
m VGi vi ti P(x) bat ky trén mién xac dinh nao do, {z | P(z)}
la tap hop tht c& = sao cho P(z) ding (c6 thé dung “” thay
vi “")
m Tap céc sb ty nhién chan E = {z | z = 2k V6i k € N} 78



Tap hop

Khai niém va cach mo ta tap hop

Céc cAu triic co ban

C6 thé mo ta mot (hoac nhiéu) tap hop théng qua gidn dé Venn
(Venn diagram)
m T4p vi tru (universal set) U gbm tat c& cac doi tuong dang

Hoang Anh Biic

Mot s6 khéi niém va tinh

xét X Hinh chit nhat cniteapin
m Tap hgp can mo ta Hinh tron hodc céc hinh khac
m Phan t cha tap hop Diém
U

Hinh: M6 té tap céc nguyén am trong bang chit céi tiéng Anh
V = {a,e,i,0,u} bang gidn do Venn
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Tap hop

Tap hop rong

Céc cau triic co ban

Hoang Anh Biic

Mat sb khai niém va tinh
chét co ban

m T4p hop réng (empty set), ky hiéu 0, Ia tap hop duy nhét
khong chita bat ky phan ti nao
m ) = {} hoac ) = {z | F} v&i F la mot ménh dé luén ludn
sai (mau thuan)
m B4t ké mién xac dinh |a gi, ménh dé —Jz (x € 0) luén ding
m )+ {0}
m Tap {0} khong réng, vi né chita mét phan ti—tap hop réng
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Tap hop

Tap hop con va tap hop bang nhau

Céc cAu triic co ban

Cho hai tap hop A va B. A la tdp con (subset) clia B, ky hiéu
A C B hoac B D A, khi va chi khi méi phan t cla tap A ciing
la mét phan tl cla B
m(ACB)=Vz(xre A—x€B) e
m (A¢ B)=-(AC B) (A khéng la tap con cla B)
m(ACB)=(ACB)A(B¢gA)(Alatap con thuc su

Hoang Anh Biic

Mot s6 khéi niém va tinh

(proper subset) clia B)
Bai tap 1
Cho A ={1,2,3} va , U
B ={1,3,5,7}. Hay ligt ke tat =
ca cac tap hgp
(a) latap concla A
(b) la tap con thuc su clia A
(c) vlra la tap con cla A vira
la tAp con cla B
(d) 1a tap con clia A nhung Hinh:AC B
khéng la tap con cla B -




Tap hop

Tap hop con va tap hop bang nhau

V|' du 1 Ca: cau t;uchc;j ban
oang Anh Biic

Ta chitng minh véi moitdp A, taco () C A ?
m Nghia I3, ta can chiing minh VAVz ((z € 0) — (z € A)) Mt i o

m Cu thé, ta can chi ra rang véi tap hgp A, va phan tir z,
thudc cac mién xac dinh tuong ng, ménh dé
(zg € 0) = (zo € Ap) ludbn dung

m That vay, theo dinh nghia clia tap hop réng, (z, € 0) = F.
Do dé! (370 S @) — (Q?() € AU) =T

Bai tap 2 Bai tap 4
Phét biéu sau diing hay sai? Chttng minh rang véi moi

“V6i moi tap hop A, néutbntaitap taphop A, tacé AC A
hgp B sao cho B C A, thi A # ()" A
Baitap 5

Bai tap 3 A

. . s Liéu cd ton tai cac tap
Chung minh rang véi moi tap hop hop A va B théa man
A,B,C,néu AC BvaB C C thi Ac BvaAcC B?
A g C B 78



Tap hop

Tap hop con va tap hop bang nhau

Céc cau triic co ban

Hoang Anh Biic

Cho hai tap hgp A va B. A va B |a hai tap bang nhau, ky hiéu Mot sb ko i va inh
A= B, khivachikniACBvaBC A ‘ Pb
B (A=B)=(ACB)A(BCA)=Vz(zre A<z € B)
m Tt ca cac phan tif trong mot tap déu phan biét (distinct);
liét k& mot phan tl nhiéu lan 1a vé nghia
m Néua =b thi {a,b,c} = {a,‘c} :,{b’ c} = {a,a,b,c,a,c,c}
m Ta ndi rang tap trén ¢ (nhiéu nhat) 2 phan to
m Céc phan tf clia mét tap hop khéng sdp thi tu
(unordereq)
m Bitké a,b,cla gi, {a,b,c} ={a,c,b} = {b,a,c} =
{b,¢c,a} ={c,a,b} = {c,b,a}
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Tap hop

Luc lugng clia mét tap hop

Céc cau triic co ban

m Luc luvong (cardinality) cla mot tap A, ky hiéu |A|, 12 sb
phan t{ khac biét ma A cé
,. |®| =0; |{17273}| =3; |{{17273}a{4:5}}| =2 ;
m Néu |A| € N, thi ta goi A la tap hdu han (finite set). Ngugc e
lai, A la mét t4p vo han (infinite set) 5y tp oo b
m M6t sb tap vo han quan trong

Hoang Anh Buic

Mot s6 khéi niém va tinh

m N={0,1,2,...} Tép sb tu nhién (natural numbers)
mz={..,-2-1,01,2...} Tap sb nguyén (integers)
mZt={1,2,...} Tép sb nguyén duong (positive integers)
m Q= {p/q|pq€Z vaq+0} Tap s hiu ty (rational
numbers)
mR Tép sé thuc (real numbers)
m R Tép sé thuc duong (positive real numbers)
mC Tép s phtic (complex numbers)
BENCZcCcQcRcC
Baitap 6

Tim céc tap hop A, B théa man céac diéu kién
(a) A={3,|B[} va (b) B ={1,|4],|B[}
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Tap hop

Tap hop ldy thira

Céc cAu triic co ban

Hoang Anh Biic

m Tp ldy thra (power set) cla mot tap A, ky hiéu P(A), la
tap hop gom tat ca cac tp con clia A
B P(A) ={z |z C A}

Mat sb khai niém va tinh

u P({a,b}) = {0, {a}, {0}, {a,b}} e
m P(0) = {0}
u P({0}) = {0,{0}}
m Néu A la tap hitu han, [P(A)| = 2/41. Do d6 ky hiéu 24 doi
khi cling dugc st dung dé chi tap Iy thita clia A
Baitap 7
Cho A = {1,2,3}. Cac ménh dé sau dlng hay sai?
(@) 2e A (c) 2eP(A) (e) {2 € P(4) (9) {{2}} € P(4)
(b)2c A (d) 2¢cP(4) (f) {22 S PA) (h) {{2}} S P(4)
Bai tap 8
Chiing minh rang néu A = B thi P(A) = P(B) véi hai tap 4, B
bat ky. Ngugc lai, néu P(A) = P(B) thi A c6 bang B khéng?
(Goiy: A=B=(ACB)A(BCA)=Vr(re A+ x€B)va
nBuAC BvaBC CthiACCQ)
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Tap hop

Tich Bécac

Céc cau triic co ban

m VGin € N, mdt b sdp thif tu'n phan tir (ordered n-tuples) Hoang Anh bic
(a1, as,...,a,) la mot day cac phan tl cé phan ti thi nhat
la a1, phan t& thit hai 1a ao, ..., va phan t& thit n 1a a, (1) ot i i

m Mot bd sdp thir tu 2 phan ti dudc goi 1a mdt cdp sap thi? tu
(order pair)

m Haibd (ai1,...,a,) va (bi,...,b,) l& bang nhau néu véi
moii e {1,...,n},a; =b;

m Chuy: (1,2) # (2,1) # (2,1,1) nhung
{1,2} ={2,1} ={2,1,1}

m Tich Bécéc (Cartesian product) cla hai tap A, B, ky hiéu
A x B, la tap tht c& cac cap sép thi tu (a, b) trong dé
a€eAvabeB

m Ax B={(a,b)|a€ ANbE B} )

m Chuy rang tich Bécac khéng cé tinh chat giao hoan, nghia
la -VA,B(Ax B=BxA)

m TSng quat hda
A x - x Ap ={(a1,...,an) | a1 EAL N Nan € An}
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Tap hop

Tich Bécac

Céc cau triic co ban

Hoang Anh Biic

Bai tap 9 ch
Cho A ={1,{2,3}} va B = {4,5,6}. Tim cac tap hop A x A,
BxB,AxB,vaBx A

Bai tap 10

Chitng minh rang A x B = () khi va chi khi A = () hoic B = ()
Baitap 11

Chitng minh rang A x B = B x A khi va chi khi A = () ho&c
B=0hoac A=B
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Tap hop

Chuy

Cac céu tric co ban
m Gian db Venn cé thé dudc st dung dé mo ta méi quan hé Hozing Anh Biic
gilta hai ho&c nhiéu tap hop
m Trong gidn dé Venn vdi hai tap hop trd Ién, céc dudng
cong (vong tron hodc cac hinh khac) dugc chéng 1ap theo
moi cach cé thé, thé hién tat ca cdc mbi quan hé co thé
gitra cdc tap.

D 50
X

Céc phép toan trén tap hop

v

78



Tap hop

Phép hop

Céc cau triic co ban
m Hop (union) cla hai tap hop A, B, ky hiéu AU B, la tap Hoang Anh Bite
chiia tat ca cac phan ti hoac thudc A, hodc thudc B, hodc
thudc cd hai
m VA B(AUB={x|xz€ AVzec B})
m AUBDAvVaAUBDRB
m {1,3,5}U{2,3,4} = {1,2,3,4,5}

Céc phép todn trén tap hop

U

Hinh: Gian dd Venn mo td AU B
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Tap hop

Phép giao

Céc cAu triic co ban

m Giao (intersection) ctia hai tap hgp A, B, ky hiéu AN B, la
tap chiia tat c& cac phan ti dong thoi thuéc cd A va B
m VA B(ANB={z|xz€ ANz € B}) :
m ANB - AvaANB CB Q Céc phép ton trén tap hop
m {1,3,5} n{2,3,4} = {3}
m Haitap A va B la roi nhau (disjoint) néu AN B = 0.
m {1,3,5}n{2,4,6} =0

Hoang Anh Biic

U

Hinh: Gian dd Venn motd AN B
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Tap hop

Phép hiéu

Céc cAu triic co ban

m Hiéu (difference) cia hai tap hdp A, B, ky hiéu A — B hoac Hodng Arth B
A\ B, la tap chiia tat ca c4c phan tlf thudc A nhung
khoéng thuéc B
| | VA, B (A — B = {.I‘ | rEANT ¢ B}) Céc phép ton trén tap hop
m {1,3,5} — {2,3,4} = {1,5}
m Khi tap vi try U dugc xac dinh, phan bu (complement) clia
tp A, ky hiéu A, latap U — A

mVAA={z|xz¢A})
U U

Hinh: Gian @ Venn mo td A — B Hinh: Gian dd Venn mo ta A
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Tap hop

Phép hiéu dbi xiing

Céc céu triic cd ban
m Hiéu dbi xiing (symmetric difference) clia hai tap hop A, B, Hoang Anh Bic
ky hiéu AAB hodc A @ B, 1a tap chita tht ca cac phan t
hoac thudc A hodc thudc B nhung khéng thudc ca A va B
m VA B(AAB={z|z€ A®x € B})
m AAB=(A-B)U(B - A)
m {1,3,5}A{2,3,4} = {1,2,4,5}

e Céc phép todn trén tap hop

Hinh: Gian dd Venn mé t4 AAB

78



Tap hop

Cac phép toan trén tap hop

Céc cau triic co ban

Hoang Anh Biic

Baitap 12 s phépodn 8
Tim cac tap A va B, biétrang A — B = {1,5,7,8}, :
B—A={210},va AN B ={3,6,9}

Bai tap 13

Cho céc tap hgp A, B. Chitng minh

(@) AnNBCAvaANnBCRB

(b) AC (AUB)

(c) A—-BCA
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Tap hop

Bang tinh thudc

Céc cau triic co ban

Hoang Anh Biic

Bang tinh thuéc (membership table) clia cac phép toan trén tap
hop

A|B|AUB|[ANB| A—B | A| AAB Ol ittt
1] 1] 1 1 0 [0] O
10| 1 0 1 |o| 1
0] 1 1 0 0 1 1
0olo]| o 0 0o |1 o
Bai tap 14

Xay dung bang tinh thudc clia

(@) Au(BUC)va(AuB)UC

(b) AnN(BUC)va(ANnB)U(ANCQC)
(co AUBvaANB
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Tap hop

Cac hang déng thiic tap hop

Céc cAu triic co ban

Hoang Anh Biic

Tén goi Pang thirc
Luat dong nhat ANU=A boobin
(Identity laws) AUp=A Ocitnitd
Luat nudt AUU=U
(Domination laws) ANP=10
Luat Idy dang AUA=A
(Idempotent laws) ANA=A
Luat bu kép =
(Double complement laws) A=4
Luat giao hoan AUB=BUA
(Commutative laws) ANB=BNA
Luat ket hgp AU(BUC)=(AuB)UC
(Associative laws) AN(BNC)=(AnB)nC
Luat phan phoi AUu(BNC)=(AUuB)N(AUCQC)
(Distributive laws) AN(BUC)=(ANB)U(ANC)
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Tap hop

Cac hing déng thurc tap hop

Céc cau triic co ban

Hoang Anh Biic

Tén goi Pang thuc
Luéat De Morgan ANB=AUB
(De Morgan'slaws) | AUB=ANB
Luat hap thu AU(ANB)=A
(Absorptionlaws) | AN(AUB)=A
Luat bu AUA=U
(Complement laws) ANA=0

@ Céc phép todn trén tap hop

V6i hai tap A, B bat ky,

Ching minh A =B }

(1) Chiing minh truc tiép AC BvaB C A

(2) Chung minh théng qua dinh nghia tap hop va cac phép
bién d6i Iogic

(3) Chiing minh bang bang tinh thuéc
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Tap hop

Cac hang déng thiic tap hop

Céc cau triic co ban

Hoang Anh Biic

Vi du 2 (Dung dinh nghia) B
ChL]’ng minh ANB=AUB Céic phép todn trén tap hop
m ANBCAUB
m Gia sl z € AN B. Theo dinh nghia, = ¢ AN B. Do do,
ménh dé —(z € A Az € B) ding. Ap dung luat De Morgan,
—(z € A) V ~(x € B) dung. Theo dinh nghia, taco = ¢ A
hoacz ¢ B.Dodd, z € Ahoacz € B,suyraz € AUB
m ANBDAUB
m Gid stt z € AU B. Theo dinh nghia, = e‘Z hodc = € B. Do
do, = ¢ A hodc = ¢ B. Nhu vay, ménh dé (z ¢ A) V (= ¢ B)
dung. Theo dinh nghia, —(x € A)V=(z € B) cung dung. Ap
dung luat De Morgan, ménh dé —(z € A Az € B) dung. Do
dé, -(r € AnB)ding,suyrax € ANB
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Tap hop

Cac hing déng thurc tap hop

Céc cau triic co ban

Hoang Anh Buic

Vi du 3 (Dung dang thiic 16gic da biét)

Chéing minh ANB=AUB

ANB={z|z¢ ANnB}
={z|-(x € AN B)}
={z|-(zr€e ANz € B)}
={z|-(x € A)V-(xeB)}
={z|xz¢gAVz¢ B}
={z|z€AVvzec B}
={zr|z€ AUB}
=AUB

dinh nghia phan bu
dinh nghia ¢

dinh nghia N

luat De Morgan
dinh nghia ¢

dinh nghia phan bu
dinh nghia U

mo ta tap hop
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Tap hop

Cac hing déng thurc tap hop

Céc cau triic co ban

Hoang Anh Buic

Céc phép todn trén tap hop

Vi du 4 (Dung bang tinh thudc)

Chiéng minh ANB =AUB
A|B|A|B|AnB|AnB | AuB
111(107]0 1 0 0
1710101 0 1 1
01|10 0 1 1
0O]0]1|1 0 1 1
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Tap hop

Cac hang déng thiic tap hop

B‘aJ tép 15 Ce:tféut;‘ui]c;’bén
L 2 \ » oang Anh Bic

Chirng minh cac hang dang thiic tap hgp da dé cap (st dung

cac phuang phap da trinh bay)

Bai tap 16 (2 cicép i v e
V6i céc tap A, B bét ky, chiéing minh

(@) ANB=A— (A— B) (d) AAA =0

(b) AU(B—A)=AUB (e) AAD=A

() AN (B—A) =0 () AAB = BAA

Baitap 17

V&i cac tap A, B, C, c6 thé két luan rang A = B néu
(@) AUC = BUC?

(b) ANC =BNC?

(c) AuC=BUCvaANC=BnNC?

Bai tap 18

C6 thé ndi gi vé cac tap A, B néu AAB = A?
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Tap hop

Cac hang déng thiic tap hop

Bai tp 19
VGi A 1a tp con clia mét tap vii tru U, chiéing minh rang

(a) AAU = A

(b) A AZ _ U Céc phép toan trén tap hop
Bai tap 20

V6i hai tap A, B bét ky, chiéing minh

(a) AAB=(AUB)— (ANB)

(b) AAB = BAA

(c) (AAB)AB = A

Bai tap 21

Chting minh ho&c tim phan vi du cho céc déang thiic sau
(@ Ax(BUC)=(AxC)U(BxCQC)

(b) Ax (BNC)=(AxC)n(BxC)

trong d6 A, B, C' 1a céc tap bat ky
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Tap hop

Téng quéat hda phép hap va phép giao

Cac cau tric co ban
Hoang Anh Biic
m Do céc phép hagp va giao thda man luat giao hoan va luat
két hap, ta cé thé mé rong cac khai niém nay cho day n
tap Ai,..., A, hodc tham chi day vo han céac tap. (z5) ciornen osnenti hop
m Cach nhém va thi tu thyc hién khéng quan trong
m AUBUC = (AUB)UC = AU(BUC) =BU(AUC) =...
®m ANBNC = (ANB)NC = AN(BNC) = BN(ANC) =...

U U

A A

e/ N

Hinh: Gian dé Venn cho AU BUC Hinh: Gian dd Venn cho ANBNC

78



Tap hop

Téng quét héa phép hap va phép giao

Céc cau triic co ban
Hoang Anh Biic

Hop (union) clia mot bod (httu han hoac v han) cac tap hop la
mot tap chita tt c& cac phan ti 1a thanh vién clia it nhat mot
tap trong bd

mJA={z|Jie{l... ,n}xed)}=A4A1UAU--UA,
=1

m Tuong ty véi tap chi s6 I batky | J 4; hay véi vé han cac

el

tap hop G A;

i=1

Vidu5
ch_1,2,... néud, ={i,i+1,i+2,...}thi

UA —U{z i+1,i42,...}={1,2,3,...} =27
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Tap hop

Téng quét héa phép hap va phép giao

Céc cau tric co ban
Giao (intersection) ciia mét bé (hitu han hodc vo han) cac tap Hoang Anh Bde
hop la mot tap chira tat c& cac phan tl 1a thanh vién cla tat ca

céc tap trong bd

N @ Céc phép todn trén tap hop
m(A={z|Vie{l,...,n}(x€A)}=AiNAN---NA4,
=1
m Tuong ty véi tap chi sb I bat ky (] 4; hay véi vé han cac
el

tap hop ﬁ A;

i=1

Vidu6
ch_1,2,... néud, ={i,i+1,i+2,...}thi

ﬂA —ﬂ{z i+1Li+2,.. . }={nn+ln+2,. ..} =4,
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Tap hop

Téng quét héa phép hap va phép giao

Céc cau triic co ban

Hoang Anh Biic

Bél tép 22 @ cacpnépma'ngén@pnqp
V6i cac tdp hop A = {1,2,3,4,5}, B = {1,4,6,8}, va
C=1{5,7,9,10},tim AnNBNCvaAuUBUC

Bai tap 23

V6i céc tap hap A, B, C bét ky, chitng minh

(@ ANBNC=AuBuUC

(b) AUBUC=ANBnC
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Tap hop

Biéu dién tap hop bing chudi nhi phan

Céc c4u triic co ban

m Gid st t4p vi tru U a hitu han va cac phan ti clia U dugc
liét ké theo thi? tr uy, us, us, . . . , u,. Ta c6 thé bidu dién
mot tAp hitu han A C U duéi dang mét chudi nhi phan
B(A) =z129... 2, trong ddé z; = 1 néuu; € Avaz;, =0
néU w; ¢ A. e Bidu dién tap hop bing

Hoang Anh Biic

| | VdiU:{1,2,...,10}(u1 =1,...,u10 = 10)Vé.
A ={2,3,5,7} thi B(A) = 0110101000
U 1] 2 3[4 5|6 78]|9]10
BA) [0 1| 1|0 1[0 1]0]0]O0
m Céac toan tl tap hop ‘U7, ‘1% va “ 7 Ian lugt twong (ng Vi
cac toan t logic “v”, “A”, va “=” thuc hién theo tiing bit.
Bai tap 24
Vi U = {1,2,...,10} (u; = i), Ay = {2,3,5,7}, Ay = {1,3,9},
hay so sanh
(1) B(A1 U Ag) va B(A1) V B(As)
(2) B(A1 N As) va B(A1) A B(Az2)

(3) B(Ay) va-B(A) 7




Ham

Quan hé

m Cho hai tap hop A4 va B. Mot quan hé (relation) R gitta A e ‘;“hc;"é”
va B |a mot tap con cla tich Décac A x B. Ta viét aRb et
néu (a,b) € R. Trong trudng hop A = B thi R duodc goi la
mot quan hé trong A

m Alatép cac giang vién. B latip cacldp. R C A x B la
quan hé “phan c()ng giang vién day I6p hoc”
m R = (): khdng c6 glang vién nao day bt ky I6p nao
B R=Ax B:mbi glang vién day tt ca céc I6p
m Biéu dién mét quan hé bang hinh vé

Quan hé

Hinh: (a) tuong tu gian do Venn, (b) dd thi, (c) hé toa do Décac =



N

Ham

Quan hé

m MGt quan hé R trong A dugc goi la quan hé tuong duong
(equivalence relation) néu né théa man céc diéu kién sau

Tinh phan xa (reflexive) VGi moi a thude A, ta c6 aRa
Tinh doi xtrng (symmetric) VGi moi a, b thudc A, néu ta cé
~_ aRbthitacing c6 bRa )
Tinh bac cau (transitive) V&i moi a, b, c thudc A, néu ta cod
aRb va bRc thi ta cling cd aRe

Bai tap 25

Trong méi trudng hop sau, R ¢cé phai 1a quan hé tuong duong

hay khéng?

(1) R=1{(p,q) | p = q} V6i p, q la cac mé&nh dé 16gic

(2) R={(A,B)| AC B} vGi A, B lacac tap hgp

(8) R={(A,B) | A= B} v6i A, B la cac tap hgp

(4) R = {(a,b) | bchia hét cho a} véi a, b 1a cac sb nguyén
duong

78

Céc cAu triic co ban

Hoang Anh Biic

Quan he



Ham

Dinh nghfa ham va mét sb khai niém

m Vi hai tap khac réng A, B, mét ham (function) f t A dén Gée cAu rdo co bin
B, ky hiéu f : A — B, 1a mot quan hé giita A va B gan Hone Anh e
chinh xdc mét phan t cia B cho méi phan ti ctia A

(1) V&imoia € A, tén tai b € B sao cho (a,b) € f
(2) V6i by va by thude B sao cho (a,b1) € fva (a,b2) € f,tacd

by = by
Néu b 1a phan t& duy nhét thudc B dugc gan cho phan tir o
thudc A bdi f, ta viét f(a) = b o
A % B
A~
1 2
2 @ 4
3 L X3
4 8
5@ ® 1
\_

Hinh: Ham Hinh: Khéng phai ham

78



Ham

Dinh nghia ham va mét sb khai niém

Céc cAu triic co ban

Gia st¢ f la mot ham tor A dén B Hoang Anh Bic
m A dudc goi 1a mién xdc dinh (domain) cha f
m B dudc goi la mién gid tri (codomain) cla f
m Néu f(a) = b, ta goi b 1a 4nh (image) clia a va a 12 mét
nghich anh (preimage) cta b
m Ta cling néi rang f dnh xa A dén B (24) o ngrianam va mot s

khai niém

Vidu7

Véi ham £ cho bdi hinh bén
m Tap xac dinh A = {1,2,3,4,5}
m Tap gia tri B = {2,4,6,8,10}

m4cBladnhclacale Ava
5¢ A

Hinh: f: A— B
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Ham

Dinh nghia ham va mét sb khai niém

Gid it f 12 ham tir A dén B bz
m Tap hop tat ca cac anh clia cac phan tl thuéc A dugc goi
la dnh cia A qua ham f, ky hidu f(A)
m f(A)CB
m VGitap con S C A, anh cua S qua ham f, ky hiéu £(S), 1a
tap tat ca cac anh clia cac phan ti thudc S
mfS)={t|FseSt=f(s)}={f(s)|ses}t ~ Mowr
m Chuy: f(s) la mét phan t&r clia B va f(S) la mét tap con K iam
cla B

Vidu 8
Véi ham f cho béi hinh bén
m f(A) ={2,4,6,8}
m V6i S ={1,2,5},tacd
f(8) ={4,6}

Hinh: f: A— B
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Ham

Ham t6ng va ham tich clia hai ham thuc

Céc c4u triic co ban

Cho f, va f» la cac ham tir A dén R. Ta dinh nghia f; + f» va
fif2 lacac hamtir A dén R, goi la cac ham thuc (real-valued
function), nhu sau. V&i moi z € A,

Hoang Anh Biic

< hiéw ham (1 + 12)(=) =[1(@) + f2(2) phép toan
JHE (fifollz) =|fr(z) f2(x) |[trong R
Bai tap 26 (5) i v i
Hay kiém tra lai rdng f, + f2 va f1 fo thuc sy 1a cac ham
Bai tap 27

Goi F 1a tap hop tat ca cac ham f : R — R vGi tap x4c dinh va
tap gia tri la tap cac so thuc. Cac ménh dé sau la dung hay
sai? Hay giai thich dap an clia ban

(a) YeeR [3f € F (f(0) = 0)]

(b) 3f € F [Ve e R (f(0) =¢)]

(c) 3f € F [Ve e R (f(c) =0)]

78



b

Ham
Ham hap

m VGicachamg: A — Bva f: B — C, tacé thé dinh nghia  [§ cecciuecsoan
hop (composition) cla f va g, ky hiéu fog: A — C, nhu Hoang Anh Bie

sau
(fog)(@) = f(g(x))
véimoixz c A
m Chuy: f o g chi dugc dinh nghia khi tdp gid tri cla g la tap
con cua tap xac dinh cua f IS
m Chu y: Toan ti “o” khong giao hoan, nghia 13, trong hau ot vt
hét moi truong hop, fog + go f

78



b

Ham
Ham hgp

, Céc cu tric co ban
Vi dU 9 Hoang Anh Buc
A g B f C A fog C
a N a@——@h
b b
2
g g @ Mbt s ham va todn tif
C C
3
d J d J
4
Bai tap 28

Cho g : {a,b,c} — {a,b,c} vGi g(a) = b, g(b) = ¢, va g(c) = a.
Cho f :{a,b,c} — {1,2,3} vGi f(a) =3, f(b) =2,va f(c) = 1.
Hay tim fogvago f
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Ham

Don anh

Céc cAu triic co ban

m Ham f: A — B dudc goi la mét don anh (injection) hay
moét ham mot-mét (one-to-one function) khi va chi khi
f(a) = f(b) kéo theo a = b vGi moi a va b thudc tap xac
dinh A clua f

B Va,b(f(a) = f(b) > a=0b) =Va,b(a+b— f(a) # f(b))

Hoang Anh Biic

Vidu 10

./. .\ @ Mot sb ham va toan tir

o

Hinh: Pon &nh Hinh: Khéng phai don anh 78



Ham

Don anh

Céc cau triic co ban

Hoang Anh Biic

Bai tap 29

Ham f : Z — Z trong mdi trudng hgp sau day c6 phai la don -
anh kh()ng’? @ Mot s6 ham va todn ti
(@ fn)=n-1 () f(n)=n?

(b) f(n)=n?+1 (d) f(n) = In/2]
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Ham

Don anh

Céc cau triic co ban

Hoang Anh Biic

Cho f : A — B lamot ham trong dé A, B la cac tdp con claR

m f duoc goi la tang (increasing) khi va chi khi véi moi z,y
thudc A thda man z < y, taludn cd f(z) < f(y)

B VaVy (z <y — f(z) < f(y))

m f duoc goi la thue su tang (strictly increasing) khi va chi
khi vGi moi z, y thudc A thda mén z < y, ta luén cé o nghva ham vam
f(ﬂ']) < f(y) 0 Mot sb ham va todn tir

m VaVy (z <y — f(z) < f(y))

m f duoc goi la giam (decreasing) khi va chi khi vGi moi z, y

thudc A thda man z < y, ta ludén cd f(z) > f(y)
B VaVy (z <y — f(z) = f(y))

m f duoc goi la thue su giam (strictly decreasing) khi va chi
khi vGi moi z, y thudc A théa mén z < y, ta luén cé
f(@) > f(y)

m VaVy (z <y — f(z) > f(y))
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Ham

Don anh

Céc cau triic co ban

Hoang Anh Biic

Bai tap 30
(a) Cho vi du vé mét ham f la ham thuc sy gidm S
(b) Cho vi du vé mét ham £ Ia ham gidm nhung khong 1a thyc () wsrm e
su giam
(c) Chitng minh néu f la ham thuc su tang hodc thuc su giam
thi f la don anh
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Ham

Toan anh

Céc cAu triic co ban

Ham f: A — B dugc goi la mot toan anh (surjection) khi va chi
khi v6i moi phan t& b thudc B ton tai mét phan ti a thudc A sao
cho f(a) =10

mVbe B3ac A(f(a) =D0)

m f(A) = B (anh cla A qua f bang véi tap gid tri B)

Hoang Anh Biic

Vidu 11 / =

@ Mot s6 ham va toan tif

Hinh: Toan anh Hinh: Khéng phai toan anh 7



Ham

Toan anh

Céc cau triic co ban

Hoang Anh Biic

Bai tap 31
Ham f : Z x Z — Z trong méi trudng hop sau day co phai la
toan anh khéng?

(@) f(m,n)=2m—n () f(m,n) =m+n+1 () worsh v
(b) f(m,n)=m?—n? (d) f(m,n) =m?>—4
Bai tap 32

Chitng minh rang f : A — B la toan anh khi va chi khi
f(A)=B

78



Ham
Song anh

Céc cAu triic co ban

Ham f: A — B dudc goi la mét song anh (bijection) khi va chi
khi n6 déng thai la don anh va toan anh
Vidu 12

4

Hoang Anh Biic

X X

? . e Mot s6 ham va toan tif

Hinh: Sona 4nh Hinh: Bon anh,  Hinh: Toan anh, Hinh: Khong don
INN->0Ng AN khong toan anh - khang don anh anh, khong toan
anh 7



Ham
Song anh

VGi cac tap hop hitu han A, B, ta cd |A| =

ton tai mot song anh f : A — B

| B| khi va chi khi

Céc cau triic co ban
Hoang Anh Biic

e Mot s6 ham va toan tif

Bai tap 33

Ham f : R — R trong méi trudng hop sau day cé phai la song
anh khoéng?

(@) flx)=-3x+4 (e) flx)=2z+1

(b) f(z)=—-322+7 f) fz)=22+1

(€) f(z)= ($+ 1)/(z+2) (@) f(z)=2?

(d) f(z) =2°+1 (h) f(z) = (2> +1)/(2%) +2

78



Ham

Ham nguoc

Céc cau triic co ban

Hoang Anh Biic

m Cho f: A — B lamot song anh. Ham nguoc (inverse
function) cGa f 1a mdt ham gan cho méi phan tit b € B mét
phan t&t duy nhat a € A sao cho f(a) = b. Ham nguoc cla
fdugcky higula f~':B— A

m M6t song anh con dugc goi la mot ham kha nghich
(invertible function)

0 Mot s6 ham va toan tif

78



Ham

Ham nguoc

Céc cau triic co ban

Hoang Anh Biic

Bai tap 34
Chitng minh rang f~! 1a mét song anh

Bai tap 35
Ham nguoc clia cac ham sau cé ton tai hay khong? Tai sao? () weissramaeans
(@ fR=R, f(z)=z+1

b) f:R=R, f(z)==
() f:R—=R, f(x)

(d) f:N—=N, f(z)

2
2
2x
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Ham

Ham déng nhat

Céc cAu triic co ban

m Cho A4 1a mét tap hop. Ham déng nhét (identity function)
trén Alahamidy : A — Atrong d6 id4(z) = = v&i moi
reA

m id4 la song anh véi moi tap A

m VGi song éanh f : A — B va ham nguagc clia nd
f1:B— A

Hoang Anh Biic

f~ho f=ida
@ Mot s6 ham va toan tif

Hinh: Ham déng nhét trén A 7



Céc cAu triic co ban

Bai tép 36 Hoang Anh Diic
Hay tim vi du mot ham f : N — N théa man
(@) fladan anh nhung khéng la toan anh
(b) f latoan anh nhung khéng la don anh
(c) flasong anhva f khac ham dong nhét trén N
(d) f vlra khong la don anh vira khéng la toan anh o
Bai tap 37
Chociachamg: A — Bva f: B— C.Chiing minh rang
a) Néu ca g va f déu la don anh thi f o g cling 1a don anh.
b) Néu ca g va f déu 1a toan anh thi f o ¢ cling 1a toan anh.
c) Néu f o g 1a toan anh thi f ciing 1a toan anh
d) Néu f o g la don anh thi g cling la don anh
e) Néu f o g la song anh thi g 1a toan anh khi va chi khi f la
don anh

(
(
(
(
(

78



Céc cau triic co ban

Hoang Anh Biic

Bai tap 38
Tim vi du cac ham f va g théa méan f o g la song anh, nhung g
khéng phai toan anh va f khéng phai don anh.

Bai tap 39

Goi f : A — Blamét ham véi A, B la cac tap hitu han théa
man |A| = |B|. Chitng minh rang f la dan anh khi va chi khi n6
la toan anh.
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Ham

Ham san va ham tran

Céc cAu triic co ban

Trong todn rai rac, ta thudng dung hai ham sau
m Ham san (floor function) gan cho sb thuc z sb nguyén I6n
nhat cé gia tri nhd hon hodc bang z. Gia tri clla ham san
dugc ky hiéu la |z |
m Ham tran (ceiling function) gén cho s6 thuc z sb nguyén
nho nhat c6 gia tri 16n hon ho&c bang . Gla tri cia ham

Hoang Anh Biic

tran dugc ky hiéu 1a [z] 5] =
3 2 e /V. """ Mot s6 ham va todn ti
mNeuz¢Zthi |[—z] # —|z] va 15 @
|——1‘-| + _|'1;'| 14 coeeeee US.J:
lNéUxGZthiijzfx]:x 0L
Vidy 13 BT e S
- 4
m|15]=1,[15] =2 ) ~15 o
m|-15]=-2[-15]=-1 a |-1.5) = —2
- L_3J = -3, |'_3'| —_3 —3 4+ .....f.'.‘.....
~~

Lf'?’J = (73] =-3 78



Ham

Ham san va ham tran

Céc cau triic co ban

A Hoang Anh Biic
Bai tap 40
Chiing minh céc tinh chat sau clia ham tran va ham san, trong
ddzecRvancZ

(1a) |x#] =nkhivachikhin <z <n+1
(1b) [z] =nkhivachikhin—1 <z <n .
(1c) |#] =nkhivachikhiz —1<n<z
(1d) [z] =nkhivachikhiz <n <z +1

78



Ham

Ham san va ham tran

Céc cAu triic co ban
Hoang Anh Biic

Bai tap 41
Chttng minh rang néu n € N thi [n/2| = n/2 néu n chan va
n/2] = (n—1)/2néunlé

B‘a| tép 42 Q Mot sb ham va todn tr
Chitng minh rdng néu o € R thi |2z = [z] + |z + 1/2]. (Ggi y:

Khi xét cac bai toan lién quan dén ham san, mot cach tiép can

hitu ich 1a d&t z = n + e trong d6 n = x| € Z va e |a mot sb

thuc thda man 0 < e < 1. Tuong tu, véi ham tran, cé thé dat

T=n—¢)
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Day

Dinh nghta ddy va mét sb khai niém

Céc c4u triic co ban

Hoang Anh Biic

M6t day (sequence) 1a mét cAu triic rdi rac dugc dung dé biéu
dién mot danh sdch co thur tu

Vidu 14
m 1,2,3,5,8 1a mét day gébm nam sb hang oA
m 1,3,9,27,81,...,3",... |amot day vo han o138 6
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Day

Dinh nghta day va mét sb khai niém

Mot day (sequence)la métham f: 1 — Strongdo I CZva S la
mot tap hop bat ky

m Tap I dudc goi la tap cdc chi sé (indices) clia ddy. Thong
thuong I = N hoac I =7+

m VGisb nguyén i € I, taky hiéu a; = f(i) 12 &nh cla i qua f,
va goi a; la s6 hang (term) hodc phan ti (element) cla day
xac dinh bdi f va i 1a chi sé (index) clia s6 hang a;

Céc cau triic co ban

Hoang Anh Biic

m Ta s{ dung ky hiéu {a,,} dé chi ddy xac dinh bdi f va ndi rang (s) emniasayamiss

{a,} la day cho béi a,, = f(n)

m Mét sb ky hiéu khac la {an}ner, (an)ner, hod@c (f(n))ner

m C6 thé md ta mot day bang cach liét k& mot vai sb hang dau
tién hodc cudi cling cia day va st dung “...” cho phan con lai

m Chi¥ a trong ky hiéu day cé thé dudc thay béng céc chit cai khac

m Luu y ring ky hiéu {a,} dung dé chi mét day c6 thé xung dot
vdi ky hiéu danh cho mét tap hgp. Tuy nhién, tiy vao ngit canh
st dung ky hiéu nay, ta sé luén phan biét dugc rd khi nao ta
dang xét moét tap hop va khi nao ta dang xét mét day.

78
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Day

Dinh nghta day va mét sb khai niém

Céc cau triic co ban

, Hoang Anh Biic
Vidu 15
Day {a,} Xac dinh bdi f : N — Z Vi f(n) = n?
m Céac sb hang clia day 12 0,1,4,9,16,25,... (nghia la
ap :O,Cbl = 1,a2 :4,0,3 :9,(L4 = 16,(],5 = 25,...)
m C6 thé viét {a,,} =0,1,4,9,16,25,. ..
m {a,} la day cho béi a,, = n?

khai nigm

Bai tap 43

Trong méi trudng hop sau, tim céc sé hang ag, a1, . . ., as cla
day {a,} VvOi

(@) ap =2"""1 (d) a, =7

(b) an =1+ (_l)n () an = _(_2)n

() an = (n+1)"H! (f) an = |n/2]
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Day

Dinh nghta day va mét sb khai niém

Céc cau triic co ban

Hoang Anh Biic

m MGt chudi ky tu (string) c6 thé dugc coi la mét day hitu
han cac ky tu viét lién nhau, vi du nhv ayas . . . a,

m DY dai cla chubi ky tu a s6 ky tu trong chubi

| C‘hU6| ky’ (0 r6ng Ala Chu6i khéng cé ky’ tw nao (d6 dai @ Dit nghia Gy va it 5
bang 0) oy
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Day

Cép sb nhan va cap sb cong

P % % ~ . i N n . , Cac cu tric cd ban
m MGt cap s6 nhan (geometric progression) la mét day co Hoang Anh Biic
dang

a,ar,ar®, ... ar", ...

trong dé sé hang dau tién (initial term) a va céng boi
(common ratio) r 1a cac sb thuc
m Vidu,v6in=0,1,2,...
m {b,} VGib, = (—1)" s6 hang dau tién 1, cong boi —1
m {c,}Vlic, =6-(1/3)" s0 hang dau tién 6, cong bdi 1/3
m Mot cdp sb cong (arithmetic progression) 1a mot day cé e
dang @ Mot s day déc biét
a,a+d,a+2d,...,a+nd,...

trong d6 s6 hang dau tién (initial term) a va cong sai
(common difference) d |la cac so thuc
m Vidy,v6in=0,1,2,...
m {d.}VGid, =—1+4n  sbhang dau tién —1, cong sai 4
m {e,}Véie,=7—3n s0 hang dau tién 7, cong sai —3

78



Day

Tim cong thitc twong minh clia mét day

Céc cau triic co ban

Hoang Anh Biic

Bai toan

m Cho tru6c mot vai phan tir cla day
m Yéu cau tim
m mot cong thiic tudng minh clia céc sé hang
m hodc mot phuong thirc dé liét ké cac phan ti cla day
Vidu 16
Sé tiép theo trong day cé thé 1a bao nhiéu? A ;
m 1,234, .. (0 i i
m1,3,579,...
m2,3,5711,...
Vidu 17
Céc s6 hang tiép theo cé thé 1a bao nhiéu?
m1,2,2,3,3,3,4,4,4,4
m 0,1,3,6,10,15,21, 28, 36, 45, 55

78



Day

Tim cong thitc twong minh clia mét day

Céc cau triic co ban

Hoang Anh Biic
m MOt phuong phap hiiu ich dé tim céng thue t6ng quat cho
cac s0 hang cla mot day la so sdnh cdc s hang cla day
Can tim voi cac s6 hang ctia mét day da biét (vi du nhu
cap sb cong, cap sb nhan, day sb chinh phuaong, v.v...)

Cong thi'c | Muoi so hang dau tién
n? 1,4,9,16,25, 36,49, 64, 81, 100, . . .
n3 1,8,27,64,125, 216, 343, 512, 729, 1000, . . .
n* 1,16, 81,256, 625, 1296, 2401, 4096, 6561, 10000, . . .
fn 1,1,2,3,5,8,13,21,34,55,89, ...
on 2,4,8,16, 32, 64,128, 256,512,1024, .. . (61) wotss cay cacrie
R 3,9,27, 81,243,729, 2187, 6561, 19683, 59049, . . .
n! 1,2,6,24,120, 720, 5040, 40320, 362880, 3628800, . . .

m Bang Tra Ctiu Day S6 Nguyén Truc Tuyén (The On-Line
Encyclopedia of Integer Sequences - OEIS)
https://oeis.org/

78


https://oeis.org/

Day

Tim cong thitc twong minh clia mét day

Céc cau triic co ban

Hoang Anh Biic

Bai tap 44
V6i méi day s6 nguyén sau, hay tim mot cong thirc don gién
hodc mot cach dé tim cac so hang tiep theo clia day. Gia st
cong thitc ban tim ra 1a ding, hay tim ba s6 hang tiép theo cla
day
(a) 1,0,1,1,0,0,1,1,1,0,0,0,1, ..
(b) 1,2,2,3,4,4,5,6,6,7,8,8, ..
(c) 1,0,2,0,4,0,8,0,16,0,... ) o
(d) 3,6,12,24,48,96,192, ...
(e) 15,8,1,—6,—13, 20,27, ...
(f) 3,5,8,12,17,23,30,38,47, ...

) 2,16, 54, 128, 250, 432, 686, . . .

)

(9
h) 2,3,7,25,121,721,5041,40321, ..

(
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Téng

Ky hiéu t6ng va mot sb khai niém

m Ta gidi thiéu ky hiéu téng (summation notation) dé biéu Céo chutric ca bén
dién t6ng clia cac s6 hang trong mot day Hoang Anh Bde
m Cho day {a,l} mot sb nguyén gidi han dudi (lower limit) m,
va mét so nguyen g/d/ han trén (upper //m/t) n > m. Tong
(summat/on) cla cac sb hang a.m, am+1,---,a, CO thé
duac viét 1a

m + Ama1 + -+ +a, hoac
n
Z a; hOéC Z a;
j=m m<j<n

m O day, j duoc goi la chi sé lay t6ng (index of summation)
va dugc chon hoan toan tuy y () sy vamossios

n n n
D= u=) a
Jj=m i=m k=m

n
m D thuan tién, ta quy uéc » _ a; = 0 v6i moim > n

i=m 8



Téng

Ky hiéu t5ng va mot sb khai niém

Céc cau triic co ban

Hoang Anh Biic

Vidu18
Cho day {a.},
m V6i tap chi sb S bat ky, tdng cac sb hang a; Véi i € S:

>
€S
m Téng cac s hang 16n hon hodc bang a;:

@ Ky hiéu téng va mét sb khai
nigm

0o
Zai:aj—i—a]url—i-...

i=j

78



Téng

Ky hiéu tdng va mot sé khai niém

Céc cau triic co ban

VI’ du 19 Hoang Anh Biic
Téng doi (double sum) xut hién trong nhiéu ngir canh (vi du
khi phan tich cac vong 10ng nhau trong chuong trinh may tinh).

Vi du:
4 3
3> s

i=1 j=1

<.

DE tinh t6ng nay, khai trién tdng bén trong trudc va sau dé tinh
tong bén ngoai:

>3

i=1 j=1 =1 j=

4
= Z -%zﬁo.

4 4 4 @ Ky higu téng va mot sb khdi
Z(Zzy):z (1+2+3)) :Z& -
i=1

i=1

—

78



Téng

Ky hiéu t5ng va mot sb khai niém

Céc cau triic co ban

Hoang Anh Biic
Vi du 20
Véiham f: X - R,
m V6i X = {z1,2,...}, t6ng cac gia tri clia ham f:

Y f@) = flan) + fla) +

zeX
m V6i X = {2 | P(x)} trong d6 P(z) la vi tit cho trudc, téng
céac gid tri ciia ham f:

Y @) = @) + flwo) +

P(z)

@ Ky higu t8ng va mot s6 khéi
niém

78



Téng

Ky hiéu tdng va mot sé khai niém

Céc cau triic co ban

Hoang Anh Buic

Vi du 21

4
S =142 4344

j=1
)DL T S
- 23 100
j=1

o0
;o 2 3
Z P =142427427+ .. @ K hieu t6ng va mot sb kndi
7=0 rken
Yo 2 =0+224+4746°+8 4107
(0<z<10)

A(z ch8n)

78



Téng

Ky hiéu t5ng va mot sb khai niém

Céc cau triic co ban

Bai tép 45 Hoang Anh Bc
SU dung ky hiéu téng dé viét lai cac cong thiic sau

(@) 24+44+6+8+---+2n

(b) 1+5+9+ 13+ +425

© 142t stot =
2 3 50
Bai tap 46
Viét lai cac t6ng sau dudi dang cong thiic dai hon
100 @ Ky hiéu tdng va mdt sb khdi
(@) > (3+4k)
k=1

50 1
0 Y o
k=2

78



Téng

Mét sb cong thiic téng hiu ich

Céc c4u triic co ban

Hoang Anh Biic

m 76ng hang sb: V&i hdng sb ¢ bat ky,
i
de=(@G-it+1)c

n=t

m Phan phéi: V&i hang s6 ¢ bat ky,

Soefn) =3 )

m Giao hoan:

@ Mot s6 cong thic tdng hitu
ich

78



Téng

Mot sb cong thiic téng hitu ich

Céc cau triic co ban

| | Dé?/ Chi’ Sé.' N Hoang Anh Biic
Yo=Y flk—n)
i=j k=j+n

4 6
m Vidu Zf = Z(k—2)2 (datk =i+ 2)
i=1 k=3

m T4ch t6ng: V6ij < m < k

k m k
S ri =@+ S )
=] =] i=m+1 .
@ ?:g(sécﬁng thic tdng hitu
m Ddo thu tu:

78



Téng

Mbt sb cong thiic tdng hitu ich

Céc cau tric co ban
m VGi {a,} la cap so nhan c6 so hang dau tién a va céng boi Hong Anh Biic
r, tong clia n + 1 s6 hang dau tién clia day 1a

1=0
m Cong thuc twong minh
- i néur# 1
S = Z ar' = r—1 . "
=0 (n+1la néur=1

Mt s6 cong thiic tdng hitu
ich
S=a+ar+a?+ar®+-- +ar”
rS=  ar+ar*+ar®+- +ar” +ar"!

rS—S=ar"t —q

78



Téng

Mot sb cong thiic téng hitu ich

n Céc cau tric co ban
rS=ry ar cong thiic clia S Hoang Anh Dic
1=0
n
=3 artt phan phéi
i=0
n+1
=> ar* d6i chisb, k =i+ 1
k=1
n+1
- Z ark+ " ar* tach téng
k=n+1
= (Z ar® + aro) + (ar"Jr1 — aro) thém va b6t ar® = a Mot s o th thng i
ich
- ,
=Y arf + (ar"*! —a) tach téng

=S+ (ar"t —a) cbng thirc clia S

78



Téng

Mbt sb cong thiic tdng hitu ich

Céc cau triic co ban

Vi d u 22 Hoang Anh Biic

Tim cong thic twong minh cho tong 7' = "
i=1

T=1+2+3+ - +n
T=n+Mn-1)+n—-2)+---+1
M =(n+1)n

Bai tap 47

V6i {a,,} 1a cp sb cong cé sb hang dau tién a va cong sali d,

tong clia n + 1 s0 hang dau tién cla day la ot s g i g i
ich

T= Zn:(a + id)
=0

Hay tim cong thirc twong minh cho T’ .



Téng

Mbt sb cong thiic tdng hitu ich

Céc cau triic co ban

Hoang Anh Biic

Vidu 23
100
Phuang phap clia Gauss dé tinh ) "
=1

. ) 14243414 +07 4984994100
Y twdng: Ghép so hang
dau tién véi s6 hang cubi
cuing, s6 hang th( hai véi
s6 hang 4p chét, v.v.

+
Bai tap 48
Tim codng thirc twdng minh cho T = Zz st dung y tudng
=1

tuong tu. C6 thé 4p dung phuong phép tuong tu cho Bai tap 47
khéng?

Mt s6 cong thiic tdng hitu
ich

78



Téng

Mot sb cong thiic téng hitu ich

Céc cau triic co ban

Hoang Anh Biic

Vidu 24
Tim cong thic tudng minh clia T = » " véi  1a sb thuc thoa
n=0
man —-l1<z<1
Ta da ching minh
k
Z " = LH -1
r—1

n=0

Do-1<z<1,2zF1 5 0khik — co. Taco

Mt s6 cong thiic tdng hitu
ich

78



Téng

Mot sb cong thiic téng hitu ich

Tong Cong thirc twang minh
n n+1 _
Zar (r #0) u(ril)
P r—1
" n(n+1)
>k ——
k:n=1 2
Zkg n(n+1)(2n+1)
k=1 6
= 3 n%(n+1)>2
k=1 4
— 1
ka (-l<z<1)
P 11—z
- 1
kab=l (-1 <z < 1)
2 =)

Céc cau triic co ban

Hoang Anh Biic

e Mt s6 cong thiic tdng hitu
ich

78



Téng

Mbt sb cong thiic tdng hitu ich

Bai tap 49
Tinh cac tng sau

200 200 20
(@ Y k b) > K (€) > k*(k-3)
10

k=100 k=99
Bai tap 50 n
(a) Chiing minh rang > (a; — a;—1) = a, — ao, trong do
i=1

ag, a1, . . .,a, 12 mot ddy goém céc sb thuc
) 2 . 1 1 1 . s 2
h e — h
(b) St dung dang thirc SIS va phan (a) dé

B |
Bai tap 51
LAy t6ng ca hai vé clia dang thic k? — (k — 1)? = 2k — 1 tU
k =1den k = n va st dung Bai tap 50(a) dé tim mét cong thirc
twong minh cho ", _, (2k — 1) (tong n sO tu nhién |é dau tién)

Céc cAu triic co ban

Hoang Anh Biic

Mt s6 cong thiic tdng hitu
ich



Tich

Ky hiéu tich

Céc cAu tric co ban

Ngoai ky hiéu tdng, ta cling c¢6 ky hiéu dac biét cho tich
(product). Cho day {a,} va cac chi sb giéi ham duéi m va gidi
han trén n > m. Tich cla céc sb hang a.m, ami1,--.,a, CO thé
dugc viét 1a

Hoang Anh Biic

A * Aty * - - - - G, NOAC
n
H a; hOé.C H a;
j=m m<j<n
Dé thuan tién, ta quy uéc [ ] a; = 1 véi moim > n
Bai tap 52 =
Tinh gia tri cia céc tich sau
10 8
(a) HZ (C) H'L @ Ky hiéu tich
=0 =5

=1 i=1 78



Part |
Phu luc



NGi dung

Céc cau triic co ban

Hoang Anh Biic

Tap hop
Nghich ly

Luc lugng cla tap vé han
binh nghia )
Tap dém dugc va khéng dém duoc

Mét sé 16i thudng gap



Tap hop

Nghich ly

m Chuing ta dang hoc mét Iy thyét tdp hop ngéy tho (naive o
set theory)

m Dinh nghia bing ngén ngit tu nhién, khong chat ché vé mat
toan hoc

m M6 ta céc khia canh clia cac tap hop toan hoc quen thudc
trong toan roi rac

m Ban than ly thuyét ndy cé chita cac nghich ly (paradox) (=
mat phat biéu tu phl dinh chinh né mac du Itc dau nhin cé
vé dung)

m Nghich Iy Russell (Dat theo tén nha triét hoc, nha 18gic
hoc, nha toan hoc nguGi Anh Bertrand Russell
(1872—-1970))

m Goi S 1a tap tat ca cdc tap hop khéng chita chinh né nhur Ia
mét phan tir, nghiala S = {A| Alamottap hopva A ¢ A}
m Chu y rang theo dinh nghia tap hop ta da hoc, ton tai mot tap
hgp chita chinh né nhu la mét phan tir. Vi du xét tap T cdc
t4p hop cé chira it nhat mét phan ti
m Liéu S c6 phdi la mét phan ti cla chinh né hay khéng, ndi
cach khac, liéu S € S?

Nghich Iy



Luc lugng clia tap vo han
Binh nghia

Céc cAu tric co ban

= Nhac lai: Luc lugng (cardinality) clia mot tap A, ky hiéu
|Al, 12 s0 phan tf khac biét ma A ¢
m Cac tap A va B co cung luc lugng, ky hiéu [A| = |B], khi
va chi khi ton tai mot song dnh tit A dén B
m Néu ton tai mot don dnh tir A dén B, ta néi “Iuc lugng clia o nga
A nhd hon hoac bang luc lugng clia B”, va ky hiéu
|A|l < |B|
m Khi |[A| < |B] va haitap A, B cd lyc lugng khac nhau, ta
ndi “luc lugng cla A nhd hon luc luong clia B”, va ky hiéu
Al < |B|
Bai tap 53
Chttng minh rang |A| < |P(A)| véi moi tap hop A, trong d6
P(A) la tap tat ca céc tap hgp con clia A
Bai tap 54
Tap 2Z gdbm céc sb nguyén chan cé cung luc lugng véi tap sb
nguyén Z hay khong?

Hoang Anh Biic



Luc lugng cua tap vé han
Binh nghia

Dinh Iy 1: Binh ly Cantor |

Khéng ton tai mét toan dnh f : A — P(A) vdi A la mét tdp
hop bat ky va P(A) la tap tat ca cac tdp con cua A

Ching minh.

Ta chiing minh bang phuong phap phan chiing
m Gia s(f ton tai toan anh f: A — P(A)
m Ta dinh nghia tdp con G C A nhu sau

G={zxecAlz¢ f(x)}

m Do f |a toan anh, ton tai a € A sao cho G = f(a)
m Xét hai truong hop
m Néu a € G thi theo dinh nghia clla G, tacé a ¢ f(a) = G.
Day la mot mau thuan
m Néua¢ G = f(a)thia ¢ f(a). Do dé theo dinh nghia cla
G, tacd a € G. Day 1a mot mau thuan 17

Céc cau triic co ban

Hoang Anh Biic

inh nghia



Luc lugng clia tap vo han
Tap dém dugc va khong dém duoc

Céc c4u triic co ban

m M6t tap c6 hitu han sb phan t& hodc ¢6 cuing luc lugng véi
tap cac sb6 nguyén duong Z+ dudc goi la tdp dém duoc
(countable set) va nguoc lai thi goi 1a tdp khéng dém duoc
(uncountable set)

m C6 thé liét ké cac phan t& clia tap dém dudc theo thir tu:
phan t thit 1, phan t thit 2, v.v... Tapdém augo vakiong

Hoang Anh Biic

m Khi mot tap vo han S Ia tap dém duoc, ta ky higu luc luong -
cta S 1a Xy (“aleph null”) va viet |S| = R,

Vidu 25

Tap céc sb tu nhién N |a tap dém dugc

— O

:

wWE N
> W
L

Vidu 26

Tap cac s6 nguyén duong 1& 1a tap
dem dugc

— > —
(R e )
L= W
~ >
© —



Luc lugng cua tap vé han

Tap dém dudgc va khdng dém duoc

Vll d u 27 Céc cau triic co ban

Hoang Anh Biic
1 2
Tap céc sb nguyén Z 1a tap dém dugc I I
0 1

Vidu 28 s
Tap céc sb hitu ty duong @* = {2 | p,q € Z*} la tap dém dugc 7 eree ™"

i m = .

= = =
N V)
= = W
=l = i
Wi €= U1

Ut
(Sl



Luc lugng cua tap vé han

Tap dém dudgc va khdng dém duoc

Céc cau tric co ban
Ta chitng minh t4p so thuc R la tdp khéng dem dugc bang Hoang Anh Biic
phuang phap phan chiing st dung /ap luan dudng chéo cua
Cantor (Cantor diagonalization argument)
m Gid st R latép dém dugc. Do moi tap con cia mot tap
dém dugc cing la mét tap dém dugc (tai sao?), tap cac so T dim i
thuc nam gitra 0 va 1 ciing la tap dém duagc e
m Sap thit tu cac sb thuc gilta 0 va 1: 71,75, . ..

1 = 0.d11d1adyadyy . ..
7o = 0.da1daodozday . ..
73 = 0.d31dsadzzdsy . . .
74 = 0.dyrdsadszday . ..

trong do d;; € {0,1,2,3,4,5,6,7,8,9}



Luc lugng cua tap vé han

Tap dém dudgc va khdng dém duoc

Céc cAu triic co ban

m Xay dung mot s6 thuc r = 0.dydadsd, . .. méi trong do Hoang Anh Bic

g 4 neudi#4
‘15 néud; =4

o ;éfndc’é;dudcvékhéng

m r khong bang bat clt s6 nao trong cac s6 r1,7s,... vind
luén khac r; & vi tri thit i sau “0.”

m Do d6 r 1a mt s6 thuc gitra 0 va 1 khong nam trong danh
sach ry, 7y, ..., do moi so thuc c6 mot biéu dien thap phan
duy nhat

m Tom lai, khong phai moi sb thuc gitta 0 va 1 déu dudgc liét
ké theo thir tu 7y, 72, ..., va do do tap cac so thuc gitra 0
va 1 la tap khdong dém dugc

= Néu tap con clia mét tap Ia khong dém dugc thi tap do
cling khéng dem dugc (tai sao?), suy ra tap so thuc R la
khéng dém dugc



Mbt s6 16i thudng gap

Céc cAu tric co ban

Hoang Anh Bic

Tham khdo tu tai liéu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf) Mot s6 161 thuang gap

(a) Lay phan bu cta tap hop khong chinh xac khi si¥ dung
sai luat De Morgan

m Chéng han, choring AN B = ANB

m CacphatbiéudinglaAnB=AUBvaAUB=ANB

m Day la mét trudng hop cla viéc gia dinh réing moi toan ti
phan phéi qua toan i khac, & déy la phép bl phan phéi qua
phép giao (hoac phep hgp). Sinh V|en déi khi méc 16i tuong
tu trong dai so, chang han nhu khéng dinh, khéng chinh
Xac, rang va? + b2 = a + b hoac sin(a + 3) = sin « + sin 5.



https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf

Mot s6 16i thudng gap (tiép)

Cac cau tric co ban
(b) S& dung ky hiéu khong chinh xac vé phan ti va tap Hokng Anh Bifc
con cla tap hop liy thira va nham Ian giira khai niém
“phan t&r” va “tap con” khi x{¥ ly tap hop liy thira
m Néu A la tap con clia S, thi A la mot phan t cla tap ldy
thira cla S
m Vidy, néu S = {p,q,7}, thi {p,r} C S, nén {p,r} € P(S).
Mat khac, {p,r} ¢ P(S), va {p,r} ¢ S. Ngoai ra, luu y rang
0¢sS,0eP(S),va{d}e¢P(S)
(c) Viét {0} dé biéu dién tap rong
m Mot ly do tai sao day khong phai la tap réng vi né cé6 mot
phan tl trong d6
m Ky hiéu ding cho tap réng 1a {} hoac (. Tap réng la mét tap
hop khdng ¢é phan ti nao
(d) Bo sét dau ngoac don mét cach khong chinh xac
trong cac biéu thirc lién quan dén giao, hop va hiéu
cua tap hop

Mot sb 16i thuding gdp



Mot s6 16i thudng gap (tiép)

Cac cau tric co ban
Hoang Anh Biic
m Khi khéng cé thi tv uu tién mac dinh cla céc toan tl, mot
biéu thitc nhw A N B U C 1a khdng rd rang, vi né cd thé cé
nghiala (AN B) U C hodc AN (B U C), va day khéng phai
la cac tap hop gibng nhau. Diéu quan trong 1a phai d&t dau
ngodc don dé ngudi doc biét ban mudn biéu dat diéu gi
(e) Khong coi ham s6 1a mét doi twong & mure trivu twgng (1) ss s tuong seo
cao hon so vdi phan tlr, cap co thir tw, hoac tap hop
m Ky hiéu f : A — B conghia la f la mot quy trinh hay mét
quy tac phai ap dung cho moi phan ti cla A va trong méi
trudng hop cho ra két qua trong B.
m MOt ham khong phai la A, khéng phai la B, khéng phai la
phan t{ clia A hodc B, né ciing khong phai la tac dong trén
chi mét phan tlr clia A. Vidu, néu f la ham sé tir {1,2, 3}
dén cac sb tu nhién cé quy tac f(z) = 22, thi f 1a toan bd
quy trinh gan 1 cho 1, 2 cho 4, va 3 cho 9; né khéng phai 13,
vi du, chi sb 9 ho&c chi la cap (3,9).



Mot s6 16i thudng gap (tiép)

Céc cAu triic co ban

Hoang Anh Biic

(f) Nham lan giira y twdng rang mét ham phai duoc dinh
nghia ro rang v&i khai niém mot-mot
m M6t ham néi chung khéng can cé tinh chét 1a cac phan ti
khac nhau clia mién xac dinh dugc anh xa dén cac phan tr
khéc nhau clia mién gid tri. Diéu ma mot ham sb phai thda
man 1a yéu cau rang hai phan t&* khdc nhau clia mién gia tri
khong thé cuing 1a anh clia cing mét phan t trong mién xac
dinh
m Nhu vay f(z) = 2* |a mét ham tir tap hop sb thuc dén tap
hop s6 thuc khong am (né 1a toan anh nhung khong
moét-mét), nhung f(z) = + /z khéng phai 1a mét ham sé tir
s6 thuc khong am dén sb thuc
(g) Tinh toan khong chinh xac cac gia tri cia ham san
(floor) va tran (ceiling), dac biét la doi v&i cac gia tri
am
m Ham san ludn 1am tron xubng, va ham tran luén lam tron
Ién. Vivay, vidy, |-3.2] = —4,va[-3.2] = -3

Mot sb 16i thuding gdp



Mot s6 16i thudng gap (tiép)

Cac cau tric co ban
(h) S dung ky hiéu ham sai, dac biét la vdi bien trong Hoang Anh Bifc
phuong trinh dinh nghia
m Cach viét diing: Dau vao nam vao bén trong dau ngoic don
theo sau tén ham, va toan b biéu thirc sau dé biéu dién

daura ’

m Vidy, neu f(z) = x2, thi viéc viét £(7) = 49 1a chinh xac, va o
cac cach viét khong chinh xac 1a f = 49 hoac f = 7 hodc Mot so [6i thuging g3p
7=149

(i) Nham Ian ky hiéu ham vé&i phép nhan

m M3c du viéc viét hai bidu thiic toan hoc canh nhau, dic biét
la v&i du ngodc don, thudng dm chi phép nhan, diéu nay
chac chan khong ap dung khi doi tugng dau tién 1a mot ham
so

m Viduy, néu mét ham dugc dinh nghia béi f(z) = = + 10, thi
F(7) cé nghia la “f cta 7” (trong trudng hgp nay 1a 17) chi
khong phai “f nhan véi 77 (diéu nay khong cé y nghia)

() Cho rang moi ham s6 déu la tuyén tinh



Mot s6 16i thudng gap (tiép)

Céc cAu triic co ban

Hoang Anh Biic

m Luat phan phéi cho céc s6 cho biét rang
t(x +y) = t(z) + t(y) néu t, , va y 1a cac s6 va ky hiéu viét

lién nhau biéu thi phép nhan. Vi du
8(2 4+ 10) = 8- 2 + 8 - 10; ¢4 hai vé déu bang 96

m Tuy nhién, néu ¢ 13 ham binh phuong va z va y van la cac
sb, thi t(z + y) = t(x) + t(y) khéng ding; néu ching ta lay
x=2vay =10, thi vé trdi 1a (2 + 10)? = 122 = 144, trong
khi vé& phai 1a 2% + 102 = 4 + 100 = 104

(k) Ap dung khong chinh xac truc giac vé tap hiru han
cho tap vo han
m Vidu, néu mét tap hitu han A cé thé dugc dat vao tuong
ting mot-mot vai mot tap con thuc su cla B, thi r6 rang
|A| < |B|. Tuy nhién, diéu nay khong ding néu A la tap vo
han

(14) Mot s 13 thudng gp



Mot s6 16i thudng gap (tiép)

Céc cAu triic co ban

2 , 2 n < . < A % Hoang Anh Biic
m Chang han, xét A la tap cac so tu nhién chan va B la tap tat o

ca céc sb tu nhién—khi d6 A c6 thé duodc dit vao tuong
(ng moét-maot véi (thuc té 12) mot tap con thuc su cla B,
nhung A ciing cé thé dugc dat vao tuong ing mot-mot véi
toan bé B (ghép cap 2n véin chon =0,1,2,...),do dod
thuc té |A| = | B|
() Khéng vé hinh minh hoa khi xtr ly cac quan hé

m Do thi ¢6 hudng (digraph) clia mot quan hé trén mét tap hop
cung cAp mot cach tuyét voi dé hinh dung nhitng gi dang
diénra

m Ldi phd bién nay cé thé dugc tdng quat héa: Khong vé hinh
minh hoa khi x{ ly bat ky dbi tuong toan hoc nao

Mot sb 16i thuding gdp

(m) Quén xem xét cac cap (a,b) va (b, a) khi kiém tra tinh
chét bac cau ciia mot quan hé
m Trong truong hop nay, ngudi ta can cé (hodc thém vao)
(a,a) va (b,b) nta



Mot s6 16i thudng gap (tiép)

Céc céu triic cd ban
(n) Khéng nhan ra rang tinh d6i xing hoac tinh bac cau Hoang Anh Dic
thwong dung mot cach tam thwong (vacuously)
m Viduy, quan hé {(1,2), (1,3)} thda man tinh chét bac cau,
bdi vi phat biéu “néu (a, b) va (b, ¢) déu thudc quan hé thi
(a, ¢) cling thudc quan hé” ding mét cach tam thudng—tuiic
la, khéng c6 cap nao lam cho gia thiét cla ménh dé diéu o
kién nay ding (16) Mot s 13 thung g
(o) Gia dinh khong chinh xac rang moi quan hé déu co
cac tinh chat mong muon, nhv tinh doi xirng hoac
tinh bac cau
m Chéc chan khong phai moi quan hé déu 1a quan hé tuong
duaong
m Céc phan t cé thé khong so sanh dudc véi nhau (vi du,
khéng ding rang {1,2} C {1, 3} va cling khéng dung rang
{1,3} € {1,2})
m Néu toi biét ban va ban biét Mary, diéu dé khéng cé nghia la
i nhét dinh biét Mary



Mot s6 16i thudng gap (tiép)

Céc cAu triic co ban

Hoang Anh Biic
(p) Lam cho viéc hiéu quan hé twong duong tré nén
pht’c tap hon mirc can thiet
m Trong hau hét cac trudng hop, ban cé thé nghi vé mét quan
hé tuong duong nhu mot quan hé cé dang “hai phan ti cé
lién hé véi nhau khi va chi khi chiing cé cting mét diéu gi d6”
m Vi du, quan hé twong duong trén tap hop cac s6 nguyén
dugc cho bdi “a cd lién hé vdi b khi va chi khia = b
(mod 7)” ¢6 thé dugc hiéu 1a “a va b c6 lién hé khi va chi khi
chiing c6 cling s6 du khi chia cho 7”
(q) Suy nghi khéng dung rang mét s6 toan tir phan phoi
qua cac toan tir khac
m Viduy, khong ding rang va + b = /a + Vb hoic
Va2 + b2 =a+bhodc a® + a¥ = a® Y hoac
log(a + b) = loga + logb

Mot sb 16i thuding gdp



1. Logic va Chidng minh

2. Cac chu tric co ban: Tap hop, Ham, D3y, Téng

3. Quy nap va Dé quy

4./Thuét t,oén,I: Mb ta, chéing minh, danh gid thuat todn; Tim
kiém va sap xép

5. Thuit toadn Il: Thuat todn tham lam, thudt toan dé quy

6. Ly thuyét s6 co ban

7. Cac phuong phap dém

8. Ly thuyét dd thi I: Gidi thiéu, Biéu didn db thi va su ding cAu,
Tinh lién théng

9. Ly thuyét dd thi Il: Dudng di ngin nhit, Db thi phing, T6 mau
dd thi

10. Ly thuyét db thj III: Cay
11. Dai sb Boole
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NGi dung

Quy nap va bé quy
Quy nap toén hOC Hoang Anh Buic
Gidi thiéu
Quy nap yéu
Quy nap manh
Mét s6 chitng minh quy nap sai

bé quy
Dinh nghia va mot s6 khai niém
Ham dinh nghia bang dé quy
Tap hop dinh nghia bang dé quy
Quy nap theo cau tric

Giai hé thiic truy hoi
Day cho bdi hé thiic truy hoi
Boan nghiém
Pa thirc dac trung
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Quy nap toan hoc

Gidi thiéu

Quy nap va bé quy

m Quy nap toan hoc (mathematical induction) la mét ky thuét Hoang Anh Bic
ching minh cuc ky quan trong
® Quy nap toan hoc dugc st dung dé chirng minh cdc két .

qua vé nhitng déi tuong rdi rac khdc nhau
m Ta sé gidi thiéu mot sb dang quy nap toan hoc

m Quy nap todn hoc yéu (Weak Mathematical Induction), hay ot 55 khi
con goi la Nguyén Iy Thi? nhét cla Quy nap todn hoc (The e b g
First Principle of Mathematical Induction)

m Quy nap todn hoc manh (Strong Mathematical Induction)
hay con goi la Nguyén ly Thit hai ctia Quy nap toan hoc
(The Second Principle of Mathematical Induction)

m Tinh ding dan clia phuong phap quy nap bat ngudn tir

Tién dé 1: Tinh chat sap thu tu tot

Moi tap con khac répg cla tap cdc sb nguyén duong co
maét phan t nhé nhat
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Quy nap toan hoc
Quy nap yéu

4 Nguyén Iy quy nap yéu
Dé chitng minh ¥n € Z+ P(n), chling ta thuc hién hai budc
m Budc co sd (basis step): Chi ra ménh dé P(1) ding
m Budc quy nap (inductive step): Chiing minh ménh dé
P(k) — P(k+ 1) ding v&i moi s0 nguyén duong k
m Gia thiét P(k) ding, ching minh P(k + 1) diing
m Gia thiét P(k) ding dudc goi la gid thiét quy nap

(inductive hypothesis hoac induction hypothesis)

Theo ngdn ngl légic,

(P(1)AVk € ZT (P(k) — P(k+1))) = Vn e Z" P(n)

Quy nap va bé quy
Hoang Anh Blic

Quy nap yéu
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Quy nap toan hoc
Gidi thiéu

m Chiing minh Vn € Z* P(n) bang phuong phép quy nap

(1)
@)

Budc co sé: Chiing minh P(1) ding
Budc quy nap: Chiing minh P(k) — P(k + 1) ding v&i moi
k € Z*. Theo dinh nghia cla toan tit logic “—”, ta can
chiing minh réng P(k + 1) khéng thé sai khi P(k) diing.
Diéu nay c6 thé dugc thuc hién bang céach gia thiét Ia P ()
ang va chitng minh rdng vdi gia thiét dé P (k + 1) ciing
ng
W Chuy rang & day ta khong gia thiét P(k) ding véi moi k € Z+

m Sau khi hoan thanh budc cd sé va budc quy nap:

Tir budc co s, ta biét rang P(1) ding
TU budc quy nap va P(1) dung, ta biet rang P(2) ding
TU budc quy nap va P(2) dung, ta biét rang P(3) dung

Tir budc quy nap va P(n — 1) ding, ta biét rang P(n) diing
(vGi bat ky s0 nguyén duang n)
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Quy nap va bé quy
Hoang Anh Btic

Quy nap yéu



Quy nap toan hoc

Tai sao Quy nap toan hoc dung'7

Quy nap va bé quy
Hoang Anh Btic

Chitng minh (Quy nap yéu la ding).

m Gid st P(1) ding va véi moi k € Z*, P(k) — P(k +1)
dung. Ta chiing minh Vn € Z* P(n) bang phan chiing

m Gid st ton tai n € Z* sao cho P(n) sai. Do do, tap
S={n|nezZ"vaP(n)sai} CZ" latap khac rong.

m Theo Tién dé 1, S c6 mét phan t& nhd nhat m. Do P(1)
ding, m # 1vadoddém > 1,suyram—1¢€Z*

mDom—-1<m,m—1¢S,vadodd P(m— 1) diung

m Do P(k) — P(k+ 1) dung véi moi k € ZT, ta co
P(m —1) — P(m) dung.

m Két hop v6i P(m — 1) ding, ta ¢ P(m) ding. Diéu nay
méau thuan véi dinh nghia clia m. Do dé P(n) ding v6i moi
s0 nguyén duong n

Quy nap yéu

O
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Quy nap toan hoc

Chon budc co sé

Quy nap va bé quy
Hoang Anh Buc

Khi st dung quy nap toan hoc, khong nhét thiét can bat dau véi
P(1) & budc co sé

Quy nap yéu

,.[ Nguyén Iy quy nap yéu (t6ng quat)
Dé chuing minh ¥n > b P(n) vdin € Z va b la s6 nguyén cho
trude, chung ta thyc hién hai budc

m Budc co sd (basis step): Chi ra ménh dé P(b) ding

m Budc quy nap (inductive step): Chiing minh ménh dé
P(k) — P(k+ 1) ding v&i moi s6 nguyén k > b

Theo ngbn ng(r 16gic,
(P(b) AVk € 22° (P(k) — P(k +1))) = Vn € Z=" P(n),
trong d6 Z=* = {m | m € Zvam > b} (chi y laZ=! = Z%)
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Quy nap toan hoc
Méu trinh bay chiing minh quy nap

(1) Mb ta diéu can chiing minh dudi dang “véi moi n > b,
P(n)” véi b 1a sb nguyén cb dinh nao dé
= “P(n) v6i moi s6 nguyén duong n” = chon b = 1
m “P(n) vGi moi s0 nguyén khong am n” = chon b =0
m Vi mot so phoét biéu, can xac dinh gia tri phu hop cﬂg b
bang cach kiém tra gia tri chan ly clia P(n) véi mot so gia tri
nhé cla n
(2) Viét cum ti “Budc co s8.” Sau dé chi ra P(b) 1a ding. Hay
céan than chon dung gié tri cﬁa b
(3) Viét cum tir “Budc quy nap.” va phat biéu mot cach r6 rang
gia thlet quy nap dudi dang “Gia st rang P(k) dung vGi
mot sb nguyen co dinh k£ > b nao d¢”
(4) Phat biéu diéu can chiing minh véi gia thiét P(k) ding,
nghia 1, phat biéu cu thé P(k + 1)
(5) Chitng minh P(k + 1) ding s& dung gia thiét P(k) ding
(6) Xac dinh r6 rang phan két clia budc quy nap, vi du nhu
bang céch viét “Budc quy nap dén day 1a hoan tat.”
(7) Sau khi hoan thanh budc co s va budc quy nap, phat
biéu két luan “Bang phuong phap quy nap, ta da chung
minh P(n) ding véi moi s6 nguyén n thda mann > b.”
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Quy nap va bé quy
Hoang Anh Btic

Quy nap yéu



Quy nap toan hoc
Chiy

Quy nap va Bé quy
® Quy nap toan hoc c6 thé dugc st dung dé chitng minh Hoang Anh Bic
mot gia thuyét khi gia thuyét ndy da duodc thanh I1ap (va
dung). Tuy nhién, quy nap todn hoc khéng cung cap y oty
tudng giai thich tai sao cac dinh ly lai ding
m Viéc kiém tra phat biéu can chitng minh véi mét sé gid tri
nhé ctia n trude khi di vao chiing minh c6 thé rat hitu ich.
Thong thuding, cac vi du nhd cé thé gilp ta nhan ra céc
khia canh dé nham I1an cla phat biéu hodc nhan ra tai sao
phat biéu lai dling trong truding hop tdng quét
m Théng thudng, budc chiing minh P(k + 1) véi gia thiét
P(k) la budc khé nhéat trong toan bd chiing minh quy nap.
Hay chac chan rang chiing minh cta ban diing vdi moi
k > b, nhat 1a véi cac gid tri nhd cla k, tham chila cd k = b
m Néu ban khéng st dung g/a thiét P(k) trong cthng minh
P(k + 1), thi c6 thé c6 diéu gi dé sai, hodc it nhat chiing
minh cla ban khéng thuc su la chitng minh quy nap
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Quy nap toan hoc
Vidu

V|, du 1 Quy nap va bé quy
n 3 -
. . 1 . . , L. Hoang Anh Btic
Goi P(n) la vi tu Zz = nin + ). Ta ching minh P(n) dung vGi
i=1
moin € Z* Quy nap véu
m Budc co sé. P(1) ding, do vé tréi bang 1 va vé phai béng
11+1)/2=1

m Budc quy nap. Gia st P(k) ding véi mot sb nguyén ¢ dinh
k

k > 1nao d6, nghia la » ~i = k(k + 1)/2. Ta chiing minh
i=1 i
P(k + 1) duing, nghia la chiing minh » i = (k + 1)(k + 2)/2.
=1

That vay, ta co

k+1 k
di=> i+ (k+1) tach téng
i=1 i=1
=k(k+1)/2+ (k+1) gia thiét quy nap

=(k+1)(k+2)/2
Do dé, theo nguyén Iy quy nap yéu, P(n) ding véi moi n € Z+
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Quy nap toan hoc
Vidu

Vidu2
Goi P(n) lavitl » r' = (r"' —1)/(r — 1) v6ir # 1 1a 86 thuc bét

Quy nap va bé quy
Hoang Anh Btic

i=0
ky cho trugc. Ta ching minh P(n) ding v6i moin € N (10) Quynpyéu

m Budc co sd. P(0) ding, do vé trai bang 1 va vé phai bang
(rt=1)/(r-1) =1 ] .
m Budc quy nap. Gia sit P(k) ding véi mot s6 nguyén co dinh
k

k > 0nao do, nghiala Y " r' = (r**' —1)/(r — 1). Ta chiing
=0
minh P(k + 1) ding, nghia la chitng minh

k+1 ]
Z r* = (r**2 —1)/(r — 1). That vay, ta c6
=0

k+1 k
dort=d Tttt tach téng
1=0 1=0

= (" —1)/(r — 1) + ¥ gid thiét quy nap
=@ -1/(r-1)
Do dé, theo nguyén ly quy nap yéu, P(n) ding véi moi n € N
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Quy nap toan hoc
Vidu

Vll du 3 Quy nap va Dé quy
GO| P(n) l\a V| t[f Hoang Anh Btic
n ) 1 A h:
Z(_l)z _ ni:u n 07 an s
= 0 neunle ;
Ta chitng minh P(n) ding véi moi sb nguyén n > 0.
m Budc co sd: P(0) ding, do vé trai
S0 o(=1)F = (~1)° = 1 va vé phai bing 1 (vi 0 Ia sb chén)
= Budc quy nap: Gia st P(k) ding véi mét sb nguyén cb
dinh k& > 0 nao do, nghia la

k I3 <
p 1 néukchan
> (1) = {

= 0 néukle
Ta chiing minh P(k + 1) dung, nghia la chiing minh

’f( 1y = 1 néuk+1chan
—~ ~ |0 néuk+1lé



Quy nap toan hoc
Vidu

That vay, ta co

k+1 k .
DD =D (<) 4 (-1 tach tng
=0 1=0
1)k néu k chan I
= { E 1§k+1 néu k12 gia thiét quy nap
+ (=D)* néuk+11é s ,
= ) . kchanek+1le
{ + (=1)**! néuk + 1 chan
CJ14(-1) néuk+11é
Clo+1 néu k + 1 chén

_Jo néuk+1lé
|1 néuk+1chén

Do dd, theo nguyén Iy quy nap yéu, P(n) ding véi moi sb

nguyénn > 0

63

Quy nap va bé quy
Hoang Anh Btic

Quy nap yéu



Quy nap toan hoc
Bai tap

Bai tap 1 oo B
R L. 1)(2 1 oang Anh e
Cho P(n) Ia phat bidu 12 + 22 4 - + n? = M
a) D& chiing minh P(n) dung vdi moi n € Z+ Quy nap v
(a) g g .

(1) O budc co sd, ta can chiing minh diéu gi?
(2) O budc quy nap, gia thiet quy nap la gi? Ta can chiing minh
diéu gi?
(b) Hay chitng minh P(n) diing véi moi n € Z* bang phuong
phap quy nap theo céc budc ban da tra I0i & phan (a)
Bai tap 2
Chttng minh cac ménh dé sau bing phuong phap quy nap yéu
2
(@) 134+28+...4+n3= (_n(n;— 1)> véi moin € Z*T

2 _ (n+1)(2n+1)(2n + 3)

(b) 12432 +52+ -+ (2n+1) 3 VGi
moin € N
) 37t —1)
() 3+3-5+3-5°4+---+3-5"=———>-VvOimoin €N
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Quy nap toan hoc
Bai tap

Quy nap va bé quy
Hoang Anh Btic

o (14) ouynapysu
Bai tap 3 ‘
(a) Chitng minh 3™ < n! véi moi s6 nguyén n > 6 bang quy

nap yeu
(b) Chitng minh rang ton tai s nguyén b sao cho 2n + 3 < 2"

vGi moi n > b. (Ggi y: Tim b va chiing minh 2n + 3 < 2™ V6i

moi n > b bang phuong phap quy nap yeu)
(c) Chirng minh rang n® + 2n chia hét cho 3 véi moi s6

nguyén duong n bang phuong phap quy nap yéu
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Quy nap toan hoc
Bai tap

Quy nap va bé quy
Hoang Anh Btic

Hay sl dung phuong phap quy nap yéu dé gidi cac bai tap sau

Bai tap 4
Chitng minh véi moi s6 nguyén n > 0, oy

i?’ =2t 1
=0

Baitap 5

Chitng minh rang véi moi sb nguyén n > 4, ta ¢6 2" > n?
Baitap 6

Tim mot s6 nguyén b thda man diéu kién véi moi n. > b,

2" > n®. Chitng minh rang s0 b ban tim dugc thuc sy thda mén
diéu kién dé ra

Baitap 7

Chiing minh rang v&i moi s6 nguyén n > 2, cac tap Ai, 4, ...,
A,thdaman A, NA,N---NA,=AUAU---UA,
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Quy nap toan hoc
Bai tap

Quy nap va bé quy
Hoang Anh Btic

Hay st dung phuong phap quy nap yéu dé gidi cac bai tap sau

Bai tap 8

Chitng minh rang véi moi n € Z*, ta ¢ thé phl kin ban co o
khong hoan chinh kich thudc 2" x 2" véi mét 6 vudng bi loai bd

bang cac khoi hinh chl L nhu trong hinh dudi déy sao cho

khéng co hai khoi nao chong 1én nhau'

©

Hinh: Phi kin cac ban ¢, vi du nhu (b) hodc (c), bing cac khéi hinh
chit L nhu & (a)

1Ban c6 thé thir phli kin ban cd 8 x 8 &
https://nstarr.people.amherst.edu/puzzle.html 63
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Quy nap toan hoc
Bai tap

Hay st dung phuong phap quy nap yéu dé gidi cac bai tap sau

Baitap 9
VGi cac tap hgp A;, As, s An va B, hay chirng minh cac phat
biéu sau diing véi moi s6 nguyén n > 2

(@ (A1NAzN---NA,)UB = (A41UB)N(A2UB)N---N(A4,UB)
(b) (A;UARU---UA )mB (A1NB)U(A3NB)U---U(A,NDB)
(c) (A1—B)N(A2—B)N---N(A,—B) = (A1NA3N---NA,)—B
(d) (A41—B)U(A2—B)U---U(A,—B) = (A1UAU---UA,)—B

Bai tap 10

Chiing minh rang mot tap c6 n phan tu’ co n(n —1)/2tap con
chita chinh xac hai phan t(, véi moi sé nguyén n > 2

Baitap 11

Chitng minh rang —(py Vpa V- Vpn) = —p1 A pa A==+ A —py,
vGi moi n > 2, trong d6 py, ..., p, 1a cadc ménh dé logic
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Hoang Anh Btic

Quy nap yéu



Quy nap toan hoc

Quy nap manh

p{ Nguyén ly quy nap manh }

Dé chitng minh ¥n € Z+ P(n), chling ta thuc hién hai budc
m Budc co sd (basis step): Chi ra ménh dé P(1) ding

m Budc quy nap (inductive step): Chirng minh ménh dé
(P(1)AP(2) A--- A P(k)) — P(k + 1) ding v&i moi sb
nguyén duong k

m Gia thiét P(1) A P(2) A - - - A P(k) ding, chiing minh
P(k + 1) ding

m Gia thiét P(1) A P(2) A - -- A P(k) dlng dudc goi la gid
thiét quy nap

Theo ngbn ng(r 16gic,
k
(P(1) AVk € ZT ( /\ ) = P(k+1))) = VncZ" P(n),

trong do /\j:1 P(j)=P()AP(2)AN---AP(k)

Quy nap va bé quy
Hoang Anh Biic
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Quy nap toan hoc

Quy nap manh

Quy nap va bé quy
Tuong ty nhu véi quy nap yéu, 8 budc co s ta khong nhéat Hoang Anh Bic
thiét can bét dau tir P(1)

,.[ Nguyén ly quy nap manh (tdng quat) }

Dé chiing minh ¥n > b P(n) vdin € Z va b la s6 nguyén cho
trude, ching ta thuc hién hai budc
m Budc co sd (basis step): Chi ra ménh dé P(b) ding

m Budc quy nap (inductive step): Chitng minh ménh dé
(P() AP+ 1)A---AP(k)) — P(k + 1) ding v6i moi

sO nguyén k > b

Theo ngén ng(r 16gic,

k
(P(b) AVk € Z2° ( ]\ P(j) = P(k+1))) = Vn € Z7" P(n)

i=b
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Quy nap toan hoc

Quy nap manh

Quy nap va bé quy
Hoang Anh Buc

Thém vao do, thay vi chi chiing minh P(b) diing, ta c6 thé lam
nhiéu hon & budc co sé

,.{ Nguyén ly quy nap manh (tdng quat) } 5 Q F :

Dé chiing minh ¥n > b P(n) vdin € Z va b la s6 nguyén cho
trude, chung ta thuc hién hai budc
m Budc co sé (basis step): Chi ra cac ménh dé P(b),
P(b+1),..., P(b+ j) ding, véi j la mdt so nguyén
duaong c6 dinh nao do
m Budc quy nap (inductive step): Chitng minh ménh dé
(P()AP(b+1)A---AP(k)) = P(k + 1) ddng vGi moi

sO nguyén k > b+ j

Theo ngbn ng(r 16gic,
j k
(/\ P(b+i)AVE € 22" ( )\ P(i) = P(k+1))) = Vn € 27" P(n)

=0 i=b
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Quy nap toan hoc
Chuy

Quy nap va bé quy
Hoang Anh Btic

m Vé mét hinh thic, quy nap manh va quy nap yeu khac
nhau & gia thiét quy nap: & quy nap yeu ta ch| g|a thiét
P(k) dung, con & quy nap manh ta gia thiét tht ca cac

ménh dé P(1), P(2), ..., P(k) déu dung

™ Quy nap manh va quy nap yéu la tuong duong vé mat
I6gic, nghia la, quy nap yéu ding khi va chi khi quy nap
manh clng dung

m Néu ban c6 thé tryc tiép chiing minh P(k + 1) véi gid thiét
P(k) dung, nén dung quy nap yéu

m Nguac lai, néu ban cé thé chitng minh P(k + 1) tir gia thiét
P(j) dung véi moi j < k, nhung khong r6 lam sao dé truc
tiep ching minh P(k) — P(k + 1), nén dung quy nap
manh

Quy nap manh
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Quy nap toan hoc
Vidu

Vidu 4
Cho vi tU P(n):

n viét dugc dudi dang tich cia mét hodc nhiéu sé nguyén té

Ta chitng minh Vn € Z22 P(n) bang quy nap manh
m Budc co sd. P(2) diing, vi 2 ¢6 thé dudgc biéu dién dudi
dang tich cla mét s6 nguyén to—chinh nd
m Budc quy nap. Gia st P(j) ding v6i moi s6 nguyén j
thda man 2 < j < k, trong dé k > 2 12 s06 nguyén co6 dinh
nao dé. Ta chiing minh P(k + 1) dung. That vay,

m Néu k + 112 s6 nguyén t, P(k + 1) ding do k + 1 c6 thé
dugc biéu dién dudi dang tich clla mot s6 nguyén t6—chinh
noé

= Néu k+ 1 1a hop sb, ta c6 thé biéu dién k + 1 = ab véia,bla
cac so nguyén duong thc’)g man2 <a <b<k+1 Theo gia
thiét quy nap, c& a va b déu co thé dugc biéu dién dudi
dang tich clia cac s6 nguyén t6, va do do k + 1 cling thé

Quy nap va bé quy
Hoang Anh Btic

Quy nap manh
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Quy nap toan hoc
Vidu

Vi dub Quy nap va Dé quy
c. . Hoang Anh Biic
Cho vitu P(n):
n=4a+5b Vlia,b€Z
Ta chiing minh Vn € Z='2 P(n) bang quy nap manh
m Budc co s6. Ta chiing minh P(12), P(13), P(14), P(15)
déu ding. Thatvay, 12=4-3+5-0,13=4-2+5- 1,
14=4-1+5-2,val5=4-0+5-3
m Budc quy nap. Gia sl véi sb nguyén cb dinh k > 15 bét
ky, P(m) ding v6i moi s0 nguyén m théa man 12 < m < k.
(Hay P(12) A --- A P(k) dung véi sO nguyén co dinh
k > 15.) Ta chiing minh P(k + 1) dung. That vay, do
k >k — 3 > 12, theo gia thiét quy nap, ta cé P(k — 3)
dung, nghia la ton tai a,b € Z sao cho k — 3 = 4a + 5b. Suy
rak+1=(k—3)+4=4(a+1)+5b
Bai tap 12
Chiing minh vi du trén bang quy nap yéu

Quy nap manh
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Quy nap toan hoc
Quy nap manh

S dung phuong phap quy nap manh dé gidi cac bai tap sau Quy nap va Bé quy
Bé.l tép 13 Hoang Anh Biic
Cho vi tit P(n) = “t0n tai a,b € Z théa man n = 3a + 5b”. Bai
tap nay mo ta cach chiing minh P(n) ding vdi moi s6 nguyén (2) oo
n>8
(a) D& hoan thanh budc co s, hdy chitng minh ring céc
ménh dé P(8), P(9), va P(10) la dung
(b) Trong budc quy nap, Gié thiét quy nap la gi va ban can
ching minh diéu gi?
(c) Hay hoan thanh buéc quy nap cho n > 10
Bai tap 14
Chitng minh rang véi moi sb nguyén n > 12, ton tai cac sb
nguyén khéng &m a va b sao cho n = 3a + 7b
Baitap 15
Chitng minh rang moi s& nguyén duong déu cé thé dugc viét
duéi dang 2° - ¢ trong d6 b 1a mdt s6 nguyén khong am va c la
m()t Sé 1é 63



Quy nap toan hoc

Mbt sb chitng minh quy nap sai

Vi du 6 ([Gunderson and Rosen 2010]) Quy nap va B auy
. n . (TL + %)2 Hoang Anh DBic
Cho P(n) la ;z =—

n € Z* bang ;;hu’dng phap quy nap yéu e
. (1 + 1)2 Mt s6 chirng minh quy
m Budc co sé. P(1) ding do 5 22 =1 e
m Budc quy nap. Gid st P(k) ding véi mot sé nguyén cb dinh
k > 1 nao dé. Ta chirng minh P(k + 1) dung. That vay

. Ta chiing minh P(n) dung véi moi

k+1 k
Zi:(2i>+(k+l) tach téng
i=1 i=1
kE+ 3?2 S
_ ¢ —;2) +(k+1) gia thiét quy nap
C(k+3)?+2k+3)+1
B 2
(k+1+1)2 Ching minh nay sai &
=5 . dau?

Do dé, theo nguyén ly quy nap yéu, P(n) ding véi moin € Z+

63



Quy nap toan hoc

Mét sb chitng minh quy nap sai

Vi du 7 ([Gunderson and Rosen 2010]) IR
Cho vitir P(n)

Néu n = max{a,b} vdia,bc Z" thia =b

Mot s6 chiing minh quy

Ta chitng minh P(n) ding véi moi n € Z* bang quy nap yéu repsa
m Budc ca s@. Voin = 1, gid st 1 = max{a, b} VOi
a,beZt.Dodbda=0b=1.Suyra P(1) ding
m Budc quy nap. Gia st P(k)
dung véi mot s6 nguyén co dinh Chu i na s
k > 1 nao dé, nghia la néu e ;\g minh nay sal
k = max{a, b} V@i a,b € Z* thi au
a=1> i
Ta ching minh P(k + 1) dung, nghia la chirng minh néeu )
k+1 = max{c, d} V@i c,d € ZT thi ¢ = d. That vay, gia st hai so
¢,d € Z* théaman k + 1 = max{c, d}. Do d6, max{c — 1,
d — 1} = k. Theo gia thiet quy nap, ¢ — 1 = d — 1, va do d6
¢ = d. Theo nguyén ly quy nap yéu, P(n) dung véi moin € Z+
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Quy nap toan hoc

Mét sb chitng minh quy nap sai

Vi du 8 (Tt c& ngua déu cung mau) uy ap v D8

Hoang Anh Bc
P(n) := “Bat ky n con ngua nao déu cé ciing mau sac”
That vay, ta chling minh Vn € Z* P(n) bang phuong phap quy
nap yéu s nirymna
m Budc co sd. P(1) hién nhién ding.
m Budc quy nap. Gia sit P(k) ding véi sb nguyén k > 1 ¢
dinh nao dé. Ta chiing minh P(k + 1) cling ding. Gia s{t
¢ k+ 1 conngya Hy, Hy, ..., Hy, Hi11. Theo Qi thiét

quy nap, Hi, Hs, ..., Hy déu c6 cung mau sac. Cling theo
gia thiet quy nap, H, ..., H, Hy11 déu cd cung mau sac.
Do d6, H, Hs, ..., Hy, Hy 11 déu cé cung mau sac

Do dd, theo nguyén ly quy nap yéu, P(n) ding véi moi n € Z+

Chitng minh nay sai &
dau?

Hy Hy Hz Hy
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Quy nap toan hoc

Mét sb chitng minh quy nap sai

Quy nap va bé quy
Hoang Anh Btic

Vidu9

Cau hoi
- . S . 2 A Mét s6 chiing minh qu
Ching minh nay sai 0 dau? ] (@) osyeiramonn

P(n):=“5n=0"

Ta chitng minh Vn € N P(n) bang quy nap manh
m Buwdc co sd: P(0) ding,do5-0 =0
m Budc quy nap: Gid sit véi s6 nguyén & > 0 ¢b dinh nao
dé, 55 = 0 vdi moi s0 nguyén khéng &dm j thda man
0 < j < k. Tachtng minh 5(k + 1) = 0. That vay, ta c6 thé
viet k +1 =i+ j, v6ii,j € Nvai,j nho hon k + 1. Theo
gia thiét quy nap, 5(k + 1) =5(i+5) =5i+5j =0+ 0 =0
Do dd, theo nguyén ly quy nap manh, P(n) dung véi moi n € N
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bé quy

Dinh nghfa va mot sb khai niém

Quy nap va bé quy
Hoang Anh Biic

m Trong quy nap, ta chiing minh moi phan t&t clia mot tap vo
han théa man vi tir P ndo dé bang cach
m ching minh tinh diing dan clia P cho cac phén tir I6n hon
trong tap hop dua vao tinh ding dan cla cac phan t& nhd () i vamor i
hon
m Trong céac dinh nghia dé quy (recursive definition), tuong
ty, ta dinh nghia mot cAu trdc (ham, vi t, tap hop, hay mot
cau trlic nao dé phu’c tap hon) trén moét mién vé han nao
dé (mién xac dinh) bang cach
m dinh nghia cu triic clia cac phan tit I6n hon dua vao cau
tric clia cac phan ti nhd han
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bé quy

Ham dinh nghia bang dé quy

Quy nap va bé quy

m Ham dinh nghia ba‘“ngldé quy (recursive function)
F:N - AVéitap A bat ky
® Budc co sd (basis step): Dinh nghia mét s6 gia tri ban dau
£(0), £(1),..., f(b) véi s6 nguyén co dinh b > 0 nao dé
m Budc dé quy (recursive step): Binh nghia mdt quy luat dé
tim gid tri cOa f(n) tU cac giatri f(n — 1), f(n —2), ...,
fn=20), f(n—b—1)véimoin >b ‘
m Céc tinh chat clia ham dinh nghia bang dé quy thudng () vam oo g s
dugc chiing minh bang quy nap e
Vidu 10
Dinh nghia mét day bang hé thic truy hdi
m Day Fibonacci {f,.}

m Budccosd: fo=0,f1=1

m Budc dé quy: f, = fr1 + fa—2 (n >2)
m Day giai thta {g,, }

m Budccosd: gy =1

m Buwdc dé quy: g, = ng,—1 (n > 1)

Hoang Anh Biic
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bé quy

Ham dinh nghia bang dé quy

, , . , « ” N » Quy nap va bé quy
Vidu 11 (Chng minh tinh chat cua ham su dung Hong Anh Bic
dinh nghia dé quy)

Cho day Fibonacci {f,}. Ta chiing minh f,, < 2" vdimoin € N
bang quy nap manh

m Budccosd: fp=0<2=1vaf, =1<2'=2(sidung

céac dinh nghia & budc co sd cla dinh nghia dé quy)

m Budc quy nap: Gia sl v6i s6 nguyén k > 0 cb dinh nao iy O inace

dé, f; < 2! véi moi i thda man 1 < i < k. Ta chirng minh
fr1 < 2FF1 That vay,

Tr+1 = fe + =1 dinh nghia dé quy cla {f.}
< 2k 4 okt gia thiét quy nap
< 28 4 ob = okt

Do do, theo nguyén ly quy nap manh, f,, < 2" véi moin € N

63



bé quy

Ham dinh nghia bang dé quy

Vi du 12 (Chiing minh tinh chat clia ham st dung dinh
nghia dé quy)

Cho déy Fibonacci { f,,}. Ta chiing minh f,, > o"~2 vdi moi sé tu
1+ 5

nhiénn >3 vaa = ~ 1.61803 bang quy nap manh

m Budccosd:Voin=3,tacd fs=2>a’2=0a.Véin=4,1ta
. 1 2
COf4=3>a4_2=a2=( +\/5) :3+2\/5:

2
2.61803
m Budc quy nap: Gia sl véi s6 nguyén k > 3 cb dinh nao do,
3 < i < k vdi moi i thda man f; > o*~2. Ta chitng minh
fr1 > oF~1. That vay,

a+ 1=

fr1 = fe+ fra dinh nghia dé quy cla {f,.}
>aFf2 4ok 3 gia thiét quy nap
= akiS(a +1)
=af3a% = f ! doa?=a+1

Do d6, theo nguyén ly quy nap manh, f, > o™ 2 véi moi sb tu nhién
n>3
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Hoang Anh Btic

Ham dinh nghia béng dé
quy



bé quy

Ham dinh nghia bang dé quy

Quy nap va bé quy
Hoang Anh Btic

Bai tap 16

Cho céc ham sau. Hay xay dung dinh nghia dé quy cho méi

ham (ghi ré budc co sé va budc dé quy).

(a) Ham F(n) 12 t6ng cla n s6 nguyén duong dau tién.

(b) Ham S,,(n) la téng clia sb nguyén m va sb nguyén khong _
ém n. ::;n dinh nghia bing dé

(c) Ham P,,(n) 1a tich clia sb nguyén m va sb nguyén khéng
am n.

Baitap 17

Cho day Fibonacci {f,,}. Chiing minh rang

(@) 24 f3 4+ f2 = fufns1 vGi Moi sb nguyén duong n

(b) f1+ f3+ -+ fan_1 = fon VOi Moi s& nguyén duong n
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bé quy

Tap hop dinh nghfa bing dé quy

Quy nap va bé quy
Hoang Anh Biic

m T4p hop dinh nghia bang dé quy (recursive set)
m Budc co sd (basis step): Dinh nghia mot tap con cac phan
t0 ban dau
m Budc dé quy (recursive step): Binh nghia mot quy luat dé
tim phan t& méi trong tap tir cac phan t d& biét 1a thudc tap
dé @ ;éép :qugnh nghia bing
m Thong thudng, véi cac tap dinh nghia bang dé quy, quy o
tac ngoai trir (exclusion rule) sau ludn dugc ap dung: tap
hop can dinh nghia chi chita cac phan t{ liét ké & budc co
s& va cac phan tit thu dudc bang cach ap dung quy tac &
budc dé quy.
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bé quy

Tap hop dinh nghia bang dé quy

Quy nap va bé quy

Vi dU 13 Hoang Anh Dic
m Tap S céc sb6 nguyén duong chia hét cho 3
m Budccosd:3c S
m Buwdcdéquy:Neuz € Svaye Sthiz+ye S
m Dautién,3c S,sauddéla3+3=6,3+6=09, v.v...
m Tap sb tu nhién N
m Budc co sd:0 €N
m Budc dé quy: Néu n € N thin +1eN ;@phapdmnngmabéng
m Tap céc chudi ky tu ©* sinh bdi bang chit céi
m Budc co sd: A € ©* () 1a chudi réng khong chita bat ky ky
tu nao) )
m Buwdc dé quy: Neuw € =* vaz € T thi wr € ©*
m Vidunéu X = {0,1} thi
m ) e X* (budc co sb)
m {0,1} C ¥* (lan dau ap dung budc quy nap)
m {00,01,10,11} C X (lan th hai &p dung budc quy nap)
H V...

m Do dé =* 12 tap tat ca cac chudi nhi phan .



bé quy

Tap hop dinh nghia bang dé quy

Quy nap va bé quy
Hoang Anh Btic

Vidu 14
m Tap cdc cong thifc dugc tao diing quy tac (well-formed
formulae) trong 16gic ménh dé

m Budc co sd: T, F, va ménh dé nguyén i s 1a cac cong
thirc duoc tao ding quy tac o) T

m Buwdc dé quy: Néu A va B la cac cong thic dugc tao ding a6 auy
quy tac, thi (=A), (AA B), (AV B), (A — B),va (A < B)
cling thé

m Vidu, v6i cac ménh dé nguyén tli p,q, (pV ¢) — (¢ A F))
va (p A q) 1a cac cong thiic dugc tao diing quy tac, con Apg,
pgA, va p A g thi khéng phai (Tai sao?)
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bé quy

Tap hop dinh nghia bang dé quy

Quy nap va bé quy
Hoang Anh Btic

Bai tap 18

Hay tim moét dinh nghia dé quy cla
(a) Day {a,} Vvéia, =4n—2van=1,2,...

(b) Day {b,} V6ib, = n(n+1)van=1,2,... e
(c) Tap hop céc sb nguyén duong 1é s
(d) Tap hop cac sb nguyén duong la Iiy thita clia 3

(e) Tap hop cac sb6 nguyén duang chia hét cho 5

(f) Tap hop céc s6 nguyén duong khong chia hét cho 5
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bé quy

Quy nap theo cu triic

Quy nap va bé quy
Hoang Anh Biic

D& chiing minh mét tinh chat P clia cac phan tir clia mét tap
hop dinh nghia theo dé quy, ta s dung quy nap theo cau tric
(structural induction)

,-‘ Nguyén ly quy nap theo cau tric

m Budc co sd: Chiing minh rang moi phan tr dinh nghia AT——
trong budc co s& clia dinh nghia dé quy déu thda man P | () owrsmeosuiie

m Budc quy nap: Chitng minh rang néu cac phan tlr duoc
s dung dé xay dung phan t& méi clia tap hop trong
budc dé quy déu théda man P, thi phan ti méi ciing thda
man P

J
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bé quy

Quy nap theo cu triic

Quy nap va bé quy
Hoang Anh Btic

Vidu 15
Cho S la tap dinh nghia theo dé quy nhu sau:
m Budccosd:3¢ S
m Budcdéquy:Néuz e SvayeSthia+ye S
Ta chitng minh bang quy nap theo cau tric rang moi phan tr
cua S déu chia hét cho 3
m Budc co sd: 3 chia hét cho 3 () oot
m Budc quy nap: Gid st véiz € Svay € S, cd z va y déu
chia hét cho 3. Ta chiing minh n = z + y cling chia hét cho
3. That vay, do z chia hét cho 3, ta ¢6 = = 3k vdi sO nguyén
k nao do. Tuong ty, y = 3; vGi s0 nguyén j nao do. Suy ra
n=z+y=3k+j),vado déncﬂng chia hét cho 3
Do do, theo nguyén ly quy nap theo cau tric, moi phan ti clia
S déu chia hét cho 3
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bé quy

Quy nap theo cu triic

, Quy nap va Bé quy
Vi dU 16 Hoang Anh Buic
Ta chiing minh bang quy nap theo cAu triic rang moi céng thifc
dugc tao dung quy tac trong I6gic ménh dé cd sb dau ngodc
don trai “(” bang s6 dau ngodc don phai “)”

m Budc co s&: Cac ménh dé T, F, va moi ménh dé nguyén

t0r s déu khong cé cac dau ngodc don trai va phai
m Budc quy nap: Véi cong thitc A, goi 14 va r4 lan lugt 1a

s6 ngodc don trai va ngoac don phai clia A. Gid sl véi cac
cong thiic A, B, iy = r4 valg = rg. Taching minhrang () owrmesciuie
diéu nay ciling ding véi cac cong thiic (—A), (A A B),
(AV B), (A — B),va (A + B). That vay, céng thiic dau
tién cd 14 + 1 ngodc trdi va r 4 + 1 ngoac phai, va cac cong
thirc sau dé c6 4 + Ip + 1 ngodc trdi va r4 + rp + 1 ngodc
phai

Do do, theo nguyén ly quy nap theo cau tric, moi cong thic

dugc tao dung quy tac trong l6gic ménh dé cé sb dau ngodc

don trai bang s6 diu ngoic don phai w



bé quy

Quy nap theo cu triic

Bai tép 19 O:v?ap;é:?uy
B 7 joan ni uc

Chiing minh rang tép S dinh nghia bdilec Svas+tcSnéuscSva ?
t € S la tap cac so nguyén duong Z*+. (Ggi y: Chiing minh S C Z*+ va
zt CS)
Bai tap 20
Cho S la tap céc cdp sap thi tu cac s6 nguyén duodc dinh nghia bing
dé quy nhu sau

m Budc co s6: (0,0) € S

m Budc dé quy: Néu (a,b) € S, thi (a+2,b+3) € Sva

(a =+ 3, b —+ 2) S S ° Quy nap theo cau tric

(a) S& dung quy nap manh véi s6 lan ap dung budc dé quy trong
dinh nghta clia S & trén, hay chiing minh « + b chia hét cho 5 véi
moi (a,b) € S

(b) S& dung quy nap theo cau tric dé chiing minh a + b chia hét cho
5 v6i moi (a,b) € S
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Giai hé thurc truy hoi

Day cho bdi hé thiic truy hoi

Quy nap va bé quy

m Mot hé thic truy hoi (recurrence relation) cho day {a,} la
mot phuong trinh biéu dién a,, thong qua mot hodc nhiéu
s6 hang trudc doé ctia day véi moi sb nguyén n théa man
n > ng VOi ng 1a mét s6 nguyén khéng am.

m Véiday {a,} =0,1,4,9,16... (n >0),an =an-1+2n—1
véin > 11a mot hé thic truy hoi cho {a,} (& day no = 1)

m Dé dinh nghia mét day {a.,} théng qua hé thic truy hoi, ta
can thém céc diéu kién ban dau (initial conditions) bang
céch dinh nghia céc phan tl truéc a,,, trong day

m D& dinh nghia {a,} qua hé thifc a, = an 1 +2n — 1
(n > 1), ta can thém diéu kién ban dau a, = 0 (12) o crovtine ey

m Mot day dugc goi Ia mot ngh/em (solution) cia mét hé thirc
truy hoi néu cdc sé hang cla day théa man hé thuc do

m Gidi hé thufc truy héi vdi céc diéu kién ban ddu nghia |a
tim mét cong thirc tudng minh cho cdc sé hang ctia day

® Mot cong thirc tudng minh cho day {an} dinh nghia bdi
an = Qn— 1+2n—1vd|n> 1 va diéu kién ban dau ap = 0
1a a, =n?(n>0)

Hoang Anh Biic
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Giai hé thic truy héi

Day cho bdi hé thic truy hdi

Quy nap va bé quy

VI’ dU 17 Hoang Anh Bic

m Day {b,} théa man hé thic truy hdi b, = —b,,_; v6in > 1
va diéu kién ban dau by = 1

m{b,}=1,-1,1,—1,...

m Day {s,} théa man hé thirc truy hdi s, = 5,1 — 5,,_o VOI

n > 2 va diéu kién ban dau so = 3va s; =5
m {s,}=3,52,-3,-5,...

m Day Fibonacci (Fibonacci sequence) {fn} (n > 0) dugc
dinh ngh|a bdi diéu kién ban dau fo=0,fi=1 va hé thirc
truy hoi f, = fu_1 + fn_2 V6i moi sb nguyén n > 2

m{f,}=0,1,1,2,3,5,...

m Day giai thira (factorial sequence) {g,} dugc dinh nghia
bédi diéu kién ban dau g, = 1 va hé thiic truy hdi
Gn = Ngn_1 VOi Moi s6 nguyén n > 1

® {g,}=1,1,2,6,24, ...

@ Day cho bdi hé thc truy
6
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Giai hé thic truy héi

Day cho bdi hé thic truy hdi

Quy nap va bé quy
Hoang Anh Btic

m Mot sb phuong phap giai hé thiic truy hdi
(1) Podn nghiém (va chiing minh bing phuong phap quy nap)
(2) S dung da thirc déc trung
(8) S& dung ham sinh

° Day cho bdi hé thc truy
héi
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Giai hé thurc truy hoi

Doan nghiém

Quy nap va bé quy
Hoang Anh Biic

m Dodn nghiém (Guessing and verifying) la phuang phap
gidi hé thrc truy hoi bang cach:
(1) Tinh mot sb gia tri dau tién clia day tr hé thic truy hoi
(2) Quan sat cac gi4 tri nay dé dodn mdt cong thiic tudng minh
(3) Chiing minh cong thiic dodn dugc la ding bang phuong
phap quy nap toan hoc
m Ky thuat doan nghiém thudng dua vao:
m Thay l3p di 1ap lai hé thic truy hdi cho céc sé hang ding :
trudc 3 . @ podn nghiém
m Nhan ra quy luat xuat hién trong qua trinh thay thé Ba thie
m T6ng quat héa quy luat nay thanh mét cong thiic
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Giai hé thic truy hoi

Boan nghiém

Vidu 18
Giai hé thic truy hdi d,, = d,,— + 4 (n > 1) vGi diéu kién ban
dau dop = —1

,-[ Huwdng suy luan }

(1) Tu hé thic truy hdi, ta cliing ¢6 dy,—1 = dp_o + 4

(2) Thay (2) vao hé thiic ban dau
dpn=(dno+4)+4=dp 2+2-4

(3) T hé thic truy hdi, ta cling ¢6 dy,—o = dy_3 + 4

(4) Thay (4) vao (3), ta thu dugc d, = d,,_3 + 3 -4

(5) Lap lai qua trinh trén, ta “doan” d,, = d,_, + 1 -4

(6) D& c6 mot cong thire twdng minh cho d,,, ta can
n—r =0, tdclar = n. Khidé d, duoc biéu dién qua dy
da cho truéc van =r.

(7) Tom lai,tacod d,, = —1 + 4n

Quy nap va bé quy
Hoang Anh Btic

@ Boén nghiém
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Giai hé thic truy hdi

Boan nghiém

Quy nap va bé quy

VII dU 19 Hoang Anh Biic

Giai hé thiic truy héi a, = a,_1 + 2n — 1 (n > 1) véi diéu kién

ban dau ag = 0

(1) TU hé thic truy hdi, tacd a, 1 = a, o +2(n—1) -1

(2) Thay vao hé thiic ban dau,
an = (an—2+2n—1)—-1)4+2n—1=a,_o+4n—4

(3) T hé thic truy hdi, tacé a, 2 = a, 5 +2(n—2) —1

(4) Thay vao (2),
ap = (an-3+2n—2)—1)+4n—4=an_35+6n—9

(5) TU hé thirc truy hoi, ta ¢ an—5 = ap_g +2(n —3) — 1

(6) Thay vao (4), () ooinrone
an = (an-4+2(n—-3)—1)4+6n—-9=a,_4+8n— 16

(7) Lap lai qua trinh trén, ta “doan” a,, =

(8) DE cé mot cong thiic tudng minh cho a,,, tacann —r = 0,
tlic 1a r = n. Khi dé a,, dudc biéu dién qua ay da cho trudc
van=r

(9) Tém lai a,, =
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Giai hé thic truy hdi

Boan nghiém

B‘a.l tép 21 Quy nap va bé quy
A A N S Hoang Anh Buc

Gidi cac hé thitc truy hoi vai diéu kién ban dau sau bang ?

phudng phap doan nghiém va chirng minh cong thuic ban doan

dudgc la dung bang quy nap

(a) p = —Qp-1, G0 = 9 (e) ap = 2ap—1 — 3, a0 = —1

(b) ap =an_1+3,a0=1 (f) an =M+ 1)ap_1,a0 =2

(€) an=ap_1 —n,a9 =4 (9) an =2na,_1,a90 =3

(d) Gp = Bap_1, a0 =1 (h) p = —Qp_1+n—1,a0=7

Bai tap 22

Gia thiét dan sb thé gidi nam 2023 13 8 ty ngudi va ting theo ty

16 0.8%/nam. VGin > 1, () oo

(a) Xay dung hé thiic truy hoi dé tinh dan sb thé gidi n ndm
sau 2023

(b) Tim cong thiic tudng minh dé tinh dan sb thé gidi n nam
sau 2023

(c) Dan sb thé giéi nam 2057 sé 1a bao nhiéu? @



Giai hé thuc truy hoi

Pa thurc dac trung

Quy nap va bé quy

Y % N ~ ~ Hoang Anh Bic

m Hé thic truy héi tuydn tinh thudn nhét bac k vdi hé sé ?
hang (Linear homogeneous recurrence relation of degree
k with constant coefficients) 1a hé thirc cé dang

Ap = C1QAp—1 + C2Gp—2 + **+ + CkAn—k,

trong dd c1, cs, ..., ¢k 1a cac sb thuc, ¢, £ 0, van > k
m M6t day {a,} (n > 0) thda man hé thic truy héi trén dugc
xdc dinh mét cach duy nhat bi hé thiic nay va k diéu kién
bandéuao—Co,al Ci,...,a5_1 = Cr_1
m Hé thiic truy héi fr, = fr1 + fn2 12 mot hé thic truy hoi

tuyén tinh thuan nhét bac hai véi hé sb hang Day Fibonacci (8) oavuc et
{fn} dugc xac dinh béi hé thiic trén va diéu kién ban dau
Jo=0,f1=1
m Céc hé thiic g, = ngn—1, gn = gn—1 + g5, khong la hé
thiic truy hdi tuyén tinh thuan nhat véi hé sb hang
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Giai hé thic truy hdi

Pa thirc dac trung

Quy nap va bé quy
Hoang Anh Btic

m Héthlca, = cran_1 + -+ + cgan_k (cx # 0) c6 hai tinh
chat quan trong

m Nghiém cla hé thiic c6 dang a,, = r™ vdir # 0 1a mdt hang
sb nao dé. TU dé, ™ = c1r™ ' + -+ + c,r™ %, Chia hai vé
cho r"~* va chuyén vé, ta cé

e — e ir— e =0,

Pa thirc cubi cling goi 1a da thifc ddc trung (characteristic
polynomial) clia hé thire, va nghiém ctia nd goi la nghiém
dac trLrng (characteristic root) ca hé thic

= Néu Sn va t,, thda man hé thic truy hdi, thi moi t6 hop tuyén (50) oathic sao g
tinh cua s,, vat,, nghia la moi biéu thiic cé dang
b18n + batn VOi by, bs 12 cac sb thuc nao do, cling thda man
hé thiic truy hoi
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Giai hé thic truy hdi

Pa thirc dac trung

,.| Dinh Iy 2 .
Cho céc sb thuc ci,ca,...,c,. Gid st r¥ — cyrb=1 — ... —
cp_1r — ¢ €O t nghiém phan biét ri,ro,...,r; VOi cdc bdi
tuong L'rng my,ma,...,m; thbamanm; > 1voil <i<tva

my+---+my =k (ngh/a la, c6 m; nghiém co gid tri r;). Day
{an} Ia nghiém cda hé thuc truy héi a,, = C1an-1 + C2an—2 +

“+ Ccpp_p (n > k) VOi diéu kién ban dau ag = = Cp,a; =
C s...,ap—1 = Cy_1 khiva chi khi

_ mi—1\,.n
an = (01,0 + a1 in+ -+ oy m—1n™ )1y
mo—1\,.n

+ (20 +agin+ -+ g m,—1n"2 )1y

-1
qpocoqr (Olt70 + Qg 1mn P 000 gF Oétmt_lnmt )TZL

vdi n > 0, trong dé «, ; la cdc hang sb véi1 < i < t va

0<j<m;—1
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Quy nap va bé quy
Hoang Anh Btic

Ba thirc dic trung



Giai hé thic truy hoi

Da thirc dac trung

Cac budc giai hé thire truy hoi tuyén tinh thuan nhat bac k|| o rewaoeas
V(’jl hé 56 héng Hoang Anh Bic

(1) Xac dinh da thic dac trung: 7% — ey =1 — . — 17 — ¢
(2) Tim cac nghiém ry,r,, ..., r; cla da thic dac trung va boi
twong ing my,ma, ..., my

(3) Viét dang téng quéat clia nghiém:

_ mi—1\,.n
anp = (0,0 +arin+- -+ am—1n" )]

mao—1\, .n
+(a270+a271n+---+a27m2_1n 2 )7”2

—1
+ .-+ (at70 + g in + .-+ at,mt—lnmt )T?

(4) Thay cac diéu kién ban dau ag = Cy,a; = C1, . . .,
ai_1 = Cr_1 vao dang téng quat dé thiét 1ap hé phuong atc siotung
trinh

(5) Giai hé phuong trinh dé xac dinh cac hé sb «; ; V6i
1<i<tva0<j<m—1

(6) Thay céc hé sb vao biéu thiic tdng quét dé cé nghiém cubi
cling
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Giai hé thic truy hdi

Pa thirc dac trung

A Binh 1y 3: (Binh Iy 2 véi k = 2) |

Cho hé thifc truy hdi a, = cian_1 + caan_o (n > 2) Vi da
thife ddc trung r2 — cir — co. Vi diéu kién ban dau ag = C,
a; = Oy, day {a, } la nghiém cua hé thurc khi va chi khi:
(1) Khi da thu'c dac trung cd hai nghiém phan biét ri,rs:

an = o] + aory
(2) Khi da thu'c dac trung ¢ mét nghiém béi 2 lary:

an = (a1 + agn)r}
VOi o1, vy 12 cdc hdng sé.

~

Quy nap va bé quy
Hoang Anh Btic

Ba thirc dic trung
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Giai hé thic truy hdi

Da thirc dac trung

Quy nap va bé quy

VII dU 20 Hoang Anh Biic
Gidi hé thic truy hdi f, = fu_1 + fu2 (n > 2) V6i diéu kién
bandau fop=0va f1 =1

m Da thiic dac trung cla hé thic truy hdila r2 —r — 1

m Da thirc dac trung c6 hai nghiém phan biét r; = 1+2‘/5 va

Tro = 1=V5

2= 72

m Do dé, néu day {f,} la nghiém c@a hé thiic truy hoi thi

fn = a1} + agry voi cac hang so a;, as nao dé
® {f,} cAnthda man diéu kién ban dau fo =0va f, = 1.

Thay vao dang tong quat cla f,,, ta cd hé phuong trinh

@ Da thirc dac trung
fo=a1+a=0

oo (55 1n(57)

2 2

T d6 oy =1/V5vaas = —1/5 .



Giai hé thic truy hdi

Pa thirc dac trung

Quy nap va bé quy

Vi dU 21 Hoang Anh Biic
Giai hé thic truy hdi a,, = 6a,_; — 9a,—> VGi cac diéu kién ban
déua(): lv‘aal =6
m Da thiic dac trung clia hé thiic truy hdi la 2 — 6r + 9
m Da thirc dac trung c6 mot nghiém r; = 3 vdi boi 2
m Do d6, néu day {a,} la nghiém clia hé thirc truy hoi thi
an = a1 0Tt + ag1nr} = aq,03" + a1,1n3" v6i cac hang so
a1,0,01,1 nao do
m Day {a,} cling can thda man diéu kién ban dau ap = 1 va
a1 = 6. Thay vao dang téng quéat cla a,,, ta cé hé phuong
trinh Pa thifc dic trung

ap =ay0=1

a1:a1’0~3+a1,1~3:6

Do dé, ta co a10 = 1va a11 = 1
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Giai hé thic truy hdi

Pa thirc dac trung

A Dinh Iy 4: (Dinh Iy 2 véi & = 3) |

Cho hé thuc truy hoi an = C1an-1 + C2an—2 + C3an—3 (N > 3)

VGi da thirc dac trung 13 — c172 — cor — c. Vi diéu kién ban

dau ag = Cy, a; = Cy, az = Co, day {a,} la nghiém cua hé

thire khi va chi khi:

(1) Khi da thu'c dac trung cd ba nghiém phéan biétry, ro, r3:
an = a7 + aory + 3Ty

(2) Khi da thuc dac trung cd hai nghiém phan biét r1 (bdi 2)
vary (b6il): an, = (a1 + agn)ry + azry

(3) Khi da thifc ddc triing c6 mét nghiém duy nhat r1 (bdi 3):
an = (a1 + agn + azn?)rp

trong do a1, o, a3 13 cdc hdng sb.

Quy nap va bé quy
Hoang Anh Btic

@ Ba thirc dic trung

63



Giai hé thic truy hdi

Pa thirc dac trung

Quy nap va bé quy

VII dU 22 Hoang Anh Biic
Giai hé thic truy hdi a,, = —3a,_1 — 3a,_2 — a3 VOi Cac diéu
kienbandau ay =1,a; = —2,vaay = -1
m Da thitc dac trung clia hé thirc 1a 2 + 3r2 + 3r + 1
m Da thirc dac trung c6 mot nghiém r; = —1 véi boi 3
m Do dé, néu {a,} la nghiém cla hé thic truy hdi thi
an = a0 +apnry + a1,2n27‘”
m Day {a,} ciing can thda man diéu kién ban dau a; = 1,
a; = —2,va ay = —1. Thay vao dang tong quat cta a,,, ta
¢6 hé phuaong trinh

Ba thirc dic trung

ap = Q1,0 = 1
a; = —a10— Q1] — Q2 = —2
az = Q10+ 20&1,1 + 404172 =-1

Do do ta co Q1,0 = 1, aq,1 = 3, va Q12 = —2
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Giai hé thic truy hdi

Pa thirc dac trung

Quy nap va bé quy
Hoang Anh Btic

Bai tap 23
Gidi cac hé thic truy hoi vai diéu kién ban dau sau
(@) ap =2a,_1V6in>1,a9=3

(b) ap =5a,_1 —6a,_2V6in>2,a0=1,a; =0

(€) ap =4a,_1 —4an,_oVéin>2,a9="6,a, =8

(d) ap = —3an_1—3a,_2—an,_3Vlin>3,ay=>5,a = -9,
as = 15

(e) Gp = 60,1 — 8an_2 (TL22), ap =4,a; =10
f) an =2ap_1+an—2—2a,-3(M>3),a0=3,a1 =6,as =0 ®)
(9) %) vap = ap_1+2/a,2(n>2),a90=a; =1

Ba thirc dic trung
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Giai hé thic truy hdi

Pa thirc dac trung

Quy nap va bé quy

m Hé thiic truy hoi tuyén tinh khéng thuan nhat bac k voi hé
s0 hang (Linear nonhomogeneous recurrence relation of
degree k with constant coefficients) la hé thirc cé dang

Hoang Anh Btic

Ap = C1Op—1 + C20n_2 + -+ + Ckan_k + F(n),

trong d6 ¢y, ca, . . ., ¢k 1 cac sb thuc, ¢, # 0, F(n) la mot
ham chi phu thudc vao n va khéng phai luén bang 0, va
n>k

m Hé thic a, = C1an—1 + C2an—2 + - + Ckan—k AUOC gOI la
hé thic truy hoi thuan nhét tuong u’ng (associated
homogeneous recurrence relation) clia hé thiic trén

Ba thirc dic trung

Pinh ly 5 of

Néu {a(p)} la mét nghiém riéng nao do cua hé thuc a, =
ClGp_1 + Colp_o+ -+ ckan k+ F(n) thi moi nghiém cua hé
thure do co dang {an +af } trong do o' 13 nghiém cua hé
thire thuan nhat twrong ung a, = c1Gy_1+C2ay_2+- - +Crln_g
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Giai hé thic truy hdi

Pa thirc dac trung

V&i mét sb dang F(n), nghiém riéng c6 dang dac biét

Gia st {a, } théa man hé thuc

Qp = C1Ap_1 + Co2Gp_2 + -+ + ckan_ + F(n),
trong do c1, . . ., ¢, 1a cdc sé thue, va

F(n) = (bn' + be—1n'~" + -+ bin + by)s"™,

trong do by, ... b, va s 1a cdc s thuc. Khi s khéng phai Ia
nghiém cla da thirc ddc trung cla hé thuc thuan nhat tuong
ttng, ton tai mét nghiém riéng cé dang (pent +pe_int~' +- -+
pin + po)s™. Khi s la mét nghiém vdi béi m cla da thuc dac
trung ctia hé thirc thuan nhat tuong g, tén tai mot nghiém
riéng co dang n™ (pyn' + pi_1nt~t + - + pin + po)s™.

A Binh1y 6 | X

63

Quy nap va bé quy
Hoang Anh Btic

Ba thirc dic trung



Giai hé thic truy hdi

Da thirc dac trung

Cac budc giai hé thire truy hoi tuyén tinh khong thuan nhat bac & Quy nap va B8 auy
Vi hé s héng Hoang Anh Dic
Cho hé thiic truy hdi: a, = c1an_1 + Cotn_o + -+ + Chln_j + F(n) véi
F(n) = (bin' + -+ +bin+by)s™
(1) Tim nghiém thuan nhét o\"):
m X4&c dinh da thitc déc trung: r* — cirF ™t — .o — 17 — ¢,
® Tim nghiém va boi tuang (ing clia da thiic d&c trung
m Viét dang tong quat cua nghiém thuan nhat theo Binh ly 2
(2) Tim nghiém riéng a\”:
m Kiém tra xem s c6 phai 1a nghiém dic trung cla hé thic thuan nhéat
hay khong
m Néu s khéng phai nghiém dic trung: dat
aff) = (pen' + pran' ™' + -+ pin + po)s”
m Neéu s la nghiém dac trung véi boi m: dat (51) 0a e dscung
al?’ = n™(pin® + pe—in® ™t + -+ pin + po)s™
m Thay '’ vao hé thiic ban dau dé thiét 1ap hé phuang trinh tim
Po,P1y-- -, Pt
(3) Tim nghiém téng quat: a,, = o\ + o
(4) Ap dung diéu kién ban dau dé tim céc hang sb trong nghiém
thuan nhét o



Giai hé thic truy hdi

Da thirc dac trung

Quy nap va Bé quy
VI' du 23 Hoang Anh Bic
Giai hé thuic truy hdi a,, = a,_1 +n (n > 2) véi diéu kién ban
déu a; =1
m Hé thiic thuan nhét tuong ting 1a a,, = a,_; (n > 2). Hé
thiic nay c6 nghiém dic trung r = 1 va day {a{”} véi
all) = ¢ (1)™ 1a mét day thda man hé thirc, trong d6 c 12
hang s6 nao dé
mTacoé F(n)=n=(1-n+0)-1" Vis=1langhiém dac
trung clia hé thirc thuan nhat tuong (ing véi bdi 1, mot
nghiém riéng clia hé thiic khong thuan nhat da cho cé
dang a\?) = n(p1n + po)1” = pin® + pon
m Thay dang clia nghiém riéng vao hé thiic da cho, ta cé (52) 0a e dscung
n(2p1 — 1)+ (po —p1) =0, nghiala2p; —1=0va
po —p1 =0,dod0 py =py =1/2
m Cuoi clng, hé thirc ban dau c6 nghiém dang
a, = al? +all) = n(n+1)/2 + c. Thay vao diéu kién ban
dau a; = 1 tadugc c =0
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Giai hé thic truy hdi

Pa thirc dac trung

Quy nap va bé quy
Hoang Anh Btic

Bai tap 24

Gidi cac hé thre truy hdi véi diéu kién ban dau sau

(1) ap =3ap,_1+2"Vvéin>1,a9=1

(2) ap =2a,_1+2n%2Vv8in>2,a1 =5

(3) an = —ban_1 —6a,_o+42-4™ (n > 3), a; = 56, ay = 278
(4) an =5a,_1 — 6a,_2+ 2" + 3n (GOi y: Tim nghiém rleng

c6 dang qn2™ + pin + pa, trong do ¢, p1, p2 1a cac hang so) ©
Pa thifc dic trung
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Part |
Phu luc



NGi dung

Quy nap toan hoc
Tinh ding dan cla Quy nap manh
Quy nap manh va quy nap yeu la tuong duong

Giai hé thuic truy hoi
Ham sinh

Mét sé 16i thudng gap

23

Quy nap va bé quy
Hoang Anh Btic



Quy nap toan hoc

Tinh dlng d4n ctia Quy nap manh

Ching minh (Quy nap manh la dung). Quy nap va D8 quy
Hoang Anh Bic

m Gia s P(1) dung va vGi moi k € Z+, ?
(P(1) AP(2)A--- AN P(k)) = P(k+ 1) dung. Ta chiing T tng ain i Gy

nap manh

minh Vn € Z* P(n) bang phan chiing

m Gid st tn tai n € Z* sao cho P(n) sai. Do d6, tap
S={n|nez"vaP(n)sai} CZ" latap khac rong.

m Theo Tién dé 1, S c6 mét phan ti nhdé nhat m. Do P(1)
dingvam e Z*t,tacoém > 1,suyram—1€Z"

m Theo dinh nghia clia m, véi moi s6 nguyén duong
j <m—1,tacd P(j) ding (néu khdng thi j < m va P(j)
sai; diéu nay mau thuan véi dinh nghia cia m). Do do
P(1)AP(2)A---ANP(m—1)ding

m Do (P(1)AP(2)A---AP(k)) = P(k + 1) ding v6i moi
kezt,tacéd (P(1)ANP(2)A---AP(m—1)) — P(m)ding

m Két hop v6i P(1) A P(2) A -+ A P(m — 1) ding, ta c6 P(m)
ding. biéu nay mau thuan véi dinh nghia ctia m. Do dé
P(n) dung vdi moi sO nguyén duong n 2z



Quy nap toan hoc

Quy nap manh va quy nap yéu Ia tuong duong

Quy nap va bé quy

Quy nap yéu = Quy nap manh.

(1) Gia sl véi moi R(n), ta co
(R(1) AVEk € Z¥ (R(k) = R(k + 1)) — ¥n € Z* R(n) i i cia
dung, nghia la, quy nap yéu ding Quy nap manh va auy nap

Hoang Anh Biic

yéu Ia tuong duong

(2) Gia sl vdivitlr P(n) taco
P(1) AV € ZF N;_, P(j) = P(k + 1) ding, nghia I3,
budc ca sG va budc quy nap clia quy nap manh la duing.
Ta chiéing minh Vn € Z* P(n) dlng
(3) Tadinh nghia Q(n) = A\j_, P(n) véimoin € Z*
(4) T (1), tacod
(Q(1) AVE € Z+ (Q(k) — Q(k +1))) = Vn € Z+ Q(n) diing
(5) T (3), tacé Q(1) = P(1) va ¥n € Z* Q(n) = Yn € Z* P(n)
(6) Chu y rang véi cac ménh dé p,q batky p - ¢=p = pAgq
(Tai sao?).
(7) Do d6 Q(k) — Q(k+1) = \i_; P(k) » NiZ} Pk +1) =
Nj—y P(k) = Nj—y P(R)AP(k+1) = \i_; P(k) — P(k+1)
(8) Thay (5) va (7) vao (4), ta cé diéu phai chiing minh
m}
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Quy nap toan hoc

Quy nap manh va quy nap yéu la tuong duong

z Quy nap va Bé quy

Quy nap manh = Quy nap yéu. Hoang Anh B
(1) Gia st vGi moi R(n) ta co

(R(1) AVE € ZF (N5_, R(j) — R(k +1))) — ¥n € Z* R(n) ‘

duing, nghia I3, quy nap manh ding oo nam oy
(2) Gia s vdi vi tr P(n) ta cd

P(1) AVk € ZT (P(k) — P(k+ 1)) ding, nghia la, budc co

s& va budc quy nap clia quy nap yéu ding. Ta chiing minh

Vn € Z* P(n) ding
(3) Chu y rang v6i cac ménh dé p, ¢, r bat ky, néu p — ¢ ding

thi p Ar — ¢ cling dung (Tai sao?)
(4) Ap dung (1) véi P(n), ta céd

(P(1) Ak € ZF (N5_, P(j) = P(k+1))) = Vn € Z* P(n)

dung.
(5) Tr (2), ta c6 P(1) diing va Vk € Z+ (P(k) — P(k + 1))

dung. Két hop véi (3), ta cd

Vk € Z* (N\}_, P(j) — P(k+ 1)) dung
(6) TU (4) va (5) ta c6 diéu phai chiing minh
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Gidi hé thurc truy hoi

Ham sinh

Gq(x)

'-| Ham sinh .

Ham sinh (generating function) G,(x) clla mét day vé han
{an} (n > 0) dugc dinh nghia nhu sau

:Zanx":ao+a1m+a2x2+~-+akxk+...

n=0

NGi cach khéc, a,, 1a hé sé clia 2™ trong G, ()

Cong thitc tuong minh Kh'u trleu h(z

an = f(an-1,an-2; . ..) Galz) = h(z) -3 B "
n=0
ap = C[).(l] = Cl,

23

Quy nap va bé quy
Hoang Anh Blic

Ham sinh



Giai hé thurc truy hoi

Ham sinh

A Binhly 7

Cho f(z Z anaz™ va g(z Z bpa™. Taco
n=0
f@) +g(x) =) (an + by)z"
n=0
f@g@) => O arbp_i)z
n=0 k=0

Chu y: Dinh ly trén chi ding cho céc chuéi lly thira héi tu trong
mot khodng nao dé, va tat c cac chudi ching ta sé xét trong
bai gidng nay déu théa man diéu kién dé. Tuy nhién, ngay ca
khi cac chudi khéng héi tu, dinh Iy trén cé thé duoc st dung
nhu la dinh nghia cho cac phép cdng va nhan cac ham sinh

Quy nap va bé quy
Hoang Anh Btic
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Giai hé thic truy hoi

Ham sinh

Cac budc giai hé thirc truy hoi béng ham sinh

(1) Binh nghia ham sinh: G,,( Z anz"

(2) Xay dwng phuong trinh cho Ga( ).
®m S dung hé thic truy héi, diéu kién ban dau, va cac phép
bién déi dai s6 dé thu dugc phuong trinh dai sb cho G, ()
(3) Giai phwang trinh dé tim biéu thirc tudng minh h(z) cla
Ga(z)
(4) Phan tich h(z):
m Khai trién h(z) thanh chudi Ity thira st dung phan tich
thanh phan so riéng hoac cac cong thae chu0| co ban

m Ap dung céc déng thiic da biét dé dua vé dang chudi Ity
thira

(5) Trich xuat hé s6: So sanh véi dinh nghia ban dau

Ga(z) = ana™ dé xéc dinh ay,

n=0

23

Quy nap va bé quy
Hoang Anh Btic

Ham sinh



Giai hé thurc truy hoi

Ham sinh

Vi du 24
Gidi hé thic truy hdi a, = 3a,_1 (n > 1) v6i diéu kién ban dau ap = 2

Ga(r) = Z a,z" = ag + 2(3(1"_1)56"
n=0 n=1

=243z Z Up_12" ' =2+32 Z amzr™

Quy nap va bé quy
Hoang Anh Btic

n=1 m=0 ° Ham sinh
=2+ 32G,(x)
2
Galz) = ——
@) =15
o0
Nh&c lai rén "= Vi —1 L. r
4c la agngox [ Véi-l1<z<1Suyra
— 1 o . . Ao
> et = [ VO 1 < cx < 1trong dé ¢ # 0 12 hang sb nao dé

n=0

S{r dung dang thic trén, ta cé thé viét

2 o0 o0
. - — 2 (LS 2 n n
Gal@) = 13- ";)3 x ;)( 3")a

Suyraa,=2-3"

23



Giai hé thurc truy hoi

Ham sinh

MGt phuong phép khéc dé tim cong thirc tudng minh cho G, () trong Vi
du24. Chuyrang a, = 3a, 1 (n>1)vaay =2

oo
= E anx"
n=0

—32Gq(z) = — i[i’)an]z’”l
n=0
Go(z) — 32G4( Zanz —Z[Sa Jam !

= apz® + Z apz” — Z[?:an]w"“

n=0

=2+ Z apx" — Z[?)an_l]w"
n=1 n=1
=2+ i [a7L - 3(1n_1].1'

n=1

=2

Quy nap va bé quy
Hoang Anh Btic

Binh nghia ham sinh

Nhan hai vé véi —3z

Cong hai dang thiic

DGi chi sb
ap, = 3an—1

23



Giai hé thurc truy hoi

Ham sinh

Quy nap va bé quy
Hoang Anh Btic

M6t s6 dang thirc hitu ich

= o
L = i az"
1—ax =
1 — i xkn
1—zk o

23



Giai hé thurc truy hoi

Ham sinh

Vidu 25
Déy Fibonacci {f,} cho béi hé thic f,, = fn_1 + fu_2 (n > 2)
va diéu kién bandau fo =0va f; =1

Gpx) =D faz" = fo+ fro+ Y (fa1 + fuo2)2"

n=0 n=2

&S] e
=T+ Z fn—lxnil + 1122 z fn—2xn72

n=2 n=2

=242 fma" 27> frna" d6i bién
m=1 m=0

o

=z+ w{ Z frnx™ — foxo] + 2 i fz™  fox? =
m=0

m=0

T+ 2Gy(2) + 2°Gy(x)
x

1—z—2z2

Quy nap va bé quy
Hoang Anh Btic

23



Giai hé thurc truy hoi

Ham sinh

Quy nap va bé quy
Hoang Anh Btic

Mét phuong phép khac dé tim cong thire tuong minh cho
G/ (x) trong vi du day Fibonacci. Chuy rang f, = f,—1 + fn—2
(n22)véf020,f1:1

Gp(z) =) faz" Dinh nghia ham sinh
n=0
—2Gy(z) = — Z fpa™t! Nhan voi —x
n=0
~2?Gy(x) == fua""? Nhan véi —z2

23



Giai hé thurc truy hoi

Ham sinh

Quy nap va bé quy
Hoang Anh Btic

Gy(z) —zGy(x) — szf(x)

=D faa" =Y far™T =Y frat? Cong ba dang thic
n=0 n=0 n=0
—fot+ fie+ Y fur" =3 fura® =3 fuooa” PSichisd T .
n=2 n=1 n=2
=0+z+ Z [fn - fn—l - fn—2]:17n
n=2
=z+0 fn:fnfl'i'fn72
=z

Do dd, Gf(z)(1 — x — x2) =z, va suy ra Gy(z) = 1—;——:02
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Giai hé thurc truy hoi

Ham sinh

o0
, N 1
Nhac lai ran E """ = ——— Vvl —1 < cx <1ltrongddc#0
: gn:00$ - cT g

la hang sb nao dé

Quy nap va bé quy
Hoang Anh Btic

Bai tap 25 o™

3 T a
.Vleth(x):1—w—a:2:1—A:E+1—B

sb a,b, A, B nao dé
m Ap dung cong thiic trén dé dua G f(z) vé dang

V6i céc hang
X

aZA"x"—i—bZB”x" Vi —1< Az <lva—-1<Bzx<1
n=0 n=0

(= Khai trién G () thanh chuéi Ity thira)
m TU dinh nghia ham sinh, suy ra cong thiic cho day { f,,}

23



Giai hé thurc truy hoi

Ham sinh

Quy nap va bé quy
Hoang Anh Btic

V6i —1 < z < 1, bang cach lay

. > 1

Chuy rang t "=
y rang nzzox —
dao ham hai vé va déi chi sb lay tdng, ta cé

- n— - m o __ 1
;nm 1:Z(m+1)x =T a2

Ham sinh

Bai tap 26

S& dung ham sinh dé gii cac hé thirc truy hoi sau
(@) ap, =7ap_1 (n>1),a0=5

(b) a, =2ap_1 —ap—2(n>2),a0=1,a; =1

() an =bay—1—6an,_s (n>2),a9=06,a; =30
(d) (%) ap =3an—1+n(n>1),a0=1

23



Mbt s6 16i thudng gap

Tham khao t tai liéu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf)

(a) Quén thuwc hién buwdc co sé trong chirng minh bang
quy nap toan hoc
m Buéc quy nap c6 thé thuc hién tbt, vi du, khi ching ta cb
gang chiing minh rang n = n + 1 véi moi sé nguyén dudng
n, nhung ménh dé nay ro rang la khong ding. Van dé 1a &
budc co sé (khin = 1) khéng théa man, vi1 # 1+ 1
(b) Khong thuwc hién nhieu hon mét trrong hop trong
budc co s@ cua chirng minh bang quy nap

Quy nap va bé quy
Hoang Anh Bic

e Mét s6 16i thudng gap

23
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Mot s6 16i thudng gap (tiép)

Quy nap va bé quy
m Trong mét s6 tinh hubng, chang han nhu khi budc quy nap Hoang Anh Bitc
can hai hoac nhiéu diéu kién trudc do, can phai kiém tra
nhiéu trudng hop co sé
® Vi dy, khi chiing minh cac phat biéu vé déy Fibonacci,
thuoing can phai kiém tra hai truong hop co s dau tién (gia
st n = 1 van = 2), vi budc quy nap dua vao phuong trinh
fn = fn—l + fn—2 M6t s6 I6i thudng gap
(c) Nham lan giira téng va vi ti¥ P(n) trong chirng minh
quy nap
m Vidy, khico géng chiing minh 1 +2 43 +--- 4+ n = 2D
bang quy nap, P(n) la toan bd phuang trinh nay, khong
phai chi 1a vé trai clia n6
(d) Viét P(k+1) khong chinh xac trong chirng minh bang
quy nap toan hoc
m Khi P(n) da dugc x4c dinh diing, viéc viét P(k + 1) thuong
c6 thé dugc thuc hién mot cach may mdc bang cach thay
k+1vaon

23



Mot s6 16i thudng gap (tiép)

Quy nap va bé quy
Hoang Anh Btic

m Vidy,néu P(n)laménh dé2+4+6+4---+2n =n(n+1),
thi P(k+1) 1224446+ +2k+2(k+1) = (k+1)(k+2)
(e) Roivao “bay quy nap (induction trap)” trong ching
minh bang quy nap toan hoc
m DAy la thuat nglt dugc Douglas West (Pai hoc lllinois) dat ra
dé chi I6i khi bat dau tir tinh ding dn clia P(k) va chiing  (®)vetso i twong oz
minh tinh diing d&n ctia P(k + 1) chi trong mot s6 trudng
hop dac biét, thay vi chitng minh téng quét
(f) Mac 16i khi thue hién cac bién d6i dai s6 co ban khi
chirng minh bang quy nap toan hoc
m C6 thé xay ra trong khi thuc hién céc bién déi dai s6 ca ban,
dc biét 1a trong viéc don gian héa biéu thirc
m Vidu, ban ¢ thé can st dung dang thiic 2" + 2" = 2"+1,
ho&c can don gian héa (n + 1)® + 5(n + 1), diéu nay tbt
nhat nén dugc thuc hién bang cach phan tich thira s6,
khdng phai bang céch khai trién tiing s6 hang

23



Mot s6 16i thudng gap (tiép)

Quy nap va bé quy
" , ” , Hoang Anh Btic
m Kiém tra ky céc thao tac bién doi dai s6 clia ban khi ban gap
khé khan véi budc quy nap ctia mét chiing minh nhu vay
(g) Thiéu t6 churc khi viet dinh nghia dé quy
m Mot I5i khuyén la nén suy nghi vé cach xay dung tiing budc
mat céc dbi tugng dang xét
m Céc quy tac 8 budc dé quy cla dinh nghia can dugc xay
dung dé cho phép tiing budc nhu vay, va céc trudng hap co
s |2 can thiét dé bat dau qua trinh xay dung déi tuong
m Nhiing I6i phé bién bao gém:
m Khong dua dii cac trudng hop co s (vi dy, dinh nghia dé quy
cla déy Fibonacci yéu cau hai tru’dng hop cad sd)
B Co céc trudng hgp xung dét (vi du, cé mét trudng hgp cho n
chia hét cho 2 va mét truong hop khac cho n chia hét cho 3,
dan dén khéng cé dinh nghia duy nhét cho céc trudng hop n
chia hét cho 6) .
B Co gia tri ham tai n phu thudc vao gia tri ham tai dau vao I6n
honn (vidy, f(n) = f(3n+1) —2)

(19) Mot s 13 thung g

23



Mot s6 16i thudng gap (tiép)

Quy nap va bé quy
Hoang Anh Btic

(h) Dé dang tir bé khi co gang viet mot quan hé truy hoi
dé mé hinh héa mét bai toan
m Hay tu hdi ban than lam thé nao dé cé thé nhan dugc mot
truong hop cla bai toan kich thudc n tir cac truong hop kich
thudc n — 1 (hodc dbi khi la cac trudng hgp nhd han)
m Dam bdo xem xét tht ca cac kha nang, va nhd bao gom dl  (z0) et sb 6ithuong oap
cac diéu kién ban dau
m Vidu, néu a, 1a sb cach dé leo n bac thang néu chiing ta
duogc phép leo mbi lan mét bac hodc ba bac, thi rd rang
a1 =1,a2 =1,vaas = 2,vasau dd a, = an—1 + an_3 VOi
n > 4, vi budc dau tién cé thé 1a mot budc don hodc ba
buédc
(i) Ap dung sai thuat toan giai quan hé truy hoi tuyéen tinh
thuan nhat v@i hé so hang khi phuwong trinh dac truwng
co nghiém lap
m Trong trdng hap nay, can phai nhan véi Iy thira clia n
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Mot s6 16i thudng gap (tiép)

Quy nap va bé quy
Hoang Anh Btic

m Vi du, néu phuong trinh dic trung 1a
r2 —6r +9 = (r — 3)? = 0, thi nghiém téng quét la
an=c1-3"+c2-n-3"
(j) Tim nghiém riéng khong chinh xac cta quan hé truy
hoi tuyén tinh khong thuan nhat véi hé sé6 hang
m Ludn nén kiém tra lai cac nghiém ban tim dugc. Vi du, néu Mt s 151 thuang géip
ban tinh duoc rang a,, = 2" la nghiém riéng clia
an = 2an_1 + 2", thi khi thé vao, ban sé thy minh da méc
6i, vi khéng ding rang 2" = 2. 2771 4 2"
(k) Quén quan tam dén vai s6 hang dau tién cta chudi lily
thira
m Khi gidi quan hé truy hdi bang céch st dung ham sinh, quan
hé truy hdi thuding chi 4p dung dudc cho k > 1 hodc k > 2;
do dé moét hoéc hai s6 hang dau tién phai dugc x( ly riéng
biét
() Quén dai bién trong chubi liy thira khi can thiét

23



Mét sb 16i thudng gap (tiép)

Quy nap va bé quy
Hoang Anh Btic

m Viduy, néu chubi Iy thira c6 z*~" va ban can chuyén n6
thanh :z: , ban c6 thé thay k bang k + 1 trong | toan bo tong Mt s 151 thuang géip
(bao gdm ca cac gidi han) va don gian hoa vé mét dai s6:

kak 1_ Z (k+ Dz (k+1)— 1:Z(k+1)

k+1=1 k=0
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Tai liéu tham khao

Quy nap va bé quy
Hoang Anh Blic

¥ Gunderson, David S. and Kenneth H. Rosen (2010).
Handbook of Mathematical Induction: Theory and
Applications. Chapman and Hall/CRC. pol:
10.1201/b16005.

Tai liéu tham khéo

23
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4. Thuat todn |: M6 ta, chéing minh, danh gid thut toan; Tim
kiém va s3p xép



VNU-HUS MAT3500: Toan rdi rac

Thuat toan | , o
M6 ta, chitng minh, danh gia thuét toan; Tim kiém va sap xep

Hoang Anh Burc

B6 mén Tin hoc, Khoa Toan-Co-Tin hoc
Pai hoc KHTN, BHQG Ha Noi
hoanganhducC@hus.edu.vn
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NGi dung

Thuét toan |
Hoang Anh Btic

Dinh nghia va mot sb khai niém
M6 ta thuat toan
M6 t& bang ng6n ngi théng thutng
M6 ta bang gid ma
Mb ta bang so do khoi
Chting minh thuét toan
Bat bién vong lap
D06 phurc tap tinh toan
Do tang clia cac ham
Dinh nghia va khai niém
D6 phtrc tap tinh todn theo thai gian
Tim kiém va Sép xép )
M6t sO thuat toan tim kiem
Tim kiém tuyén tinh
Tim kiém nhi phan o
Mot s6 thuat toan sap xép
Sép xép ndi bot

Sap xép chen "



Dinh nghia va mét s6 khai niém

Thuét toan |

m MGt thudt toan (algorithm) 1a mét tap hiru han cac huéng Holng Anh Bife
dan cu thé dé thuc hién mét nhiém vu nao dé o e ot
m cong hai s6 ty nhién biéu dién dudi dang sb thap phan khainigm
m dang ky mén hoc truc tuyén
m di tUr nha dén truong
m MGt chuong trinh may tinh (computer program) la
m mdt mo t& cla thuat todn nao dé
m s{ dung mdt ngén ngit dii chudn xéc dé méy tinh co thé
hiéu
m clng Vvéi cac phép todn ma mdy tinh da biét cach thuc hién
Ta néi ring thuat toan dudc cai dit (implement) cu thé
bang chuang trinh may tinh
m Khi m& mot phan mém trong may tinh, ta néi rang chuong
trinh hodc thudt todn cta né dugc chay hodc duoc thuc
hién bdi mdy tinh
m Khi cé mé ta clia mét thuat toan, ban cling ¢d thé thuc
hién tirng budc cla thuét todn vdi gidy va but
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Dinh nghia va mét s6 khai niém

Thuét toan |

Mot sb tinh chat clia mot thuat todn
Pau vao (Input) Mot thuat todn cé cac gia tri dau vao tir mot tap o
da dugc xac dinh trude g et
DAu ra (Output) T mbi mot tap céc gid tri dau vao, mot thuat toan
sinh ra céc gid tri dau ra. Cac gia tri nay chinh 13 16i
gidi cho bai todn
Tinh xac dinh (Definiteness) Cac budc clia mot thuat toan can
phai dugc xac dinh mét cach chinh xac
Tinh ding dan (Correctness) V4i méi tap gid tri dau vao, mot
thuat toan can cho ra két qua dau ra ding
Tinh hitu han (Finiteness) V&i méi tap gid tri dau vao, mot thuat
toan can cho ra cac gia tri dau ra mong mudn sau
mot s6 hitu han (c6 thé 1a rét I6n) cac buéc
Tinh hiéu qua (Effectiveness) Mbi budc clia thuat toan can dugc
thuc hién mot cach chinh xac va trong thoi gian hitu
han
Tinh téng quéat (Generality) Thuat toan phai 4p dung dudc cho
moi bai toan mong mudn, chit khong phai chi véi
mot tap cac gid tri dau vao dac biét

Hoang Anh Btic
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Dinh nghia va mot s6 khai niém

Thuét toan |

Mét mé t4 day di ctia mét thuét todn bao gém ba phan Hoang Anh Bic
(1) Thuat todn (algorithm) Pinh nghia va mot s

khai niém

m M0 t& mét cach rd rang va chinh xac nhat cé thé
m M6t thuat todn cé thé dugc mé ta bang mét ngén ngu’ may
tinh (C, Python, Java, v.v...). Tuy nhién, nhitng mé ta nay can
tuan theo céc chi dan cuy thé trong ngdn ngl* may tinh tuong
tng. Diéu nay dan dén viéc cac mo ta theo phuong phap nay
thuding phuic tap va khé hiéu .
® Thay vi dung mét ngon ngit may tinh cu thé dé mo ta thuat
toan, ta st dung ngén ngi théng thudng (natural language),
9i4d ma (pseudocode), hodc so do khdi (flowchart)
m Thudng kém theo mé ta ngan gon vé y tuéng clia thuat toan
(2) Mot chitng minh vé tinh diing dan (correctness) clia thuat
toan
m V6i moi tap dau vao hop 18, thuat todn can cho két qua dau
ra dung
(3) Mét phan tich vé hiéu nang (performance) clia thuat toan
m Thoi gian thyc thi, khdng gian bd nhg, v.v...
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Mo ta thuét toan
Mb t& bang ngdn ngi thong thudng

P’ » Thuét toan
S dung ngdn ngir théng thuong (natural language) dé mé ta Hoang:nh E,Iac
tirng budc thuc hién thuat toan
Budc 1 Thuc hiénviéec X  Budc 3 Laplai Z

BU’GC 2 TinhYy BU’GC 4 ... nrﬁftébhéqgngﬁnnga
Vidu 1 (M6 ta bang ngén ngir théng thuong) |
m Bai toan:
® Input: Day s6 nguyén a1, as, ..., an
m Output: Gia tri cGia phan t& I6n nhat trong day
= Tim gia tri cGa phan t& 16n nhat:
Budc 1 Gan bién v (Iuu gid tri I6n nhat hién tai) bang a:
Budc 2 Lan luot xét cac phan tl az, as, . .., an:
a) Néu phan tit dang xét I6n hon v, cap nhat v bang gia tri cla
phan t& dé
b) Ngudc lai, gilt nguyén gia tri clia v
Budc 3 Sau khi xét hét tht ca cac phan tl, tra vé gia tri clia v (chinh
la phan tl I6n nhét trong day)
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M6 ta thuat toan

Mb ta bang ngdn ngii thong thudng

Thuét toan |

Hoang Anh Btic

Vi du 2 (Thuc hién thuat toan)
m Input: Day a1 = 7,a2 = 12,a3 = 5,a4 = 16,a5 = 9
m Output: Gia tri clia phan t& I6n nhét trong day

M? t bing ngon ngi
théng thudng

as Q4 as

ay a9

[9]
1=2 1=3 1=4 1=25

v="7 wv=12 wv=12 wv=16 0v=16
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Mo ta thuét toan

Mb t4 bang gia ma

Thuét toan |

Hoang Anh Bic
m Gid ma (pseudocode) |a mét dang hén hop giita ngén ngi
théng thudng va ngén nglt 1ap trinh
m MGt bién (variable) dugc sit dung dé biéu dién vi tri trong
bd nhd may tinh dé Iuu tri mot gia tri. Khi ta ndi den mot MO t bing g ma
bién X nao do, trén thuc te, chling ta muon s dung gia tri
lwu tai mét vi tri nao dé trong bd nhd tng véi X
Phép gan (assignment)
m Tinh todn expression
® Luu két qua vao (vi tri trong bo
nh& ing vdi) bién variable
[ variable := expression | o chy y ring — va := khéc nhau.
Do dd, trong nhiéu tai liéu, ky
hiéu « dugc st dung thay the
cho :=.
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M6 ta thuat toan

Mb ta bing gid ma

Thuét toan |

Hoang Anh Btic

Céu tridc diéu kién (conditional statement)

if condition then () wobinggins
S ‘
else
So

m Tinh condition; trd lai True ho&c False
m Néu True, thuc hién S;; néu False, thuc hién S,

m Sau dé tiép tuc véi cac 1énh tiép theo sau cau tric diéu
kién Tim il

66



M6 ta thuat toan

Mb ta bing gid ma

Thuét toan |

Hoang Anh Btic

Vong lap for (for loop)

for variable := initial_value to final_value do
S

Mb ta bing gid ma

m Khai tao variable véi gia tri initial_value

m Néu variable < final_value, thuc hién doan ma S

m Sau méi lan lap, tang variable thém 1

m Kiém tra lai diéu kién; néu van thda man, tiép tuc lap

m Khi variable > final_value, thoat vong Iap, thuc hién cac
Iénh tiep theo ngay sau vong for
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M6 ta thuat toan

Mb ta bing gid ma

Thuét toan |

Hoang Anh Btic

Vong lap while (while loop)

while condition do
S e Métébéngglémé

m Kiém tra gia tri clia condition

= Néu condition Ia True, thyc hién doan ma S
m Sau khi thuc hién S, kiém tra lai condition

m Néu van True, thuc hién S |an nira

m Khi condition trd thanh False, thoat khéi vong Iap va thuc
hién cac lénh tiép theo ngay sau vong while
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M6 ta thuat toan

Mb ta bing gid ma

Thuét toan |

Hoang Anh Btic

Vong Iap do-while (do-while loop)

do
S
while condition

Mb ta bing gid ma

m Thuc hién doan ma S truéc

m Sau dé, kiém tra gid tri cGa condition

m Néu condition 1a True, thuc hién S 1an nira

m Tiép tuc 13p lai qua trinh cho dén khi condition trd thanh
False

m Khac véi vong 1ap while, vong Iap do-while lu6n thuc hién
S it nhat moét lan

m Mot s6 gido trinh dé cap cau tric repeat...until tuong ty,
véi until st dung diéu kién ngudc lai dé ding lap
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M6 ta thuat toan

Mb ta bing gid ma

Thuét toan |

Lénh tra vé (return statement)

Hoang Anh Btic

| return expression |

m Tra vé gia tri clia expression 1am két qua dau ra cla thuat
toan Mo ing g ma

m Khi gap Iénh return, thuat todn sé két thic ngay 1ap tirc

= Néu return nam trong mét ham, n sé tra vé gid tri cho noi
goi ham va ket thuc viéc thuc thi ham

Nhén xét va chu thich (comments)

m Nhan xét 1a van ban giai thich ma chuong trinh sé bd qua
khi thuc thi

m Duoc st dung dé 1am rd code hoac giai thich logic

m Céc dang phé bién:

® // Nhan xét mdt dong

B /* Nhan xét nhidu doéng */
m (( Nhan xét ))
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M6 ta thuat toan

Mb ta bing gid ma

Thuét toan |

Vi du 3 (M ta thuat toan bang gia ma)

Thuat toan 1: Tim gi tri clia phan t(f 16n nhat

Input: a;, as,. .., a,: ddy sé nguyén e aine
Output: Gia tri clla phan t& I16n nhat trong day
1 v:i=ag // phdn t& 16n nhit dén hién tai
2 for::=2tondo // 1lan lugt xét as,...,a,
3 ifa; >vthen // a; > phadn td 18n nhidt hién tai?
4 vi=ay // bay gid v 1dn nhét trong
ai,...,0a;

5 returnv
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Mo ta thuét toan

Mb 1A béing so dé khéi

Thuét toan |

m S0 db khéi (flowchart)
la mot loai biéu dé biéu
dién mét ludng cong
viéc hoac quy trinh

m Hién thi cac budc dudi
dang cac hop hinh
dang khéac nhau

m Thi tu thuc hién dugc
két nbi bang cac mdii
tén

Xy 1

Hoang Anh Biic

Diéu kién?

m Céc thanh phan chinh: Bling Sai
m Bat dau/Két thic . .
(hinh elip) X{r ly 2A X{r ly 2B
m X Iy (hinh chi nhét)
. (hinh thoi)

m Dau vao/Pau ra
(hinh thang)

Két thic
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M6 ta thuat toan

Mb ta bang so dd khdi

Vi du 4 (M6 ta thuat toan bang so d6 khdi)

Bai toan:
m Input: Day sb nguyén
a1,a2,...,0n
m Output: Gia trj cla
phan t I16n nhat trong
day

Y twdng: Duyét qua tung
phan tlr clia day, luu gir gia
tri I6n nhat da tim thay cho
dén hién tai.

Hoang Anh Btic

Bt dau
Input: Day a;,as,...,a,
vi=a

M6 t bing so dé khbi
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Chuiing minh thuat toan

Bét bién vong lap

Thuat toan |

m C6 rét nhiéu phuong phép khac nhau dé chiing minh tinh
ding dan cua mot thudt todn
m Mot trong s6 d6 1a st dung bat bién vong 1ap (loop
invariant}—mot phuong phap dugc xay dung dya trén
phuong phép quy nap toan hoc
m Vong Iap (loop): for, while, v.v..
m MGt bat bién vong Iap 1a mét phatb/eu luén dling trudc va
sau moi lan Iap (iteration) cia mét vong Iap (loop)

Hoang Anh Buc

o

What can I learn right now in just 10 minutes that could
improve my algorithmic thinking?

All related (92) v

4% %, Thomas Cormen

tly



https://www.quora.com/What-can-I-learn-right-now-in-just-10-minutes-that-could-improve-my-algorithmic-thinking
https://www.quora.com/What-can-I-learn-right-now-in-just-10-minutes-that-could-improve-my-algorithmic-thinking
https://www.quora.com/What-can-I-learn-right-now-in-just-10-minutes-that-could-improve-my-algorithmic-thinking

Chiing minh thuat toan

Bét bién vong lap

M6t bét bién vong lap L 1a mot phat biéu théa man cac tinh H::n:;‘::DLC
chat sau:
Khéi dong (Initialization) L ding trudc 1an lap dau tién cla

vong lap

Duy tri (Maintainance) Néu L ding trudc mét 1an lap clia vong
lap thi né cling dung trudc 1an Iap tiép theo

Ding (Termination) Khi vong lap diing, bat bién vong 1&p cho
ta mot tinh chat hitu ich dé chiing minh thuat
toan dung

BAt bién vong lap

Lanl3p | Lanldp  Lanldp Lan I3p
[V

HIP= 7 Divac
KRoHGONG

Dtirg
1 2 3 cuoi

| | | | | |
| Duytri | | | | |
3

/éng dung dung dung dung GOK

Khéi dong Két qua ding
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Ching minh thuét toan

Bét bién vong lap

4 Thuét toan |
VI du 5 Hoang Anh Btic
Mét bat bién vong Iap trong Thuét toan 1 (vong for 4] Dong
2-4) tim gi4 tri 16n nhéat trong day sb nguyén a1, ..., a,

L =“O trudc lan Iap vdi bién i, v = max{ay,as, ... ,ai,l}"
Goi v; 1a gid tri cda v trudc Ian Iap vdi bién i
PN az as aq as
7 12 5 16 9 (18 atbién veng o
Khdi tao i=2 i=3 i=4 i=5 Két thic

vy =T7=a;
vy = max{a; }

Khéi dong: vz = a1 = max{ai}
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Ching minh thuét toan

Bét bién vong lap

VI’ du 5 Thuat toan |
M6t bat bién vong lap trong Thuat toan 1 (vong for § Dong Hoana Anh e
2—4) tim gia tri I6n nhat trong day s6 nguyén ay, ..., a,

L =“O trudc Ian I3p vdi bién i, v = max{ai,as,...,a;—1}"

Goi v; |a gid tri cda v trudc 1an I3p vdi bién i
s P as aq as

7 12 5 16 9

(18 atbién veng o

B4t bién vong|lap duq\cj);uy tri qua méi lan I&p
Kh&itgm/:g /:3 i=4 i=5  Kétthic

V2 { v3 = 12 = max{a,as}
vz = ag > vy Nén cap nhat v

Khai d@ng: V2 = a1 = max{al}
Trudc i = k: v, = max{a1,...,ap_1}

Duy tri: i
Y Trwdc i = k + 1: vp41 = max{ay,...,ar}
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Ching minh thuét toan

Bét bién vong lap

V|' du 5 Thuat toan |
M6t bat bién vong lap trong Thuat toan 1 (vong for § Dong oo
2-4) tim gia tri I6n nhat trong day s0 nguyén a4, ..., a,

L =“O trudc Ian I3p vdi bién i, v = max{ai,as,...,a;—1}"

Goi v; |a gid tri cda v trudc 1an I3p vdi bién i
N P PN aq as

7 5 16 9

12
B4t bién vong|lap duq\cj);uy tri ;JL méi 1an 1ap

f / / / f f
Kh&itao/:Q /:3 /:4 i=5  Kétthuc

V2 { v3 = 13 vg = 12 = max{ay, as, as}
Vg = ag > va| az < vz Nén gill nguyén

B4t bién vong 13p

Khai d@ng: V2 = a1 = max{al}
Trudc i = k: v, = max{a1,...,ap_1}

Duy tri: i
Y Trwdc i = k + 1: vp41 = max{ay,...,ar}
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Ching minh thuét toan

Bét bién vong lap

V|' du 5 Thuat toan |
M6t bat bién vong lap trong Thuat toan 1 (vong for § Dong oo
2-4) tim gia tri I6n nhat trong day s0 nguyén a4, ..., a,

L =“O trudc Ian I3p vdi bién i, v = max{ai,as,...,a;—1}"

Goi v; |a gid tri cda v trudc 1an I3p vdi bién i
P P L3 PN as
7 16 9

12 5
B4t bién vong|lap duq\cj);uy tri ;JL méi lan
Kh&itgm/:g /:3 /:4 /:5 Két thuc

V2 { v = 13 vg = 1 v5 = 16 = max{ay, as, as, a4}
V2 Hag > gl a3 <y aq > vg N€N cap nhat v

(18 atbién veng o

Khai d@ng: V2 = a1 = max{al}
Trudc i = k: v, = max{a1,...,ap_1}

Duy tri: i
Y Trwdc i = k + 1: vp41 = max{ay,...,ar}
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Ching minh thuét toan

Bét bién vong lap

V|' du 5 Thuat toan |
M6t bat bién vong lap trong Thuat toan 1 (vong for § Dong oo
2-4) tim gia tri I6n nhat trong day s0 nguyén a4, ..., a,

L =“O trudc Ian I3p vdi bién i, v = max{ai,as,...,a;—1}"

Goi v; |a gid tri cda v trudc 1an I3p vdi bién i
s P PN o N 5
16 9

7 12 5
Bat bién vb@lép duq\cj);uy tri ;JL méi lan lap
: / / / : :
Kh&itao/:Q /:3 /=4 /=5 //étthﬂc

V2 { v = 13wy = 1 v5 = 16 v = 16 = max{a1, as,as, as,as}
V2 Hag > ol a3 <y ag> as < vs Nén gill nguyén

(18 atbién veng o

Khai d@ng: V2 = a1 = max{al}
Trudc i = k: v, = max{a1,...,ap_1}

Duy tri: i
Y Trwdc i = k + 1: vp41 = max{ay,...,ar}
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Ching minh thuét toan

Bét bién vong lap

V|' du 5 Thuat toan |

M6t bat bién vong lap trong Thuat toan 1 (vong for § Dong o Arnoie
2-4) tim gia tri I6n nhat trong day s0 nguyén a4, ..., a,

L =“O trudc Ian I3p vdi bién i, v = max{ai,as,...,a;—1}"

Goi v; |a gid tri cda v trudc 1an I3p vdi bién i
G e P L P

(18 atbién veng o

Bt bién vbn\g) lap dugc|duy tri ;); mbi lan |3 Ké“ tc:
thuat toan dung

" / / / . .
th&itao/:z /:3 /:4 /=5 /étthl]c

v2 vz =14 vy = 14 vs = 16|/v =16 = m vzlﬁzmax{al,...,%}]

v2as > vyl ag <t as>| a5 <vs Két qua diing
Khdi dong: v2 = a1 = max{a1}
Trudc i = ki vy = ey QR
Duy tri: ) Z vk = max{a; ar-1}
Trudc i = k + 1: v = max{ay,...,ar}

Ding: v =max{ai,...,an} .



Ching minh thuét toan

Bét bién vong lap

Chiing minh tinh chat clia bat bién vong lap. o
oang Anh Blic

L =“O trudc lan I3p vdi bién i, v = max{as, as, ... ,a;_1}"
Goi v; la gid tri cla v trwdc |1an 13p véi bién i
m Khdi dong (i = 2): Ta can chi ra rang trudc vong for,
vy = max{ai} = a1, va diéu nay hién nhién diing do Thuat toan 1 gan
v bang a; & Dong 1
m Duy tri: Gia sl L ding & trudc 1an 18p véi i = k ndo dé, nghia la
vp = max{ai, ..., ar_1}. Ta chitng minh L ding & trudc 1an 18p véi (15) st ong ao
i=k+1,nghiala vy = max{ai,...,ar_1,ax}. Ta xét cac trudng
hop dua trén diéu kién & Dong 3
m Néu a;, > v = vy sai, gid tri clia v khong thay ddi, va do d6 vy 1 = vi. Ta

c6 max{ai,...,ax—1,ar} = max{vg,ar} = vg. Suy ra
Vk41 = max{ai,...,ar-1,ar} .
m Néu ax > v = v, dung, gia tri clla v dugc gan bang ay, va do do
Up41 = ak. Ta cling ¢é max{as, ..., ar—1,ar} = max{vk, ar} = ax. Suy
ra vg+1 = max{ai,...,ak—1,ak}

m Dirng: Sau khi két thiic I1an 13p i = n (ho#c, trudc khi bat dau lan I3p
i = n + 1 ma sé khéng bao gio dugc thuc hién), v = max{ai, ..., a,}
va do dé la gid tri I6n nhat clia cac phan ti trong day dau vao
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Chiing minh thuat toan

Bét bién vong lap

a Hh WO N =

[}

Thuét toan |

Bai tép 1 Hoang Anh Bic
M6t thuat toan tinh 2" vGi 2 € RT va n € N duge mo ta nhu sau

Thuat toan 2: Tinh 2.

Input: z: sb thuc duong, n: sb tu nhién
Output: Gia tri clia ="

answer =1
m:=n @ Bt bién vong lap
while m > 0 do

answer .= answer - x

m:=m—1

return answer

Hay chiing minh phat biéu L sau 1a mét bat bién vong 1&p cho
vong while

L = “O trudc 1an I3p vGi bién m, answer = z"—™”
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D6 phuc tap tinh toan

Do tang cla cac ham

m Phan tich thuat toan (algorithm analysis) nghién cttu cach danh gia HJ::::::;LC
hiéu qua cha thuat todn bang cach udc luong lugng thdi gian (time)
va b nhd (space) can thiét

m D) phiic tap (complexity) cla thuat todn la thudc do dinh luong vé
tai nguyén (thdi gian/bd nhd) ma thuat todn tiéu ton

m Thuang dugc biu dién dusi dang céc ham clia kich thudc dau vao
(input size) ]
m Gilp ta so sanh va lya chon thuat todan hiéu qua nhat cho bai toan

m VGi cac ham do phic tap f : R — R hodc f : N — R, ta can hiéu rd
téc do tang trudng clia ching

m Tandi f tang nhanh hon g néu véi moi gid tri = d 16n, f(z) > g(x)

m Gilp ta danh gia hiéu quéa tuong doi gilta cac thuat toan khi kich thudc
dau vao tang 1én

m L3 nén tang dé phan loai c4c thuat todn theo hiéu qua tiém can

m Dé danh gia va so sanh dd phiic tap mét cach chinh x&c, ta st dung

ky hiéu O-Ién (big-O notation) va cac ky hiéu tiém can khac
m Cho phép ta mé ta téc do tdng trudng (growth rate) clia cac ham do
phtc tap . o
m Tap trung vao céc thanh phan chinh anh hudng dén toc do tang
truéng, bd qua cac yéu té khong quan trong khi kich thudc dau vao 16n

6 tang clia cac ham
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D6 phuc tap tinh toan

D6 tang cla cac ham

Thuét toan |

r{ K{/ hiéu O-l6n } Hoang Anh Biic

Cho f va glacacham R — R. Tandirang f /a O(g) (doc la “f
la O-I6n cla g” hoac “f thudc I6p O(g)”) néu ton tai cdc hang
s0 C vak sao cho |f(x)| < C|g(x)| voi moi = > k

A Ky hiéu O-16n |
Cho f va g la cac ham R — R. Gia s g(z) # 0 v6i z € R d
I6n. Ta ndi rang f /a O(g) (doc la “f la O-1én clia g” hoac “f D9thngcla oo b _
|f ()] ;

l9(2)|

la hitu han

thuéc I6p O(g)”) néu lim

m Néu f 12 O(y), ta cling néi “f bi chan trén béi ¢”

m Céc hang s6 C va k dugc goi 1a cac bang chiing (witness)
cho méi lién hé gilta f va g. D€ xdc dinh f la O(g), chi can
mét cdp bang chiing la di

66



Do phurc tap tinh toan

D6 tang cla cac ham

Thuét toan |

A Hoang Anh Biic
C - g(z)|
| f(z)]
/ 9(2)

\/
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D6 phuc tap tinh toan

D6 tang cla cac ham

Thuét toan |

Hoang Anh Btic

Vidu6
Ta chiting minh ham f : R — R cho béi f(z) = 2® + 2z + 1 1a
O(g) VGi g(x) = 22 (Ta cling viét 22 + 2z + 1 1a O(x?))
Cach 1:
m Chiyrangkhiz >1,tacédz <2?2val < a2
m Do dd véimoi z > 1,tacod

6 tang clia cac ham

|f(@)] = [2® + 22 + 1| < |2? + 22° + 2| = 4]a?|

m TachonC =4vak=1
2
Cach 2: Do lim W _ y, 7+ 2041

=1,taco
z—oo g(T)| 200 |22
f=0(g)
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D6 phuc tap tinh toan

D6 tang cla cac ham

Chu y vé quy tac chia (division law of limit)

fl@) Jm f(@)
v—a g(z)  lim g(z)

T—a

chi ding khi lim f(x) va lim g(z) déu ton tai? va lim g() # 0

aNghia la céc gidi han nay 1a cac sb hitu han

,-[ Nhac lai: Quy tac L'Hospital (L'Hospital’s rule)

Néu lim f(x) = oo va lim g(z) = oo, thi lim @ _
Z—00 Z—>00 Z—00 g(x)
/
lim Fz) (x), trong d6 f/(z) va ¢/(x) lan lugt la dao ham cla
T—00 g’(x)

f(z) va g(x)

66

Thuét toan |

Hoang Anh Buc

6 tang clia cac ham

Dinh nghia va khai niém

ap tinh todn theo




D6 phuc tap tinh toan

D6 tang cla cac ham

Vidu7

Thuét toan |

Hoang Anh Btic

Ta chiing minh 22 13 O(2%) bang cach st dung dinh nghia

O-16n theo gidi han. Ta ¢
i 12— g
m — =

m—)ooQ_w
2
im
z—00 27 - In 2
_ 2 . T
T 2 abeo 2
2
= — lim
In2 z—00 27 - In 2
=0.

Do do, theo dinh nghia, z? la O(2%)

Quy tac L'Hospital
@ D6 tang clia cac ham

Quy tac LHospital
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D6 phuc tap tinh toan

D6 tang cla cac ham

7 s Thuét toan |
Chu y Hoang Anh Btic
Néu khong dé cap gi thém thi log(n) = log,(n)

Bai tap 2

Chirng minh

(@) 7z la O(x?)

(b) z3 khong la O(z?)

() 142+ - +nlao(n?)
(

(

) ©

) A ——
d)nl=1x2x---xnlaon") b ap i
e) log(n!) 1a O(nlogn)
(f) n? 1a 02"

(9) lognla O(n)

(h) V6icac hang sb b > 1 va k > 0, log,(n*) 1a O(logn)

Bai tap 3

Hay giai thich mét ham f : R — R la O(1) nghia la gi %



D6 phuc tap tinh toan

D6 tang cla cac ham

B‘al tép 4 'Ithuéttoén |’
Chitng minh rang romenn e
(@) 23 1a O(z*) nhung z* khong la O(xz?)

(b) 3zt +1laO(2*/2) vaz*/21a O(3z* +1)

(c) zlogz la O(x?) nhung 22 khong la O(x log x)

(d) 2™ 1a O(3™) nhung 3™ khéng la O(2™)

Baitap 5

Chiing minh rang néu f(z) 1a O(z) thi f(z) cling 1a O(x?) (25) obtang i cicram
Bai tap 6 o
Chitng minh ho&c tim phan vi du cho phat biéu: Néu f;(z) 1a

O(g1(x)) va fa(x) 1a O(g2(z)) thi fi(z) — fa(z) 12

O(g1(z) — g2(z))

Baitap 7

Chitng minh rang néu f(z) = anx™ + 1"t agw

+ ag VGi ag,aq,...,a, la cac so thyc (nghia I3, f(z) la mdt da

thiic bac n) thi f 12 O(z") .



D6 phuc tap tinh toan

D6 tang cla cac ham

Thuét toan |

m Ky hiéu f(n) = O(g(n)) thudng dugc sit dung dé chi f(n) la
Olg(n)) ‘
m Ky hiéu néy khong hoan toan chat ché vé mat toan hoc, do f(n) la
mét ham con O(g(n)) la mét tap hop cac ham
m f(n) = O(g(n)) trén thuc t& nghia 1a f(n) € O(g(n)), do dé cé thé
viét n = O(n?) nhung khéng nén viét O(n?) = n
m Ban c6 thé gap biéu thiic dang “f(n) + O(g(n)) = O(h(n))”
= DAu “=" ¢ déy nghia la “C”. Cu thé, biéu thic trén can dugc hiéu la
tap hop S gom cac ham f(n) + g1(n) véi g1(n) € O(g(n)) la tap con
cla tap O(h(n))
m Ban c6 thé gap bidu thic dang *f(n) < g(n) + O(h(n)) vGi moi (&) umosissiersn
n > 0” hoac tuong tuy
m Nghia Ia t6n tai e(n) sao cho (a) f(n) < g(n) + e(n) véi moi n >0
b) e(n) € O(h(n))
m Mot s6 tac gia dinh nghia O-16n bang cach thay diéu kién
|f(z)| < C|g(m)\ bang 0 < f(z) < C(g(m)) (Lam viéc véi gla tri
tuyét dbi va kha nang cac ham f(x) va g(x) c6 thé nhan gia tri &m
thuong kho hon 1a chi lam viéc véi cac ham nhan gia tri duang.)
Dinh nghia theo cach nay khdng hoan toan chat ché. Vi du nhu
ham log z c6 thé nhan gia tri am véi 2 nhd

Hoang Anh Btic
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D6 phuc tap tinh toan

D6 tang cla cac ham

Thuét toan |

.. Hoang Anh Buic
Bai tap 8
Giai thich y nghia clia cac ky hiéu sau:
(a) nOk)
(b) n?+ O(n)
() n? + O(n) = O(n?)

Bé.l tép 9 @ D9 tang clia cac ham
S dung ky hiéu O-l6n dé danh gid lién hé gilra cac cap ham e
sau. Giai thich két qua clia ban

(@) n'?*va1.24" (d) nva2 \/logn
(b) *%/n va (logn)'?* (e) /n vans»m

(c) nlogn van'losn (f) (n+logn)? van?+nlogn
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D6 phuc tap tinh toan

D6 tang cla cac ham

Thuét toan |
Hoang Anh Buc
4096
2048
1024

6 tang clia cac ham

Hinh: D6 ting clia mdt s6 ham thudng ding khi danh gia véi ky hiéu
O-16n [Rosen 2012]
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D6 phuc tap tinh toan

D6 tang cla cac ham

Thuét toan |

Mét s6 xap xi hitu ich
(1) Néu d > ¢ > 1, thi n¢ 1a O(n%), nhung n? khéng la O(n¢)
(2) Néu b > 1va ¢, d a cac sb duang, thi (log, n)¢ la O(n?)
nhung n? khdng 1a O((log;, n)¢)
(3) Néu b > 1 va d la s6 duong, thi n¢ 1a O(b™) nhung b"
khong 1a O(nd)
(4) Néu ¢ > b > 1, thi b" la O(c") nhung ¢* khéng 1a O(b™)
Mét sé tinh chat quan trong
(a) Néu f, () = O(g1(z)) va fa(x) = O(g2(x)) thi
(f1 + f2)(x) = O(g(x)) trong do
g(z) = max{|g1(2)],[g2(2)[} vOi moi z € R

(b) Néu fi(z) = O(g1(2)) v fa(x) = O(g2(x)) thi
(f1f2)(x) = O(g1(x)g2())
Bai tap 10
Udc lugng theo O-16n ham f(n) = 3nlogn! + (n? + 3)logn

Hoang Anh Btic

6 tang clia cac ham
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D6 phuc tap tinh toan

D6 tang cla cac ham

Thuét toan |

Bai tép 11 Hoang Anh Biic

Sap xép cac ham sau trong mét danh sach sao cho méi ham Ia
O-lén clia ham tiep theo

n2

10001 logn, 2nl, 2", 3", V&
() v/n, 1000logn, nlogn, 2nl, 2", 3", Va 1rormes
(b) (1.5)", n1%, (logn)3, /mlogn, 107, (n)2, va n% + n?

Bai tap 12

Gia sl ban cé hai thuat toan khac nhau dé giai mot bai toan.

Dé giai mét bai toan cd kich thudc n,

(1) thuat todn th( nhat st dung ding n(log n) phép todn va
thuat todn thi hai st dung dung n3/2 phép toan;

(2) thuat todn thi nhat st dung ding n22" phép toan va thuat
toan thit hai st dung duing n! phép toan.

Khi n tAng, trong méi trudng hop trén, thuat todn nao s dung

it phép toan hon?

6 tang clia cac ham
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D6 phuc tap tinh toan

D6 tang cla cac ham

Thuét toan |

Hoang Anh Biic
Bai tap 13

Hay dua ra udc lugng O-16n chinh xac nhat cé thé cho méi

ham sau

d) (n®+n?logn)(logn+ 1) + (171logn + 19)(n® + 2) (s4) ooungcimcicran
(2n +n?)(n® + 3n) A
(n™ +n2" 4 5™)(n! 4 5n)
nlog(n? + 1) + n%logn
nlogn +1)2 + (logn + 1)(n? + 1)
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D6 phuc tap tinh toan

D6 tang cla cac ham

Bai tap 14 Thuatiodn |
Gid st T(1) = O(1) va T(n) = T(n — 1) + O(1) véi moi n > 1. Chiing minh Hoang Anh B
sau sai § dau? Hay danh gia T'(n) theo ky hiéu O-I6n va giai thich danh

gia clia ban.

Gid st P(n) a phat biéu T'(n) = O(1). Ta chiing minh ¥n € Z* P(n) bang
quy nap.
m Budc co s6: P(1) ding vi T(1) = O(1).
m Budc quy nap: Gia st P(k) ding véi so nguyén k > 1 nao do,
nghia la T'(k) = O(1). Ta ching minh P(k + 1) ddng, nghia la chiéing

minh T'(k + 1) = O(1). That vay, ta c6: 90 ang cla cio ham
T(k+1) = T(k) +O(1) gia thiét (1)
=0(1) +0(1) gia thiét quy nap 2
=0(1). 3)

Do dd, P(k + 1) dung.
Vay theo nguyén ly quy nap, ta c6 P(n) ding véi moi n € Z*, tic la
T(n) =0O(1) véimoin € Z+.
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D6 phuc tap tinh toan

D6 tang cla cac ham

Thuét toan |

Hoang Anh Buc

A Ky hiéu Q-1én |

Cho f va g la cac ham R — R. Ta néi rang f /a (g) néu ton
tai cdac hang so6 C > 0 va k sao cho |f(x)| > C|g(z)| vdi moi
x>k

A Ky hiéu Q-1én | .
Cho f va g la cdc ham R — R. Gid sl g(z) # 0 v6i z € R dl | (=) ssumcsacicran

I6n. Ta ndi rang f /a Q(g) néu lim EACIII
T—00

|lg9()|
m Néu f 12 Q(g), ta cling néi “f bi chan dudi bdi ¢”

Baitap 15
Chitng minh rang f 1a Q(g) khi va chi khi g 12 O(f)
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D6 phuc tap tinh toan

D6 tang cla cac ham

l Thuét toan |

Chl:l y’ Hoang Anh Btic
f /é O( ) theo nghia nao dé la “dé tang cua f < db tang cua
g” va tu’dng tw f la Q(g) nghla la “dd tang cua f > do tang
cuag’. Tuy nhién, ban can can than! Vi hai sb thuc a,b € R,
cdc bat dang thifc a < b va b < a khong thé cuing sai. Nhung

tén tai ham f sao cho f = O(g) va f = Q(g) cung sai

Bai tap 16 ()
Tim cdc vi du clia cdc ham f : R — R thda man cac diéu kién oot i ciram
(a) = (d) twong tng

f(n)laom?) | f(n) khong la O(n?)
f(n) 12 Q(n%) (a) (b)
f(n) khong 1a Q(n?) (c) (d)

Cu thé, & (a), ban can tim vi du vé mét ham f(n) déng thdi 1a
O(n?) va Q(n3‘) va chiing minh vi dy ban tim ra la ding. Tuong
ty cho cac phan (b), (c), va (d) o



D6 phuc tap tinh toan

D6 tang cla cac ham

A Ky hiéu o-16n |

Cho f va g lacédcham R — R. Tandirang f /2 ©(g) néu f 1a
O(g) va f la$(g)

A Ky hiéu 6-16n |

Cho fvaglacachamR — R. Gia slf g(z) # 0 véiz € R dU
|f (@)
lg(z)]

la hitu han va khac

I6n. Ta ndi rang f /a2 ©(g) néu lim
0

Baitap 17

(a) Chitngminhrang 1 +2+--- 4+ n 1a ©(n?)

(b) Céc tap O(1) va ©(1) c6 bang nhau khéng? Tai sao?

Bai tap 18

Chitng minh rang véi cac ham f, g tir R dén R, f 1a ©(g) khi va
chi khi ton tai cac hang so duong Cy, Cs, va k sao cho
Cilg(z)| < |f(z)| < Calg(z)| voi moi z > k

Thuét toan |

Hoang Anh Btic

@ 96 ting Giia c4c ham
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D6 phuc tap tinh toan

D6 tang cla cac ham

A Ky hiéu o-nhs |

Cho f va g la cac ham R — R. Ta ndi rang f /a o(g) néu vdi
moi C > 0 ton tai k sao cho | f(z)| < C|g(x)| vdi moi z > k

J

A Ky hiéu o-nhé | .

Cho f va g la cac ham R — R. Gid st g(x) # 0 véi x € R dl
I6n. Ta ndi rang f /a o(g) néu lim 1F@)] bang 0

l9()]

A Ky hiéu o-nhé |

Cho f va g la cac ham R — R. Tandirang f /2 o(g) néu f la

O(g) nhung f khéng la Q(g)

Thuét toan |

Hoang Anh Buc

@ 96 ting Giia c4c ham
Binh nghia va khai nigm

66

c tap tinh toan theo




D6 phuc tap tinh toan

D6 tang cla cac ham

A Ky hiéu w-nhs |

Cho f va g la cac ham R — R. Ta ndi rang f /2 w(g) néu vdi
moi C' > 0 tbn tai k sao cho |f(z)| > C|g(z)| voi moi z > k

A Ky hiéu w-nhs |

2

st g(x) # 0 v6i x € R du
|f ()] s
lg()|

\. J

A Ky hiéu w-nhs |

Cho fvaglacachamR — R. Gia

I6n. Ta ndi rang f /aw(g) néu lim
r—>00

Cho f va g la cac ham R — R. Gid st g(x) # 0 voi z € R dl

I6n. Ta ndi rang f law(g) néu f 1aQ(g) nhung f khéng 1a O(g)

Thuét toan |

Hoang Anh Buc

@ 96 ting Giia c4c ham
khdi niém

66




D6 phuc tap tinh toan

D6 tang cla cac ham

Thuét toan |

Tém lai, v6i cac ham f va gt R dén R
m flaO(g) “f tang khéng nhanh hon ¢” tuong ty “<”

Hoang Anh Btic

30,k Ve >k |f(z)| < Clg(a)]
mflaQ(g)  “ftangitnhatnhanh nhu ¢’ tuong ty “>”
IC >0,k Ve >k |f(z) = Clg(z)|
m f1a6(g) “f tdng nhanh nhu ¢” tuong tu “=" (%) i
30, > 0,C5 > 0,k Yz >k Cilg(@)] < |f(2)] < Calg(z)] e
m f120(g) “f tang cham hon ¢” tuong ty “<”
VC > 03kVz >k |f(z)| < Clg(z)|
m flaw(g) “f tdng nhanh hon ¢ tuong tu “>"

VC > 03kVe >k |f(z)| > Clg(z)]
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Do phurc tap tinh toan

Binh nghia va khai niém

Thuét toan |

m M6t thuat todn tot phai /uén diing vé mat két qua va hiéu qua vé
mat tai nguyén
m D6 phiic tap (complexity) do ludng mitc do khd khan clia mét tinh
todn dua trén tai nguyén can thiét:
m D0 phiic tap theo thoi gian (time complexity): S6 luong cac phép todn
¢o ban hodc sb budc thuc hién
m D9 phc tap thgo khéng gian (space complexity): Lugng bd nhé (s6
bit) can thiét dé thuc hién tinh toan
m D0 phic tap clia thuat todn thay déi theo kich thude dau vao (input
size)
® Vi dy: Tim kiém mét phan tlr trong day c6 100000 phén ti sé tbn (=) o e
nhiéu tai nguyén hon so véi day co chi vai phan tir ; ’
m Do dd, do phuic tap thuding dudc biéu dién dudi dang mét ham sé
f(n) véi n 12 kich thuéc dau vao
m Ham nay gilp ta du doan tai nguyén can thiét khi kich thudc dau vao
tang Ién
m Khi phan tich thuat todn, chiing ta khong quan tam dén chinh xac
s6 lugng phép toan, ma chi can danh gia tiém can (asymptotic
estimate) vé muc do tai nguyén tiéu thu khi kich thudc dau vao
tang 1én

Hoang Anh Biic
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Do phuc tap tinh toan

D0 phurc tap tinh toan theo thoi gian

Thuét toan |

m Cac ky hiéu tiém can 1a nhitng cong cu todn hoc thiét yéu dé dic
trung hda va so sanh do phurc tap cac thuat toan

m Trong phan tich dé phuc tap tinh toan theo thoi gian (time
complexity), ta xem xét ba loai truGng hgp:

m Do phu’c tap truong hop xau nhét (worst-case complexity): Thoi
gian toi da ma thuat toan c6 thé tiéu tén véi bat ky dau vao nao ¢b
kich thudc cu thé—thwong dwac st dung phé bién nhat trong
phan tich thuat toan

m DJ phuc tap trudng hop trung binh (average-case complexity): Thoi
gian trung binh khi xét tat ca cac dau vao c6 kha ning xuét hién véi
cuing kich thudc—thwong kho xac dinh

m D6 phuc tap truong hop tot nhat (best-case complexity): Thai gian =)
toi thiéu véi dau vao thuan Igi nhat cé kich thudc cu thé—it co gia
tri thuc tién trong danh gia thuat toan

m Trong thuc hanh, ta thudng mé ta thai gian chay cla thuat toan
theo ky hiéu O-I6n d€ don gian hoa viéc phan tich. Ky hiéu ©-Idn
cung cap danh gia chinh xac hon vé dé phurc tap thuc su nhung
dobi khi khé xac dinh

= Cén luu y rang nhiéu tai ligu st dung biéu thirc “f(n) 1a O(g(n))”
khi thuic chat ho dang mubn biéu dién “f(n) 12 ©(g(n))”

Hoang Anh Biic

D0 phifc tap tinh toan theo
thdi gian
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D6 phuc tap tinh toan

D0 phuc tap tinh toan theo thoi gian

Thuét toan |

Hoang Anh Btic

Do phic tap clia mot chudi tun tu cac budce 1a téng clia do
phtrc tap cla tirng budc

Budc 1 Bucc 2 Bucc 3  Buden
Sh 53 Sn 1
L T T

) () ﬁT(sz)i\ (+) ﬁT(ss)j\ (1))

6 phiic tap tinh todn theo
thai gian

( Téng do phiic tap = T(S1) + T(S2) + T(Ss) + ... + T(Sy) )
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Do phurc tap tinh toan

D0 phuc tap tinh toan theo thoi gian

Thuét toan |

Thoi gian thuc hién cac Iénh gan (:=), tra lai (return) 1a O(1),
va gia st thdi gian thuc hién cac phép toan co ban (cong, trus,
nhan, chia, so sanh, v.v...) cling 1a O(1)
m Trong thuc té, viéc cong hai sb nguyén do dai » bit biéu
dién dudi dang s6 nhi phan cé dé phtic tap O(n) chi
khong phai O(1)

Hoang Anh Btic

‘ Phép gan: J ‘ Phép tra lai: J ‘ Phép cong: 1

T =y return z a+b
o)) o) o)
‘ Phép nhan: 1 Phép so sanh: 1
cxd z <y
0(1) | 0Q)

- J ~ 66



D6 phuc tap tinh toan

D0 phuc tap tinh toan theo thoi gian

Thuét toan |

Hoang Anh Btic

Thoi gian thuc hién cAu trdc if...then...else 13 thoi gian 16n nhat
thuc hién cac 1énh sau then hodc sau else cong vdi thoi gian
kiém tra diéu kién

if condition then

S1 // khéi 1énh
else

Sy // khéi 1énh

6 phiic tap tinh todn theo
thai gian

/Kié°m tra diéu kién:\‘ ‘Thoi gian chay Slz“ ‘Thoi gian chay 82:\‘
T(condition) | L T(S1) J L T(S2)

_

Y Y &
Téng thoi gian = T'(condition) + max{T'(S;), T'(S2)}
= max{7T(condition) + 7°(:S ), T'(condition) + 7°(S2) }

1
N 1 E]
1
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D6 phuc tap tinh toan

D0 phuc tap tinh toan theo thoi gian

Thuét toan |

Thai gian thuc hién vong lap 1a téng thdi gian thuc hién cac lan
lap va thai gian kiém tra diéu kién Iap. Néu thdi gian thuc hién
méi lan lap |a gibng nhau, thi tng thdi gian thuc hién cac 1an
lap 1 tich cOa s6 Ian 13p va thoi gian thuc hién méi lan Iap

Hoang Anh Btic

‘ fori:=1tondo ‘
S // khoi lénh

Khéitao: Thoi gian chay S & lan lap véi it | Kiémtrava tang i: )
T(i:=1)=0(1) T;(S) T(i<ni++)=0() @ o i 70 oo theo
' v v
Téng thai gian = T'(i := 1) + Z[T +T( <nyi++)]

+ZT Y471 x O(1) = 1+Zn(5)+0(n)
=il

Néu T;(S) = T(S) véi mc_)l i,taco: O(1) +n x T(S) + O(n) = O(1) + O(n x T(S))
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D6 phuc tap tinh toan

D0 phuc tap tinh toan theo thoi gian

Thdi gian thuc hién vong I8p 1a tong thoi gian thuc hién céc Ian H:;n“j;‘::”a'm
Iap va thoi gian kiém tra diéu kién 1ap. Neu thoi gian thuc hién

méi 1an 13p |2 gibng nhau, thi tng thdi gian thuc hién cac 1an

lap 12 tich clia s6 lan I1&p va thdi gian thuc hién méi lan 1&p

while condition do ‘
S // khdi lénh

Kiém tra diéu kién: Thoi gian chay S & Ian I3p ther i
T (condition) T;(S)
. s 6 phic tap tinh todn theo
‘-—-___\ __‘___-—' thoi gian
Ia > k
Téng thoi gian = T'(condition) + Y [T (condition) + T3(S)]
=1

Néu T;(S) = T(S) véi mgi i, ta c6: (k + 1) x T(condition) + k x T(S)

J

Vai k 12 s6 1an I3p thuc té clia vong lap while (k > 0)

[cnu y: Néu diéu kién sai ngay tit dau (k = 0), khéi Iénh S khong dugc thuc hién lan nao]

66




D6 phuc tap tinh toan

D0 phuc tap tinh toan theo thoi gian

Thai gian thirc hién vong 13p 1a tong thoi gian thuc hién cac lan H:;n“j;‘::”a'm
Iap va thoi gian kiém tra diéu kién 1ap. Neu thoi gian thuc hién

méi 1an 1ap la gibng nhau, thi t6ng thoi gian thuc hién cac lan
I&p 1a tich clia s0 lan 1ap va thai gian thuc hién moi lan Iap

do )
‘ S // khoi lénh
while condition

“Thoi gian chay S & Ian Iap thit i:
Ti(S)

Kiém tra didu kién:
T (condition)

' 6 phiic tap tinh todn theo
P thai gian

Téng thai gian = > "[7;(S) + T(condition)]
i=1
Néu T;(S) = T(S) v6i moi 4, ta c6: k x T(S) + k x T'(condition)
=k x [T'(S) + T'(condition)]

V6i k 1 56 1n I3p thuc té clia vong lap do-while (k > 1)

[Chl.'l y: Khéc vong Iap while, vong 13p do-while ludn thuc hién S it nhat mot Iénj
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Do phurc tap tinh toan

D0 phuc tap tinh toan theo thoi gian

Thuét toan |

Hoang Anh Btic

Bang: M6t s6 thuat ngit thudng dung

Do phure tap Thuat ngw
D6 phurc tap hang so

ow (constant complexity)

Ologn) (Iozgrir’:rr:i(i:ctig ri? glzgitty)
o) | D4 phic 3 en

Olnlogn) (Iinzgrﬁuﬁ;i%rzg:g?ty) © el
o(n?) D6 phurc tap da thic

(polynomial complexity)
Do phirc tap ham mi
(exponential complexity)
Do phuc tap giai thira
(factorial complexity)

o(b™), véi b > 1

O(n!)
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D6 phuc tap tinh toan

D0 phuc tap tinh toan theo thoi gian

Thuét toan |

Thuat toan 1: Tim gia tri clia phan tir 16n nhit Hoang Anh Biic

Input: a1, as, . .., ay: diy sb nguyén
Output: Gia tri cla phan t& I6n nhat trong day

1v:=q ty

2 fori::=2tondo

3 \‘ifai>vthen | i 0
4

4 LUi: a;

5 return v t3

6 phiic tap tinh todn theo
thai gian

T(n) = tl +t2 +t3

t,t5 12 O(1) |Z(n) 20(m)| [T(n) 12 0(m)]

(xau nhét) (tbt nhét)

ty =0(1) + iti + O(n)
=2

L =t5+ (t.g. kimtraa; > v) = O(1) + O(1) = O(1)

66



Thuat toan
Mét sb bai tap

B‘al tép 19 Thuét toan |
, , o, s R L R ; A . . Hoang Anh Btic
(a) Thiéet ke thuat toan dé tinh tong cla tat ca cac so hang trong mét day
6 nguyén ay, as, .. ., a, cho trudc
(b) Chtng minh thuat todn ban thiét ké Ia ding )
(c) Dénh gia thoi gian chay clia thuat toan ban thiét ké

Bai tap 20

Mét chubi ky tu dugc goi la chudi doi xting (palmdrome) khi viét tir trai qua
phai va viét tir phai qua trai thi chudi khong thay ddi. Mét vi du la chudi
madam.

(a) Thiét ké thuat toan dé kiém tra xem mét chudi ky tu ¢ phai 1a chubi

dbi xitng hay khong o

(b) Déanh gia thai gian chay cla thuét toan ban thiét ke
Bai tap 21
Cho f: A — Bla mét ham vdi cac tap A, B la cac tap con hitu han clia Z.
Hay thiét ké mot thuat todn dé kiém tra xem

(a) liéu f c6 la don anh khong;

(b) liéu f cé la toan anh khong.

Trong méi truding hap, hay dénh gia thdi gian chay clia thuat toan ban thiét
ké

6 phiic tap tinh todn theo
thai gian
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Thuat toan

Mbt s6 thuat todn tim kiém

Thuét toan |

Hoang Anh Biic

|

Bai toan tim kiém |

Cho mét day n phan t& ai,az, ..., a, va mot phan t& z. Tim
trong day da cho hoac ket luén rang x khdng c6 trong day

m Tim kiém tuyén tinh (Linear Search)
m Tim kiém nhi phan (Binary Search)

M6t sb thuat toan tim kiém
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Thuat toan

Tim kiém tuyén tinh

Thuét toan |

Hoang Anh Biic

m Bai toan:

m Input: a1, . .., a,: day sb6 nguyén, z: s6 nguyén

m Output: Chi s6 i thda man z = a; hodc 0 néu = khéng cé

trong day
m Tim kiém tuyén tinh:
) B&t dau tir phan tir dau tién cla day (a1)
) So sanh phan t& hién tai (a;) v6i gia tri can tim z
) Néu a; = x, trd vé vi tri i va két thic thuat toan
) N&u a; # z, chuyén sang phan t{ tiép theo (ait1)
) L&p lai budc (2) dén (4) cho dén khi tim thdy = hoic da ,
dUYét hét déy Q Tim kiérﬁ tuyén tinh

(6) Néu da duyét hét ddy ma khong tim thay «, tra vé gia tri 0

(1
(2
(3
(4
(5
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Thuat toan

Tim kiém tuyén tinh

Thuét toan |

Hoang Anh Btic

Vi du 8 (Tim kiém tuyén tinh)
m Input: Day a; = 2,a3 = 5,a3 = 6,a4 = 8,a5 = 12vaxz =38

m Output: Chi s6 i thda man z = a; hodc 0 néu z khong cé
trong day

a2 as Q4 as

l 1 [ [ 12
t1=1 1=2 1=3 =14 ;
*+x *+x *x =T Tlmkiémmyéntl'nh
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Thuat toan

Tim kiém tuyén tinh

Thuat toan 3: Tim kiém tuyén tinh (Linear Search)

Input: ay, ..., a,: ddy s6 nguyén, z: s6 nguyén
Output: Chi s0 i thda man = = a; hodc 0 néu x khong cé
trong day
i:=1 // B&t d3u ti ddu day
whilei <n vaz # a; do // Chua xong va chua tim thiy
L t:=1+1 // Pi t8i vi tri tiép theo trong diy
if i <n then

L location := i // Tim thly x trong diy
else
L location := 0 // ¥Khdéng tim thldy = trong day

return /ocation

Thuét toan |

Hoang Anh Btic

e Tim kiém tuyén tinh
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Thuat toan
Tim kiém nhi phan

Thuét toan |

Hoang Anh Biic

= Bai toan:
m Input: ai, ..., a,: ddy s6 nguyén thuc su tang, sb nguyen
m Output: Chi sb i thda man = = a; ho&c 0 néu = khong c6
trong day

= Tim kiém nhi phan: (M6t vi du vé ky thuat chia dé tri
(divide and conquer) trong thiét ké thuat toan)
(1) Tinhm = [(1+n)/2]. Phan t&t & giita clia day 1a a,,
(2) Chiaday ay,...,ay, thanh hai day con (a) a1, ..., ax va (b)
@mt1,- - - an. N&U z > a,, thi ta chi tim z trong dy con (b),
con ngugc lai thi ta chi tim 2 trong day con (a)
(3) Lam tu’dng tu cho dén khi khong gian tim kiém chi con mot

phan t& a;. Néu = = a; thi trd lai vi tri i cla =, con ngugc lai Tim kiém nhi phin
thi tra lai 0
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Thuat toan

Tim kiém nhi phan

Vi du 9 (Tim kiém nhi phan)
Hoang Anh Btic
m Input: Day a; = 2,as = 5,a3 = 6,a4 = 8,a5 = 12vaxz =38
m Output: Chi sb i théa man z = a; hodc 0 néu = khéng cé
trong day

aq a9 as ay as

| 2 5 6 8 12

7 m J

<x

a a2 as ay as
2 5 6 8 12

it=m J

=T 66



Thuat toan

Tim kiém nhi phan

Thuat toan 4: Tim kiém nhj phan (Binary Search) Thuatiodn!
Input: ay, ... a,: ddy s6 nguyén thuc su tang, x: sb nguyén romeAmee
Output: Chi s6 i thda man x = a; hodc 0 néu = khdng cd trong day

14:=1 // Chi sb bit diu khodng tim kiém

2 ji=n // Chi sé két thic khodng tim kiém

3 whilei < jdo // Khi khodng tim kidm c6 > 1 phin tid

4 m:= (i +7)/2] // Chi sb cta phin ti & gifta

5 if z > a,, then

6 L ti=m-+1

7 else

8 L ji=m

o if z = a; then OB

10 L location := i

11 else
12 L location := 0

13 return /ocation &



Thuat toan

Mot s6 thuat toan sap xép

Thuét toan |

Hoang Anh Biic

Bai toan sap xép ]
Cho mét day n phan tr va mét cach so sanh hai phan tir bét
ky trong day. Hay sap xép day theo thit tu tdng dan

m Sap xép ndi bot (Bubble Sort)
m Sap xép cheén (Insertion Sort)

@ Mot sb thuat todn sap xép

66



Thuat toan

Sap xép néi bot

Thuét toan |

Hoang Anh Biic

m Bai toan:
® Input: a1, as, . .., a,: day sb thuc (n > 2)
m Output: Day da cho dudc sp xé&p theo thit tu tang dan
m Sap xép noi bot:
(1) So sanh céc phan tii lién tiép, bat dau véi cap (a1, az)
(2) Néu a; > as, hodn ddi gid tri clia ching
(8) Lap lai (1) va (2) v6i cac cap (a2, as), (as,as), ...,
(an_1,an). Lc ndy, a, 1a phan tif I6n nhét trong day
(4) Lap lai (1) = (3) vdiday ay,...,anr—1, va sau dé véi day
ai,...,an—2,day ai,...,an_s, ..., cho dén day a1, as

(1) stpxépnsiner

66



Thuat toan

Sép xé&p néi bot

Vidu 10

Thuét toan |

Hoang Anh Btic

| Input: Déy a1 =34,a, =13, a3 =21, a4 = 3, a5 = 89
m Output: Day sp xép theo thit tu tang dan

az
13
21
3
13
13
13

as
21
3
21
21

21

aq as
3 89

34 89

34

34 89

(52) soxéonéivor

66



Thuat toan

Sap xép néi bot

Thuét toan |

Hoang Anh Btic

Thuat toan 5: Sap xép ndi bot (Bubble Sort)

Input: a;,as, ..., a,: day sb thyc (n > 2) )
Output: Day da cho dudc sap xép theo thi tu tang dan

1 fori:=1ton—1do // Lap lai n—1 1l3n
2 forj:=1ton—ido

3 if a; > a;41 then

4 Hoan déi gia tri cla a; va a;

5 // Qn_is1,...,a, 44 dudc sdp xép

6 // ai,...,a, 44 dudc sip xép

(s3) soxéonéinor

66



Thuat toan

Sép xé&p chén

Thuét toan |

Hoang Anh Bic
m Bai toan:
® Input: a1, az, .. ., a,: ddy sb thuc (n > 2) i
m Output: Day da cho dugc sap xép theo thit tu tang dan
m Sap xép chen:
(1) Ban d4u, ta xem a1 nhu mét ddy da dugc sdp xép
(2) PExUly phantlia; (i = 2,3,...,n):
B Luu gid tri a; vao mét bién tam m
m Duyét cdc phan tlf a; 1, a;—2, ..., a; tU phdi sang tréi
m D4y méi phan tlr I6n hon m sang phai mot vi tri
m Chén m vao vi tri thich hop (ngay sau phan t& dau tién nhd
hon hoac bang m)
(3) Sau méi budc, day ai,as, .. ., a; da dugc sap xép theo thi
ty tang dan )
(4) L&p lai qua trinh cho dén khi x¥ ly xong a., () stostperen

66



Thuat toan

Sap xép cheén

Thuét toan |

Hoang Anh Btic

|| Input: Déy a1 =34,a2 =13, a3 =21, a4 = 3, a5 = 89
m Output: Day sdp xép theo thit tu tang dan

ay a2 asg Qg as
34 13 21 3 89
=2 13 34 21 3 89
1=3 13 21 34 3 89
1=4 3 13 21 34 89
1=25 3 13 21 34 89

(55) stoxéponen

66



Thuat toan

Sép xép chén

1
2

3
4

Thuat toan 6: Sép

xép chén (Insertion Sort)

Input: a;, as, . .., a,: ddy s6 thuc (n > 2) )
Output: Day da cho dudc sap xép theo thi ty tang dan

fori=2tondo

ji=i—1

while j > 1vam < a; do
sang phdi d& cd chd chén m

aji41 = Gy
J=7-1
Ajq1 =M
// D&y ai,...,a; d& dudc sdp thi tu

m:=a; // m sip dudc chén vao diy ai,...,a;_1

// Néu m < aj, 43y a;

// Chén m

Thuét toan |

Hoang Anh Btic

@ S4p xép chin

66



Part |
Phu luc



NGi dung

Tim kiém va Sap xép
Mot so thuét toan tim kiem
Tim kiém nhi phan
M6t so thuét toan sap xep
Sép xép ndi bot
Sap xép chen

Mét sb 16i thuong gap

Thuét toan |

Hoang Anh Btic



Thuat toan

Tim kiém tuyén tinh

4
5

6

7

8

Thuat toan 7: Tim kiém tuyén tinh (Linear Search)

Input: a1, ..., a,: day sb nguyén, z: s6 nguyén

Output: Chi sb i théa man z = a; hodc 0 néu = khong cé
trong day

i:=1 // Bat dau ti dau day

whilei <n vaz # a; do // Chua xong vd chua tim thiy
L i:=4i+1 // Pi t8i vi tri tiép theo trong day

if i <n then

L location := i // Tim thdy z trong day
else

L location := 0 // Khéng tim thldy = trong diy
return /ocation

Thuét toan |

Hoang Anh Bic

Mat sb thuat toan tim kiém



Thuat toan

Tim kiém tuyén tinh

Thuét toan |

M6t bat bién vong I3p trong Thuat toan 7 (vong while & Dong 2-3)
tim kiém tuyén tinh s6 nguyén z trong day ay, ..., a,

Hoang Anh Btic

Mot s6 thuat toan tim kiém

L =“Otrudc Ian I3p véi bién i, x ¢ {ay, ... a;—1}"

m Khéidong (i = 1): Doi—1 =0, tap {a1,...,a;_1} latap
réng, vado dé = ¢ {ai,...,a;_1}, nghia la L ding

m Duy tri: Gid sl L ding & trudc 1an 13p véi i = k nao do, nghia
laz ¢ {ay,...,ar_1}. Ta chitng minh L ding & trudc I1an 1ap
Vvéii=k+1, nghia laz¢ {al, -..,a}. That vay, dé thuc hién
lan I1ap i = k, diéu kién & vong whlle can duogc thda man,
nghia 1a k < n va z # a;. Két hop véi gia thiét, ta c¢6 diéu can
chirng minh

m Dirng: Vong lap while két thic khi i = n + 1 hodc = = a; Véi
1 < i < n. V6i trudng hop dau tién, bat bién vong 13p L cho ta
x ¢ {a,... a,} va do do két luan khong tim duoc z. V6i
trudng hop thi hai, z hién nhién thuoc day da cho



Thuat toan

Tim kiém tuyén tinh

Thuat toan 3: Tim kiém tuyén tinh (Linear Search) Thuat toan |

TS A N LA A Hoang Anh Buc
Input: ay,...,a,: ddy sO nguyén, x: s nguyén
Output: Chi so 7 thda man z = a; hodc 0 néu =
khdng cé trong day

Mbt 6 thuat todn tim kiém

11:=1 t
2 while i <n vaz # a; do
3|i=itl t b
4 if 1 < n then
5 Llocation =1 t6

t3
6 else
7 L/ocation =0 ty
8 return location t4

Ty =tittttstts  [Tm)a0Mm)]| [Tx)aoW)]

ti,tala 0(1) (xéu nhat) (tbt nhat)
ts = max{tg, t7} + (thdi gian kim tra i < n) = O(1)

ty = Z [té + (t.g. kifmtrai <nvaz # ai)]

{ili<nAz#a;} 19



Thuat toan

Tim kiém nhi phan

Thuat toan 8: Tim kiém nhi phan (Binary Search) Thuattoan |
Input: a;, ..., a,: day s6 nguyén thuc su tang, x: s6 nguyén romenne
Output: Chi s6 i théa man 2 = a; ho&c 0 néu z khdng c¢é trong day
1 4:=1 // Chi sb6 bdt diu khodng tim kiém Tim kiém i phan
2 ji=n // Chil sb k&t thic khodng tim kiém
3 whilei < jdo // Khi khodng tim kiém cé > 1 phin ti
4 m:=|(i+7)/2] // Chi sb cta phin t& & gilta
5 if z > a,, then
6 | i=m1
7 else
L ji=m

9 if x = q; then
10 L location := i

11 else
12 L location := 0

13 return /ocation 19



Thuat toan

Tim kiém nhi phan

Thuét toan |

M6t bat bién vong lap trong Thuét toan 8 (vong while & Dong 3-8) tim
kiém nhi phan s6 nguyén z trong day thuc su tang ay, . . ., an

Hoang Anh Btic

L := O truéc mdi 1an Idp vdi cdc bién i, j, néu x € {ay,...,a,} thi o1 st i
z € {a;,ait1,...,a;} e
m Khdidong (i = 1,j = n): L hién nhién ding
m Duy tri: Gia st & trudc 1an 18p véi céc bién k, ¢, néu
z € {ay,...,a,}thiz € {ag,ars1,...,a;}. Tachlng minh rang &
trudc 1an 1ap ké tiép véi cac bién (a) k, | (k + ¢)/2] hoac (b)
|(k+0)/2] +1,6,néu z € {aj,...,a,} thi tuong tng (a")
S {ak, c v“L(k+l)/2J} hOéC (b’) S {at(k+g)/gj+1, c ,ag}. Véi
(a), diéu kién & Dong 7 can dugc théa man, nghia la

r < aL(k_,_g)/gJ. Do dé, nég S {ak,akH, ey ag} thi (a’) dl]ng VGi
(b), diéu kign & Dong 5 can dudc thda méan, nghia la
T > Q| (k+0)/2]- Do dé, néu z € {ak,akH, ey ag} thi (b,’) dl]ng

m Dirng: Vong Iap while dirng khi i = j, va tir L, ta c6 néu
z € {ay,...,a,} thi z € {a;}. Do d6 Thuét todn 8 tra lai vi tri chinh
xac clia = hodc ket luan khéng tim dugc = (Dong 9-13)



D6 phuc tap tinh toan

Tim kiém nhi phan

Thuét toan |
Thuat toan 4: Tim kiém nhi phan (Binary Search) Hoang Anh Bic
Input: ay,...,a,: ddy sé nguyén thuc su ting, z: s6
nguyén

Tim kiém nhj phéan

Output: Chi sb i théa man 2 = a; hoc 0 néu z
khdng cé trong day

14:=1
2j:=n
3 while ¢ < 5 do
R () —
if x > a,, then

Li:=m+1 té‘j -

—

IS

5
6

7 | else
8 LJ =m

9 if x = q; then
10 | location := i

t3
11 else

12 L/ocation =0
13 return Jocation ty




D6 phuc tap tinh toan

Tim kiém nhj phan

Thuét toan |
T(n)=t1+ta+1t3+14 Hozng Anh Biic
trta b7 bt 12 O(1) ‘
o o o Tim kiém nhi phan
t2 = Z (t'gj + té’J)-f- ot

lan I3p while véi cip i, j
+ (thdi gian kiém tra i < j)}
te) = max{tr, tg}
+ (thdi gian kiém tra z > a,,)
t3 = max{tg, th}

+ (thdi gian kiém tra z = a;)
# cap i, j trong vong while la O(log n)
T(n)la O(logn)| |T(n)la O(logn)

(xau nhat) (tbt nht)




Do phurc tap tinh toan

Tim kiém nhj phan

Thuét toan |

Tai sao # cap i, j trong vong lap while la O(logn)? Hoaing Anh Bitc
m Lan 1&p 0: ddy a;, ..., a; c6 dO dai < [n/2°]
m Lan l3p 1: day a;,...,a; ¢6 d6 dai < [n/2'] T b g
[ I
m Lan I3p A (cubi cung): day a;, . .., a; c6 d6 dai < [n/2"]

m # cdp 4, j trong vong |ap while la i + 1

m Vong while két thic khi i = j, nghia la khi day a;, ... ,a; O
do dai1

® Vi hlalan Idp cudi cling, A phai la s6 nguyén duong nhd
nhat théa mén [n/2"] < 1 (Néu c6 s0 ' < h thda man
[n/2"7 < 1 thi khong thé c6 lan Iap nao sau /’, tréi véi gid
thiét i 1a 1an 1ap cudi cung)

m TU [n/2"] <1, suyran/2" <1, nghia la h > logn. Gia tri
nho nhat ctia A 1a [logn]. Do d6, # cap 1, j trong vong lap
while la 2 + 1 = [logn] + 1 = O(logn)



Thuat toan

Sap xép néi bot

1
2
3

£y

(3]

6

Thuét toan |

Hoang Anh Bic

Thuat toan 9: Sp xép ndi bot (Bubble Sort)

Input: 1,02, ...,0n: déy 56 ,thU’CE (n > 2) R 0 S4p xép ndi bot
Output: Day da cho dudc sap xép theo thi tv tdng dan
fori:=1ton—1do // Lap lai n—1 1l&n

forj:=1ton—ido
if aj > Qj41 then
Hoan déi gia tri cla a; va a;
// Qn_is1,...,a, da dudc sdp xép

// ai,...,a, 438 dudc sip xép




Thuat toan
Sap xép néi bot

Thuét toan |
Hoang Anh Btic

Thuat toan 9 c¢6 hai vong lap for: vong ldp trong & Dong 2—4 va
vong 1ap ngoai (chira vong lap trong) & Dong 1-4
m M6t bt bién vong I3p cho vong I1&p ngoai la
O trudc lan 1dp i, day An—it1;- - -, ay l2 day tdng chia cac Sép xép i b
phan t I6n hon hodc bang moi phan frtrongay,...,a,_;
m M6t bat bién vong 13p cho vong Iap trong la
J truée 1an lap 7, a; = max{ay,...,a;}
S0 do chirng minh:
m Chiing minh budc Khéi dong cho bat bién vong I3p ngoai
m O budc Duy tri cho vong I3p ngoai
m Chiing minh bét bién vong lap trong (Khéi dong, Duy tri,

Dung)
m S& dung bét bién vong I3p trong dé chiing minh cho vong

Iap ngoai
m Chiing minh budc Dirng cho bat bién vong I1&p ngoai



Thuat toan
Sép xé&p néi bot

Thuat toan 5: S3p xép ndi bot (Bubble Sort) Thudt todn |
Input: a1, as, . .., a,: diy sb thuc (n > 2) Hoang Anh Bde
Output: D3y d3 cho dugc sip x&p theo thit ti ting

dan

1fori:=1ton—1do

2| for j:=1ton—1ido bl

3| | ifa; > aj, then L [0

4 LHoén déi gi4 tri coa aj va aj— t

n—1
T(n)=t =Y [t; + (t.g.tang i va kiémtrai < n — 1)]
i=1

nl[ tgtangyvak|emtra3<n—z)}

=t T(n) 12 O(n2)
(x4u nhét)

T(n) la O(n?)

(t6t nhét) 1

ty 12 0(1) (v:=aj, aj == aj41, aj41 =)

tg =14+ (thdl gian klém tra aj > (I,j+1)




Thuat toan

Sép xé&p chén

1

2

Thuét toan |

Hoang Anh Biic

Thuat toan 10: Sap xép chén (Insertion Sort)

Input: a;,as, . .., a,: day s6 thuc (n > 2) )

Output: Day da cho dugc sap xep theo thi tu tang dan

fori=2tondo Séo xpchin

m:=a; // m sip dudc chén vao diy ai,...,a;_1
ji=1—1
whilej >1vam<ajdo  // Néu m <a;, ddy a;
sang phdi dé c6 chd chén m
aj+1 = (Lj
Ji=7-1

Aj41 :=m // Chén m

// D&y aj,...,a; 48 dudc sdp thi tu




Thuat toan

Sap xép cheén

Thuét toan |

Hoang Anh Btic

Thuét toan 10 ¢ hai vong ldp: vong 1ap trong while & o
Dong 4-6 va vong lap ngoai for (chira vong Idp trong) & () sosipon
Dong 1-7
m M6t bt bién vong I3p cho vong I&p ngoai la
O trudce 1an 1dp i, day ai, ..., a;_1 1a ddy tang
m M6t bat bién vong I3p cho vong I3p trong la
O trude lan 1dp j, m < min{a;41,...,a;}



Thuat toan

Sap xép cheén

Thuat toan 6: S3p x&p chén (Insertion Sort) Thuét toan |
Hoang Anh Btic

Input: ay, as, ..., a,: diy sb thuc (n>2)
Output: D3y d3 cho duoc sip xép theo thif tu ting

dan
1fori=2tondo )
1
2 | M= t Sép xép chén
317 il 1 th
4 | while j >1vam <a;do —1
5 Ajp1 = Ay I ﬂl
6 ji=7—1
7| ajr1:=m t’5

n 5
T(n)=ti =Y [Zt?; + (t.g. tang i va kiém tra i < n)]

i=2 Lp=2
b, 15,157 12.0(1) T(n) & O(n?)
= Z [té’j—k (xau nhat)
1<j<i-—lvam<a; T'(n) la O(n)

+ (tg. kiémtraj > 1vam < a;)] (tBtnhay (o



Mbt s6 16i thudng gap

Tham khdo tU tai liéu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf)

(a) Quén tang bién dém bén trong vong lap cla cac thl
tuc khi xay duwng thuat toan
m Néu bién dém khong dugc ting, vong I3p c6 thé sé chay
mal mal
(b) Nham lan giira wdc lwong O-16n va ©-16n, tie 1a nghi
rang O-16n cung cap ca chan dudi va chan trén cho
kich thwdc cia ham
m Udc lugng O-16n chi la chan trén

Thuét toan |

Hoang Anh Bic

e Mét s6 16i thudng gap


https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf

Mot s6 16i thudng gap (tiép)

m Khoéng chinh xac khi néi ring mét thuat toan kém hiéu qua
vi nd chay trong thai gian O(,n7)’ bdi vi, vi du, mét thuat
toan chay trong thdi gian tuyén tinh (cé thai gian chay ti 1&
v6i n) ciing théa man udc luong nay )
m Trong trudng hgp nay, diéu chinh xac can néi (néu dung) la
thuat toan chay trong thdi gian ©(n")
(c) Khéng hiéu rang hang sé trong wdc lwgng O-16n c6
thé rat Ion
= Vi dy, néu mét thuat todn c6 thoi gian chay O(n?), thi né c6
thé méat 10%°n? budc va do dé khong kha thi ngay ca véi cac
gia tri n nho
(d) Bi nham Ian bdi s6 mii khi so sanh cac ham khac
nhau
® Vi dy, thoat nhin ¢6 vé nhu (logn)'* tang nhanh hon n'/?,
nhung thuc t& n'/? tang nhanh hon, vi log n tang rat cham
so vGin

Thuét toan |

Hoang Anh Btic

Mot sb 16i thuding gdp



Mét sb 16i thudng gap (tiép)

Thuét toan |

Hoang Anh Btic

Vi thé (logn)'%° 1a O(n'/2), nhung n'/2 khéng phéi 1

O((logn)'*)
(e) Cong thay vi nhan, hoac nguoc lai, khi phan tich thoi
gian chay cua thuat toan

m Néu mét vong Iap 1dng bén trong mot vong lap khéc, thi thoi
gian chay dugc nhan Ién

m Néu mdt vong I3p di sau vong I3p khéc, thdi gian chay dudc
cong lai

Mot sb 16i thuding gdp



Tai liéu tham khao

Thuét toan |

Hoang Anh Biic

® Rosen, Kenneth (2012). Discrete Mathematics and Its () it tham kv
Applications. 7th. McGraw-Hill.



5. Thuit toadn Il: Thuat todn tham lam, thudt toan dé quy



VNU-HUS MAT3500: Toan rdi rac

Thuat toan Il
Thuat toan dé quy, thuat toan tham lam

Hoang Anh Burc

B6 mén Tin hoc, Khoa Toan-Co-Tin hoc
Pai hoc KHTN, BHQG Ha Noi
hoanganhducC@hus.edu.vn
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NGi dung

Thuat toan dé quy
Gidi thiéu
Tinh giai thira va Iy thira
Tim kiém tuyén tinh
Tim kiém nhi phan
Sap xép néi bot
Sap xép chén
Sap xép tron

Udc lugng hé thic truy hoi
Gidi thiéu
Dinh ly tho
Cay dé quy
Thuat toan tham lam
Giéi thiéu
Bai toan Lap lich

37

Thuat toan Il

Hoang Anh Biic



Thuat toan dé quy

Gidi thiéu

Thuét toan Il

Hoang Anh Biic

m Dinh nghia theo dé& quy khéng nhiing c6 thé &p dung cho
cac ham va tap hgp ma con cho cé céc thuét toan
m Mot thd tue dé quy (recursive procedure) 1a mét thd tuc goi
chinh né
m MGt thudt toan dé quy (recursive algorithm) 1a mot thuat
toan gidi mot bai toan bang cach chuyén vé viéc giai chinh
bai todn dé nhung véi dau vao cé kich thudc nhd hon
m Ky thuat chia dé tri (divide-and-conquer technique): gidi mét
bai toan ban dau théng qua viéc chia né thanh cac bai toan
nhd han clng loai va gidi ching

37



Thuat toan dé quy

Gidi thiéu

Thuat toan Il

Hoang Anh Biic

Mot thuat toan dé quy thudng cé cau tric nhu sau: i o

Truong hop co s§ Gidi tryc tiép bai toan véi dau vao cd kich
thudc di nhd hodc dau vao déc biét ma khong
can goi dé quy

Chia thanh cac bai toan con V6i dau vao khéng thudc trudng
hgp co s, thuat todn chia bai toan thanh mét
hoé&c nhiéu bai todn con cé kich thudec nhé hon

Giai céc bai toan con Thuat todn goi dé quy chinh né dé giai
céac bai toan con da dugc dinh nghia

Két hop cac 10i giai Thuat todn két hop cac 10i gii clia cac bai
toan con dé tao ra loi giai cho bai toan ban dau

37



Thuat toan dé quy

Gidi thiéu

Chting minh tinh ding dan cla thuat todn dé quy bang quy nap manh
m Phat biéu diéu can chirng minh: Mot diém quan trong la can
chi ré “thuat todn dung” nghia la gi
m Budc co s&: Cac truong hop khi thuat todn cho ra két qua mét
cdch trure tiép ma khdng can thong qua goi dé quy chinh né Ia
cdc truding hap can xét trong budc co sé
m S dung mb ta clia thuat toan dé chi ra thuat toan sé tra lai gi trong
trudng hop co sd
m Chi ra rang gid tri tra lai cla thuat toan 1a ding
m Budc quy nap: Gia thiét riing thuat toan diing cho moi dau vao
kich thudc nhd hon. Chi ra réng thuat todn ciing diing cho dau
vao hién tai
m Phat biéu gia thiét quy nap: Gia st thuat toan dung véi moi dau vao
gilra trudng hop ca s& va cac dau vao c6 kich thudc nhd hon mot
don vi so véi dau vao hién tai
m M6 ta cu thé thuat todn tra lai gi véi dau vao hién tai dua trén cac
1an goi dé quy
m S{ dung gia thiét quy nap dé thay méi lan goi dé quy béng dap &n
chinh xéc. Chi ra rang nhiing diéu nay dan téi dap an ding cho
tru’dng hgp hién tai
m Néu ban xét nhiéu trudng hop trong thuat toan thi can thuc hién hai
diéu trén véi tiing trudng hop mot

37

Thuat toan Il

Hoang Anh Biic

Gidi thigu



Thuat toan dé quy

Gidi thiéu

Thuat toan Il

Hoang Anh Biic

Phan tich thdi gian chay cla thuat toan dé quy: e
m Thiét Idp hé thutc truy hoi
m Biéu dién thai gian chay T'(n) dudi dang cac ham cla thoi
gian chay cho céac bai toan con
m Gidi hodc udc luong hé thuc truy hoi
m Gidi hé thic truy hoi (94 dé cap trong phan “Quy nap va bé
quy”)
m Doan nghiém va chitng minh bang quy nap
B S{ dung ham d&c trung
B S{ dung ham sinh
m Udc lugng hé thic truy hdi (sé dé cap trong phan sau)
m Dinh ly thg (Master Theorem)
B Cay dé quy (Recursion Tree)
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Thuat toan dé quy

Tinh giai thtra

1
2
3

o B

V6i moi s6 nguyén khong am n

0l=1
nl=n-(n—1) Vn>1

Thuat toan 1: Tinh n!

Input: n: sb nguyén khéng am
Output: n!
procedure factorial(n):
if » = 0 then
| return1

else
L return n - factorial(n — 1)

Thuét toan Il

Hoang Anh Bic

Tinh giai thira va Idy thira

37



Thuat toan dé quy

Tinh giai thtra

Vidu 1 (factorial(4))

[ factorial (4)

goi

[ factorial(3)

goi

[ factorial(2)

goi

[ factorial (1)

goi

‘ factorial(0)
return 1

):4.6:24
A
1ra ve

):3~2:6
A
1ra ve

>=2-1=2
A
11ra ve

>»=1-1=1
7

37

Thuat toan Il
Hoang Anh Biic

Tinh giai thira va Iy thira



Thuat toan dé quy

Tinh giai thtra

Thuat toan Il
Vi du 2 (Thuat toan dé quy tinh giai thua la dung) Hoang Anh Dic
Ta chitng minh tinh ding dan cla Thuat toan 1 bang quy nap. Goi
factorial(n) |a gid tri tra lai bdi Thuat toan 1
m Ta chéing minh factorial(n) = n! v6i moin > 0
m Budc co s6: Khin =0, factorial(n) = 1 = n!
m Budc quy nap: Gid sl factorial (k) = k! véi sb nguyén
k > 0 nao dé. Ta chiing minh factorial(k + 1) = (k + 1)L
That vay, Thuat todn 1 tr lai
factorial(k + 1) = (k+ 1) - factorial (k). Theo gia thiét
quy nap, factorial (k) = k!. Do do,
factorial(k+1) = (k+1) -kl = (k+1)!

Vi du 3 (Thai gian chay cua thuéat toan dé quy tinh giai
thua)

° Tinh giai thira va Iy thira

T(n) = max{O0(1),T(n—1)+0(1)} +O(1) =T(n—1)+ O(1)

nghia |& ton tai hang sb C théa man T'(n) = T'((n — 1) + C. Suy ra
T(n) = O(n)

37



1
2
3

4

Thuat toan dé quy

Tinh Iy thira

Thuat toan Il

Hoang Anh Biic

V6i moi s6 thuc a # 0 va s6 nguyén khéng am n,

Tinh giai thira va Iy thira

Thuat toan 2: Tinh o™

Input: a: s6 thuc khac 0, n: sb nguyén khéng am

Output: o
procedure power (a, n):
if » = 0 then (.. .. )
| return1 Bai tap 1
VGi Thuat toan 2, hay
else

| return a - power (a, n — 1) (a) Chiing minh tinh ding dan
(b) Xay dung hé thic truy hdi dé

danh gia thai gian chay

)



Thuat toan dé quy

Tinh Iy thita

Thuat toan Il

Hoang Anh Biic

0 Tinh giai thita va ldy thita
Diéu khé khan nhat can vuot qua khi suy nghi vé céc thuat
toan dé quy la su mién cudng khong tin rang truong hgp nho
hon sé dugc x{ ly ding.

m Viduy, gid s& ban muén viét mét thuat toan dé quy dé tinh
a™, st dung céc cong thic a?* = (a*)? va a®**! = (a¥)? - a.

m Lénh goi dé quy sé x{ ly viéc tinh todn o, vi vay ban
khong can phai lo lang vé cach may tinh sé dé quy nhiéu
lan, tat c& duding xubng dén trudng hop co s, dé thuc
hién diéu dé. Mién la budc dé quy va trudng hop co sé cla
ban (6 ddy la a° = 1) la dung, thudt toan cla ban la ding

37



Thuat toan dé quy

Tim kiém tuyén tinh

Thuét toan Il

Thuat toan 3: Tim kiém tuyén tinh (Linear Search)

Hoang Anh Bic

Input: a1, as, ..., a,: ddy sb nguyén, i, j, z: s nguyén,
1<i<j<n

Output: Néu T € {ai, ai+1, e 70,j} th\| tré |a| Tim kiém tuyén tinh
ke {ii+1,...,j} sao cho z = a;. Nguoc lai thi
tra lai 0

1 procedure LinearSearch(i, j, x):

2
3

4

ifa; =2 then // 0 ding vi tri? Tra lai két qua
| return;
else
if i = j then

// Khéng tim thiy
| return0

else // Tim trong phan coén lai
L return LinearSearch(i + 1, j, z)

37



Thuat toan dé quy

Tim kiém tuyén tinh

Thuat toan Il

Vidu 4 (LinearSearch(l, 5, 8))
Hoang Anh Biic
5 2 8 14 7
1 2 3 4 5 ;.T it
[LinearSearch(l , 5,8)] ----------------------- > = 3 (return from call) :
A
QOIl travé 3
[LinearSearch(2,5,8)] ----------------------- > = 3 (return from call)
. 1 2
goi | /trévé 3
[LinearSearch(3,5,8)] ----------------------- > = 3 (found)
Bai tap 2

Vé6i Thuat toan 3, hay
(a) Chiing minh tinh ding dén
(b) Xay dung hé thiic truy hdi dé danh gia thoi gian chay

37



Thuat toan dé quy

Tim kiém nhi phan

1
2
3
4

o

Thuét toén |1

Thuat toan 4: Tim kiém nhj phan (Binary Search)

Hoang Anh Bic

Input: a,,ay, ..., a,: ddy sb nguyén thuc su tang, i, j, z: sb
nguyén, 1 <i<j<n
Output: Neu z € {a;, ait1,...,a;}  thitrdlaik € {i,i+1,...,j}

sao cho = = a. Ngudgc lai thi tra lai 0 Tim dém nnj phn
procedure BinarySearch(i, j, x):
m = [(i+7)/2] // Di dén gilta day
if v = a,, then // bing vi tri?
L return m
else
if v < a,, vai <mthen // x & nlta bén trai?
L return BinarySearch(i, m — 1, z)
else

if z > a,, vaj > mthen // x 8 nla bén phdi?
L return BinarySearch(m + 1, j, ©)

else // Khéng tim thiy
| return0




Thuat toan dé quy

Tim kiém nhi phan

Vidu 5 (BinarySearch(1, 10, 23)) Thust todn I

Hoang Anh Biic

2 5 8 12 16 23 38 56 72 91

1 2 3 4 5 6 7 8 9 10 Q T|r;| Klér;\ nhi p;»ér;

[BinarySearch(l ,10,23) J ----------------------- > = 6 (return from call)
A

goi [m = [(1+10)/2] =5,a5 =16 <23 1travé 6

[BinarySearch(G, 10,23) J ----------------------- > = 6 (return from call)

m=[(6+7)/2] =6,a5 =23 =23
Bai tap 3
Xay dung hé thiic truy hdi dé danh gid thai gian chay cla
Thuat toan 4 -



Thuat toan dé quy

Sap xép néi bot

1
2
3

Thuét toan Il

Thuat toan 5: S3p xép néi bot (Bubble Sort) Hosna Anh Bie
Input: A = ay,as,...,a,: ddy s6 nguyén, n: s6 nguyén
duong

Output: Day s6 nguyén sap thi tu ting dan
procedure BubbleSort (A, n):
if n = 1 then
return A // Trudng hop co s8: mang cb 1
L phdn t 44 dudc sdp xép

Sap xép ndi bot

fori< 1ton—1do
if a; > @41 then
| Hoan ddi gia tri cla a; va a;41

BubbleSort(A,n—1) // D& quy v8i phdn t& cudi
ciing di dudc ddy dén ding vi tri

37



Thuat toan dé quy

Sép xé&p néi bot

Vi du 6 (BubbleSort ([5,1,4,2],4)) Thuattodn |
Hoang Anh Buic
[ BubbleSort ([5,1,4,2],1) J Lan lugt so sanh: [5,1],[1,4], [4,2

(16) sipsépnéi ot

!

[ BubbleSort ([1,4,2, 5], 3) J Lan luot so sanh: [1, 4], [4,2]

H

[ BubbleSort ([L,2, 4,5],2)

[ BubbleSort ([1,2,4,5], 1) J Trudng hop co s8: n = 1, mang da s&p xép
Bai tap 4
Xay dung hé thiic truy hdi dé danh gia thdi gian chay clia
Thuat toan 5

Lan lugt so séanh: [1,2]

HH
H

37



Thuét toan dé quy

Sap xép chén

1
2

Thuét toan Il

Thuat toan 6: Sap xép chén (Insertion Sort)

Hoang Anh Bc

Input: A = ay,as,...,a,: ddy s6 nguyén, n: s6 nguyén
duong
Output: Day s6 nguyén sap thit tu tang dan
procedure InsertionSort (A4, n):
if n <1 then Sépéo chen
return A // Trudng hop co s&: mdng cé O
L hodic 1 phin t& 43 dudc sdp xép

InsertionSort(A, n —1) // S&p xép d& quy cac
phdn td td a1 &én a, 1
// Chén phdn td a, vdo vi tri thich hogp trong
mdng 43 sdp xép
key = an
1:=n-—1
while i > 1 vaa; > key do

Qi1 = Q4
1:=1—1




Thuat toan dé quy

Sap xép cheén

Vidu 7 (InsertionSort ([5,2,4,1],4))

womosks [s]2]4]1]

[ InsertionSort([5,2,4,1],4) Sap xép dé quy [5,2. 4], sau dé chen 1
qoiy

[ InsertionSort([5,2,4,1],3) Sap xép dé quy [5, 2], sau d6 chen 4
gory

[ InsertionSort([5,2,4,1],2) Sép xép dé quy [5], sau dé chen 2
oIy

[ InsertionSort([5,2,4,1],1) Trwong hop co s&: mang [5] da sap xép

Chen 2 vao [5]

Chen 4 vao (2,5

J
J
J

)
(]

Chen 1 vao [2,4,5]

Két qué cubi cuing
Baitap 5
Xay dung hé thirc truy héi dé danh gid thoi gian chay cla
Thuat toan 6

Thuat toan Il

Hoang Anh Blic

@ Sép xép chen

37



Thuat toan dé quy

Sép xép trén

1
2
3
4
5

6

Thuat toan 7: Sap xép tron (Merge Sort) Thust todn I
Hoang Anh Buc

Input: L = ay,as, ..., a,: ddy sb nguyén
Output: Day s6 nguyén sap thi tu ting dan
procedure MergeSort (L):

if n > 1 then

m:= |n/2]
Ly:=ay,...,am; Ly := Gmy1,. .. an

L := Merge (MergeSort (L;), MergeSort (L2)) (2) siostoren

procedure Merge (A, B):
Input: A = (as,...,aj4), B = (bi,...,bp): day sb da s&p thd tu
Output: Day céc sb trong cd A va B sép thit tu ting dan
if A= 0 then
| return B

if B = () then
| return A
if a; < by then
| return (a;,Merge(ay, ..., a4, B))
else
| return (by,Merge(A, by, ..., bp)) 5




Thuat toan dé quy

Sap xép tron

Vi dy 8 (Merge ([2,5], [1,3))) i i
Mang A: 2 |5
Mang B: 113
[ merge([2,5], [1,3]) ] --------------------- > =[1,2,3,5] Q) s
_ 1<2nénlay 1 A
goll 1 tra ve
[ merge([2,51, [81)  Jo o> = [2,3,5]
; 2 <3nénlay 2 A
goll 1 tra vé
[ merge([s), [81)  Jon > = [3,5]
: 3<b5nénlay3 4
g(_)ll 1 tra vé
[ merge ([5], [1) ] ---------------- > = [5]

B=0néntravé A

37



Thuat toan dé quy

Sap xép tron

Vidu 9 (MergeSort([5,2,7,3,8])) Thugttoan

Hoang Anh Biic

,,,,,,,,,,,,,

Sép xép tron

,,,,,
> N

Xay dung hé thic truy

(7T N2 | héi a6 danh gia thoi gian
chay cla Thuét toan 7

37



Udc lugng hé thic truy hoi

Gidi thiéu

Thuét toan Il

Hoang Anh Biic

m Hé thiic truy hoi thudng xuat hién khi phan tich thuat toan
dé quy
m Udc lugng hé thirc truy héi gidp ta xéac dinh dé phuc tap
thoi gian clia thuat toan
m Hai phuang phép chinh dé uéc lugng hé thic truy hoi: ey
(1) DBinh ly tho (Master Theorem): Cong cu manh me gilp uéc
lwgng nhanh chéng cac hé thirc cé dang
f(n) = af(n/b) + cn?

(2) Céay dé quy (Recursion Tree): Bidu dién truc quan qud trinh
tinh toan

37



Uéc luogng hé thic truy hoi

Dinh Iy tho

A Binh Iy 1: Binh Iy tho (Master Theorem) |

Goi f 1a mét ham tang théa man hé thirc truy hoi
() = af(n/b) + cn

trong do n = b* vGi k la sb nguyén duong nao dé, a > 1,b I
S0 nguyén duong I6n hon 1, va ¢, d la cac so thuc vdi c duong
va d khéng 4m. Ta co

O(n%) néua < b’
f(n) 1a { O(n%logn) néua =b?
O(n'°&: ) néua > b?

Vidu 10
m V6i T'(n) = 2T(n/2) + n,tacd T'(n) = O(nlogn)
m V6 T'(n)=T(n/2)+n,tacéd T'(n) = O(n)
m VGi T(n) = 3T(n/2) + n, tacd T(n) = O(n'°e3)

Thuét toan Il

Hoang Anh Biic

Dinh Iy thg

37



Uéc lugng hé thic truy hoi

Dinh Iy tho

Thuat toan Il

Hoang Anh Biic
Baitap 7

SQ dung Dinh ly thg (Binh ly 1), hay uéc lugng cac hé thic truy
hoi sau theo O-16n, gid st 7'(1) = 1

37



Uéc luogng hé thic truy hoi

Cay dé quy

- ” Thuét toan Il
m Cday dé quy (Recursion Tree) la biéu dién tryc quan cua Hoéing Anh Bitc
qua trinh chay thuat toan dé quy
m MGi nit trong cay biéu dién chi phi (cost) clia mét /an goi
dé quy (recursive call)
m Cac budc xay dung va phan tich cay dé quy:
(1) Vé cay véi gbe (ing véi lan goi ban dau T(n)
(2) Phan tach moi nut thanh cac chi phi: chi phi khéng dé quy
(non-recursive cost) va cac lan goi dé quy (recursive calls)
(3) Tiép tuc phan tach cho dén khi dat trudng hgp cd sd (base Caygsay
case)
(4) Tinh t8ng chi phi theo tiing miic (level) clia cay
(5) Tinh t8ng chi phi cac miic dé cé két qua cudi cling
m Uu diém: Tryc quan, gitip hiéu dugc ban chét clia thuat
toan va ap dung dugc vai nhiéu dang hé thirc ma Dinh ly
tho khéng ap dung dugc
m Nhuoc diém: Khong phai ltic nao ciing dé vé va phan tich
duoc

37



Uéc lugng hé thic truy hoi

Cay dé quy
s Thuat toan Il

Vi dU 11 Hoang Anh Biic
Xét hé thiic truy hdi T(n) = 27'(n/2) + n vGi diéu kién ban dau
T(1) = 1 van = 2* vGi s6 nguyén k > 1 nao dé. Ta vé cay dé :
quy cho hé thirc nay nhu sau

0

! .

9 Cay dé quy

O(logn) o

(1) (1) (1) .
L. n
D[ 1] [1] 2l
n —~—
1:27¢L:log_n T(n)

L
Taco T (n) = ZT . % =n(logn + 1) = O(nlogn)

=0 37



Uéc lugng hé thic truy hoi

Cay dé quy

VI' du 12 Thuat toan Il
: N Hoang Anh Buic

Xét hé thic truy hdi T(n) = T(n— 1) + T(1) +n véin > 1 va o

diéu kién ban dau 7'(1) = 1. Ta vé cay dé quy cla hé thic nay

nhu sau

Cay dé quy

37



Uéc lugng hé thic truy hoi

Cay dé quy

B‘al tép 8 Thuét toan Il
2 A A 2 P P , ~ , Hoang Anh Biic

Su dung cay dé quy dé udc lugng 7'(n) cho boi cac hé thic ?

truy hoi sau

(@) T(n) =2T(n/2) +n?

(b) T(n)=T(n/2) +1

() T(n)=2T(n—1)+1

(d) (%) T(n) = 2T(n/2) +nlogn (Dap an: O(nlog®n))

Baitap 9

Chiing minh Binh ly tho béng cach st dung céy dé quy

(a) Vé cay dé quy cho T'(n) = aT(n/b) + cnd trong d6 n = bk
VGi k 12 s6 nguyén du’dng nao do a>1,blaso nguyen
duong I6n hon 1, va ¢, d 1a céc s thuc véi ¢ duong va d
khéng &m

(b) Tv|’nh téng tiing hang va viét cong thirc clia 7'(n) dudi dang
tong cla cac hang trong cay.

(c) Xét cac truong hop a < b4, a = b%, va a > b? v

Cay dé quy



Uéc lugng hé thic truy hoi

Cay dé quy

Thuat toan Il

Hoang Anh Biic

Bai tap 10

Xay dung hé thuc truy hdi cho thdi gian chay clia cc thuat

toan dé quy da dé cap trong bai giang. Giai hodc udc lugng hé

thitc ban tim dugc dé chitng minh thoi gian chay cla cac thuat

toan nhu sau:
® Tinh Iy thtra (Thuat toan 2): T'(n) = O(n)
m Tim kiém tuyén tinh (Thuat toan 3): T'(n) = O(n) () caveean
m Tim kiém nhi phan (Thuét toan 4): T'(n) = O(l
m S3p xép ndi bot (Thuat toan 5): T'(n) = O(n?)
m S&p xép chén (Thuat todn 6): T'(n) = O(n?)
m S&p xép trén (Thuat todn 7): T'(n) = O(nlogn)

37



Thuat toan tham lam

Gidi thiu

Thuét toan Il

m Cd4c bai todn tbi uu (optimization problems) yéu cau cuc Hoing Anh Bifc
dai héa hodc cuc tiéu hda mot s6 tham sb xét trén tap tat
cé céc dau vao co thé
m Tim dudng di giita hai thanh phd véi khodng cach nhd nhat
m Tim cach dat cac tram phat song sao cho dién tich pht
song Ién nhat
m Mot thuat toan tham lam (greedy algorithm) thudng dugc
s dung dé gidi bai toan t6i uu: ludn chon bién phap “tbt
nhat” & méi budc dia phuong (theo mot sb tiéu chuan cuc
bo nao dé) véi hi vong sé thu dugc mat I6i gidi toi uu trén () sums
toan cuc o
® Gidi thuat nay khong nhét thiét xuét ra mét 10i gidi toi uu cho
toan bd bai toan, nhung trong nhiéu trudng hop cu thé né
c6 thé xuat ra 16i giai t6i uu
m Sau khi m6 t& cu thé “lya chon t6t nhét & timg budc”, ta cb
gang chiing minh réng giai thuét nay luén cho ta mét 10i gidi
t6i wu hodc tim mot phan vi du @é chi ra diéu nguagc lai
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Thuat toan tham lam

Bai toan Lap lich

Thuét toan Il

| B‘ai tOén: Hoang Anh Biic

= Input:

® Mot nhom céc bai giang véi thoi gian bat dau va két thic
Chi c6 mét gidng dudng duy nhat . .
Khi mét bai gidng bat dau, né tiep dién cho dén khi két thic
Khong c6 hai bai gidng nao dudgc tién hanh & cung thai diém
Ngay sau khi mét bai giang ket thiic, mét bai gidng khac c6
thé bat dau
m Output: Mét danh séch céc bai gidng dai nhat c6 thé

= O day, néu ta mubn ap dung gidi thuat tham lam, lam thé
nao dé “lva chon t6t nhat” & méi budc cla thuat toan? Noi
cach khac, ta sé chon bai gidng nhu thé nao? Baitoin Lo e
(1) Chon bai giang bat ddu s6m nhét trong sb cac bai giang bat
dau sau céc bai gidng ta vira chon trudc dé?
(2) Chon bai giang ngan nhéat trong sb cac bai gidng bat dau
sau céc bai giang ta vira chon trudc d6?
(3) Chon bai gidng két thiic s6m nhét trong sb céc bai gidng bat
dau sau céc bai gidng ta vira chon trudc dé?

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Hoang Anh Biic

(1) Chon bai gidng bat dau sém nhat? X

Bai gidng 2
Bai gidng 1

07:00 08:00 09:00 10:00 thai gian
07:30 08:30 09:30 10:30

(2) Chon bai giang ngan nhat? X

: Bai giang 3
Bai gidng 2 S
|

07:00 08:00 09:00 10:00 11:00 thai gian
07:30 08:30 09:30 10:30

(3) Chon bai giang két thiic s6m nhat?

Bai todn Lap lich

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Hoang Anh Biic

Thuat toan 8: Lap lich tham lam (Greedy Scheduling)

Input: (s1,e1), (52,€32), ..., (sn, en): thdi gian bat dau va két
thuc bai giang by, bs, ..., by,
Output: Danh séch bai giang S c6 sb bai gidng 16n nhat
trong d6 khéng cé hai bai gidng nao xung dét nhau

Sap xép céc bai giang theo thit tu ting dan theo thdi gian
két thiic va gan lai nhan bai gidng sao cho
e1<ex<---<ey

2 S:=10

-

3 forj:=1tondo o o L
a if Bai gidng j khéng xung dot vdi cdc phan tit cua S

then
5 | S:=Su{j}

6 return S
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Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Vid u 13 Hoang Anh Bic
Céc bai giang ban dau: o
‘ bs : (10:00, 13:00)
‘ be : (11:00, 16:00) ‘
‘ bs @ (13:30, 16:00) ‘ @ é“aima’n Coten

‘ by : (11:00, 14:00) ‘

by : (13:10, 15:20)

9:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00
Thoi gian 5,




Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Vid u 13 Hoang Anh Bic
Budc 1: Sap xép theo thdi gian két thic s
‘ be - (11:00, 16:00) ‘
‘ bs : (13:30, 16:00) ‘
by : (13:10, 15:20)
‘ b + (11:00, 14:00) ‘ o o

‘ by : (10:00, 13:00) ‘

by : (9:10, 11:20)

9:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00
Thoi gian 5,




Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Hoang Anh Biic
Vidu 13

Budc 2: Khditao S = 0
Buéc 3: Duyét céc bai giang

Xét j = 1: Thém b; vao S

bl : (9:10’ 11:20) @ ;éiloé; Lap lich
9:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00
Thoi gian

S ={b}

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Hoang Anh Biic
Vidu 13

Budc 2: Khditao S = 0
Buéc 3: Duyét céc bai giang

[ Xét j = 2: Khong thém b, vi xung dot véi by |

’ by + (10:00,13:00) ‘

bl : (9:10’ 11:20) @ ;éiloé; Lap lich
9:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00
Thoi gian

S ={b}

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Hoang Anh Biic
Vidu 13

Budc 2: Khditao S = 0
Buéc 3: Duyét céc bai giang

[ Xét j = 3: Khong thém bs vi xung dot véi by |

’ by : (11:00, 14:00) ‘

bl : (9:10’ 11:20) @ ;éiloé; Lap lich
9:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00
Thoi gian

S ={b}

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Hoang Anh Biic
Vidu 13

Budc 2: Khditao S = 0
Buéc 3: Duyét céc bai giang

Xét j = 4: Thém by vao S

by = (9:10,11:20) by : (13:10, 15:20) @ ;éiloén e
9:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00
Thoi gian

S = {b1,bs}

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Hoang Anh Biic
Vidu 13

Budc 2: Khditao S = 0
Buéc 3: Duyét céc bai giang

Xét j = 5: Khéng thém bs vi xung dét v6i b |

‘ bs : (13:30,16:00) ‘

by = (9:10,11:20) by : (13:10, 15:20) @ ;éiloén e
9:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00
Thoi gian

S = {b1,bs}

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Hoang Anh Biic
Vidu 13

Budc 2: Khditao S = 0
Buéc 3: Duyét céc bai giang

Xét j = 6: Knéng thém b vi xung dét v6i b |

‘ be : (11:00, 16:00) ‘

by = (9:10,11:20) by : (13:10, 15:20) Q B A
i todn Lap lic
9:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00
Thoi gian

S = {b1,bs}

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Hoang Anh Biic

Vidu13

Budc 2: Khditao S = 0
Budc 3: Duyét céc bai giang

| Két qua: S = {b1, by} |

Lich t6i uu véi 2 bai giang

by :(9:10,11:20) by : (13:10, 15:20) (=) géimén Lép fch

9:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00
Thai gian

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Dinh ly 2

Hoang Anh Biic
Thudat todn 8 xudt ra mét danh sdch céc bai gidng ti uu ]
Ching minh.
m Gid sit S* = (21,22, ..., 2;) la danh sach t6i uu trong do
cac bai giang dugc sap xép theo thi ty tang dan theo thoi
gian ket thac
m Gid sl S = (y1,2,---,yr) la mot danh séch bai gidng
xuat ra tir Thuét toan 8 trong do cac bai giéng dugc sap
xép theo thi tu tang dan theo thai gian két thic
m Do S* lathi vy, k > K
m Néu S = S* thi ta c6 diéu phai chitng minh. Nguoc lai, néu
S # S’, goi i la chi s0 dau tién trong {1, ..., k’'} théa man
x; # y;, nghia la
S =(T1 =Y, T2 = Y2, -, Tio1 = Yio1, Tis v Thty oo Th)

S=(r1=y1,%2 =Y2,. ., Ti1 = Yi-1,Yir-- - Yk')

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Hoang Anh Biic

S*: 1=y To =Y s Tit1 i

S: Y1 =a Yo =Ty |--- Yi Yit1 Ykt

Bai todn Lap lich

Thoi gian
Néu khong ton tai i € {1,...,k'} théa man z; # y;, tacé

ST = (T = Y1, %2 = Yo, Bk = Yk T Tk)
Nguagc lai, thuat todn tham lam chon y; vi nd két thic sém hon z;

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Hoang Anh Biic

S*: T1 =Y T2 =Y2 |--- Yi Tit1 Tk

S: Y1 =a Yo =Ty |--- Yi Yit1 Ykt

Bai todn Lap lich

Thoi gian

Thay thé z; bang y; trong S* van gilt tinh t6i uu
Vi y; két thic sém hon va khong xung doét véi 1, ...,z

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il
Hoang Anh Biic

S**: Y Y2 e Yi

R

Bai todn Lap lich

Thoi gian
Sau khi thay thé z; béng v, ta thu dudgc I5i gidi t6i uu méi 5**.

Tiép do, tim j Ia chi s6 nhd nhét théa man =; # y;.
Ly luan tuong ty dé thay thé «; bang y;

37



Thuat toan tham lam

Bai toan Lap lich

Thuat toan Il

Hoang Anh Biic

R n Yo Yi Yj Yk

Bai todn Lap lich

Thoi gian
Tiép tuc qua trinh nay cho dén khi S* = (y1, Y2, ... Yrr, Thr 41, ... T)
R Do thuét toan két thuc khi chon y;.,
C4C phan tl 2441, ...,z Phai xung dot véi y. nén khong thé ton tai
Dodé S* = S = (y1,y, ., yw) lat6i vu

37



Thuat toan tham lam
Bai toan Lap lich

Thuat toan Il
Hoang Anh Biic

Pinh Iy 3

Thudat todn 8 chay trong thdi gian O(nlogn), vdin la sé luong
bai gidng

Ching minh.
Phan tich do phtrc tap:
m S&p xép n bai gidng theo thdi gian két thic: O(nlogn)
m Viduy, st dung Thuat toan 7 (Sap xép tron)
m Vong lap for duyét qua n bai gidng: O(n) e
m Kiém tra xung dot gilra bai giang j véi cac bai gidng trong
S:
[ Phu’dng phép don gidn: O(|S|) = O(n) trong trudng hgp
xau nhat
] Phufdng phép t6i uu: Chi can kiém tra thoi glan bat dau cla
bai giang j véi thoi gian két thiic clia bai giang cubi cung
trong S: O(1) &



Part |
Phu luc



NGi dung

Pinh Iy tho
C6 thé bd qua san va tran

Mot sb thuat toan dé quy khac
Tim s6 Fibonacci thi n
Thap Ha Noi
Sap xép nhanh (Quicksort)

Thuat toan Il
Hoang Anh Biic



Dinh ly tho

Phét biéu Binh ly

Thuét toan Il

Hoang Anh Biic

Pinh Iy thg

A Binh ly: (Nhic lai Dinh Iy 1) |

Goi f 1a mét ham tang théa man hé thire truy hoi

f(n) = af(n/b) + cn

trong do n = b* vGi k la 6 nguyén duong nao dé, a > 1,b I
S0 nguyén duong I6n hon 1, va c, d la cdc sé thuc vdi c duong
va d khéng am. Ta co

O(n%) néua < b
f(n) la { O(n*logn) néua = b
O(n'g ) néua > b’




Dinh ly tho

Chiing minh

T
PV
a
Thuat toan Il
L, Hoang Anh Biic
Ta cé
Binh Iy tho

F(n) = af(n/b) + ent
— a(af(n/V?) + c(n/b)) + ent
=a%f(n/b?) + end(1 +

bd)
= a*(af(n/b®) + c¢(n/b*)?) + end(1 + l;id)

:ﬁﬂmwmwﬁu+%+<%))

k-1 i
=a"f(n/b*) + en? Z <I;id)
i=0



Dinh ly tho

Chling minh

Thuat toan Il

Hoang Anh Biic

k—1 i .
Xét phuong trinh £(n) = a* f(n/b%) + cn® (3>

k—1 [
(1) Néua =17 taco > (gid) =k
1=0

k—1 7 o'} i
A d 3 a < L 1
(2) NeUa<b,taco§<bd> —§<bd> 1_I%.Do
k—1 a i
a,b,d la cac hang so, ta cé b_d> =0(1)
1=0
(3) Néua > b4, ta cékz_:l < i—w—o« /64)k)
“zo i) T api—1 O

=0



Dinh ly tho

Chling minh

Thuat toan Il

Do dé, Hoang Anh Blic
O(k) néu a = b? ome
f(n) =ad" f(n/b*) +en® - S O(1) néu a < b?

O((a/bH¥) néua > be

TU n = b*, ta cd k = log, n. Do do,

m Néu a = b4, tacéd f(n) = O(a'% ™) + O(nlog, n) =
O(n'°8» ) + O(n?log, n) = O(n?logn). (Chu y la khi
a < b?, ta co nloss ¢ < nd)

m Néua < b4, tacd f(n) = O(n?) + O(n?) = O(n?). (Chuy
la khi a < b9, ta 6 nlogr @ < nd)

m Néua > b, ta co
f(n) — O(alogbn) + O(alogbn) _ O(alogbn) — O(HIOgba).
(Chu y lakhi a > b, ta ¢ (a/b%)loz ™ = (ploss(a/b))log,n —
(blogbn)logb(a/bd) _ nlogb(a/bd) _ nlogb a—d _ O<nlogl7 a))



Dinh ly tho

Phién ban tdng quat hon

A Dinh Iy 4: Dinh Iy tho |

Goi f 1a mét ham tang théa man hé thirc truy hoi

f(n) = af(n/b) + g(n)

trong dé a > 1, b > 1 1a cdc hdng sb nao dd, va g(n) la mot

ham théa man g(n) > 0 khin du Idn. Ta cé

(1) f(n) lae(g(n)) néu g(n) = Q(n'%b+¢) vdie > 0 va g(n)
théa man diéu kién ag(n/b) < cg(n) vdin dildnvac <1
la hang so duong nao do

(2) f(n) la©(n'os * logh ™ n) néu g(n) = ©(n'°% *log" n) vdi
k > 0 nao do. (Trong phan Ién cac trudng hop thi k = 0.)

(3) f(n) la ©(n'°% @) néu g(n) = O(n'°% =) vdie > 0

Thuat toan Il

Hoang Anh Biic

Binh Iy thg



C6 thé bd qua san va tran

Thuét toan Il

Hoang Anh Biic

C6 thé bd qua san va tran khi phan tich do phic tap clia thuat
tOén tran

C6 thé bd qua san va

Vi du 14 (Thoi gian chay cla thuat toan sap xép
tron)

m Néu ban phan tich gid ma clia thuat todn sap xép tron
(Thuat toan 7), ban sé nhan ra rang thoi gian chay cla
thuat toan tuan theo hé thic:

T(n) =T(n/2]) +T([n/2]) + O(n) (1)

(Xem Bai tap 6)
m Tuy nhién, trong nhiéu tai liéu, ban sé thay dé cap rang
thoi gian chay cla thuat toan tuan theo hé thirc

T(n) =2T(n/2) + O(n) 2)



C6 thé bd qua san va tran

, z Thuat toan Il
Vi du 14 (Thai gian chay cla thuat toan sap xép tron) Hoang Anh Biic
C4 hai hé thic trén déu ding. Ly do & day 1a ta cé thé bd qua san va
tran bang céch ly luan nhu sau:
m DAu tién, do ching ta chi quan tam dén chén trén (vi ta ludn danh
gia theo O-16n), ta cé thé danh gia
T(n) <2T([n/2]) + O(n) < 2T(n/2 + 1) + O(n)
m Tiép d6, ta dinh nghia mot ham méi S(n) = T'(n + «) bang céch
chon gid tri clia o sao cho S(n) < 25(n/2) + O(n). Tacod

C6 thé bd qua san va
tran

S(n)=T(n+a) dinh nghia cla S
<2T(n/2+a/2+1)+O0(n+ ) danh gia cho T
=2S(n/2—-a/2+1)+O0(n+a) dinhnghiacla S

Chona =2,taco S(n) <25(n/2)+ O(n)

m Udc lugng S(n) (vi du, bang Binh Iy thg), ta cé S(n) = O(nlogn),
vado dd T(n —2) = O((n — 2)log(n — 2)) = O(nlogn)



C6 thé bd qua san va tran

Bai tap 11 Thuat todn
X&p xi hé thirc truy hdi T(n) = T([n/2]) + T(|n/2]) +n — 1 v6i diéu kién Hoang Anh Bie
ban dau T'(2) = 1 va T'(1) = 0. (Cha y: T(n) la thdi gian chay clia thuat toan
s&p xép tron) 6 thé bb qua san v
(Goi y: Vi n = 2F (k € N), chitng minh T'(n) = nlogn — n + 1. SI dung quy fran
nap, chirng minh véi moin € Z*, T'(n) ~ nlogn —n +1.)
Baitap 12
Cay van Emde Boas (van Emde Boas tree, VEB tree, hoac van Emde Boas
priority queue) 1a mot cu tric di liéu dé quy cho phép chiing ta chén, x6a
va tim kiém céc khéa tit mét tap hop U = {1,2, ..., n} mdt cach nhanh
chéng. (N6 gidi quyét cing mot van dé nhu cay tim kiém nhi phan, nhung
thdi gian chay sé tinh theo kich thuéc clia tap vii tru U thay vi sb lugng khéa
duoc luu tri.) Cay van Emde Boas c6 thoi gian chay cho bdi
T(n) = T(y/n) +1vaT(1) = 1. Hay gidi hé thic truy hdi nay. (Ggi y: Dt
S(k) = T(2%). bap an: T'(n) = O(loglog n))
Bai tap 13
Uéc luong céc hé thie truy hdi sau:
(@) T(n) =T(In/3]) + T([2n/3]) + O(n) .
(b) (x) T(n) = aT([ va]) + O(n) (G y: DAt S(k) = T(2*"). Dap én:
T(n) = O(nloglogn))



C6 thé bd qua san va tran

Thuat toan Il
Hoang Anh Biic

Bai tap 14 () o
Y ~ < 2 N A . P ” C? thé bd qua san va
Cho mét mang da sap xeép A[l...n], vatacantimchisoithoa =™
man A[i — 1] < z < A[i]. (Bai todn nay c thé giai dugc bang
thuat toan tim kiém nhi phan.) Dui day la mo ta thuat toan
ROOTSEARCH dé giai quyét bai toan nay:
m Néu n nho (gid stt, nh6 hon 100), tim chi s6 bang thuat
toan tim kieém tuyen tinh. Ngugc lai:
m Dinh nghia mileposts := A[/n], A[2\/n], A[3y/n], ..., An]
la danh sach cac phan ti cach déu nhau /n phan tu’
trong A.
m Dé quy, tim post := ROOTSEARCH(mileposts, x).

m Trd vé ROOTSEARCH(A|(post — 1) \/n, . .., post \/n], z).



C6 thé bd qua san va tran

Bai tap 14 (tiép tuc)

ROOTSEARCH(A[L...n],z):
if n < 100 then (Truong hop co sd: mang nho))
(Tim kiém tuyén tinh))
fori:=1tondo
if Ali —1] <z < A[i] then
return ¢
{(Pinh nghia cdc cét méc))
ki | Vi)
mileposts := new array of size [n/k|
fori:=1to [n/k] do
mileposts[i] := A[min(i - k, n)]
(Tim cét méc thich hop))
post := ROOTSEARCH(mileposts, )
(Tim kiém trong doan con da xdc dinh)
return ROOTSEARCH(A[(post — 1) - k + 1 ... min(post - k,n)], x)

Hay xac dinh hé thiic truy hoi biéu dién thoi gian chay cla
thuat todn ROOTSEARCH va udc luong hé thdc ban tim duoc

19

Thuat toan Il

Hoang Anh Biic

C6 thé bd qua san va
tran



1
2
3
4
5
6
7
8

Mét sb thuat toan dé quy khac

Tim s6 Fibonacci thi n

Bai toan: Tinh s6 Fibonacci thi n, dudc dinh nghia nhu sau: Thuattodn I
Hoang Anh Bic

Fy=0

Fi=1

F,=F, 1+F,_o vlin>2
Thuat toan 9: Thuat toan tinh s6 Fibonacci thi n

Input: S6 nguyén khong am n
Output: S6 Fibonacci thit n
procedure Fibonacci(n):
if n =0 then
| return0
else
if n =1 then
| return1
else
\\ return Fibonacci(n — 1) +
Fibonacci(n — 2)

Tim sé Fibonacci thit 7.




Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Buic
Fibonacci (4)

Tim s6 Fibonacci thif 7.

Tinh F; bang dé quy



Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Buic

Fibonacci (4)

Fibonacci (3)

Tim s6 Fibonacci thif 7.

DAu tién, tinh Fibonacci(3)



Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Buic

Fibonacci (4)

Fibonacci (3)

Tim s6 Fibonacci thif 7.

Fibonacci(2)

DE tinh Fibonacci(3), ta can tinh Fibonacci(2)



Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Buic

Fibonacci (4)

Fibonacci (3)

Tim s6 Fibonacci thif 7.

Fibonacci(2)

[Fibonacci (1)] [Fibonacci (0)]

DE tinh Fibonacci(2), ta cAn Fibonacci (1) va Fibonacci(0)



Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Buic

Fibonacci (4)

Fibonacci (3)

Tim s6 Fibonacci thif 7.

Fibonacci(2)

[F(Drecicn] [ravemad 0|

Trudng hop co s6: Fibonacci (1) = 1 va Fibonacci(0) = 0




Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Buic

Fibonacci (4)

Fibonacci (3)

1
[l:ﬂ:@acci(Z)J [Fibonacci(l)J
AN
[F@acci (I)J [Fibona)]

Fibonacci(2) = Fibonacci(l) + Fibonacci(0) =1+0=1

Tim s6 Fibonacci thif 7.




Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Buic

Fibonacci (4)

Fibonacci (3)

[l:ib@acci (Z)J [Fibona@ )J
AN
[F@acci(l)J [Fibona)]

V6i Fibonacci (3), ta ciing can tinh Fibonacci (1) = 1

Tim s6 Fibonacci thif 7.




Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Buic
Fibonacci(2)

Fibonacci (4)

Fibonacci (3)

[l:ib@acci (Z)J [Fibona@ )J
AN
[F@acci(l)J [Fibona)]

Fibonacci(3) = Fibonacci(2) + Fibonacci(l) =1+1=2

Tim s6 Fibonacci thif 7.




Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Buic

Fibonacci (4)

Fibonacci (3) Fibonacci(2)

1
[l:ﬂ:@acci (Z)J [Fibona@ )J [Fibonacci a )J [Fibonacci (O)J
[F@acci (1)] [Fibonac@)]

Bay gi® cho phan thit hai clia Fibonacci (4), tinh Fibonacci (2)

Tim s6 Fibonacci thif 7.




Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Buic

Fibonacci (4)

Fibonacci (3)

1
[;ﬂ:@acci(Z)J [Fibonat@)J [F@acci(l)J [Fibona:@)J
o\
[F@acci(l)] [Fibonac@)]

Fibonacci(2) = Fibonacci(l) + Fibonacci(0) =1+0=1

Tim s6 Fibonacci thif 7.




Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Buic

Fibonacci (4)

Fibonacci (3)

1
[;ﬂ:@acci(Z)J [Fibonat@)J [F@acci(l)J [Fibona:@)J
o\
[F@acci(l)] [Fibonac@)]

Cubi clng, Fibonacci(4) = Fibonacci(3) + Fibonacci(2) =2+1=3

Tim s6 Fibonacci thif 7.




Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Buic

Fibonacci (4)

Fibonacci (3)

1
[;ﬂ:@acci(Z)J [Fibonat@)J [F@acci(l)J [Fibona:@)J
o\
[F@acci(l)] [Fibonac@)]

Cubi clng, Fibonacci(4) = Fibonacci(3) + Fibonacci(2) =2+1=3

Tim s6 Fibonacci thif 7.




Mbt s6 thuat toan dé quy khac

Tim s6 Fibonacci tht n

Vidu 15 (Fibonacci(4)) Thattodn I

Hoang Anh Biic

Fibonacci (4)

Fibonacci (3)

Tim s6 Fibonacci thit

[;ib@acci(Z)J [Fibonar@)J [F@acci(l)J [Fibona@)J
o\
[F@acci(l)J [Fibona@)J

Bai tap 15

(a) Chitng minh tinh diing dan cla thuat toan tim s
Fibonacci dé quy

(b) Chiing minh rang thai gian chay cla thuat toan 1a O(2")

(c) (x) Cai tién thuat toan dé giam do phtic tap thdi gian



Mbt s6 thuat toan dé quy khac
Thap Ha Noi

Thuét toan Il

Bai toan: Di chuyén n dia tir coc A sang coc C Véi su trg gitp
cla coc B, trong d6 khéng cé hai dia nao co cung kich thudc,
tuan theo cac quy tac:

m Chi dugc di chuyén mot dia méi luot

m Khong dudc dat dia I6n hon |én trén dia nhd hon

Hoang Anh Bic

Thuat toan 10: Thuat toan giai bai toan Thap Ha Noi (14) oo o

Input: S6 nguyén n, coc ngudn A, coc dich C, coc trung
gian B
Output: Day cac budc di chuyén
1 procedure Hanoi(n, A, C, B):

2 if »n = 1 then
3 Di chuyén dia trén cung t¥ A sang C
4 return

5 Hanoi(n —1, A, B, C)
6 Di chuyén dia trén cung tir A sang C
Hanoi(n —1, B, C, A)




Mot s6 thuat todn dé quy khac
Thap Ha Noi

Vi du 16 (Minh hoa giai thuat Thap Ha Nbi vdi 3 dia) Thugttodn I

Hoang Anh Buic
Trang thai ban dau: tht c& dia & coc A

Thép Ha Noi

A B C
Bai tap 16
(a) Chitng minh tinh diing d&n cla thuat toan giai bai toan
Thap Ha Noi
(b) Chiing minh ring sb budc di chuyén t6i thiéu dé giai quyét
baitoan véin diala 2" — 1



Mot s6 thuat todn dé quy khac
Thap Ha Noi

Vi du 16 (Minh hoa giai thuat Thap Ha Nbi vdi 3 dia) Thugttodn I

. . o N Hoang Anh Buic
Budc 1: Di chuyén dia 1 tu A sang C
Hanoi(1, A, C, B)

Thép Ha Noi

A B C
Bai tap 16
(a) Chitng minh tinh diing d&n cla thuat toan giai bai toan
Thap Ha Noi
(b) Chiing minh ring sb budc di chuyén t6i thiéu dé giai quyét
baitoan véin diala 2" — 1



Mot s6 thuat todn dé quy khac

Thap Ha Noi

Vi du 16 (Minh hoa giai thuat Thap Ha Nbi vdi 3 dia) Thattodn I

, . 2 . Hoang Anh Buic
Budc 2: Di chuyén dia 2 tu A sang B
Pang thyc hién Hanoi (2, A, B, C)

Thép Ha Noi

/ \

Bai tap 16

(a) Chitng minh tinh diing d&n cla thuat toan giai bai toan
Thap Ha Noi

(b) Chiing minh ring sb budc di chuyén t6i thiéu dé giai quyét
baitoan véin diala 2" — 1



Mot s6 thuat todn dé quy khac

Thap Ha Noi

Vi du 16 (Minh hoa giai thuat Thap Ha Nbi vdi 3 dia) Thugttodn I

, i 2 N Hoang Anh Buic
Budc 3: Di chuyén dia 1 tu C sang B
Hanoi(l, C, B, A)

Thép Ha Noi

/ \

Bai tap 16

(a) Chitng minh tinh diing d&n cla thuat toan giai bai toan
Thap Ha Noi

(b) Chiing minh ring sb budc di chuyén t6i thiéu dé giai quyét
baitoan véin diala 2" — 1



Mot s6 thuat todn dé quy khac
Thap Ha Noi

Vi du 16 (Minh hoa giai thuat Thap Ha Nbi vdi 3 dia) Thugttodn I

Hoang Anh Buic

Budc 4: Di chuyén dia 3 tif A sang C

Thép Ha Noi

A B C
Bai tap 16
(a) Chitng minh tinh diing d&n cla thuat toan giai bai toan
Thap Ha Noi
(b) Chiing minh ring sb budc di chuyén t6i thiéu dé giai quyét
baitoan véin diala 2" — 1



Mot s6 thuat todn dé quy khac
Thap Ha Noi

Vi du 16 (Minh hoa giai thuat Thap Ha Nbi vdi 3 dia) Thugttodn I

, . 2 . Hoang Anh Buic
Budc 5: Di chuyén dia 1 tu B sang A
Hanoi(l, B, A, C)

C

A B
Bai tap 16
(a) Chitng minh tinh diing d&n cla thuat toan giai bai toan
Thap Ha Noi
(b) Chiing minh ring sb budc di chuyén t6i thiéu dé giai quyét
baitoan véin diala 2" — 1



Mot s6 thuat todn dé quy khac
Thap Ha Noi

Vi du 16 (Minh hoa giai thuat Thap Ha Nbi vdi 3 dia) Thugttodn I

, . 2 N Hoang Anh Buic
Budc 6: Di chuyén dia 2 tu B sang C
Pang thyc hién Hanoi (2, B, C, A)

< o J
C

A B
Bai tap 16
(a) Chitng minh tinh diing d&n cla thuat toan giai bai toan
Thap Ha Noi
(b) Chiing minh ring sb budc di chuyén t6i thiéu dé giai quyét
baitoan véin diala 2" — 1



Mot s6 thuat todn dé quy khac
Thap Ha Noi

Vi du 16 (Minh hoa giai thuat Thap Ha Nbi vdi 3 dia) Thugttodn I

. . o N Hoang Anh Buic
Budc 7: Di chuyén dia 1 tu A sang C
Hanoi(1, A, C, B)

S
D N
< > =
-~ &_z

Bai tap 16

(a) Chitng minh tinh diing d&n cla thuat toan giai bai toan
Thap Ha Noi

(b) Chiing minh ring sb budc di chuyén t6i thiéu dé giai quyét
baitoan véin diala 2" — 1



Mot s6 thuat todn dé quy khac
Thap Ha Noi

Vi du 16 (Minh hoa giai thuat Thap Ha Nbi vdi 3 dia) Thattodn I
A 2 7 - 2 N Hoang Anh Bic

Hoan thanh! Tat ca cac dia da dugc chuyén tr coc A sang coc C

Total: 23 — 1 = 7 budc

o
o
D ; e
~ u

A B C
Bai tap 16
(a) Chitng minh tinh diing d&n cla thuat toan giai bai toan
Thap Ha Noi
(b) Chiing minh ring sb budc di chuyén t6i thiéu dé giai quyét
baitoan véin diala 2" — 1



Mbt s6 thuat toan dé quy khac
Sap x&p nhanh (Quicksort)

Thuét toan Il

Hoang Anh Biic

Bai toan: Sap xép mot mang cac phan ti theo thr tu tang dan.
Y twdng:
m Chon mot phan t{r trong mang lam chét (pivot) (16) i sép nhann (Quicksory
m Phan hoach mang thanh hai phan: cac phan tit nh hon
pivot va cac phan tr Ién han pivot
m Dat pivot vao dung vi tri clia nd
m Dé quy sap xép hai phan trudc va sau pivot



Mot s6 thuat todn dé quy khac

Sép xé&p nhanh (Quicksort)

Thuat toan Il

Thuat toan 11: Thuat todn sap xép nhanh (Quicksort)

Hoang Anh Biic
Input: Mang A va cac ch| s6 pvar

Output: Mang A dugc sap xép trong doan tif p dén r

1 procedure QuickSort (A, p, r):

2 // S8p x&p ming A tit vi tri p dén r

3 if p < r then

4 // Diéu kién ding: néu mdng c6 it nhadt 2 phin tu

5 q + Partition(A4, p, r) // q la vi tri cudi cing cta pivot F

6 Qu}ckSort(A, p,q—1) // D? quy sdp xép mdng con brj.n tra} p}vot o s hanh (Cuisoar
7 QuickSort (A4, ¢+1,r) // P& quy sap xép ming con bén phdi pivot

8 procedure Partition(A4, p, r):
// Phan hoach mdng va trd vé vi tri cida pivot

10 x4+ Alr] // Chon pivot 1a phdn t& cudi cung cla ming
1 i—p—1 // i theo d6i vi tri cudi cing clia ving nhd hon pivot
12 forj«<ptor—1do

13 // Duyét qua t&t cd cac phdn ti& trit pivot

14 if A[j] <z then

15 /* Néu phan t& hién tai khéng 16n hon pivot */
16 i—i+1 // M8 rong ving cac phan td nhd hon pivot
17 Déi ché Ali] va A[j] // Dua phin td nhd hon pivot vé diu mang
18 Déi chd Ali+ 1] va Alr] // Dat pivot vdo ding vi tri cda nd

19 returni + 1 // Trd v& vi tri clia pivot trong ming 44 phan hoach




Mot s6 thuat todn dé quy khac
Sép xé&p nhanh (Quicksort)

Vi du 17 (Minh hoa thuat toan Quicksort) Thgttodn I

Hoang Anh Buic
L] 2]

Mang ban ddu, pivot = 2

L] [HEn

Sau phan hoach: [1] pivot=2 [3,5,4]

][ =] [

Phan bén trai chi c6 1 phan tlr, da sap xép
Phan hoach phan bén phai, pivot = 4

Sau phan hoach: [3] pivot=4 [5]

Phan bén phai da sap xép

ENENEN RN

Mang da dugc sip xép hoan chinh 19

e Sép xép nhanh (Quicksort)




Mot s6 thuat todn dé quy khac
Sép xé&p nhanh (Quicksort)

Thuat toan Il

Hoang Anh Biic

Baitap 17
(a) Chiing minh tinh ding dén clia thuat todn s&p x&p nhanh (i) st i
(b) Phan tich do phuic tap thoi gian clia thuat todn sép xép

nhanh:

m Truong hop tot nhat: O(nlogn)
m Trudng hgp xau nhat: O(n?)



1. Logic va Chidng minh

2. Cac chu tric co ban: Tap hop, Ham, Day, Téng

3. Quy nap va D& quy

4./Thuét t,oén,I: Mb ta, chéing minh, danh gid thuat todn; Tim
kiém va sap xép

5. Thuit toadn Il: Thuat todn tham lam, thudt toan dé quy

6. Ly thuyét sb co ban

7. Cac phuong phap dém

8. Ly thuyét dd thi I: Gidi thiéu, Biéu didn db thi va su ding cAu,
Tinh lién théng

9. Ly thuyét do thi II: Dudng di ngdn nhit, D4 thi phing, T6 mau
dd thi

10. Ly thuyét db thj III: Cay
11. Dai sb Boole
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Ly thuyét sb co ban
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B6 mén Tin hoc, Khoa Toan-Co-Tin hoc
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NGi dung

Gldl thiéu Ly thuyét sb co ban
Tinh chia hét va phép todn médun
Dinh nghia va tinh chat co ban
Pong du theo médun m
Biéu dién s6 nguyén
Biéu dién theo hé b-phan
Cong va nhan cac sb nhi phan
Biéu dién cac s6 nguyén am theo hé nhi phan
Tinh Iy thira médun
Sé nguyén t6 va Udc chung 16n nhat
S6 nguyén to
Udc chung 16n nhat
Phuong trinh dong du
Gidi thiéu
Dinh ly phan du Trung Hoa
Dinh ly Fermat nho
Thuat todn ma hdéa RSA

Hoang Anh Biic

75



Gidi thiéu

Ly thuyét sb co ban
Hoang Anh Biic

Giéi thigu

m Ly thuyét sé (number theory) nghién cliu vé céc tinh chat
va mdi quan hé giita céc loai sb
m D6i twong nghién ctiu quan trong nhét 1a cdc sé nguyén
duong (positive integers) ) ;
m D&c biét chu trong vao cdc so nguyén (o (prime numbers)
va céc tinh chat clia ching
m Ly thuyét s6 1 nén tang cho nhiéu (fng dung quan trong
trong mat ma hoc hién dai

75



Tinh chia hét va phép todn mddun

Dinh nghta va tinh chét co ban

m Cho céc sb nguyén a va b véi a # 0. Ta ndi b chia hét cho Ly thuyét sb ca bén
a, ky hiéu b a, néu ton tai mot sé nguyén ¢ sao cho b = ac. Hodng Anh Biic

m Trong trudng hgp nay, ta cling ndi a la vdc (factor) cla b
hay b la boi (multiple) ctia a va ky hiéu a | b.

m Talan lugt st dung cac ky hiéu b 7 a va a t b dé chi b i nghia v i chit oo
khong chia hét cho a va a khong 1a udc cla b

Dinh Iy 1

(1) Néua|bvaa|c, thia| (b+c)

(2) Néua |b, thia|be

(3) Néua|bvab|c thia|c
Bai tap 1
Chdng minh Binh Iy 1
Bai tap 2
Chting minh hoZc tim phan vi du cho ménh dé: “Véi moi s6
nguyén r,t, s,u, néu r chia hét cho s va ¢ chia het cho « thi
r + schiahétchot + u” 7




Tinh chia hét va phép toan médun

Pinh nghia va tinh chat co ban

Ly thuyét s6 co ban

Dinh ly 2 Hoang Anh Bc

VGia € Z vad € Z*, ton tai duy nhat cdc sé nguyén q var, vdi
0<r<d,thbamana =dq+r

Pinh nghia va tinh chat co
Chung minh. o
m Ton tai cac sb nguyén ¢ va r véi 0 < r < d thda man
a=dq+r
m Chon ¢ 1a s6 nguyén I6n nhat théa man dq < a
m Chonr=a—dq. Tacd 0 <r < d (Taisao?) T

m Gia s{ ton tai cac cip sb nguyén ¢, 71 va ¢, 7> thda man
a=dp +rivaa=dg+r,Vvéi0<r <ry<dva
(q17T1) # (QQ7T2)
BNeug =quthiri=a—dg =a—dg =1 o
m Do dd, q1 # q2. Theo gia thiét @ = dqi + 71 = dgs + r2 vado Dinh Iy
ddd=(re—r1)/(@1 —¢q2).-Do0<r <ry<dtacod
0<r,—r1 < d= (1"2 — 7"1)/((]1 — q22. Do dé,
0 < g1 — g2 < 1. Day la mét mau thuan (Tai sao?)

75



Tinh chia hét va phép toan médun

Pinh nghia va tinh chat co ban

Ly thuyét s6 co ban
Hoang Anh Biic

m Trong Pinh Iy 2, a 1a s6 bj chia (dividend), d 1a s6 chia
(divisor), q la thuong (quotient), va r la so du’ (remainder)

® Tacling Vviét ¢ = a div d va r = a mod d. Chi y rang véi d
¢0 dinh, a div d va a mod d la cadc ham tir Z dén Z

mTacédqg=|a/d]var=a—dq=a—dla/d]

Pinh nghia va tinh chat co
ban

Vidu 1
m 101 div1l = va101 mod 11 =
m —101div1l = va —101 mod 11 =

(Chd y rdng mac du —101 = 11(—9) — 2 nhung s6 du ctia
phép chia a = —101 cho d = 11 khéng bang —2 do r = —2
khéng théa man 0 < r < d)

75



Tinh chia hét va phép toan médun

Pinh nghta va tinh chét co ban

1
2
3
4

Thuat toan 1: Tim thuong va sé du

Input:a €Z,d e Z*

Output: Thuong ¢ va s6 du r clia phép chia a cho d

procedure div-mod(a, d):

q:=0

r = |a]

whiler > ddo // Tiép tuc trit d ti r va ting ¢
cho &én khi r <d

r:=r—d
g:=q+1
if a <0var > 0then // Trudng hdp a &m
r:=d-—r
q:=—(g+1)
return (q,r) // q=a div d 1a thuong,

r=amodd 1la sb du

75




Tinh chia hét va phép toan médun

Pinh nghia va tinh chat co ban

Ly thuyét s6 co ban
Hoang Anh Biic

Vi du 2 (Thuc hién thuat toan tim thuong va sb du)
V@i (a,d) = (101, 11):
1. Khéitao: ¢ = 0, r = |101| = 101
2. Vong lap while:
mKhir=101>11=d:r=101-11=90,¢=0+1=1
B Khir=90>11=dir=90-11=79,¢g=1+1=2
m ... (tiép tuc 7 lan nira)
mKhir=24>11=d:r=24—11=13,g=8+1=9
mKhir=13>11=d:r=13-11=2,¢q=9+1=10

3. Sauvong lap: r =2 < 11 = d, diing vong lap
4. Kiém tra diéu kién if: « = 101 > 0 nén khéng thuc hién
5. Kétqua: (¢,7) = (9,2)

Pinh nghia va tinh chat co
ban

75



Tinh chia hét va phép toan médun

Pinh nghia va tinh chat co ban

Ly thuyét s6 co ban
Hoang Anh Biic

Vi du 3 (Thuc hién thuat toan tim thuong va sé du)
V@i (a,d) = (—101,11):
1. Khditao: ¢ =0, = | — 101| = 101
2. Vong lap while:
Khir=101>11=d:7=101—11=90,q=0+1=1
Khir=90>11=d:r=90—-11=79,¢=1+1=2
... (tiep tyc 7 lan nira)
Khir=24>11=dir=24—11=13,¢q=8+1=9
Khir=13>11=d:r=13-11=2,¢g=941=10
3. Sau vong l1ap: r = 2 < 11 = d, diing vong lap
4. Kiém tra diéu kién if: « = —101 < 0 va r = 2 > 0 nén thuc
hién
mr=11-2=9
mg=—(10+1)=-11
5. Két qua: (¢,7) = (—10,9)

° Pinh nghia va tinh chat co
ban

75



Tinh chia hét va phép todn mddun

Pdng du theo mddun m

Ly thuyét sb co ban

m VSia,beZvameZt, a déng du vdib (theo) médun m,
ky hiéu a = b (mod m), khi va chi khim | (a — b)

Dinh Iy 3

VGia,b € Zvam € Z*, a = b (mod m) khi va chi khi a mod
m = bmod m

Ching minh.

(=) Giaslra=0b (mod m). Gidslta = qgm+r; va
b=qgm+raV0iq,qa €Z,0<7r <m,val<ry, <m.Ta
ching minh @ mod m = r; = ro = bmod m

m Doa=b (mod m),tacdm| (a—b)

B Suyram| (g1 — g2)m+ (11 —r2)). Dodd m | (r1 — r2),
nghialar; —ro =mpvlipeZ

B Do0<ri,rao<mnén-m<ry—ra<m

B Suyra—m <mp<mvadodép=0,nghialar, =ry

(<) Giaslt a mod m =bmodm =r.Suyraa=qm+rva
b=qgom+rVbiqg,q €Z.Dodd, a—b=(q: — g2)m, nghia
|‘am|(afb) 75

Hoang Anh Biic

Déng du theo médun m




Tinh chia hét va phép toan médun

Péng du theo mddun m

Ly thuyét s6 co ban
Hoang Anh Biic

Bai tap 3

Chttng minh rang quan hé dong du theo médun m “=
(mod m)” la mét quan hé tuong duong trén tap cac so nguyén e
e Déng du theo modun

Dinh Iy 4

VGia,b e Zvam e Zt, a = b (mod m) khi va chi khi ton tai
keZsaochoa=b+km

Chdng minh.
(=) Gidslta = b (mod m). Theo dinh nghia, m | (a — b), nghia
latontai k € Zsaochoa —b=kmhaya=>b+km

(<) Gidsltdntai k € Zsaochoa =b+km.Suyraa—b=km
va do dé m | (a — b). Theo dinh nghia, a = b (mod m)
O

75



Tinh chia hét va phép toan médun

Péng du theo mddun m

Ly thuyét s6 co ban

Dinh Iy' 5 Hoang Anh Biic

VGi a,b,c,d € Zvam € Z*, néua = b (mod m) vac = d
(mod m) thia+c¢=b+d (mod m) vaac = bd (mod m)

Chuting minh.

Gidaslia =b (mod m)vac=d (mod m). Theo Dinh ly 4, ton
tai s,t € Zthdaman a = b+ smva ¢ = d + tm. Do dé,
a+c=(b+d)+ (s+t)mva

ac = (b+ sm)(d+tm) = bd + (bt + sd + stm)m. Theo Dinh ly 4,
a+c=b+d (mod m)vaac = bd (mod m) m]

B (a+b) mod m = ((a mod m) + (b mod m)) mod m
® ab mod m = ((a mod m)(b mod m)) mod m

75



Tinh chia hét va phép toan médun

Péng du theo médun m

Ly thuyét sb cd ban
Béi tép 4 Hoang Anh Biic
Chitng minh rang néu @ = b (mod m) va ¢ = d (mod m), trong
déa,b,c,decZvameZthdbamanm > 2,thia—c=b—d
(mod m)

Baitap 5
T|’nh céc biéu thic sau
a) (—133 mod 23 + 261 mod 23) mod 23
(b) ((457 mod 23) - (182 mod 23)) mod 23
(c) (99% mod 32)3 mod 15
(d) (3* mod 17)2 mod 11

Baitap 6
Chttng minh réng tich clia ba s nguyén lién tiép bét ky chia
hét cho 6

75



Bi€u dién s nguyén

Biéu dién theo hé b-phan

m Thong thudng, chiing ta biéu dién céc s6 theo hé co so Ly thoyét s o3
(base) 10, st dung cac chir so (digit) tlr 0 dén 9 Hoang Anh Brte

m Ta c6 thé biéu dién cdc s theo hé co s b > 1 bat ky
m VGi moin,b € Z* (b > 1), ton tai duy nhat mét day
apag_1 ...a1ag g0mM cac chir sé a; < b (0 < i < k) thda
man X
n = akbk + akflbk_l + ak72bk_2 4.+ albl + ag = Z aibi Bidu dién theo hé b-phan
=0

Ta cling ky hiéu n = (arak_1 . ..aza1a0)p
m Mot s6 hé co s6 phé bién

m Hé co s6 10 (hé thap phan (decimal)): si dung 10 chit sb
0,1,2,3,4,5,6,7,8,9 (do chiung ta cé 10 ngdn tay)

m Hé co s6 2 (nhi phan (binary)): si dung 2 chit s6 0, 1
(duing trong tat ca cac hé théng may tinh hién dai)

m Hé co so6 8 (hé bat phan (octal)): s dung 8 chir sb
0,1,2,3,4,5,6,7 (tvong Ung voi cac nhom 3 bit)

m Hé co so 16 (hé thap luc phan (hexadecimal)): s dung
16 chir s6 0,1,2,3,4,5,6,7,8,9, A, B,C, D, E, F (tuong
ing v&i cac nhom 4 bit)

75



Bi€u dién s6 nguyén

Biéu dién theo hé b-phan

Vi du 4 (Phan quyén tép tin (file permission))
Ky hiéu sb trong hé bat phan sir dung dé biéu dién phan quyén
tép tin trong cac hé diéu hanh Linux

Théng tin tép trong Linux
1 hoanganhduc hoanganhduc 1085121 Oct 21 15:17 Basic_Number_Theory.pdf |

I -TW-r--I--

Thong tin thu muc trong Linux
3 hoanganhduc hoanganhduc 4096 Oct 21 15:24 Basic_Number_Theory |

| drwxr-xr-x

Phan quyén Phan quyén Phan quyén

Loai owner group public
L. O EE R R
]  [ll] [ I

Ky hiéu sb tuong Ung clia cic quyén r (read, doc), w (write, ghi), x (execute, thuc thi)

Phan quyén owner Phan quyén group Phan quyén public

r w X r w X r w X

400 200 100 40 20 10 4 2 1
IW-Ir——r—— 644
IWXY—Xr-X 755

Ly thuyét s6 co ban
Hoang Anh Biic

° Bidu dién theo hé b-phan

75



Bi€u dién s6 nguyén

Biéu dién theo hé b-phan

, - N Ly thuyét s6 co ban
Vidu5 (Ma maU) Hoang Anh Blic
Cac s6 trong hé thap luc phan dugc st dung dé biéu dién ma .
mau (color code) (nham dam bao cac mau sac duoc st dung T :
mét cach chinh xac) orth rpta v o o

ban

Déng du theo mddun m

Biéu dién sb nguyér
Biéu dién theo hé b-phan
©dng va nhan cAc sé nhi
phan

Bidu dién cdc sb nguyén

#DFFFO0 #FFBFOO #FF7F50 #DE3163 am theo hé nhi phan
223, 255, 0 255,191, 0 255, 127, 80 222, 49, 99 Tinh ldy thita modun

S8 nguyén t6

Usc chung 16n nhét

Phuong trinh dong du
Gidi thiéu

#9FE2BF #40EODO #6495ED #CCCCFF Dinh 1y phan du/ Trung Hoa
Dinh ly Fermat nhé

159, 226, 191 64, 224, 208 100, 149, 237 204, 204, 255

Hinh: Mét s6 ma mau tif trang https://htmlcolorcodes . com/
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Bi€u dién s6 nguyén

Biéu dién theo hé b-phan

Ly thuyét s6 co ban
Hoang Anh Buic

Chuyén s6 ti¥ hé b-phan sang hé thap phan (b > 1)

k
(agag—1...a1a0)p = Zaibi
i=0

m (101011111)5 =
1.2840-2741-2640-254+1-244+1-2341-224+1.21+1.20 = 351

|| (2AEOB)16 =
2-16* +10-16% +14-1624+0-16* + 11 -16° = 175627
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Bi€u dién s6 nguyén

Biéu dién theo hé b-phan

Ly thuyét s6 co ban

Chuyén s6 ti¥ hé thap phan sang hé b-phan (b > 1)

Hoang Anh Buic

(1) Tim gid tri cGa chit s6 ngoai cling bén phai bang cach
tinh n mod b

(2) Gann:=ndivd

(3) Lap lai cac budc (1) va (2) cho dén khin = 0

Bidu dién theo hé b-phan

n = bgo + aop n:=qo
= b(bq1 + a1) + ag
=b%q1 + bay + ag n:i=q

= bk(O + ax) + b rag_1 +...b%a5 + b%as + ba; +ag n:=0
=bFay + b Lagp_1 + ... b%as + b*as + bay + ag

Bai tap 7

Mb ta thuat toan trén bang gid ma
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Bi€u dién s6 nguyén

Biéu dién theo hé b-phan

Ly thuyét sb cd ban

Vidu6
) Hoang Anh B¢

(12345)19 = (7)s

12345 =8-1543 + 1

1543 = 8- 192 + 7 R stockosrootn

192=8-24+40
24=8-3+0
3=8-0+3

Do d6, (12345)10 = (30071)s
Bai tap 8 ST
(a) (177130)10 (?)2 e
(b) (177130)10 = (?)s
(C) (177130)10 = (?)16
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Bi€u dién s6 nguyén

Chuyén déi gitra cac hé nhi phan, bat phan, va thap luc phan

Ly thuyét s6 co ban

| chuyén déi gitra hé nhi phan va batthap luc phan |— | "*"°

m MGi chif s trong hé bat phan tuang ting véi mét khéi 3
bit trong biéu dién nhj phan

m Mbi chii sb trong hé thap luc phan tuong (ing véi mot

khéi 4 bit trong biéu dién nhi phan (%) i it e
Thapphan |0|1| 2|3 |4 | 5|6 |7 8 9 1011 ] 12 | 13 | 14 | 15
Thap lucphdn |01 2|3 | 4 | 5|6 |7 8 9 A|B|C|D|E|F
Bat phan Oj1(23]4 |56 | 7|10 |11 | 12| 13 | 14 | 15 | 16 | 17
Nhi phan 0[1]10]11)100 (101|110 | 111 | 1000|1001 | 1010 | 1011|1100 | 1101 | 1110 | 1111

(111110 1011 1111), = (3EBF)sg ,
TTT—I— (T e
1] Pinh Iy Fe
(A3D)y = (10T10 0011 1101),

75




Bi€u dién s6 nguyén

Chuyén déi gitra cac hé nhi phan, bat phan, va thap luc phan

Ly thuyét s6 co ban
Hoang Anh Buic

Bai tap 9

(a) (11111010111100)3 = (?)s (=) stsinteort i
(b) (11111010111100)2 = (?)16 o

(c) (765)s = (7)2

(d) (A8D)16 = (?)2

75



Bi€u dién s nguyén

Cong va nhan céc sb nhi phan

DE& cong hai s6 nhi phan a = (a,_1a,_2 . ..a1a0)2 Va R
b= (bn_1bn_2...b1bo)2 ?
m Cong hai chit sb nhi phan ngoai cung bén phai
0;0+b0:CO‘2+80, , -
trong do s la chir s6 ngoai cung bén phai trong biéu dién
nhi phan clia tdng a + b va nhd (carry) co
m Cong hai chit sb nhi phan tiép theo va nhé ;
a1 j_ b,l + cop=1¢C1- 2 + S1, i s:;sv?anhéncécsénhi
trong dd s, 1a chi¥ so tiép theo (tinh tir bén phai) trong biéu
dién nhi phan cla téng a + b va nhé ¢,
m Tiép tuc cdng hai chi s6 nhi phan tiép theo va nhd dé xac
dinh chit sé tiép theo (tinh tir bén phai) trong biéu dién nhi
phan cla téng a + b va nhé
m § budc cubi ciing, tinh
ap-1+byp1+cn2=cn1-2+ Sn—1,
va chit s6 dau tién trong biéu dién nhi phan cla téng a + b
la s, =cp_1
Thuattoan trénchotaa + b= (spSn—1---5150)2 -



Biéu dién s6 nguyén

Cong va nhan cac sb nhj phan

1
2
3
4
5
6

~

Ly thuyét s6 co ban
Hoang Anh Biic

Thuat toan 2: Cong hai s6 nhi phan
Input: & = (a1 ...a0)2,b= (by_1...bo)2: biéu dién nhi

phan clia cac s6 nguyén duong a, b
Output: s = (sp5n_1 ... 50): bidu dién nhi phan cla
s=a+b

procedure add(a, b): Gl v nhdn o o o
c:=0
forj:=0ton—1do

d:=[(a; +b; +¢)/2]

Sj :aj+bj+c—2d

c:=d

Sp i=2¢C
return (sg,s1,...,55)
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Bi€u dién s6 nguyén

Cong va nhan céc sb nhi phan

Vidu7

Céng hai s6 a = (10111)y va b = (11100),

10111 § 0 10111 ) 10111

+ nhé + nhé 0 + nhé 1
11100 11100 11100
1 11 011
v v
10111 10111
5 + nhé 1

+ nhé 1
11100

0011

11100
110011

Ly thuyét s6 co ban
Hoang Anh Buic

Cong va nhan cac sb nhj
phan
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Bi€u dién s6 nguyén

Cong va nhan cac sb nhj phan

Ly thuyét sb cd ban
D& nhan hai s nhi phan a = (a,—1a,—2...a1a)2 Va Hoang Anh Die
b= (bn_lbn_g C blbo)g, chu y, réng
ab = a(b020 + b121 + -+ bn,12n_1)

= a(b2°) + a(b12Y) + - - + a(bn_12""Y)

Phuong trinh nay cho ta céch tinh ab:

m Chuyrang ab; = anéub; = 1vaab; =0néub; =0

= MGi lan nhan mét s6 hang véi 2, ta dich chuyén biu dién
nhi phan cla 0 do sang trai mot don vj va thém 0 vao
dudi cla biéu dién. NGi cach khac, ta co thé thuqdu’cjg biéu
dién nhi phan cla (ab;)27 bang cach dich chuyén biéu
dién nhi phan clia ab; sang tréi j don vi va thém j sb 0 vao
duéi clia biéu dién

= Cubi cling, ta nhan dugc ab bang cach cong biu dién nhi
phan cla n so (ab;)2’ véi j € {0,...,n — 1}

@ Cong va nhan cac sb nhj
phan
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Bi€u dién s6 nguyén

Cong va nhan cac sb nhj phan

Thuat toan 3: Nhan hai s6 nhi phan

Ly thuyét s6 co ban
Hoang Anh Biic

Input: @ = (a1 ...a0)2,b= (by_1...bo)2: biéu dién nhi

phan clia cac so nguyén duong a, b

Output: biéu dién nhi phan clia p = ab

1 procedure multiply(a, b):

2
3
4

5

forj:=0ton—1do

if bj =1 then sl?;rg‘zvénhéncécsénhg
| ¢; == a sau khi di chuyén j don vi sang trai

else
L Cj =0

// coy...,Cn1 1@ cédc tich thanh phén

p:=0

forj:=0ton—1do
L p = add(p, ¢;)

return p
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Bi€u dién s6 nguyén

Cong va nhan céc sb nhi phan

Ly thuyét sb co ban

Vidu 8
Nhan hai sb a = (110), va b = (101),
110 110 110
X X X i reons vons
101 101 101 Qs
110 110 110 :
0000 + 0000
11000

11110



Bi€u dién s6 nguyén

Cong va nhan céc sb nhi phan

Ly thuyét s6 co ban
Hoang Anh Biic

Bai tap 10
Tinh téng va tich cac sb nhi phan sau L
(a) (1000111), va (1110111)s
m Két qua: Tong = (10111110), Tich = (10000100000001), im eare g
(b) (11101111)5 va (10111101),
m Két qua: Téng = (110101100)s, Tich = (1011000001110011),
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Biéu dién sb nguyén

Biéu dién céc sé nguyén am theo hé nhi phan

Ly thuyét sb co ban
Hoang Anh Biic

m Trong thuc hanh, ching ta can biéu dién khéng chi cac s6
duaong (positive integers) ma ca cac s6 4m (negative
integers)
m Khi sif dung “gidy va bit", cic s6 &m dugc thé hién bang  (x) sésinsssi e
cach thém dau “—” dang trudc b
m Khi st dung mdy tinh, tat ca cac loai dif liéu déu duoc biéu
dién trong hé nhi phan
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Bi€u dién s6 nguyén

Biéu dién cac s6 nguyén am theo hé nhi phan

Ly thuyét s6 co ban
Hoang Anh Biic

Biéu dién thong qua dinh dang dau-lvong (sign-magnitude
format)
m Bit ngoai cling bén trai dung dé biéu dién dau (0 la duong,
11a ém)
m Phan con lai biéu dién dd 16n (hay tri tuyét d6i) clia sb
m Mbt chudi nhi phan n bit c6 th bidu dién bat ky sb nguyen (& Szt
inaothéaman —(2"~ 1 —1)<i<2n 1 -1
m Vi du: biéu dién nhi phan clia 93 1& 01011101 va biéu dién
nhi phan cla —93 12 11011101
m Han ché: S6 0 ¢6 hai biéu dién nhi phan: 000. .. 00 (biéu
dién +0) va 100. .. 00 (biéu dién —0)
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Bi€u dién s6 nguyén

Biéu dién cac s6 nguyén am theo hé nhi phan

Ly thuyét sb cd ban
R R A s ea 2 ‘ ~ B Hoang Anh Biic
Biéu dién théng qua ky hiéu phan bu mét (one’s complement

notation)
m Bit ngoai cung bén trai dung dé biéu dién dau (0 1a duong,
11a am)
m Khi biéu dién bang ky hiéu phan bu mét, néu
“+a = (an_l - (l(‘))g thi —a = (an_l A ao)z, trong do
@n_1.--ap laphanblcla a, i ...ag thu dugc thdng qua  (x) B0 aincicshroun
tinh toan bang toan tir 16gic ~ (phd dinh) theo tirng bit o
m M6t chudi nhi phan n bit ¢é thé biéu dién bat ky sb nguyén
inao thdaman — (2"~ —1) <i<2n ! —1
m Vi du: biéu dién nhi phan clia 93 1a 01011101 va biéu dién
nhi phan cla —93 1a 10100010
m Han ché: S6 0 ¢6 hai biéu dién nhj phan: 00. .. 00 (biéu
dién +0) va 11...11 (biéu dién —0)
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Bi€u dién s6 nguyén

Biéu dién cac sb nguyén am theo hé nhi phan

Biéu dién thong qua ky hiéu phan bu hai (two’s complement
notation)

m Bit ngoai cuing bén trai dung dé biéu dién dau (0 1a duong,
11a éam)

m Khi biéu dién bang ky hiéu phan bu hai, néu
a=(an_1-..0a9)2 thi —a = (@,—1-.-ag)2 + 1, trong dé
@n_1..-a laphanbucla a,_; ...ao thu dugc thong qua
tinh toan bang toan t{ l6gic ~ (phu dinh) theo tumg bit

m Trong trudng hop nay, moét chudi nhi phan » bit ¢é thé biéu
dién bat ky s6 nguyén i ndo thda man —2—1 < < 271

Vidu 9 (VGin = 3)
Gia tri | Chubi 3-bit | Giatri | Chubi 3-bit
3 011 -3 101

2 010 -2 110
1 001 -1 111
0

000 —4 100

Ly thuyét s6 co ban
Hoang Anh Biic

Biéu dién cac sb nguyén
am theo hé nhj phan
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Tinh chia hét va phép todn mddun

Tinh ldy thtra médun

Ly thuyét sb co ban
Hoang Anh Biic

m Trong cac thuat toan ma hda hién dai, moét bai toan quan
trong 1a tinh b mod m mét cach hiéu qua ma khoéng can
s dung qud nhiéu bd nhd, dic biét 1a khi b, n,m la cdc sb
nguyén Ién

m Viéc tinh 5" ri tim s du khi chia né cho m 1a khéng thuc
té, do b™ c6 thé cuc 16n va ta sé can mot luong 16n bo nhé
chi dé luu gid tri cla b”

m Ta c6 thé tinh b mod m bang céch Ian Iuot tinh b* Tih iy
mod m cho k = 1,2,...,n, st dung tinh chét
b**+1 mod m = b(b* mod m) mod m. Tuy nhién, hudng tiép
can nay ciing khong thuc té, do ta can thuc hién n — 1
phép nhan cac s6 nguyén va n c6 thé rat I6n

m Ta trinh bay mét hudng tiép can hiéu qua dua trén biéu
dién nhi phan clan
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Tinh chia hét va phép toan médun

Tinh l0y thtra médun

Ly thuyét sb cd ban
Hoang Anh Biic
m Chuyrang
Biéu din nhi phan cla n
P~

- -
[ bak_12k_1+ak_22k_2+-~+a121+a020
- (kail)ak—l % (52"‘*2)@-4 X ex (B2 x (B27)00
m Chuing ta c6 thé tinh cac gia tri b2’ bang céch lién tuc binh | =0
phuyovng Tinh Iy thira médun
®m Sau d6 ta chi can nhan cac gia tri nay véi nhau dé tao
thanh mét tich thanh phan, tuy thudc vao a; cé bang 1 hay
khéng
m Quan trong I3, sau moi budc nhan, dé tang tinh hiéu quéa
va tiet kiém b nhd, ta cd thé lay mod m cla ket qua dé
tiép tuc thu'c hién tinh toan
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Tinh chia hét va phép toan médun

Tinh l0y thtra médun

Ly thuyét s6 co ban
Hoang Anh Buic

Vidu 10
Ta tinh 3%44 mod 645
644 =1x27+0x 22 +1x2"+0x20+0x2°+0x2*
+0x22+1x2240x2'+0x2°
3644 _ (329)1 x (328)0 % (:))2‘—)\ % (326)0 % (325)0 x (324)0
x (323)0 x (322)1 X (321 )0

Q Tinh ldy thita modun
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Tinh chia hét va phép toan médun
Tinh l0y thtra médun

Ta tinh cac gia tril32j mod 645 (1 < j < 9) bang céch lién tuc Ly;::::t::ht::
binh phuong va lay mod 645

32" mod 645 =9

32" mod 645 = (3%)% mod 645 = (32 mod 645)% mod 645 = 81
32° mod 645 = (32°)% mod 645 = (32" mod 645)2 mod 645 = 111
32" mod 645 = (32°)% mod 645 = (32° mod 645)2 mod 645 = 66 et
32" mod 645 = (32)2 mod 645 = (32 mod 645)% mod 645 — 486 = - .
3%’ mod 645 = (32")% mod 645 = (32" mod 645)% mod 645 = 126

3% mod 645 = (3%")? mod 645
32" mod 645 = (32")% mod 645 = (32" mod 645)% mod 645 = 81
32’ mod 645 = (32°)2 mod 645 = (32" mod 645)2 mod 645 = 11

mod 645)% mod 645 = 396
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Tinh chia hét va phép toan médun
Tinh l0y thtra médun

Ly thuyét s6 co ban
Hoang Anh Buic

Do do,

2

3644 110d 645 = (32 x 37 x 32°) mod 645
((((32 mod 645) x (37 " mod 645)) mod 645)
9

(32 mod 645)) mod 645 s i o
(((81 x 396) mod 45) x 111) mod 645 (25) Tion oy e mocun
= (471 x 111) mod 645

=36

X
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Tinh chia hét va phép toan médun

Tinh l0y thtra médun

Ly thuyét sb cd ban

Thuat toan 4: Tinh I0y thira modun nhanh Hoang Anh Bitc

Input: b: 6 Nguyén, n = (ax_1ax_z ... arag),: biéu dién nhi
phan clia s6 nguyén duang n, m: s6 nguyén duang
Output: ™ mod m

1 z:=1 // @& 1luu trit két qua
2 b2¢:=bmodm // ¥, d3u tién i =0
3 fori:=0tok—1do // x&t tit cd k bit cla n
4 if a; = 1 then nieeren e
5 L I (Jj bQZ mod m Tinh Iy thita mdun
6 b2i := (b2i - b2i) mod m /7 b2 =) (%)
7 return x
Baitap 11

St dung thuat todn tinh b mod m théng qua biéu dién nhj
phan cla n da mo ta & trén dé tinh 7544 mod 645
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Sb nguyén t6 va Udc chung 16n nhéat

S6 nguyén tb

Ly thuyét s6 co ban
m Mot s6 nguyén p > 1 1a mot sé nguyén t6 (prime number) Hoing Ao i
néu cac udc sd duang duy nhat clia p 1a 1 va chinh né
m Vidu:2,3,5,11,...
m Céac sb nguyén I6n hon 1 va khong phai 1a sb nguyén to
dudc goi la cac hop sé (composite number)
Bai tap 12
Chitng minh rang néu p 13 mét sb nguyén t6 va p | ab V6i
a,b€Z* thip|ahodcp | b. (Goiy: Gid st p 1 a, chitng minh
p | b. S&t dung Dinh ly Bézout (Binh ly 12)) sé dé cap & phan
sau.) Phat biéu trén cé ding véi p 1a hop s6 hay khong? Tai () sroments
sao?
Bai tap 13
S@ dung quy nap, hay chitng minh phat biéu téng quat: néu p
la mot s6 nguyén tb va p | ajas . . . an, trong d6 a; € Z V6i
1<i<mn,thip|a; véijnaodo (1 <j<n)
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S6 nguyén té va Uédc chung I6n nhat

Sb6 nguyén t6

Ly thuyét s6 co ban

Pinh Iy 7: Dinh Iy co ban ctia s6 hoc 1 Hoéing Anh Bilc

Moi s6 nguyén duong Io'n hon 1 co thé du’dc viét moét cach duy
nhét dudi dang mot s6 nguyén t6 hodc mot tich cla céc udc
nguyén tb ctia nd theo thi? t tang dan

Gaiy.

m Ta d& chung minh bang phu’dng phap quy nap: néun > 1
1a mot s nguyen thin co thé duoc biéu dién dudi dang
tich clia cac sb6 nguyén 6

m D& chi ra tinh “duy nh&t”, ta chitng minh béng phan () srouens
chitng: gia st s6 nguyén duong n > 1 ¢ thé dugc biéu
dién dudi dang tich cac s6 nguyén t6 theo hai cach, vi du
nhun = PP -Ps van=qqs. -q, trong do mOI i
(1<i<s)va q] 1<j<t)la mot sO nguyén t6 thda man
pr<py<---<p.vaq <go<--- < g S dung Bai
tap 13 dé chT ra mau thuan
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S6 nguyén t6 va Udc chung 16n nhéat

Sb nguyén tb

R P Ly thuyét s6 co ban
Dinh ly 8

Hoang Anh Biic

Néun € Z* la mét hop sb, thi n ¢6 mét udc nguyén tb nhé
hon hoac bang /n

Ching minh.

m Theo gia thiét, n € Z* Ia hgp s6, do d6 n cé mot udc s6 a
thda man 1 < a < n. Do dd, ton tai sO nguyén b > 1 sao
cho n = ab.

m Ta chiéing minh @ < \/n hodc b < +/n. That vay, gia st
a> \/nvab> /n.Suyra,ab> \/n- \/n=n, mau thuln () s
véi dinh nghia clia a,b. Do d6 a < \/n hodc b < /n, nghia =
12, n c6 moét udc sb 16n hon 1 va khéng vuot quéa /n (a
hoac b)
m Theo Dinh ly co ban clia sé hoc, udc sb6 nay la mot sb
nguyén t& hodc cé mot udc nguyén td6 nhd hon né. Trong
ca hai trudng hop, n cé mét udc nguyén t6 nhd hon hodc
bang /7 .



S6 nguyén t6 va Udc chung 16n nhéat

Sb nguyén tb

Ly thuyét s6 co ban
Hoang Anh Biic
[ Menh dé phan dao cla Pinh ly 8: Mot sb nguyen n>1la
so nguyen t6 néu né khong chia hét cho bat ky s6 nguyén
t6 n&o nhd hon hodc bang /n
m Tim céc sb nguyén t6 gilta 2 va n bang Sang Eratosthenes
(The Sieve of Eratosthenes)
(1) Viétcacsb 2,...,n vao mot danh sach. Gan i := 2
(2) BO di tat c& cac boi clia i trit chinh nd khéi danh sach
(8) Goi & 1a s6 nho nhat hién cé trong danh sach théa man
k> Gani:=k
(4) Néui > +/n thi dirng lai, ngugc lai thi quay lai budc (2) (+1) sbrawents
m Viéc kiém tra xem mot s ¢é phai 1a sb nguyén t6 hay
khong c6 thé dugc thuc hién trong thoi gian da
thiric [Agrawal, Kayal, and Saxena 2004] (da thiic cla sb
bit s&t dung dé mo ta s6 dau vao)
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S6 nguyén t6 va Udc chung 16n nhéat

Sb nguyén tb

Ly thuyét s6 co ban
Hoang Anh Biic

Dinh Iy 9 ]

C6 v6 han s nguyén té

Ching minh (theo Euclid).

m Gia sl chi ¢6 hitu han cac sb nguyén té py,po, . .., p,. Dat
Q=pip2...pn+1

m Theo Dinh Iy co ban clia s6 hoc, (a) Q la mét sb nguyén tb
ho&c (b) @ c6 thé dugc viet thanh tich clia it nhat hai s6
nguyén to (+2) sbrawents

m (a) dung: Do dé, Q la s6 nguyén t6. Theo dinh nghia,
Q¢ {p1,...,pn}, Mau thuan vdi gia thiét toan bo cac sb
nguyénto la py,...,pn

m (b) ding: Do dé, ton tai j thda man p,; | Q v6i1 < j < n.
Chay rang p; | (p1p2--.pn), vado do p; | (Q —pipz .- pn),
suy ra p; | 1, mau thuan vdi gia thiét p, la so nguyén to
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Sb nguyén t6 va Udc chung 16n nhéat

Udc chung 16n nhat

Ly thuyét sb co ban

m Cho a,b € Z va a, b khong déng thoi bang 0. Udc chung
I6n nhat (greatest common divisor) clia a va b, ky hiéu
ged(a, b), 1a s6 nguyén 16n nhét d théaman d | avad | b

m Céc sb nguyén a va b dudc goi la nguyén t6 cung nhau
(relatively prime hodc coprime) khi va chi khi ged(a, b) = 1

m Mot tap céc sb nguyén {ai,as, as, ..., a,} duoc goi la déi
mot nguyén té cting nhau (pairwise relatively prime) néu
mOoi Cap a;,a; V6i 1 < i < j < n languyén t6 cung nhau

m Néu cac sb nguyén duong a va b dugc phan tich thanh
tich cac s6 nguyén to

Hoang Anh Biic

a1, a2

an — b1 b bn S
a=pi'ps®...py b=pi'py>...p, (43) Ut chung lon it

trong do cac sb mii 1a cac s6 nguyén khong am (c6 thé
bang 0), thi

min(ay,b1) min(az,b2) min(an,bn
y2) <P ( )

ged(a, b) = py o
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S6 nguyén t6 va Udc chung 16n nhéat

Boi chung nhd nhét va lién hé véi Udc chung 16n nhéat

Ly thuyét s6 co ban

m Cho a,b € Z*. Bdi chung nhé nhét (least common
multiple) clia a va b, ky hiéu lem(a, b), 1a s6 nguyén nhd
nhat dthéamana | dvab|d

m Tap cac bdi chung cla a va b cé it nhat mot phan tk ab
m Tinh sap th tw tét: Moi tap con khac rdng clia Z* ¢6 phan
tl nhé nhat

m Néu a va b dugc phan tich thanh tich cac s6 nguyén t6

Hoang Anh Biic

a1, a2

b1 b
a=p{ps...pir b=plp .. pln

trong d6 cac s6 mii la cac s6 nguyén khong am (c6 thé
bang 0), thi

lem(a, b) = prlnax(a1,b1)pglax(a2,b2) p:ax(a"’b n) ) o
Pinh ly 10
VGia,b € Zt, ab= ged(a,b) - lem(a, b) ]
Baitap 15

Ching minh Binh ly 10
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Sb nguyén t6 va Udc chung 16n nhéat

Thuét toan Euclid

Ly thuyét s6 co ban
Hoang Anh Biic

B6 dé 11

Choa = bq+r Vdia,b,q,r 1a cdc sb nguyén. Ta co ged(a, b) =
ged(b, 7). Do do, ta clng cd ged(a, b) = ged(b, (a mod b))

Ching minh.

m Goi D, 1a tp céc udc sb chung clia a va b, véi cac sb
nguyén a, b bat ky. Ta chiing minh Dy, = Dy,

m D, C Dy, Gid st x € Dyp. Theo dinh nghia, z |ava z | b.
TheoBDinhly 1,z | (a —bg)vado dd = | r,suyrax € Dy, () veeonnginmi

m Dy, C D,y Gid st x € Dy,. Theo dinh nghia, z | bva z | r.
Theo Binhly 1,z | (bg+7r)vadodd x| a,suyraz € Dy,

® TU Dy, = Dy, ta ¢ ged(a, b) = ged(b, )
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Sb nguyén t6 va Udc chung 16n nhéat

Thuét toan Euclid

Ly thuyét s6 co ban

Hoang Anh Biic

Thuét toan Euclid |

Y twdng: S& dung dang thiic ged(a, b) = ged (b, (a mod b))

Vidu 11 (Thuét toan Euclid)
Tim ged(372,164)

ged(372,164) = ged(164, 372 mod 164) = ged (164, 44)
= ged(44, 164 mod 44) = ged (44, 32)
= gcd(32,44 mod 32) = ged(32,12)
= ged(12,32 mod 12) = ged(12, 8) (1) voconngn i
= ged(8,12 mod 8) = ged(8,4)
= ged(4, 8 mod 4) = ged(4,0)
=4
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Sb nguyén t6 va Udc chung 16n nhéat

Thuét toan Euclid

Ly thuyét s6 co ban
Hoang Anh Biic

Thuat toan 5: Thuét toan Euclid

Input: «, b: cac s6 nguyén duong
Output: ged(a, b)

1 x:=a

2 y:=0>

3 while y # 0 do

4 r:=x mody

5 Ti=y

6 Yy:=r (47) Use chung an nnit

~

return z // x = gcd(a,b)
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Sb nguyén t6 va Udc chung 16n nhéat

Thuét toan Euclid

Ly thuyét sb cd ban
Hoang Anh Biic

Bai tap 16

SU dung thuat toan Euclid dé tim
(a) ged(12,18)

(b) ged(111,201)

(c) ged(1001,1331)

Baitap 17

Chiing minh réng néu a, b, m la c4c s6 nguyén véi m >2va G il
a="b (mod m) thi gcd(a m) = ged(b,m). (Gl y: Chiing minh

tap céc udc chung clia a va m bang véi tap cac udc chung cla

bvam.)
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S6 nguyén t6 va Udc chung 16n nhéat

Udc chung 16n nhat va t6 hop tuyén tinh

Ly thuyét s6 co ban

Pinh ly 12: Dinh ly Bézout } Hoang Anh Biic

Cho céc sb nguyén duong a,b. Tén tai cdc sb nguyén s, t sao
cho ged(a, b) = sa + tb

m Céc sb nguyén s, ¢ théa man Dinh ly Bézout dugc goi 1a
cac hé sb Bézout (Bézout's coefficients) clia a va b
m Phuong trinh ged(a, b) = sa + tb dudc goi la dang thic
Bézout (Bézout’s identity)
Chuy:
m Chtng ta khdng trinh bay chiing minh cla Pinh ly Bézout
[ Chung ta sé dé cap hai phuong phap dé tim mot t6 hop () wosturgeneei
tuyen tinh clia hai sb nguyen bang véi udc chung 6n nhat
clia chiing (Trong phan nay, ta ludn gia thiét cac t6 hop
tuyén tinh chi cé hé s nguyén)
(1) Bingugc lai theo cac phép chia cla thuat toan Euclid
(2) Thuét toan Euclid md réng (The extended Euclidean
algorithm) 7



S6 nguyén t6 va Udc chung 16n nhéat

Udc chung 16n nhat va t6 hop tuyén tinh

Ly thuyét s6 co ban

Vi dU 12 Hoang Anh Buc
Biéu dién ged(252,198) = 18 dudi dang t6 hop tuyén tinh clia
252 va 198
m Thuét toan Euclid s&f dung céac phép chia nhu sau
m 252 =1-198 + 54
m 198 =354+ 36
m54=1-36+18
m36=2-1840

m Tacéd
18 = 54 - 1 N 56 @ L}dcchung\é"nha‘
=54—1-(198 —3-54)
=4-54—-1-198

—4.(252—1-198) —1-198
=4.252—5-198
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S6 nguyén t6 va Udc chung 16n nhéat

Udc chung 16n nhat va t6 hop tuyén tinh

1
2
3

0 N o o s

Ly thuyét s6 co ban
Hoang Anh Biic

Thuat toan 6: Thuét toan Euclid mé rong

Input: «, b: cac s6 nguyén duong

Output: (d,s,t): d = ged(a, b) va s, t théa man d = sa + tb
procedure ExtEuclid(a, b):

if b = 0 then

| return (a,1,0)
(d1, s1,t1) := ExtEuclid (b, a mod b)
d:= dl
S = tl Udc chung 16n nhat

t:=s1—(adivd) -t
return (d, s, t)
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S6 nguyén t6 va Udc chung 16n nhéat

Udc chung 16n nhat va t6 hop tuyén tinh

, Ly thuyét s6 co ban
Vi dU 13 Hoang Anh Biic
ExtEuclid (252, 198) = (18,4, —5)

Goi ExtEuclid(., -) a b d s t
1 252 | 108 | 18 | 4+ —5
2 198 | 54 |18 | 1< 4
3 54 | 36 |18 | 1./ —1
4 36 | 18 [ 18| 0.]71
5 18 0 [18] 1 [T0

Bai tap 18

Biéu dién udc chung I6n nhét clia cac cap sé sau dudi dang t6
hop tuyen tinh ctia ching

(@) 10,11 (d) 34,55

(b) 21,44 () 117,213

(c) 36,48 (f) 1023, 36

Udc chung I6n nhat
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S6 nguyén t6 va Udc chung 16n nhét

Udc chung 16n nhat va t6 hop tuyén tinh

Ly thuyét s6 co ban
Hoang Anh Buic

Dinh Iy 13

Cho céc sb nguyén duong a,b,c théa man ged(a,b) = 1 va
albe. Tacda|c

Ching minh.
m Theo DPinh ly Bézout, ton tai cac sb nguyén s, t théa man
ged(a,b) =1=sa+tb
m Do a | be, ta cling ¢6 a | the o anngion il
m Mat khac, a | sac
m Suyra,a| (tb+ sa)e,hay a | c
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S6 nguyén t6 va Udc chung 16n nhét

Udc chung 16n nhat va t6 hop tuyén tinh

Ly thuyét s6 co ban
Hoang Anh Buic

Dinh ly 14

Cho sb nguyén duong m va cdc sé nguyén a, b, c. Néu ac = be
(mod m) va ged(c,m) =1, thia=b (mod m)

Chdng minh.
®m Theo dinh nghia, do ac = bc (mod m), tacd m | (a — b)c

m K&t hop véi ged(c,m) = 1vaDinhly 13,tacém | (a —b), () weenmounmi
nghiala a =b (mod m)
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Phuong trinh dong du

Gidi thiéu

Ly thuyét sb co ban

m Mot phuong trinh déng du’ (congruence) ¢é dang Hoang Anh Bic
ar =b (mod m)

V6ia,beZ,meZt, vaxzlamotbién, dudc goi la mot
phurong trinh déng du tuyén tinh (linear congruence)
m Viéc gidi phuong trinh déng du nghia 13 tim gi4 tri clia
thda man phuang trinh dé
m Mot nghich ddo (inverse) clia a theo mddun m la bat ky s6
nguyén s nao théa man sa = 1 (mod m)
m Vidu, 51a mét nghich ddo clia 3 theo médun 7, vi5-3 =1
(mod 7)
m Déi khi ta ciing duing ky hiéu @ hoac a~! dé chi mét nghich
dao claa
m Chu y ring néu ta c6 thé tim dugc s théa man diéu kién
trén, ta c6 thé gidi az = b (mod m) bang cach nhan ca hai
vé Vdi s, nghta 13, saz = sb (mod m), suy ra xz = sb
(mod m)

Gidi thigu
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Phuong trinh ddng du

Gigi thiéu

Ly thuyét s6 co ban

Dinh ly 15

Hoang Anh Biic

Néu ged(a,m) = 1 vam > 1 thi ton tai nghich déo s cia a.
Thém vao do, nghich ddo nay la duy nhat theo médun m
Ching minh.
m Ton tai s6 nguyén s thda man sa = 1 (mod m)
m Theo dinh ly Bézout, ton tai cac s6 nguyén s, t thda man
sa+tm=1.Dodd sa+tm =1 (mod m)
® Dotm =0 (mod m),tacd sa =1 (mod m), vado do sla
mét nghich do cla a theo médun m
m Néu ton tai hai s6 nguyén s, théa man sa = 1 (mod m)
vara=1 (mod m)this=r (mod m)
n Nhéc lai: VGi cac s6 nguyén a, b, ¢ va s nguyén duong m, (%) s
néu ac = be (mod m) va ged(e,m) =1thia =b (mod m)
Bai tap 19 O
Chting minh rang néu ged(a, m) > 1 V6i a € Z bat ky vam > 2
thi khong ton tai mét nghich déo clia a theo médun m
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Phuong trinh ddng du

Gigi thiéu

Dinh ly 15 cho ta mét phuong phap tim mét nghich ddo cla LZ‘:::?::’:;:?”
a € Z theo mdédun m € Z* khi ged(a,m) =1vam > 1
Vidu 14

Tim mot nghich ddo cla 3 theo médun 7
(1) Tim céc sb nguyén s, tthéaman1=s-3+1¢-7

m Thuat todn Euclid tim wéc chung 16n nhét clia 3 va 7 bang
cach st dung phuong trinh

7T=2-3+1
m TU phuong trinh trén, ta cé

1=-2.3+1-7

Gidi thiéu

nghialas=—-2vat=1
(2) Theo Binh ly 15, s = —2 la mot nghich dao cla 3 theo
m&dun 7. Chu y rang moi s0 nguyén ¢ théamant = —2
(mod 7) (vi du nhu 5, 9,12, ...) déu la nghich dao cla 3
theo moédun 7 75



Phuong trinh ddng du

Gigi thiéu

Ly thuyét s6 co ban
Hoang Anh Biic

Vidu 15
Giai phuadng trinh 3z = 4 (mod 7)

m T vi du trudc, ta biét rang —2 1a mét nghich déo clia 3
theo médun 7. Nhan c& hai vé cla phuong trinh véi —2, ta
co

—2:3z=-2-4 (mod 7)

m Do—6=1 (mod 7) va —8 =6 (mod 7), néu x la nghiém
cta phuong trinh thi x = 6 (mod 7)

m That vay, véi moi 2 thda man z = 6 (mod 7)

3r=3-6=18=14 (mOd 7) @ G@tméu
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Phuong trinh dong du

Gigi thiéu

Ly thuyét s6 co ban
Hoang Anh Biic

Bai tap 20

Tim nghich dao clia a theo médun m vdi
(1) a=4,m=09

(2) a=19,m = 141

(3) a=55,m =289

(4) a=289,m =232

Bai tap 21

Giai cac phuaong trinh dong du
(1) 4z =5 (mod 9)

(2) 192 =4 (mod 141)

(8) 55z = 34 (mod 89)

(4) 89z =2 (mod 232)

@ Gidi thiéu
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Phuong trinh dong du

Gigi thiéu

Ly thuyét s6 co ban
Hoang Anh Biic

Bai tap 22

Cho cac s6 nguyén duang ms, ms, ..., m,, théa man m; > 2 va
ged(m;,mj) =1véimoii# jval<i,j<n.Ching minhrang
néua =b (mod m;) v6imoi 1 < i < n, thi a =b (mod m) vdi
m = mims...m,. (GOiy: Chitng minh vdi n = 2)

@ Gidi thiéu
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Phuong trinh dong du

Dinh ly phan du Trung Hoa

Ly thuyét sb co ban

Dinh /y phan du Trung Hoa (The Chinese Remainder Theorem) noi
rang néu cac modun clia mot hé céc phuong trinh dong du tuyén tinh
1a d&i mot nguyén té cting nhau thi hé phuong trinh cé nghiém duy
nhét theo médun tich clia cac mddun cla tiing phuang trinh

Hoang Anh Biic

A Binh ly 16: Binh Iy phén du Trung Hoa |

Cho cdc sb nguyén duong mi,ms,...,m, théa man m; > 2 vfé
ged(mg,mj) =1 vdimoii + jval<i,j<n.Cho cdc so nguyén bat
ky ai,as,...,a,. Hé phuong trinh

x=a; (mod m,)

x=as (mod my)

x=a, (modm,) (61) oinh 1 phin e Trung Hoa

co nghiém duy nhat theo médun m = myms ... m.,. (Nghia Ia, ton tai
mét nghiém z vdi 0 < x < m, va tat cd cdc nghiém khac dong du’ vdi
x theo médun m)

J
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Phuong trinh dong du

Dinh ly phan du Trung Hoa

, . A i Ly thuyét s6 co ban
Chung minh (ton tai). Hoang Anh DG
m Dat M; =m/m; (1 <i < n). Do dé ged(M;,m;) =1
m Theo Pinh ly 15, ton tai s6 nguyén y; sao cho y; M; = 1
(mod m;)
| Dét xr = Z?:l a;yiM; = a1y1 M7 + asyo Mo + - - - + anyn M,
® Do m; | My, v&i moi k # i, M =0 (mod m;), do dé
z = a;y;M; = a; (mod m;) véi moi i. Do d6 z la nghiém
cla hé phuong trinh da cho
o

Bai tap 23

Hoan thanh Chiing minh cla Dinh ly phan du Trung Hoa bang
cach chi ra nghiém z clia hé phuong trinh da cho 1a duy nhét
theo moédun m = myms ... m, (GQiy: Gia st x va y la hai
nghiém phan biét clia hé phuong trinh da cho. Ching minh
rang m; | (z —y) v6i moi 1 < i < n. S dung Bai tap 22 dé két
luan rang m | (z — y))

Dinh Iy phan du Trung Hoa
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Phuong trinh dong du

Dinh ly phan du Trung Hoa

Vi du 16 (St dung Chiing minh ctia Binh ly Phan du Trung LY';“%j‘j’:;?*
Hoa) joan ni uc
Giai hé phuong trinh

x=2 (mod 3)
z=3 (mod 5)
z=5 (mod?7)

Chu y: 3,5,7 1a day cac sb nguyén > 2 va doi mot nguyén tb cliing
nhau
B m=mimom3z=3-5-7=105
m M, =m/m; = 35 vay; = 21amot nghich ddo cla M; theo
modun m; =3
m My = m/my = 21 va y, = 1 1a mot nghich dao cla M, theo »
modun mo =5 @ Dinhy ;jnén du Trung Hoa
m M3 =m/ms3 = 15 va y3 = 1 la mot nghich dao cla M; theo
modun mg =7
=2 ayM;=2-2-35+3-1-21+45-1-15 =278 = 68
(mod 105)
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Phuong trinh dong du

Dinh ly phan du Trung Hoa

Ly thuyét s6 co ban

Vi dU 17 (Phu’dng phép thay ngu’O’C) Hoang Anh Biic
Giai hé phuang trinh

x=2 (mod 3) (1)

x=3 (mod 5) (2

z=5 (modT) (3)

m TU (1), ton tai t € Z sao cho = = 3¢ + 2

m Thay vao (2),tacd 3t +2 =3 (mod 5), suyra3t =1
(mod 5),do d6 ¢ =2 (mod 5). Do dd, ton tai u € Z sao cho
t=5u+2.Suyra,z=3t+2=305u+2)+2=15u+8

m Thay vao (3), ta cd 15u +8 =5 (mod 7), suy ra 15u = —3
(mod 7),do d6 u =4 (mod 7). Do dé, ton tai v € Z sao
chou="7v+4

m Suyraz = 15u+ 8 = 15(7v + 4) + 8 = 105v + 68. Do do,
x = 68 (mod 105)

@ Binh I phan du Trung Hoa
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Phuong trinh dong du

Pinh ly phan du Trung Hoa

Ly thuyét s6 co ban
Hoang Anh Biic

Bai tap 24

Gidi hé phuong trinh sau bang cac phuong phép da dé cap
x=1 (mod5)
x=2 (mod 6)

gz

z=3 (mod7) (6)
Bai tap 25
Giai hé phuaong trinh sau bang cac phuong phap da dé cap
z=2 (mod 3) (7) o
=1 (mod 4) (8) @ inh 1 phén d Trung Hoa

x=3 (mod 5)

—
©
-
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Phuong trinh dong du

Dinh ly phan du Trung Hoa

Ly thuyét s6 co ban
Hoang Anh Biic

Bai tap 26
Giai hé phuang trinh sau bang cac phuong phap da dé cap

=1 (mod 2) (10)
z=2 (mod 3) (11)
z=3 (mod5) (12)
z=4 (mod 11) (13)

Bai tap 27 .
Nhitng s6 nguyén nao chia 2 du 1 va chia 3 cling du' 1? (&) omvarinasongres
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Phuong trinh dong du

Dinh ly phan du Trung Hoa

Ly thuyét s6 co ban
Hoang Anh Biic

Bai tap 28 (x)
Giai hé phuang trinh

z=5 (mod 6) (14)
=3 (mod 10) (15)
r=8 (mod 15) (16)

Chu y: 6, 10, va 15 khéng dbi mot nguyén tb cung nhau

Bai tap 29 (»)
Giai hé phuang trinh

y = 51, _ 3 (mod 7) (17) @ &?\nhly;jnénduTvungHua
y=3z+2 (mod7) (18)
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Phuong trinh dong du

Dinh ly phan du Trung Hoa

Dinh Iy phan du Trung Hoa cho ta mot cach thuc hién céc tinh
toan soO hoc véi cac so nguyen I6n

m Theo Dinh ly, mét s6 nguyén a vdi
0 <a<m=mimsy...mytrong do ged(m;, m;) =1 Vi
moi i # j,1 < i,j < n, cé thé dudc biéu dién thong qua bd
(a mod my,a mod ma,...,a mod my)
m Dé thuc hién tinh toan véi cac s6 nguyén 16n dugc biéu
dién theo cach nay
m Thyc hién tinh toén’riéng biét cho ting bd
m M0i tinh toan cé thé dugc thuc hién trong cung mét may
tinh ho&c thuc hién song song
m Xuét két qua dau ra bang céch giai hé phu’dng trinh déng du

m Co the thuc hién khi m luén 16n hon két qué dau ra mong
mubn

75

Ly thuyét s6 co ban
Hoang Anh Biic

Dinh Iy phan du Trung Hoa



Phuong trinh dong du

Dinh ly Fermat nho

Dinh Iy 17: Dinh Iy Fermat nho | bt <beabin

Hoang Anh Biic

Néu p la mét s6 nguyén t6 va a la mot sé nguyén khong chia hét
cho p, thi a?=* = 1 (mod p). Thém vao dd, vdi moi s6 nguyén a,
facoa? = a (mod p)

Bai tap 30 (Chirng minh Dinh ly Fermat nhd)
Nhac lai: V&i cac sb nguyén a, b, ¢ va s6 nguyén duong m, néu
ac = be (mod m) va ged(e,m) =1thia=b (mod m)
(a) Gla stfa khong chia het cho p. Chiing minh rang khong c6 hai
s6 nguyén nao trong sb cac sb1-a,2-a,...,(p—1)-ala
déng du theo médun P
(b) Tu phan (a (a), két luan rang tich cac s6 1,2, ...,p — 1 dong du
V6i tich cac sb a, 2a, . .., (p — 1)a theo modun p. SU dung diéu
nay dé chiing minh réng (p—1)!'=a?"(p—1)! (mod p) : .
(c) Chi ra tir phan (b) rang a?~' =1 (mod p) néu a khéng chia (&) omy romtms
hét cho p. (Goi y: Xem lai phan chitng minh Binh Iy co ban
clia s6 hoc. Chitng minh p t (p — 1)! va 4p dung ménh dé trén)
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Phuong trinh dong du

Dinh ly Fermat nho

Ly thuyét s6 co ban
Hoang Anh Biic

Vi du 18 (Tim s6 du cla phép chia cho sb nguyén
t6)
Tim 7222 mod 11
m Theo Dinh ly Fermat nhd, ta ¢é 7'° =1 (mod 11)
m Do do, (71%)* =1 (mod 11) véi moi k € Z
m Mat khag, 7222 = 7102242 — (710)22. 72 = 49 = 5 (mod 11)
Bai tap 31
S¥ dung Binh ly Fermat nhd dé tinh
(@) 7'?! mod 13
(b) 231992 ;mod 41
(c) nghich dao clia 5° theo modun 41

@ Binh Iy Fermat nhé
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Phuong trinh dong du

Dinh ly Fermat nho

Ly thuyét s6 co ban
Hoang Anh Biic

Bai tap 32

(a) S¥ dung Pinh ly Fermat nhd dé tinh 52093 mod 7,
52903 mod 11, va 52993 mod 13

(b) S dung két qua tir phan (a) va Dinh Iy phan du Trung Hoa
dé tinh 52903 mod 1001 (Chu y rang 1001 = 7- 11 - 13)

Bai tap 33
S{r dung su trg gilip tir Dinh ly Fermat nhé, hay chiing minh
rang 42 la udc chan” —n

Binh Iy Fermat nhé
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Thuat toan ma hoa RSA

Méat ma khoa cong khai

Ly thuyét sb co ban

Hoang Anh Biic

m Trong mat ma khda bi mat (private key cryptography),
cung mot khda bi mat dugc st dung cho cé qua trinh ma
hoda va giai ma

m Théch thirc 16n nhat 12 /am thé nao dé trao doi khda bi mét
mét cach an toan

m Trong mat ma khda céng khai (public key cryptography)
hai khéa riéng biét dudc st dung: mot khéa dé ma héa va
mot khéa khac dé gidi ma

m Bat ky ai c6 khda cong khai déu cé thé ma hda thong diép,
nhung chi ngudi s hitu khéa bi mat méi cé thé giai ma

m Khi ngudi s& hitu khéa bi mat ma hda thong tin bang khéa
bi mat clia minh, bat ky ai ¢é khéa cong khai déu cé thé giai
ma va xac minh ngudn gbc thdng diép (Bay chinh Ia nguyén
ly cia chi¥ ky dién t(r) ;

m RSA 12 hé théng ma héa khda cong khai dugc biét dén va  ()]wreinmanse
st dung rdng rai nhat
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Thuat toan ma hdéa RSA

RSA - Rivest-Shamir-Adleman

Ly thuyét sb cd ban

m Chon hai sb nguyén t6 16n phan biét p, ¢ Hoing A b
mbatn=pgvak=(p-1)(¢-1)
m Chon s6 nguyén ethdaman 1 < e < k va ged(e, k) = 1
m Tinh nghich d&o d cla e theo médun k, nghia la de = 1
(mod k)
m Khoa cong khai: (n,¢)
m Khoa bi mat: (n,d)
m Ma hoa:
m Chuyén thong diép M cin ma héa thanh sb nguyén m,
0<m<n .
m Thong diép ma hda c dugc tinh bang ¢ = m® mod n (Viéc
nay c6 thé dudc thuc hién mot cach hiéu qua. Xem bai
giang trudc)
™ Giéi mé: ;gftloanméhéa
[ Tl'nhm:cdmgdn .
m Chuyén m tlit sb nguyén sang thong diép M ban dau
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Thuat toan ma hdéa RSA

RSA - Rivest-Shamir-Adleman

Ly thuyét s6 co ban

Vid u 19 Hoang Anh Buc

B =pg=43-59 = 2537, k = 42 - 58 = 2436
B Chone=13:1<e < kvaged(13,2436) = 1
® d = 937 la nghich ddo cla 13 theo médun 2436
m Khoa cong khai: (2537,13)
m Khoa bi mat: (2537,937)
Ma hoda va Giai ma
m Chuyén thong diép M = STOP gom cac chit cai thanh s6
nguyén bang cach gan méi chir cai bang thi tu trong bang
chir céi tiéng Anh trir di 1: ST = 1819 va OP = 1415
m 18193 mod 2537 = 2081 va 1415'3 mod 2537 = 2182
m Thong diép ma hda la 2081 2182
m Vi du néu nhan dugc théng diép 0981 0461
® 098197 mod 2537 = 0704 va 0461°37 mod 2537 = 1115 (g inmares
m Thong diép gidi ma la HELP
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Thuat toan ma hdéa RSA

RSA - Rivest-Shamir-Adleman

Tinh dung dan clia qué trinh giai ma.
Ta chiing minh néu ¢ = m® mod n thi m = ¢ mod n.
m Taco c? = (m®)? =m*? (mod n)
m Theo cach xay dung, ed =1 (mod k) v6i k = (p — 1)(¢ — 1). Do
dé ton tai s6 nguyén i thda man ed — 1 = h(p — 1)(q — 1)
m Ta xét m°® mod p. Néu p  m thi theo Dinh ly Fermat nhd, ta c6
med = mhp—1(a=1), — (mpfl)h(qfl)m

= 1"V =m  (mod p)

ed —

Néu p | m, tacé m* = 0 =m (mod p). Tém lai, m¢d = m
(mod p). Tudng ty, ta cé m*? = m (mod q)

m Do ged(p, ¢) = 1, st dung Binh ly phan du Trung Hoa, ta c6
me =m (mod pq)

m Do ged(p, q) = 1, theo Dinh ly Bézout, ton tai s, ¢ € Z théa man
sp+tg=1.Datz =m-sp+m-tqthi
zmodp=(m-sp+m-(1—sp)) mod p=mmodp.Suyraz=m
(mod p). Tuong tu, z = m (mod q)

m Theo Binh ly phén du Trung Hoa, z = m
(mod pg) =m (mod n)

¢ (mod pq), hay m® =m

]
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Ly thuyét s6 co ban
Hoang Anh Biic

Thuéat toan ma héa
RSA



Part |
Phu luc



NGi dung

Ly thuyét sb co ban
Hoang Anh Buc

Mét sé 16i thudng gap



Mét sb 16i thudng gap

Ly thuyét sb co ban
Hoang Anh Biic

Mét s6 16i thuding gap

Tham khdo t tai liéu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf)

(a) Sai lam khi lam cho a mod m trd thanh s6 am
m Vidy, —16 mod 5 la 4, khéng phai —1
m Tuong ty, phép chia lay nguyén a div m ludn dugc tinh
bang cach lam tron xuong. Vi du, —16 div 5 la —4, khéng
phai —3
(b) Nham lan gitraa/bvaa | b
m Déu gach chéo / 1a mét phép toan (phép chia), va két qua
clia phép toan la mét so. Vi du, 6/3 1a so 2


https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf

Mot s6 16i thudng gap (tiép)

Ly thuyét sb cd ban
m Dau gach ding | 1a dong tir clia mét cau. Viduy, 3| 6 1a Hoang Anh Biic
khéng dinh riing 3 1a udc sb clia 6; né khong ndi dén két Mot sb 16 thiing g3
qua cla viéc thyc hién phép chia
(c) Nham lan giira th tv trong biéu thivc o | b
m Viét a | b khi thuc sy mubn viét b | a. Blng la 3 | 6, nhung
khéng dung la 6 | 3
(d) L6i xem s6 1 1a s6 nguyén t6
= Day la van dé quy udc, nhung theo dinh nghia, s6 1 khong
phai la s nguyén t6 va ciing khdng phai 1a hgp so
(e) Quén rang moi s6 nguyén duwong déu la wéc cia 0
m Do d6 ged(a, 0) = a véi moi sb nguyén duong a. Vi du,
gcd(6,0) =6 ) )
m Tat nhién, 0 khéng la udc cla bat ky s6 khac 0 nao, va phép
chia cho 0 la khong xac dinh
(f) Khi thue hién thuat toan Euclid, s’ dung thuong cudi
cung la ket qua



Mot s6 16i thudng gap (tiép)

Ly thuyét s6 co ban
Hoang Anh Biic
A 2 M6t s6 I6i thudng gap
m Dung ra phai st dung so chia cudi cling lam udc chung 16n
nhéat, khong phai thuong cudi cling.
m Vi du, néu buéc cubi la chia 8 cho 4, cho thuong Ia 2 va sb
du 0, thi udc chung 16n nhét 1a s6 chia cudi cling (tic 1a 4)
chit khéng phai 1a thuong cubi cung (2)
(g) Gia dinh sai rang moi quy tac ding vdi dang thirc
cling ding v&i dong duw
m Vi dy, khong diing réng néu » = s (mod m), thi a” = a°
(mod m).
m Haythfvéim=3,a=2,r=1,vas=4.
m Ciing luu y ring du 8 = 14 (mod 6), nhung sé sai khi chia
ca hai vé cho 2 va khang dinh 4 = 7 (mod 6)



Tai liéu tham khao

Ly thuyét sb co ban
Hoang Anh Biic

Tai liéu tham khao

[ Agrawal, Manindra, Neeraj Kayal, and Nitin Saxena
(2004). “PRIMES is in P”. In: Annals of Mathematics
160.2, pp. 781-793. DOI:
10.4007/annals.2004.160.781.


https://doi.org/10.4007/annals.2004.160.781

1. Logic va Chidng minh

2. Cac chu tric co ban: Tap hop, Ham, Day, Téng

3. Quy nap va D& quy

4./Thuét t,oén,I: Mb ta, chéing minh, danh gid thuat todn; Tim
kiém va sap xép

5. Thuit toadn Il: Thuat todn tham lam, thudt toan dé quy

6. Ly thuyét s6 co ban

7. Cac phuong phap dém

8. Ly thuyét dd thi I: Gidi thiéu, Biéu didn db thi va su ding cAu,
Tinh lién théng

9. Ly thuyét do thi II: Dudng di ngdn nhit, D4 thi phing, T6 mau
dd thi

10. Ly thuyét db thj III: Cay
11. Dai sb Boole
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NGi dung

, R Céc phuong phép dém
Cac nguyén ly dém cad ban Hoaing Anh Bitc
Quy tac song anh )
Quy tac nhan va Quy tac céng
Nguyén ly bu trir
Quy tac chia
Nguyén ly chudng bd cau
Hoan vi, Chinh hop, T6 hop
Gidi thigu
Mét s6 dang thic t6 hop
Tam giac Pascal va Binh ly nhij thiic
Tam giac Pascal
Dinh Iy nhi thiic
Nguyén ly bu trir tong quat
Chinh hgp va t6 hgp suy rong
Mét sb vi du khéc
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C4c nguyén ly dém co ban

Quy tic song &nh

Cac phuong phap dém
Hoang Anh Biic

m Quy tdc song dnh (The Bijection Rule): Néu f : A — B la
mot song anh, trong dé A va B la cac tap hitu han, thi
Al = |B]

Vidu 1

m Cho tap hop U = {uy,us, . .., u,} gom n phan tir va tap
hgp 2* cac chudi nhi phan dé dai n

m f:P(U) — %, dugc dinh nghia nhu sau: Véi moi
AePU), f(A) =x122...7, trong d6 z; = 1 néu u; € A
vaz;=0néuu; ¢ A

m Do f la song anh (Tai sao?), |P(U)| = |3 (sO tap con
cla U bang vdi s6 chudi nhi phan do dai n)

Quy téc song dnh
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C4c nguyén ly dém co ban

Quy tac nhan va Quy tic cong

Cac phuong phap dém

m Quy tdc nhan (The Product Rule): Hoang Anh Diic
m Gia st mot cong viéc dugc chia nho ra thanh n giai doan
lién tiep nhau

® Giai doan thit 1 ¢6 m1 cach thyc hién

B VGi méi cach thuc hién giai doan th( 1, ¢ mo cach thuc hién
giai doan thet 2

m VGi méi cach thyc hién cac giai doan tht 1 va 2, cé mg cach
thuc hién giai doan thir 3

Quy téc nhan va Quy tac

...
m V6i mbi cach thuc hién céc giai doan thé 1,2,...,n — 1, ¢
my, cach thuc hién giai doan thi n
m Cé mims...m, cach thuc hién cong viéc
m Quy tdc coéng (The Sum Rule):
m C6 n bién phap khac nhau dé thuc hién mot cong viéc
m Cach thuc hién bién phap th( i luén luén khac cach thuc
hién bién phap thét j véimoii #jval <i,j <n
m Néu bién phép th i cé m; cach thuc hién (1 < i < n) thi ta
c6 my + msa + - - - + m,, cach thyc hién cong viéc

7



C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Céc phuong phép dém
Hoang Anh Biic

Céc quy tac dém co ban c6 thé dugc biéu dién theo ngdn ngir ‘
tép hdp Quy the nhan va Quy thc

m Quy tac nhan (The Product Rule): Cho céc tap hitu han o
Ay, As, ..., A, trong dO |A;] =m; vGi 1 <i<n.Tacd

|A1 ><A2><~-~><An|:|A1|-|A2|-...-|An|=m1m2...mn
m Quy tdc cong (The Sum Rule): Cho céc tap hitu han dbi

mot rdi nhau Ay, A, ..., Ay, (4; N A; = 0 vi moii # j,

1<i,j<n)vald;|=m;v6il<i<n.Taco

|[A1UAU- - UA, | = [A1|+]A2|+ - +]An| = mi+me+- - +m,
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Céc phuong phép dém
Hoang Anh Biic

Vi du 2 (Quy tac nhan) uperinss e
C6 bao nhiéu chudi nhi phan d6 dai 7?
m Gid st chubi z = 2125 . .. 7 1a mdt chudi nhi phan d6 dai 7
m Dé xay dung z, ta lan luot chon gia tri cho 1, zs, . . ., 27
m 0 2 cach chon z; (0 hoac 1)
m v3i méi gia tri cla 1, ¢6 2 cach chon z» (0 hodc 1)
: véi méi gid triclia z1, . .., xs, €6 2 cach chon z7 (0 hodc 1)

m Do d6 c6 27 chudi nhi phan d6 dai 7
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Céc phuong phép dém
Hoang Anh Biic

Vi du 3 (Quy tac nhan)
Tap hop n phantl S = {z1,22,...,x,} c6 bao nhiéu tap con?
m Mot tap con clia S ¢6 thé dugc xay dung thong qua n g
budc lién tiép
m chon z; hoac khéng chon
m chon z» hodac khéng chon
...
m chon z,, hodc khéng chon
m Mbi buédc cé thé dugc thuc hién bang 2 cach

m Do dd co 2" tap con clia S

Bai tap 1
C6 bao nhiéu ham f : A — B véi A va B lan lugt 12 cac tap
hitu han gom m va n phan ti?
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Céc phuong phép dém
Hoang Anh Biic

Vi du 4 (Quy tac cong)
M6t sinh vién c6 thé chon mét bai thiic hanh may tinh tir mot
trong ba danh sach tuang ting ¢ 23, 15, va 19 bai. Gia thiét
rang khéng c6 hai bai nao giong nhau. Cé bao nhiéu cach
chon bai thuc hanh?

m C6 23 cach chon bai thuc hanh tir danh sach thi nhat

m Co 15 cach chon bai thuc hanh tir danh séch tha hai

m Co 19 cach chon bai thuc hanh tir danh sach thi ba

m Do khéng c6 hai bai ndo giébng nhau, sé cach chon bai

thuc hanh 1a 23 + 15 + 19 = 57

Quy téc nhan va Quy tac
cong
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Vi du 5 (Quy tac cong) G ruongorép d
C6 bao nhiéu chudi nhi phan dé dai 7 ¢é chinh xac hai sb 1? oo ete
m Trong mét chudi nhi phan x5 . .. 27 d6 dai 7 ¢é chinh xac
hai 86 1 ° gunygéc nhan va Quy thc
m Ocdcvitriivajnaoddviil<i<j<T, zi=xz;=1
m Ocacvitrik ¢ {i,j}, zx =0
T T T3 Ty T ZTe xI7
Dol oo 0]
? J
m Ung v6i méi vi tri i clia sb 1 dau tién, c6 7 — i vi tri j c6 thé
cho s6 1 th(t hai
m V6ii=1,c67—1=6Iwachonchoj
...
m VGii=17,¢67—7=0Ilyachon cho j
m Theo quy tac cdng, s cac chudi nhi phan dé dai 7 c¢6 chinh
7 6

Xéchaisd11a» (T—i)=> i=6(6+1)/2=21

i=1 i=0 7




C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phép dém

VII dU 6 Hoang Anh Biic
Gid sl t&n céc bién trong mét ngon ngit 14p trinh chi ¢6 thé 1a
mot chir céi viét hoa hoac moét chir cai viet hoa theo sau béi
moét chir so. Gia st ta s{ dung bang chir cai tieng Anh va cac Quytho e uy e
chir s6 trong hé thap phan. Cé tat ca bao nhiéu tén bién trong
ngdn ngi 1&p trinh nay?
m Mot tén bién c6 dang = hodc za véi z € {4, B,..., Z} va
a€{0,1,...,9}
m Néu tén bién cé dang z, cé 26 cach chon gid tri clia =
m Néu tén bién c6 dang za, c6 26 cach chon gia tri clia =, va
(ing v6i moi gia tri clia z ¢6 10 cach chon gid tri clia a.
Theo quy tac nhan, co6 26 x 10 = 260 tén bién c¢6 dang z«a
m Theo quy tic cong

s6 tén bién = s6 tén bién dang = + s6 tén bién dang z«
= 26 + 260 = 286
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

, Céc phuong phép dém
Vi dU 7 Hoang Anh Buc
Céc dich vu rdt gon dudng dan (URL-shortening service) nhu bit.ly hay
tinyurl.com cho phép ngudi dung thu gon mét dudng dan dai thanh moét
day cac ky tu ngan hon rat nhiéu. Vi du dudng dan t6i bai gidng trén (0 et
trang web mén hoc https://hoanganhduc.github.io/teaching/VNU-H cong
US/2025/winter/MAT3500-3/Counting.pdf sau khi rut gon thdng qua
bit.ly Ia https://bit.1y/40TFUGF.

Gia st cac dudng dan sau khi rit gon gdbm cé https://bit.1ly/ kém
theo mot chudi 7 ky tu, mbi ky tu chi cé thé 1a mét chir sb thap phan, mét
chi cai viét hoa, hodc mét chii céi viét thudng trong bang chi cai tiéng
Anh. Dich vu bit.ly c6 thé cung cép t6i da bao nhiéu dudng dan rit gon?
m Mbi dudng dan tuong ting véi mét chudi ky tu 2125 . . . 27 trong d6
2, €C={0,...,9 U{A,...,Z}U{a,...,2},1 <i < 7 (Quy tac
song anh)
m C6 |C| =10 + 26 + 26 = 62 cach chon gia tri cho 21 (Quy tac cong)
m VGi méi gia tri clia 1, ¢6 |C| = 62 cach chon gia tri cho x>
n ...
m V6i méi gid tri clia =1, . . ., z6, 6 |C| = 62 céch chon gid tri cho =7
m Theo quy tic nhan, ¢é |C|7 = 627 = 3521614 606 208 dudng dan rut
gon
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C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

N Céc phuong phép dém
Bal tap 2 Hoang Anh Biic
Dia chi kiém sodt truy cdp phuong tién truyén théng (MAC
(media access control) address), hay con goi la dia chi MAC, la
mot dinh danh duy nhat dugc gan cho mot card mang (network Quy honhan va Ouy the
adapter), vi du nhu card mang c6 day (ethernet card) hoac
card mang khong day (wireless card). Dia chi nay gdm mot day
sdu cap cac chi s6 thap luc phan (nghia la cac chir s6 0, 1, 2,
3,4,5,6,7,8,9,A,B,C,D, E, F). Vidu, F7:DE:A1:B6:C4:33
la mot dia chi MAC. (Céc cap sb thudng dugc phan tach béi
d4u hai chdm.) C4 tat ca bao nhiéu dia chi MAC?

Bai tap 3

Theo quy dinh cla Bo Thong Tin & Truyén Thong Viét Nam, tat
ca céc sb thué bao dién thoai di dong can ¢6 10 chir b, trong

d6 ba chii s6 dau tién dai biéu cho nha mang cung cép dich

vu. Vi du, nha mang Viettel hién tai s& hitu 12 dau s6 di dong:
086, 096 — 098, va 032 — 039. Viettel cé thé cung cap t6i da

bao nhiéu sbé dién thoai di dong? .



C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phép dém
Hoang Anh Biic

Bai tap 4
Gia st mot mat khdu cho mot hé théng may tinh phai cé it nhat
8, nhung khéng qua 12 ky tu, trong d6 méi ky tu trong mat o e v uy e
kh&u 1a mot chii cai tiéng Anh viét thudng, mot chi céi tiéng o
Anh viét hoa, mét chit s6, hodc mot trong sau ky tu dic biét »,
>, < L+, va=.
(a) C6 bao nhiéu mat khau khac nhau ¢é sin cho hé théng
may tinh nay?
(b) C6 bao nhiéu mat khau trong sb nay chita it nhat mét lan
xuat hién cla it nhat mot trong sau ky tu dac biét?
(c) SU dung cau tra I6i clia ban cho phan (a), hay xac dinh
xem mot hacker sé méat bao 1au dé th(r tt ca cac mat khau
c6 thé, gia st rang hacker mat mot nano giay
(nanosecond) dé kiém tra mbi mat khau c6 thé. (Mot nano
gidy 1a mot phan ty giay, hoac 102 giay)
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C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phép dém
B‘a| tép 5 Hoang Anh Biic
Tén clia mot bién trong ngon ngl Iap trlnh C la mot chu0| co
thé chita céc chii céi viét hoa, chi cdi viét thudng, chir s6, Quy tohan va Ouy the
hodc dau gach dudi. Hon niia, ky tu dau tién trong chudi phai b

la mot chii cai, viét hoa hodc viét thudng, hodc dau gach dudi.

Néu tén clia mot bién dugc xac dinh béi tam ky tu dau tién, cé

bao nhiéu bién khac nhau cé thé dugc dat tén trong C? (Luu y

rang tén clia mot bién cé thé chia it hon tam ky tu.)

Bai tap 6

Tén clia mét bién trong ngdn ngir 1ap trinh JAVA la mét chubi
€06 do dai tu 1 dén 65535 ky tu (bao gbm ca hai gia tri), trong do
mai ky tu cé thé 1a mot chir cai viét hoa, mot chii cai V|et
thuding, dau do la ($), dau gach duéi, hodc mot chir s6, ngoai
trlr ky tu dau tién khong duoc 1a mot chir s6. Xac dinh sb luong
tén bién khac nhau trong JAVA
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C4c nguyén ly dém co ban
Nguyén ly bu trir

Cac phuong phap dém

m Nguyén ly bu trtr (Inclusion-Exclusion Principle): (hay Quy
tac trir (The Subtraction Rule))
m C6 hai bién phap khac nhau dé thuc hién mot cong viéc
m Bién phap tht nhat ¢é m cach thuc hién
m Bién phdp thi hai c6 n cach thyc hién :
m C6 k cach thyc hién déng thoi hai bién phép () romenyoure
m Sb cach thuc hién cong viéc la m +n — k
m Nguyén ly bu trir (Inclusion-Exclusion Principle): Cho cac
tap hitu han A, B trong do6 |A| = m va |B| = n. Tacé

|AUB|=|A|+ |B|—|AN B|

Hoang Anh Biic
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C4c nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phép dém
Hoang Anh Biic

Vidu8
C6 bao nhiéu chudi nhi phan dé dai 8 bat dau véi 1 hoic két
thuc véi 00?
m Goi A la tap cac chubi nhi phan dd dai 8 cé dang 1z, ...z () vewenysuw
(bat dau véi 1) va B 1a tap céac chudi nhi phan do dai 8 cé
dang z1z5 . .. 2600 (két thic véi 00)
m Tap céac chudi nhi phan d6 dai 8 bat dau véi 1 hoac két
thic v6i 00 1a AU B
m Theo nguyén ly bu trir, [AU B| = |A| + |B| — |AN B|
m |A[: S6 chui nhj phan do dai 8 ¢ dang 1z ... xs 2 27
® |BJ: $6 chubi nhj phan d6 dai 8 ¢6 dang z:1zs . . . 2600 1a 2°
[ | |,;1 N Bl: S6 chu6i nhi phan d6 dai 8 c6 dang 1z- ... z600 la
2
S6 chudi nhi phan do dai 8 bat dau véi 1 hoic két thic véi
0012 |AUB| =27 426 —2° =160
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C4c nguyén ly dém co ban
Nguyén ly bu tru

, Céc phuong phép dém
Vi dl_J 9 Hoang Anh Buc
o) ngan hang X, khach hang c6 thé s dung ma PIN (Personal
Identification Number) gdm 4 chit s6 thap phan dé truy cap tai khoan
tlr may rit tién tu dong thong qua thé rit tién. Ngan hang X dic biét
yéu cau cac ma PIN khong thé bat dau hoac két thiic véi ba chif s6 o
lién tiép giong nhau (vi du, day 7770 hoac 0111 la khéng hop 1€). Co
tat c& bao nhiéu day PIN khong hop 18?

m Goi S |a tap hop tat ca cac ddy PIN bat dau véi ba chir sb gibng

nhau va E 12 tap hop tat cd céc day PIN két thic véi ba chir s6
giébng nhau. Tap hop céc day PIN khéng hop 18 1a S U E
m Theo nguyén ly bu trir, |[SU E| = |S| + |E| — |SN E|
® |S|: Sb day PIN c6 dang zzay Véi z,y € {0,...,9} 12 10* (c6 10
cach chon x, va (ing véi méi gid tri clia = ¢d 10 cach chon y)
m |E|: Sb day PIN ¢6 dang zyyy véi z,y € {0,...,9} 12 10 (c6 10
cach chon x, va ing v6i méi gid tri clia = ¢6 10 cach chon y)
® |SN E|: MGt day PIN zyzt thugc SN E khivachikhiz =y =z
(thudc S) vay = z =t (thudc E), nghia la z = y = z = t. M6i day
thudc S N E do d6 cé dang zzzx va cé 10 day dang nay (c6 10 cach
chon z)
m Sb day PIN khéng hop 18 12 |S U E| = 102 + 102 — 10 = 190
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C4c nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phép dém
Vf dU 10 Hoang Anh Biic
C6 bao nhiéu chudi nhi phan dé dai 10 cé chira 00000 hodc 111117
m Goi A 1a tap céc chubi nhi phan d6 dai 10 c6 chira 00000 va B 1a
tap cac chudi nhi phan do dai 10 ¢é chita 11111. AU B la tap
chudi nhi phan d6 dai 10 c6 chita 00000 ho&c 11111 Nauyen 1 bi s
® Theo nguyén ly bu trir, |[AU B| = |A| + |B| — |AN B|
m Trudc tién, ta tinh | A|. M&i chudi nhi phan d6 dai 10 cé chita 00000
thudc chinh xac mét trong cac dang: 00000z¢x7x8T9T 10,
100000$7$8$9$10, T 10000055855955101 .731.13\2100000:1}93}10,
1222310000020, va r1192324100000 (Ién |Lfdt u’ng vai cac Vi tri
bat dau day 00000) (Tai sao?)
m Co 25 ChU6i dang 00000x6x7T8T9T10
m V6i mbi dang con lai, ¢ 2* chudi
m Dodd|A|=2°+5-2¢
m Tuong ty, |B| =2°+5-24
m Tap AN B c6 chinh xéc hai phan t(: 0000011111 va 1111100000
m Do do, |[AUB|=2(2°+5-2%) —2=1222
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C4c nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phép dém

Bé.| té.p 7 Hoang Anh Buc
C6 bao nhiéu chubi nhi phan dé dai 7 bat dau véi 00 hoac két
thuc véi 1117

Bai tap 8

M6t chudi doi xiing (palindrome) 1a mét chubi ky tu ma khi viét
ngugc lai tur phai sang trai thi chudi khéng thay doi. C6 bao
nhiéu chudi nhi phan dé dai » la chuoi doi xing?

Baitap 9

C6 bao nhiéu s6 nguyén duong nhd hon hodc bang 1000 thda
man

(a) 1a boicha 7

(b) 1abdichaca7vall

(c) 1a boi clia 7 nhung khéng 1a béi clia 11

(d)

(e)

Nguyén Iy bi trir

d) 1a bdi cla 7 hoac 1a bdi cla 11
e) khong la boi clia 7 va khéng la bdi ctia 11
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C4c nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phép dém
Hoang Anh Biic

Bai tap 10 () raoeny
C6 tht ca bao nhiéu s nguyén khong vugt qua 1000 1a binh

phuang hoéc lap phuang clia mot s6 nguyén duang?

Bai tap 11 ()

C6 bao nhiéu chubi nhi phan dé dai 8 ¢é chira 000 hodc 11117

(Dap an: 147)
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C4c nguyén ly dém co ban

Quy tac chia

. Cac phuong phap dém
m Quy tac chia (The Division Rule): Hoaing Anh Bifc
m Mot cong viéc ¢6 thé dugc thuc hién bang n cach
m VGi moi cach thuc hién w, cé chinh xac d trong n cach thuc
hién tuong dudng/cung loai v6i n6
m Sb cach khdc nhau dé thuc hién céng viéc 1a n/d
m Quy tac chia (The Division Rule): Néu A |a hop clia m tap
con déi mét khéng giao nhau, méi tap con cé d phan tl,
thi m = |A|/d
m Quy tac chia (The Division Rule): Néu B 1a mot tap hiiu
han va ham f : A — B gan chinh xac k phan t{f clia A cho
méi phan tt clia B, thi |A| = k - | B|

Vidu 11
m Trong mot dan clru, ngudi ta dém dugc n = 280 chan cliu
m Mbi con cliu w ¢6 chinh xac d = 4 chan
m S6 con cliu trong dan clru la n/d = 280/4 = 70

Quy téc chia
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C4c nguyén ly dém co ban
Quy tac chia

Vidu 12 Gé phuong phép dém
C6 bao nhiéu céch khac nhau dé sap xép cac sb 1,1,2? foino A e
m DAau tién, gia s hai s6 1 1a phan biét: 1, va 1,
m C6 3! céch s&p xép 3 sb phan biét

[ | Tuy nhlen khi 00| 1, va 1, la cung mét s6 1, vdi méi céch Quy the chia
sap xep cdc s61,1,2, ¢d chinh xdc 2 trong 3! cdch “ctng
loai”, vi du

m VGi cach sdp xép 1, 1, 2, c6 hai céch sdp xép tuong duong
3 (1a, 15, 2) V2 (1, 1a,2)
m Do d6, s6 cach sap xép khac nhau clia day 1,1,2 1a
31/2 =3

1o, 15,2 1p,14,2] 1,1,2

1a7 27 1b 1ba 2; la 17 27 1

2,1, 1, 2,151, 2,1,1
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C4c nguyén ly dém co ban

Quy tac chia

Céc phuong phép dém
Hoang Anh Biic

Vidu 13

C6 bao nhiéu cach khac nhau dé sap xep 4 nQuai ngoi quanh
mot ban tron? Biét rang hai cdch sap xép la glong nhau neu
méi ngLfd/ cO nguoi ng01 bén trai glong nhau va ngudi ngbi ben
phai giong nhau trong cé hai cédch sap xép. Vi du, hai cach sép
xép sau la gibng nhau

Quy tc chia

ny ns

Ty u») u») Ty
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C4c nguyén ly dém co ban
Quy tac chia

Céc phuong phép dém
Hoang Anh Biic

= Néu khéng co diéu kién gi thi c6 tat c 4! cach sép xép
m Chu y rang hai cach sap xép 1 gibng nhau neu khi ta xoay
ban sao cho n; nam & trén dinh thi ching gibng nhau

m Do dé, vdi méi cach sap xep 4 ngLfd/ quanh ban tron, co
chinh xdc 4 trong 4! cdch sap xép “cung loai”

m Theo quy tic chia, s6 cach khac nhau dé xép 4 ngudi
quanh ban tron la 4!/4 =6

ny Ny ng N3
n4©n2 n3©n1 n2©n4 nl©n3
ns3 N9 ny Ny

Hinh: Bbn céch s&p xép gibng nhau

Quy tc chia
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Cac nguyén ly dém co ban

Quy tac chia

Céc phuong phap dém
Hoang Anh Birc

Céc nguyén ly dém co
ban

Quy téc song 4nh

Quy tic nhan va Quy tic
cong

Nguyen Iy bl trir

Q Quy téc chia

Nguyén Iy chudng bd
cau
Hoan vi, Chinh hop,
T6 hop

Gidi thigu

Mbt sb déng thiic t5 hop
Tam gidc Pascal va
Binh ly nhi thic

Tam gidc Pascal

Dinh Iy nhi thirc

Nguyén ly bl trir tdng quét
Chinh hgp va t5 hgp
suy réng

Mét s6 vi du khac




C4c nguyén ly dém co ban

Quy tac chia

Céc phuong phép dém

Béi tép 12 Hoang Anh Blic
Gia sif hai cach sap xép 4 ngudi quanh mot ban tron Ia giong

nhau khi m0| ngu’dl ¢6 hai nguoi ngoi canh gidng nhau trong ca

hai cach sap xép khong quan tam la ngdi bén tral hay bén phai,

vi du nhu hai cach sép xép trong hinh sau 1a gibng nhau véi Quy téoia

gia thiét hién tai

n ny

Ny Uz Ty Ty

ng ng

nhung khong gidng nhau vdi gia thiét trong Vi dy 13. Trong
trudng hgp nay, cé bao nhiéu cach khac nhau dé sap xép 4
ngudi quanh mét ban tron?
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C4c nguyén ly dém co ban

Quy tac chia

Céc phuong phép dém
Hoang Anh Biic

Bai tap 13
Gia thiét rang hai cach sap xép la giéng nhau néu méi ngudi c6 (25) quyticona
ngu’dl ngoi ben tral va ngudi ngdi bén phai gibng nhau trong
méi cach sap xép
(a) C6 bao nhiéu cach khac nhau dé sap xép 5 ban nam va 5
ban nit ngdi quanh mét ban tron?
(b) C6 bao nhiéu cach khac nhau dé sap xép 5 ban nam va 5
ban ni* ngdi quanh mét ban tron sao cho nam va nir ngoi
xen ké nhau?
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Nguyén ly chudng bd cau

m Nguyén ly chuéng bé cau (The Pigeonhole Principle) (hay
Nguyén Iy Dirichlet (The Dirichlet Drawer Principle)): Néu k&
la mot sb nguyén duong va cé k + 1 con chim bd cau hoac
nhiéu hon dugc dat trong k chudng bd cau, thi cé it nhat
mdt chudng ¢é hai con chim bd cau hoidc nhidu hon

m Nguyén ly chuéng bé céu (The Pigeonhole Principle): Néu
mot ham f : A — B anh xa moét tap hitu han A véi
|A| > k + 1 dén mot tap hitu han B Véi |B| = k, thi f
khong 1a mot don anh (Nhac lai: f 1a don anh khi va chi
khi v6i moi z1, x5 € A, néu z1 # x5 thi f(z1) # f(22))

,-{ Cach ap dung nguyén ly chuong bo cau ]—

m X&c dinh xem cai gi dai dién cho “bd cau (pigeon)”

m X4c dinh xem cai gi dai dién cho “chuéng b cau
(pigeonhole)”

m Xé&c dinh cach “bd cau” dugc chia vao cac “chudng bd
cau”

Cac phuong phap dém
Hoang Anh Biic

Nguyén Iy chudng bd
cau

7



Nguyén ly chudng bd cau

Céc phuong phép dém
Hoang Anh Biic

Vidu 14
Trong mét nhém bat ky cé 367 ngudi, tai sao luén cé hai ngudi
trong nhdm ¢6 cung ngay sinh?
m Co tht ca 366 ngay sinh nhat (= “chudng bd cau”) va 367
ngudi (= “bd cau”), do dé cé it nhat hai ngudi cé cling (22 guyen'y chuéng b8
ngay sinh nhat

Vidu 15
Gia sir mot ky thi tinh cac diém s tir 0 dén 100, va moi diém s6
déu 1a s6 nguyén. Can bao nhiéu sinh vién tham gia ky thi dé
chéc chan cé hai sinh vién cé cung diém s6?
m C6 tht c& 101 diém sb (= “chudng”). Can it nhat 102 sinh
vién (= “bd cau”) dé chic chin c6 hai sinh vién cé cling
diém sb

7



Nguyén ly chudng bd cau

Céc phuong phép dém

m Nguyén ly chuéng bo cau téng quét (The Generalized
Pigeonhole Principle): Neu N con chim bd cau dugc dat vao k
chudng bd cau, vdi k la s nguyén duong nao do, thi ton tai
mot chudng c6 it nhat [N/k] con

Hoang Anh Biic

Vidu 16

m C6 N = 280 sinh vién (= “bd cau”) trong mét I6p hoc. Mét nam e
e 2 A , , A 2 \ s 4 Nguyén ly chuong bo
€O k = 52 tuan (= “chudng”). Do dé c6 mot tuan ma it nhat cau
[280/52] = [5.38] = 6 sinh vién cd ngay sinh nhat trong tuan
do
® Gid tri /0n nhat cla d |a bao nhiéu dé chac chan rang phat
biéu “Trong tat ca 145 sinh vién, c6 it nhat d sinh vién sinh ra
vao cung mot thang” la dung?
m Theo Nguyén ly chudng bd cau tng quét, trong 145 sinh vién (=
“bd cau”), c6 it nhét [145/12] = 13 sinh vién sinh ra vao cluing
mat thang (= “chudng”). Do d6, d = 13 théa man yéu cau dé ra
m Thém vao do, phdt biéu vdi d > 14 khéng ding vi cé thé xay ra
trudng hop cd 13 sinh vién sinh ra vao cung mét thang va cac
thang con lai méi thang c6 12 sinh vién sinh vao thang dé
m Do d6 d = 13 1a gid tri I6n nhat thda man yéu cau dé ra
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Nguyén ly chudng bd cau

Céc phuong phép dém
Hoang Anh Biic

Vidu 17
Chitng minh rang trong mét tap n + 1 s6 nguyén duong bét ky
nhd hon hodc bang 2n, ton tai mot sb 1a udc clia mot s6 khac
trong tap do
m Viét cac sb trong n + 1 s6 nguyén duong (30)Nauyen  chuéng b8
ai,as, ..., an, ane1 dudi dang tich cla mét Iy thira cla 2 -
va mot sb nguyen duong I&, nghia Ia, a; = 2bic; trong d6
b; > 0vac; < 2n (= “bd cau”) la mot sb nguyén duong 18,
vOil <i<n+1(Taisao?)
m C6 t6i da n s6 nguyén duong I (= “chudng”) nhd hon 2n.
(Tai sao?) Do dé, theo nguyén ly chudng bd cau, cé hai sb
Ciy Cj thda man C; :Cj,Vdi 1<4,5<n+1
|| SUy ra, a; = 2bici va a; = 2bfcj. Do dé, néu b; < bj thi
a; | a; va nguoc lai thi a; | a;
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Nguyén ly chudng bd cau

Céc phuong phép dém

Béi tép 14 Hoang Anh Biic

Gia st mot ngan th chi ¢6 hai loai tat mau den va trang, méi _

loai c6 12 chiec. Mot ngudi lay tat trong ngan t mét cach ngau

nhién trong bdng toi

(a) Can lay it nhat bao nhiéu chiéc tat dé chac chan cé hai Nauyén i chubng bd
chiéc cing mau? bén chiéc cing mau? cau

(b) Ca[I lay it nhat bao nhiéu chiéc tat dé chac chan c6 hai
chiéc mau den?

(c) Néu cé thém 12 chiéc tat mau nau nita trong ngan td thi
can lay it nhat bao nhiéu chiec tat dé chac chan c6 hai
chiéc cung mau?

Bai tap 15
Ching minh rang trong mot nhém n s6 nguyén bét ky, c6 hai
sO nguyén c6 cung so du khi chiachon — 1
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Nguyén ly chudng bd cau

Bai tap 16

Cé sau giéo su day toan rdi rac cd ban tai mét truong dai hoc.
Tt ca sau gido su déu sit dung cling mot dé thi cudi ky. Néu
diém thap nhat c6 thé dat dugc trong ky thi cu0| ky la 0 va dlem
cao nhéat c6 thé la 100 va cac diém sb déu la s6 nguyen thi can
c6 it nhét bao nhiéu sinh vién dé ddm bao rang c6 hai sinh vién
hoc cuing mot gido su dat dugc cling mot diém thi cubi ky?

Baitap 17 ()

Chitng minh rang véi bat ky cach xép 5 ban nam va 5 ban ni
ngdi quanh mot ban tron, ludn tim dugc mot ban (cé thé 13 nam
ho&c ni¥) ngdi giira hai ban nam (Gdl y: Chiing minh bang
phuong phap phan chu’ng Gid slt c6 cach xép théa man diéu
kién khong cé ban nao ngoi glu’a hai ban nam. Néu chia nhém
cac ban nam thi méi nhém cé t6i da bao nhiéu thanh vién?
Gilta cac nhdm nay can sép xép t6i thiéu bao nhiéu ban nir dé
khéng c6 ban nao ngdi giita hai ban nam?)

7

Céc phuong phép dém
Hoang Anh Biic

Nguyén Iy chudng bd
cau



Nguyén ly chudng bd cau

Céc phuong phép dém
B‘a.l tép 1 8 Hoang Anh Biic

(a) Chiing minh rang néu 7 s6 nguyén dugc chon tw tap
{1,2,.. 10} thi c6 it nhat hai cip trong s6 céc sb duogc
chon ¢6 téng bang 11. Néu ta chon 6 sb nguyén thay vi 7
thi két luan trén con ding khéng’? e
(b) Céan chon ra it nhat bao nhiéu so twrtap {1,2,3,4,5, 6} de ca O
chic chan rang trong tap cac sb da chon ¢ hal s6 c6 téng
bang 7?

Bai tap 19 ()

Ching minh rang trong mét nhém n ngudi (n > 2) co it nhat
hai nguoi cé cung so ngudi quen biét trong nhom

Bai tap 20

Chirng minh rang trong mot nhém 6 ngudi bat ky, luén co it
nhat ba ngudi déi mét biét nhau hoac déi mot khdng biét nhau
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Hoan vi, Chinh hop, T6 hap

Gidi thiéu

m Mot hodn vi (permutation) clia mot tap S gébm cac phan ti e b i
phan biét 1a mot day sap thit tu (ordered sequence) chiia e
mbi phan tlr trong S chinh xac mét lan

m Tap S = {1,2,3} c6 tat ca sau hoan vi: (1,2,3), (1,3,2),
(2,1,3), (2,3,1), (3,1,2), (3,2,1)

m Mot chinh hop chdp k (k-permutation) cia mot tap S la
mot day sap thi? tu k phan t& phan biét ctia S, trong dé k
la mét s6 nguyén théa man 0 < k < [S|

m Tap S ¢ tat ca sau chinh hgp chap 2: (1,2), (2,1), (1,3), o
(3,1),(2,3), (3,2) e

m Ky hiéu P(n, k) hoac P |a sé chinh hop chap k cta (mét

tap) n phan t

Dinh Iy 1

V&i moi s6 nguyén n > 1 va moi sbé nguyén k théa man
0<k<n
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Hoan vi, Chinh hop, T6 hop

Gidi thiéu

Céc phuong phép dém

Chli’ng minh Dlnh |y 1. Hoang Anh Biic
D& x4y dung mét chinh hgp chap k clia mot tap S gom n phan
tr, ta thuc hién mot day k budc chon cac phan ti phan biét
trong S dé xép vao k vi tri:
m Chon phan & xép vao vi tri thit 1: ¢ n cach chon
m V6i vi tri thit nhat da dudc xac dinh, chon phan i xép vao
vi tri th&r 2: ¢c6 n — 1 cach chon
m V6i hai vi tri dau da dugc xac dinh, chon phan tir xép vao -
vi tri tht 3: c6 n — 2 cach chon
| ...
m V6i k — 1 vi tri dau da dudc x&c dinh, chon phan ti xép vao
vi tri tht k: cd n — k + 1 cach chon
Theo quy tac nhan, cé tat ca

n-m-1))-n-2)-...-(n—k+1) = . chinh hop chap

n!
(n—k)
k cla mot tap n phan ti. o
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Hoan vi, Chinh hop, T6 hop

Gidi thiéu

Céc phuong phép dém

Vi dU 18 Hoang Anh Biic
C6 bao nhiéu hoa:n vi clia cac chit cdi ABCDEFGH cé chira
chuoi ky tu lién tiep ABC?
® S6 hoan vi c6 chira chudi ky ty ABC bang vé6i s6 hoan vi
cla tap gobm sau phan t: ABC, D, E, F, G, H
m Do dé, dap an la 6! = 720

Vidu 19 () i
Gia s ban can dén 8 dia diém khac nhau trong mét thanh phé
nao do. Ban bat budc phai xuat phat tr mot dia diém dinh san,
nhung c6 thé chon lan lugt cac dia diém con lai theo thir tu bat
ky. C6 bao nhiéu tht tu ban c6 thé chon dé den cac dia diém
nay?

® Dia diém d4u tién 1a cb dinh, con 7 dia diém con lai ¢6 thé

dugc sap thu tu tuy y
m Do dé, dap an la 7! = 5040
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Hoan vi, Chinh hop, T6 hop

Gidi thiéu

Vidu 20

Co bao nhiéu cach khac nhau de sap xep 4 nguoi ngO| quanh mot
ban tron? Blet rang hai cach sép xép la gibng nhau neu moi ngui
€06 ngudi ngm bén trai glong nhau va nguai ngdi bén phai gibng
nhau trong ca hai cach sap xép.

m Gid st ta muon sap xep n1,n2, N3, N4 quanh ban tron
m Dé ngu‘dl ngdi bén trai ludn gibng nhau va ngudi ngdi bén pha|
luén giong nhau trong ca hai cach sap xép, cach duy nhat dé
thu dugc mét cach sap xep ti mot cach khac giébng né 1a xoay
ban theo chleu kim ddng hd hoac ngugc chiéu kim dong ho.
m Do do6, dé s&p xép ny,ns, n3, ny quanh ban tron:
= Cb dinh vi tri clia n1: ¢6 1 cach (Chon ny & bat ky vi tri nao déu
giong nhau, do néu cé mét cach sap xép giong cach ban sl
dung nhung vi tri clia n, khong giong, ta cé thé xoay ban dé vi
tri clia n1 giong nhau trong ca hai cach sap xep)
B Sap xép n2,n3, ng VAo cac vi tri con lai: cd 3! = 6 cach
m Tomlai,ddpanlal-3!'=6

Céc phuong phép dém
Hoang Anh Biic

Gidi thigu
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Hoan vi, Chinh hop, T6 hap

Gigi thiéu

Céc phuong phép dém
Hoang Anh Biic

m Mét 16 hop chap k (k-combination) clia mot tap hop S 1a
moét déy khéng sap thit tu' k phan t& phan biét cla S,
trong do k 1a mét s6 nguyén théaman 0 < k < ||
m Mot t6 hop chap & cla S ciling 12 mét tap con k phan ti cla
S
m Tap S = {1,2,3} c6 ba t6 hop chap 2: {1,2}, {2,3}, {1,3}
m Ky hiéu C(n, k), C¥, hodc (}) (doc 1a “n chon k") 1a s6 t6
hop chdp k ctua (mot tap) n phan ti (@) came

Dinh Iy 2

V&i moi s6 nguyén n > 1 va moi sbé nguyén k théa man
0<k<n
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Hoan vi, Chinh hop, T6 hop

Gigi thiéu

Céc phuong phép dém
Hoang Anh Biic

Ching minh Dinh ly 2.
Dé xay dung mot t6 hop chap k clia mot tap S gdm n phan tlr:
m DAu tién, ta gia thiét rAng thit tu cac phan tl la quan trong,
va xay dung mot chinh hgp chép & clia S: ¢é P* cach
m Theo dinh nghTa, trong méi t6 hop chap k cla S, thit tu _
gilta cac phan tt 1a khong quan trong. N6i cach khac, moi
t6 hop chép k cla S tng vai chinh xac PF = k! chinh hgp
chép k c6 chita cung cac phan tl va chi khac nhau bdi thir
tu sap xép cac phan t
m Theo quy tic chia, sb t6 hop chap k clia S 1a

Gidi thigu

Ck_P_T’f_ n!
"PF o kl(n—k)

7



Hoan vi, Chinh hop, T6 hop

Gigi thiéu

VI’ du 21 Céc phuong phép dém
: Hoang Anh Biic
C6 bao nhiéu cach chon ra 7 quan bai khac nhau tr mot b bai ’
52 quan?
m Thu tu lya chon cac quan bai la khéng quan trong
52!

Tian 133784 560

m Do db, dap anla Cy, =

Vidu 22
C0 bao nhiéu cach chon ra 3 ban nam va 3 ban ni trong mot
nhom gdm 10 ban nam va 7 ban nit dé dai dién tham gia moét
budi hop mat?
m DAu tién ta chon 3 ban nam tU nhém 10 ban nam, sau dé
chon 3 ban nit tr nhém 7 ban ni
m C6 C3, cach chon ra 3 ban nam, va C% cach chon ra 3 ban
ni
m Ap dung quy tic nhan, cé téng cong
C3, - C3 =120 - 35 = 4200 céch

Gidi thigu

7



Hoan vi, Chinh hop, T6 hap

M6t sb déng thic t6 hop

Cac phuong phap dém
Hoang Anh Biic

Dinh Iy 3

VGi cdc sb nguyén n, k théa man 0 < k < n, ta cé

Ck _ Cnfk

Ching minh.
m Gid sl A la tap céc tap con k phén tir va B 1a tap cac tap
con n — k phan tif clia mét tap » phan t& X. Ham
f: A— Bchobgi f(A) = X\ Avdi A€ Alamotsong
anh (Tai sao?)
m Do dd, Ck = Ccn—+

Mot s déing thiic t8 hop

Bai tap 21
Chitng minh Binh ly 3 bang cong thiic da biét.
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Hoan vi, Chinh hop, T6 hap

M6t sb déng thic t6 hop

Céc phuong phép dém
Hoang Anh Biic

Ta c6 thé chiing minh hai vé clia mot dang thiic bing cach chi
ra ching dém cting mét déi tuong théng qua cdc phuong phap
khac nhau. Phuong phap chiing minh nay goi la phuong phap
dém bang hai cdch (double counting proof)

Trong Vi du 23, vGin, k > 2van > k + 2, ta st dung phuong
phap dém bing hai céch dé chiing minh dang thiic

@ Mbt s6 déng thitc t6 hop

k k— k— k
Cn - Cn—g = 2Cn—; + Cn72

7



Hoan vi, Chinh hop, T6 hap

M6t sb déng thic t6 hop

Vi du 23 (Bém bang hai cach) e
Gid sirn,k > 2 van >k + 2. Ta dém s6 cdch chon k s nguyén tir
tap {1,2,...,n} sao cho 1 va 2 khéng déng thoi dugc chon
m Cach 1:
m C6 CF tap con k phan t&f va khong ¢é han ché gi
m C6 C*~2 tap con k phén tl ¢6 chita déng thdi ca 1 va 2
m Cb dinh 1va 2, chon k — 2 phan tlf con lai tir tap {3,...,n}
m Do d6 dép anla Cck — CF~2
m Cach 2:
m C6 C*~1 tap con k phan tif chia 1 nhung khéng chia 2
m CO6dinh 1, chon k — 1 phan t con lai tir tap {3,...,n}
m Tuong ty, c6 C*~1 tap con k phan t& chita 2 nhung khéng chita
m é‘,é Ck_, tap con k phan tt khong chira cd 1 va 2
B Chon k phan ti tir tap {3,...,n}
m Do d6 dap anla2ck-1 +ck_,
Do do, Cf — Cr=3 =205+ C}_,

@ Mbt s6 déng thitc t6 hop

7



Hoan vi, Chinh hop, T6 hap

M6t sb déng thic t6 hop

Céc phuong phép dém
Hoang Anh Biic

Dinh Iy 4 ]

Gidslin>k>1.Tac6Ck =CF_ | + k1

Ching minh.
m C* la sb cach chon k phan tl tir thp » phan t&r {1,2,...,n}
m Dé chon k phantl tir {1,2,...,n}, ta cling c6 thé:
m Chon 1, va chon k — 1 phan tlt con lai tif tap {2,...,n}: c6 () or b e e
C*~1 cach chon
m Khong chon 1, va chon k phan tl tir tap {2,...,n}:cé CF_,
cach chon
Do dé, theo quy tac cong, cé C*_, + C*~1 tap con k phan
tr cla tap n phan ti
m Do dé, Ck = CF_| 4+ CF1

7



Hoan vi, Chinh hop, T6 hap

M6t sb déng thic t6 hop

Céc phuong phép dém
Hoang Anh Biic

Bai tap 22

Chitng minh Binh ly 4 bang cong thiic da biét

Bai tap 23

Sl dung Binh Iy 4, chiing minh dang thifc thu duge tir Vi du 23 () 1. S mes
sau

7



Hoan vi, Chinh hop, T6 hap

M6t sb déng thic t6 hop

Céc phuong phép dém

Bé.l tép 24 Hoang Anh Buc

(a) Chitng minh réng véi moi n > 0, Z ek =0
k=0

(b) Chitng minh bang phuong phap quy nap rang véi moi
m>0,> (-1 'Ck =1.(Gaiy: Ck = Ck_| +Ci7Y)

Bé] tép 25 @ Mﬁcsédéngthaclahap
Ching minh dang thiie Vandermonde (Vandermonde’s

Identity) sau
m+n ch ’L z

trong d6 m, n, k la cac sb nguyén khong am va k < min(m,n).
(Goi y: C6 bao nhiéu cach chon ra mot ban dai dién gom k
thanh vién t& mét 16p hoc ¢6 m nam va n nia?) -



Hoan vi, Chinh hop, T6 hap

M6t sb déng thic t6 hop

Céc phuong phép dém
Hoang Anh Biic

Bai tap 26
Ching minh rang véi moin > 0, » "(CK)? = Cy,,. (Goi y: C6

k=0
bao nhiéu chubi nhi phan doé dai 2n cé chinh xac n s6 0?)

Bai tap 27
z p ne1l 0 Mbt s6 déng thitc t6 hop
Chiing minh rang véi moin > 3, > C} = C3. (Goi y: C6 bao
k=2
nhiéu cach chon mot tap con gom 3 phan tlr a, b,  tif tap
{1,...,n} via < b < c? Xét cac truong hop cd thé xay ra vdi a)
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Tam giac Pascal va Dinh ly nhi thic

Tam giac Pascal

Cac phuong phap dém
Hoang Anh Biic

Bat dau véi n = 0, hang thit n cd n+ 1 phan tir: C°, C1, ..., C»

cf=1 Ci=1
=1 C;=2 C3=1
C9=1 Cl=3 C3=3 Cj=1
V=1 Cl=4 ?=6 C3=4 Cl=1 () e s
Hinh: Tam giac Pascal o

Pinh ly 3 va 4 ¢ thé duoc minh hoa bang tam giac Pascal
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Tam giac Pascal va Dinh ly nhi thic

Tam giac Pascal

M6t tinh chat khac clia tam giac Pascal & Céc phuong phap dém
N s Hoang Anh Buic
Dinhly 5

Vi moin > 0, téng cdc phan t & hang thu' n 1a

Ching minh.

m C* |a sb cach chon tap con k phan t tir mét tap n phan i

m Do d6, Y~ CF la s tap con clia mét tap n phan tir (42) Tomoicpasc
k=0 .
= Nhu ta da dé cap trong phan quy tac nhén, sb tap con clia
mot tap n phan tlr la 27
Bai tap 28 o
Chitng minh Binh ly 5 bang phuang phap quy nap. (Goi y: St
dung Binh ly 4) 7



Tam giac Pascal va Dinh ly nhi thic
Binh Iy nhi thirc

Cac phuong phap dém
Hoang Anh Biic

Bai toan: Khai trién (z + y)"
Vidu 24

(z+y) =1

( ) l-x+1-y

(x+y)?=1-22+2-zy+1-9°

( ) 12343 2%y +3- 22+ 1-4° inh 1

( V=12t +4- 2%y +6- 22y +4 -2y +1-y* ‘f‘"“'*‘"'“‘f“‘;ﬂ

Nhan xét: Cac hé sb khi khai trién (z + y)" (0 < n < 4) gibng
v@i cac hang tuong Ung trong tam giac Pascal

7



Tam giac Pascal va Dinh ly nhi thic
Dinh Iy nhi thic

Céc phuong phép dém

Dinh Iy 6: Dinh Iy nhi thirc |

Hoang Anh Biic

n

(z+y)" = Z Crgn=Fyk

k=0

Ching minh.
m DE nhan dugc mot sb hang =" ~*y* trong khai trién clia
(+y)" = (z+y)(x+y)...(x+y), tacanchon chinh xac
n —k sb 2 va k sb y ti n thira sb (z + y). (V&i méi thira sb,
chon chinh xac mét phan ti: hodc « hoic )

m Co6Cr* cach chon chinh xac n—k sb z
m Ung véi mon cach chonn —k s z, ¢6 chinh xac 1 cach
chon k s6 y tif k thira sb (z + y) con lai

m Do dé, hé sb cla =" Fy* la cn—F = CF
Bai tap 29 .
Chutng minh Binh ly 5 bang céch sl dung Dinh ly 6

Dinh Iy nhi thirc

7



Tam giac Pascal va Dinh ly nhi thic
Dinh Iy nhi thic

Céc phuong phép dém

VII dU 25 Hoang Anh Biic
Khai trién (z + 2)*
(x+2)4=0C0 -zt +C?. 2% .2V + O3 - 2% 2%+
+01-xt 224+ 0F 20yt
= ot + 823 + 2427 4 322 + 16
Vidu 26
Tinh (1.02)7 1am tron dén chii s6 thap phan thit 4
(140.02)"=C2-1" + C}-1%.(0.02) + CZ - 15 - (0.0004)
+C3-1*-(0.000008) + ...
=1+ 1.14 + 0.0084 + 0.00028 + . ...
~ 1.14868 ~ 1.1487

Dinh Iy nhi thirc

Chu y: D& lam tron dén chir s thap phan thit 4, ta can tinh
toan dén chir s6 thap phan thi 5 7



Tam giac Pascal va Dinh ly nhi thic
Dinh Iy nhi thic

Céc phuong phép dém

Bai tép 30 Hoang Anh Bic
Chung minh rang véi moin > 0, » " 2FCF = 3"
k=0
(a) bang cach &p dung Binh ly nhi thitc (Dinh ly 6)
(b) (x) bang phuong phap dém hai 1an (Goi y: C6 bao nhiéu
cach xay dung mot chudi n ky tu chi sit dung cac ky tu
A, B, C thda man diéu kién cé chinh xac n — k ky tu A?)

Bai tap 31

Tim hé sb

(a) cla z7 trong khai trién clia (1 + =)' N
(b) clha z? trong khai trién clia (2 — z)'°

) S » 1\ s
(c) (x) clia z* trong khai trién cla (z + E) , trong dé k la

mot s6 nguyén

7



Tam giac Pascal va Dinh ly nhi thirc

Nguyén ly bu trir t6ng quét

A Binh Iy 7: Nguyén Iy b trir téng quat | .

Vi cdc tap hitu han Ay, A, ..., A,

UAk :Z( Z 1)k}71 mA1>
k=1 k= {I|IC{1,....,n}A|I|=k} i€l
= (=1)°Asl + (- )O|A2|+"'+(—1)O|An|
(=141 N A + -+ (—1) | Ap_y N A

+ + +

(=)™ HA N AN ---N Ay,

Bai tap 32
(a) Khaitrién |4, U---
VvGin € {1,2,3,4}

(b) Theo nguyen ly bu trlr t6ng quat, JATU-
trién thanh téng clia bao nhiéu sb hang'?

U A, | theo nguyén ly bu trif tdng quat,

.U A,| duoc khai

Cac phuong phap dém
Hoang Anh Biic

e Nguyeén Iy bis trir tdng quat

7



Tam giac Pascal va Dinh ly nhi thiic
Nguyén ly bu trlr tdng quat

al tap 33 Céc phuong phép dém
C6 345 sinh vién tai mét trudng dai hoc da hoc khéa gidi tich, Hoang Anh Bie
212 sinh vién da hoc khda toan roi rac, va 188 sinh vién da hoc
ca hai khda giai tich va toan roi rac. Hoi ¢ bao nhiéu sinh vién
da hoc it nhat mét trong hai khéa gidi tich hodc toan roi rac?
Bai tap 34
Mot khéo sat cac hd gia dinh & Hoa Ky cho thdy 96% c6 it nhat
mot chiéc tivi, 98% c6 dich vu dién thoai, va 95% cé ca dich vu
dién thoai va it nhat mot chiéc tivi. C6 bao nhiéu phan tram ho
gia dinh & Hoa Ky khéng c6 ca dich vu dién thoai 1an tivi?
Bai tap 35
Mét bao céo tiép thi vé may tinh ca nhan cho biét 650 000 chl Nouyen i s 60 vt
s& hitu sé mua mot may in cho may clia ho trong nam tdi va
1250000 s& mua it nhat mot géi phan mém. Néu bao céo cho
biét 1450000 chii s hitu s& mua may in hodc it nhat mot géi
phan mém, hdi cé bao nhiéu ngudi sé mua ca may in va it nhat
mot g6i phan mém? .



Tam giac Pascal va Dinh ly nhi thic
Nguyén ly bu trlr tdng quat

Céc phuong phép dém
Hoang Anh Biic

Bai tap 36

(a) Tim s6 céc sO nguyén duong khong vuot qua 100 ma
khéng chia hét cho 5 va cling khéng chia hét cho 7.

(b) Tim s6 cac sb nguyén duang khong vugt qua 1000 ma
khong chia hét cho 3, 17 hoac 35.

(c) Tim sb cac s6 nguyén duong khong vugt qua 10000 ma
khéng chia héet cho 3, 4, 7 hoac 11.

@ Nguyeén ly b trir tdng quét

7



Chinh hgp va t6 hgp suy réng

Cac phuong phap dém

m M6t chinh hop Iap chap k (k-permutation with repetition)
clia mot tap S 1a mot day sap thi tu k phan tlr clia S trong
d6 cac phan ti cd thé Iap lai

m Mét t6 hop Idp chdp k cia mot tdp S (k-combination with
repetition) clia mot tap S 1a mét day khéng sap thu tv k
phan tf clia S trong dé céc phan ti cd thé Iap lai

Hoang Anh Biic

Vi du 27
Xéttap S = {a,b,c,d, e} vGi |S| = 5.
® (a,a,b,c,d e), (a,b,a,c d,e),va (e, e e e e e) déula cac
chinh hgp I&p chép 6 cla S
® {a,a,bc d e}, {a,b,a,cde},va{ee e e e e} déulacac oioh it
10 ho‘p Iép Chép 6cla S Chinh hqpv‘atéhcjp‘
lCaCday{aabcde} {e.d,c,b,a,a}, {a,e,a,d,c,b}, . e
déu bleu dién cung mot t6 hop lap {a a,b,c,d, e} (co phan
t0r @ xuat hién hai 1an va cac phan ti b, ¢, d, e xuat hién
mot Ian)

7



Chinh hgp va t6 hgp suy rong

Dinh Iy 8

Sé chinh hop I3p chdp k ctia mét tdp n phan ti 1a n*

Ching minh.
M6t chinh hop I3p chap k clia mot tap n phan tl c6 thé dugc
xay dyng nhu sau:
m C6 n lya chon cho vi tri thit nhét
m V6i mbi lwa chon cho vi tri thit nhat, c6 n Iwa chon cho vi
tri th hai
...
m V6i mdi lua chon cho cac vi tri thi nhat, thit hai, . . ., thi
(k —1), ¢6 n lya chon cho vj tri thi &
m Theo quy tac nhén, c¢6 n* cach xay dung mét chinh hop
lap chap k clia mot tap » phan ti

Céc phuong phép dém
Hoang Anh Biic

Chinh hop va t8 hop
suy rong

7



Chinh hgp va t6 hgp suy rong

Céc phuong phép dém
J Hoang Anh Biic

Dinh Iy 9

S6 16 hop Iap chap k cia mét tap n phan tir 1a C 7

Chuiing minh.
m MGi t6 hop I3p chap & i tap n phan ti ¢6 thé bidu dién bang mot day
n — 1 thanh ding va k ngdi sao
m Tadung n — 1 thanh ditng dé phan cach céc ngén
m Ngin th( i chita thém mot ngdi sao mbi 1an khi phan tlr thi i clia tap
xuét hién trong t6 hop
m Vi du, mot t6 hop I3p chap 6 clia tap 4 phan ti dugc biéu dién bdi

sk | % || % ok ok

la mét 6 hop chita dung hai phan tir tht nhat, mot phan i thi hai,
khéng phan ti thi ba, va ba phan t thi? tu clia tap 4 phan &
m D& xay dung mét day n — 1 thanh diing va k ngdi sao, trudc tién ta
chon vi tri cho k ngdi sao trong day n + k — 1 ky tu va sau dé dién céc gjy‘”rg:;’”é @ hop
thanh diing vao n — 1 vj tri con lai )
m S6 cach chon vi tri cho k ngdi sao trong ddy n + k — 1 ky tu la CFns
m S6 cach dién cac thanh ditng vao céc vi tri con lai la 1
m Do d6, sb céc day thanh diing va ngéisao la C%,, , = Cr} |



Chinh hgp va t6 hgp suy rong

VI’ du 28 Céc phuong phép dém
. - ” , N n .. Y x. ” Hoang Anh Biic
C6 bao nhiéu cach dé 6 qua béng vao moét tui, biét rang moéi qua ?
bdng chi cé thé cé mau dd (R), xanh 14 cay (G), hodc xanh da troi
(B)?
m 6 qué bdng tng vdi 6 ngdi sao, va 2 thanh diing phan cach
thanh ba ngan (&ng véi cac mau do, xanh 1a cay, xanh da trdi
m Lyachon [R, R, G, G, G, B] ng v&i day =x | * * * | *
m Lyachon [R, B, R, R, B, R] ng v&i day * x #x || *x
m Sb cé4ch dé 6 qua bong vao tuila C5 ¢, = 28
Vidu 29
Phuang trinh z; + 25 + 23 = 11 ¢6 bao nhiéu nghiém nguyén théa
man 1> 0,20 >0, V‘a.Tg 207
m Mbi nghiém clia phuong trinh (ing véi mét cach dé 11 qua (s0) Crinh hop va 16 hop
bong vao 3 hop gan nhan xy, x, 3 surong
® SO nghiém nguyén khdéng ém\cﬂa phuang trinh chinh la t6
hop 1ap chap 11 clia tap 3 phan ti: C3;_; = 78

7



Chinh hgp va t6 hgp suy rong

Céc phuong phép dém
Hoang Anh Biic

Dinh Iy 10

Cho phuong trinh zy + x3 + - T, = kvoin>1vak >0,

s6 nghiém nguyén khéng &m ctia phuong trinh nay (hay s

bé (z1,xa,...,x,) théa man phuong trinh, trong dé z; € N) la
1

m MGi nghiém clia phuong trinh (ing v6i mot cach dé k qua
bdng vao n hop gan nhan x,zs, ..., z,

m S6 nghiém nguyén khong am clia phuong trinh chinh 12 t6 _
hop lap chap k cha tap n phan ti: C7' ), (1) i hop va 1 hop

suy rong

m Chuy: 21,2, ..., 2, |a céc s6 nguyén khéng 4m

7



Chinh hgp va t6 hgp suy rong

Céc phuong phép dém
Hoang Anh Biic

Vidu 30
Phuong trinh z1 + 2 + 23 = 11 ¢ bao nhiéu nghiém nguyén
théa man z; > —2, z, > 1, va z3 > 0?
m Ta x4y dung mdt phuong trinh mdi ¢d dang téng cia cac
s0 nguyén khéng &m nhu 6 vi du trudc
mTacoz+2>0vaze—1>0
] D’é.tx'l =z +2>0vazh=22—-1>0
m S0 nghiém nguyén clia phuong trinh a1 + 22 + x5 = 11 thda
man z; > —2, x2 > 1, va x3 > 0 cling la s6 nghiém nguyén
khong &m cla phuong trinh 2} + 25 + 3 = 11+2—1 = 12 . 1o
m Sb nghiém thda mén diéu kién 1a 371, | =91 (@ cnio o va érp

suy rong

7



Chinh hgp va t6 hgp suy rong

Vi du 31 s
Phuong trinh 1 + 2 + 23 = 11 ¢ bao nhiéu nghiém nguyén
thdaman 0 < z; <2, 29 > 0, 23 > 0?
m Ta dém s6 nghiém thda man
mr >0,z2>0,23>0
B >3,20>0,23>0
S6 nghiém théa man 0 < z; < 2, x5 > 0, 23 > 0 & 1a hiéu
cla hai so trén
m C6 Ci1,,_, = 78 nghiém nguyén thda man z; > 0, z» > 0,
z3 > 0. Co C§,5_; = 45 nghiém nguyén théa man z; > 3,
x5 > 0, z3 > 0. Do d6, két qua 1a
Citio1 — Ciys1 =78 -45=33
Bai tap 37
Dém s6 nghiém nguyén clia z; + x» + z3 = 11 théa man
0 <z <2,29 >0, xz3 > 0 mot cach truc tiép bang cach xét
ting truong hgp 1 =0, 21 = 1,vaxz; =2 -

Chinh hop va t8 hop
suy rong



Chinh hgp va t6 hgp suy rong

A Binh Iy 11

S6 hodn vi phan biét ciia n phan tir trong d6 ¢d ny phan tir
giong nhau thudc loai 1, ny phan t giong nhau thudc loai 2,

. 2 2 LA A . N n!
..., vany phan tu giong nhau thudc loai k, la
nilng! ... ny!

,[ Dinh Iy 12
Sé cdch chia n vat khdc nhau vao trong k hép sao cho cd n;
do vét dugc dat vao hop thii, véii = 1,2,... k la
n!
nilng! ... ny!

Céc phuong phép dém
Hoang Anh Buic

Chinh hop va t8 hop
suy rong

7



Chinh hgp va t6 hgp suy rong

Céc phuong phép dém

VII dU 32 Hoang Anh Biic
C6 bao nhiéu chudi ky tu phan biét thu dugc bang cach sap
xép lai tht tu cac chir cai trong chuéi SUCCESS?
m Sb chubi ky tu chinh 1a sb hoan vi phan biét clia 7 ky tu,
trongddcé3kytuS,2kytu C, 1kytw U,va1kyty E

m Do do, c6 tat ca = 420 chudi ky tu phan biét

7!
31211111

Vidu 33
C6 bao nhiéu céch chia 5 quan bai cho méi ngudi trong sb 4
ngudi choi t mét bd bai 52 quan thong thudng?
m Mbi cach chia bai iing v6i mét cach bd 52 quan bai vao 5 (%) crmnapa 6 ep
“hop” phan biét (4 “hép” Ung vai 4 ngudi choi va 1 “hop” suy 1ong
(tng véi cac quan bai khéng dudgc chia cho ai cd)

m Do do, co tat ca céch chia bai

52!
51515151321
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Chinh hgp va t6 hgp suy rong

,-‘ Hé so6 da thirc tong quat

V6i cac sb nguyén khdng am n,ny,ns, ..., n; thda man n =
ny + ng + - - - + ny, ta dinh nghia
n!
CnLn2 5Nk —
" nilng! ... ny!

\.

A Binh Iy 13: Dinh ly da thiic |
VGimoin >0vak>1
(x1 44 zp)" = Z Cprn2rm Mgl | gk

m Dinh ly nhi thitc la truGng hgp dac biét cla dinh ly da thirc
Vi k=2

Céc phuong phép dém
Hoang Anh Buic

Chinh hop va t8 hop
suy rong

7



Mot sb vi du khac

VI’ du 34 Cac phuong phap dém
C6 bao nhiéu cach phan phéi 4 nhan vién khac nhau A, B,C, D vio 3 Hoang Anh Brte
vin phong hoan toan gidng hét nhau? (Chi y 1a xép A, B vao phong
tht nhat va C, D vao phong thir hai hoan toan gidng vdi viéc xép A, B
vao phong thi hai va C, D vao phong thit ba. Piéu quan trong la A, B
cting phong va C., D cuing phong.) Gia s rang mdi van phong cé thé
chita dugc bat ky mét sb lugng nhan vién nao
m C4 4 ngudi chung mot van phong: ¢6 C§ = 1 cach
m Xép 4 ngudi vao bt ky phong nao déu dugc
® ba + mot: cé C3 = 4 cach
m Chon 3 ngudi xép vao mot phong, ngudi con lai ty dong x&p vao
mét trong hai phong con lai, phong nao déu dugc
m hai + hai: ¢é C?/2 = 3 cach
m Chon 2 ngudi dé xép vao mét phong, hai ngudi con lai t déng vao
mot trong hai phong con lai. Moi cach chon nay c6 mét cach tuong
dudng vdi no, vi du nhu chon A, B xép vao moét phong tuong duong
vdi chon C, D xép vao mét phong, vi déu cho két qua la
{{A, B}, {C,D}} (57) Mot s6 vi dy khao
® hai + mot + mot: c6 C? cach
m Chon 2 ngudi dé xép vao mét phong, hai ngudi con lai tu dong xép

vao hai phong con lai
7



Mot s6 vi du khac

Céc phuong phép dém

VI’ du 35 Hoang Anh Duc
C6 bao nhiéu cach dé dat 6 quyén sach hoan toan giéng nhau
vao 4 hop hoan toan giong nhau, trong dé moi hop co thé chira
nhiéu nhat 6 quyén sach?
m Ta liét ké cac cach sap xép bang cach liét ké sb sach Ion
nhat trong mét hop, theo sau béi cac s sach nhé hon
trong cac hop cd chura it nhat mét quyén sach khac, theo
thit ty giam dan cla so sach. Vi dy, 4,1,1 md ta cach xep
sach vao 3 hép, mét hdp cé 4 quyén, hai hop khac moi hop

c6 1 quyén
m Céc céch sép xép la:
m 6
m 51
m 4,2 41,1 (8) Mot sb vi dy khic
®3,3 321 31,11
222 2211

7



Mot s6 vi du khac

NS Céc phuong phép dém
Bai tap 38 (*) Hoang Anh Biic
Alice va Bob chai trd chai sau: Bob chon 10 sb nguyén bét ky
trong khodng tif 1 dén 40. Alice can tim hai tap s6 nguyén khéc
nhau trong cac s ma Bob chon, méi tap c6 3 phan tl, sao cho
téng cac s0 nguyén trong hai tap la bang nhau. Hay chiing
minh rang Alice luon ludn théng. (Gai y: Ap dung nguyén ly
chubng bd cau)

Bai tap 39

C6 bao nhiéu cach di tir géc
dudi cung bén trai dén géc trén
cuing bén phai ctia moét udi
kich thuéc n x n? Gia sl rang
trong méi budc tir mét dinh
sang dinh khac cla ludi, ban
chi ¢é thé di sang phai mot
budc hodc di I1én trén mot budc

@ Mét s6 vi du khac
H]nh: Mot ludi 4 x 4 va vi du mét
s0 dudng di

7



Mot s6 vi du khac

Céc phuong phép dém

Bé.| té.p 40 Hoang Anh Buc
C6 bao nhiéu chudi nhi phan d6 dai n khéng cé hai s6 1 lién

tiep? (GOl y: Goi a,, la s0 chudi nhi phan d dai » khong c6 hai

s0 1 lién tiép. Tim va gidi hé thic truy hoi cho a,,)

Bai tap 41

Bat phuong trinh z; + x5 + x3 < 11 ¢6 bao nhiéu nghiém

nguyén théa man z; > 0, z2 > 0, va z3 > 0? (Ggi y: Dua vao

thém mét bién tam thoi x4 théa man 1+ X2+ X3+ T4 = 11)

Bai tap 42

Phuong trinh z; + Ty +x3 + T4+ 35 =21 ¢6 bao nhiéu nghiém

nguyén thda man diéu kién z; > 0 vdi moii € {1,2,3,4,5} va

(@) =1 > 17

(b) z; > 2v6imoiic {1,2,3,4,5}?
(c) 0<z <10?

(d) $)0<z1<3,1< 23 <4,vazy>15?

7



Mot s6 vi du khac

Bai tap 43 ()

C6 bao nhiéu sb nguyén duong nhd hon 1000 000 ¢6 tong cac
chir s bang 19?

Bai tap 44

Chiing minh rang néu n va k la cac sb nguyén véi 1 < k < n thi

kCk = nCk—] (1)

(a) bang céach st dung cac cong thiic t6 hap va bién déi dai s6
(b) bang phuong phap dém hai lan
Bai tap 45
Chutng minh rang néu n 1& mot s6 nguyén duang thi

O3, =2C% +n? (2)
(a) bang cach sl dung cac cong thiic t& hap va bién déi dai sb
(b) bang phuong phap dém hai lan

7

Céc phuong phép dém
Hoang Anh Biic

Mét s6 vi du khac



Part |
Phu luc



NGi dung

Céc phuong phép dém
Hoang Anh Buic

Tam giac Pascal va Dinh ly nhi thirc
Nguyén ly bu tri tong quat

Ham sinh

Mét sé 16i thudng gap

25



Tam giac Pascal va Dinh ly nhi thic

Nguyén ly bu trir t8ng quét

n

U4

k=1

A Binh Iy 14: Nguyén ly bu trir tng quat | .
Vi cdc tap hitu han Ay, A, ..., A,
N4))
1 N {I|IC{L,...n}A|T|=k} icl

S e

=

(=% As] + (=1)°}Az| + - + (= 1) 4n]
(_

DYHA N A+ -+ (DY A_1 N A,

+ + +

(=)™ HA; N AN ---N Ay

Cac phuong phap dém
Hoang Anh Biic

Nguyén Iy bl trir tdng quat

25



Tam giac Pascal va Dinh ly nhi thic
Nguyén ly bu trlr tdng quat

Chu’ng mlnh Céc phuong phap dém

Hoang Anh Biic

n n

k—1

Jaj=-X( ¥ =onai) e
Nguyén Iy b trf t8ng quét

k=1 k=1 M{I|IC{1,....n}A|I|=k} icl

n

m Choa € | J Ay, va gia thiét rang a xuét hién trong chinh
k=1
xacmtap Ag,, Ay, Ag,,, VOI 1 < aj,a0,...,am <n
B o dugc dém mot 1an & vé trai
m C6 bao nhiéu 1an a dugc dém & vé phai?
®m a xuét hién trong Cy, t4p A, Aa,, ..., A,
® q xuat hién trong C;, tap Ao, N Aa; V6i 1 < i< j<m
m o xudt hién trong C3, tap Aa, N Aa, N Aa,, Vi
1<i<j<k<m
...

Do d6, & vé phai, a dugc dém > "(—1)*~'C}, lan
k=1

25



Tam giac Pascal va Dinh ly nhi thic
Nguyén ly bu trlr tdng quat

Chiing minh (tiép).
o , N L, . A . ~ Hoang Anh Biic
m Dé chirng minh vé trai bang vé phai, ta can chi ra a cling
dugc dem mot lan & ve phai, nghia la

Nguyén Iy bu tri t8ng quét

> (-pktek =1
k=1
m Theo Dinh ly 6, ta c6
O=(-1+1)™
_ Z Cﬁz( 1)k1m—k
k=0
=1+ (-1kch,
k=1
Do dd, » (-1)FCF, = —-1.Suyray (-1 'Ck =1
k=1 k=1

(Chia hai vé cho —1) o



Ham sinh

Cac phuong phap dém

Ham sinh

Hoang Anh Biic

Ham sinh ((ordinary) generating function) G(x) cla m6t day

v6 han {a,} (n > 0) dudc dinh nghia bdi G(z Zan

Ham sinh

NGi céch khéac, a,, 1a hé sb cla =" trong G(x)

m D& thuan tién, ta viét day {an} = (ag, a1, a2, as,...)

m Luu y réing bién z trong ham sinh khong biéu dién bat ky
dai lugng ndo ma chi déng vai trd nhu mét ky hiéu dé
thuan tién cho viéc dé cap dén “hé sb cla z™”

Vidu 36
(a) Ham sinh claday (1,1,1,1,...) laG(z) = > a"
n=0
(b) Ham sinh chaddy (1,-1,1,-1,...) A G(z) = > _(-1)"z"

25



Ham sinh

Céc phuong phép dém
Hoang Anh Biic

Ham sinh

Ham sinh ((ordinary) generating function) G(z) chia mot Idp

(tap hop) cdc déi tuong A 1a G(z Z apx", trong do a,, |
n=0
s6 phan tlt cé “kich thudc” n trong 16p (tap hop) A

Vidu 37
(a) Ham sinh cla I6p céc chubi nhi phan {0,1}* 1a

Glz) =Y 2ma"

n=0
m C6 2™ chubi nhj phan cé do dai n
(b) Ham sinh cla I6p gié tri cdc mat cia mot xuic xac thong

Ham sinh

thudng la G (= Z z"

m C6 1 mat gia tr! 1, 1 mat gia tri 2, 1 mat gia tri 3, 1 mat gia tri
4,1 mat giatri 5, va 1 mat gia tri 6

25



Ham sinh

Céc phuong phép dém
Hoang Anh Biic

Pém bang cach s dung ham sinh
Cac bai toan lién quan dén viéc dém s cdch chon céc phan tir
trong mét tap hop ¢6 thé dugc gidi bang cach sir dung ham
sinh théng qua cac ly luén dé dong nhat so cach chon n phan
tr voi hé so cua x™ trong ham sinh
m Ham sinh cho phép lam viéc véi cac ham thay vi dém mét
céach truc tiep
m Khi lam viéc vi cac ham, c6 thé (ing dung cac thao tac
bien déi dai so (algebraic manipulation)

Ham sinh

25



Ham sinh

.

,-{ Tong hai ham sinh Jl

Gia st A va B |a céc 16p dbi tuong khéng giao nhau, va € =
AwB la hop ctia ching (ky hiéu Wk biéu thi hop cla hai tép hop

khéng giao nhau). Néu A(x Z anz" va B(z Z bz

Ian lugt Ia cac ham sinh cla A va B, thi ham sinh cua Cla

o0

C(z) = A(x) + B(z) = Z(an + by)z"

n=0

-

m C6 a, dbi tuong trong 16p A c6 kich thudc n va b,, dbi

tugng trong 16p B c6 kich thudc n, do dé téng sb dbi tuong

trong I6p C cé kich thuée n 1a a,, + b,

Céc phuong phép dém
Hoang Anh Biic

o Ham sinh

25



Ham sinh

Céc phuong phép dém
Hoang Anh Biic

Vidu 38

m A= {{1},{2},{1,3},{1,3,5}}, B = {{4}, {5}, {6}, {4,5}} Ham o
(ChuylaANnB=10)

m Kich thudc clia cac phan t0 (tap hop) trong A va B la sb
thanh vién trong phan t{ (tap hop) dé

m Ham sinh clia A 12 A(z) = 22" + 122 + 12® (6 2 phan tl
c6 kich thudc 1, 1 phan tr co kich thudc 2, va 1 phan ti ¢
kich thudc 3)

= Ham sinh clia B 1a B(z) = 3z + 12% (c6 3 phan tlr ¢4 kich
thudc 1, va 1 phan t co kich thudc 2)

m HamsinhclaC = AwBla
C(z) = A(x) + B(z) = 52! + 222 + 123

25



Ham sinh

A Tich hai ham sinh } .
Gia st A va B la cac Idp dbi tugng vaC = A x B a tich

Décac cla ching. Néu A(z Z anz" va B(z Z bpa”

lan Iuot 14 cac ham sinh cla A va B, thi ham sinh cua Cla
C(z) = A(z) - B(z) = Z cpa™ trong do6 ¢, = Z abn—_1

n=0

. J

m VGi 0 < k < n batky, ¢6 a), dbi tugng trong 16p A 6 kich
thudc k va bn—k ,déi tuwgng trong 16p B c6 kich thuéc n — k.
Do d6 tong so6 doi tuong trong I6p C co kich thudc n la

e = Zakbn_k. (Kich thudc clia mot cap (a, b) 1a téng
k=0
kich thudc clia a va b)

Céc phuong phép dém
Hoang Anh Biic

0 Ham sinh

25



Ham sinh

Céc phuong phép dém
Hoang Anh Biic

Vidu 39

m A=DB={1,2,...,6}:tap hop gia tri cAc mé&t clia mot xic
xac thong thudng

m Ham sinh clia c& A va B déu la
G(z) = 12! + 122 + 123 + 12* + 125 + 12° (c6 1 mat gid tri
1,1 matgiatri2,..., 1 mat gia tri 6)

m C = Ax Blatap hgp cac cap (z,y) trong do = € Ava
y € B. Kich thudc clia moi cap (z,y) laxz +vy

m Ham sinh claC la
G(z)? = (1o' + 122 4+ 123 + 12* + 12° + 126)2

Ham sinh

25



Ham sinh

VI' dU 40 Céc phuong phép dém
C6 bao nhiéu cach chon k phan t& tir mot tap hop gdm n phan tir? Hoang Anh Bie
m Ta mubn xay dyng moét ham sinh G(z) sao cho hé sé clia «* trong
G(x) la sb cdch chon k phan ti tir mét tap hop gém n. phan ti .
S = {])1 ..... ])n} Ham sinh
m Goi A; (1 <i < n)latap hgp cac tap con clia {p;}. Ham sinh cla A;
aGi(z)=1+z
m C6 1 tap con clia {p;} c6 kich thudc 0 (tap réng) < Hé sb clia z° 1a 1
m C6 1 tap con clia {p;} c6 kich thudc 1 ({p:}) < Hé sb6 cliaz' la 1
m C6 0 tap con cla {p;} c6 kich thuéc k > 2 < Hé sb clia z* véi k > 2120
mXétC=A; x--- X A,.
m C latap hop cac bd n phan tlr (Si,...,S,) trong d6 S; C {p:} véi

1 < i < n. Kich thudc clia mbi bd n phan tlr 1a Z | Si]
i=1
m Hamsinh cliaC 1a G(z) = Gi(x) - ... - Gn(z) = (1 +2)"
m Ton tai mot song anh f : C — P(S) cho béi f(S1,...,S,) = S1 U~--US,L
m Do do, s6 cach chon k phan ti tif mét tap hop gdbm n phan tir (= s6

tap con k phan t& clia S s6 phan t thudc C ¢6 kich thudc k) 1a he
s6 clia z* trong khai trién clia G(z) = (1 + z)™, va bang C* (Dinh ly
nhj thic)

25



Ham sinh

Céc phuong phép dém

, Hoang Anh Biic

Vi du 41
Phuong trinh 1 + x5 + 23 = 11 ¢ bao nhiéu nghiém nguyén
thda man x; > 0, z2 > 0, va z3 > 0?

m Ta mubn xay dyng mot ham sinh G(x) cho phuong trinh
sao cho hé so cua z'! trong G(z) la s6 nghiém théa man
phuong trinh

m Goi A; (1 <i < 3)latap hop céc gia tri c6 thé clia z;. Ham
sinhcla A; laGi(z) =1+2+ -+ ot

m XétC =A; x Ay x A

m Clatép hop cac b ba (z1,x2, z3) trong do z; € A; VGi
1 <4 < 3. Kich thuéc clia moi bd ba 1a z1 + z2 + x3

m Ham sinh cla C la
G(z) = Gi(z) - Ga(z) - Gs(z) = (1 +z+ - +azth?

m M0i nghiém clia phuong trinh ting véi mot bo cd kich thude
11 trong C

Ham sinh

25



Ham sinh

Céc phuong phép dém

, Lz Hoang Anh Biic
Vi du 41 (tiép)
Phuong trinh 1 + x5 + 23 = 11 ¢ bao nhiéu nghiém nguyén ,
théa mé.n X1 Z O, X9 Z O, Vé. T3 2 0? Hémsmh

m Sb6 nghiém cla phuong trinh 13 hé sb cla z!! trong khai

tiencla G(z) = (1 +z + - + 2'1)3
m Taco

G@)=Q+z+ - +a'h)?

1_1;12 3
-(+5)

=(1—-2)31 -2)73

DE tim hé s6 clia 2! trong khai trién clia G(x) & Vidu 41, ta
can mot so dinh nghia va dinh ly

25



Ham sinh

Hé s6 nhi thirc m& rong } Geepniong phép,dém
. o o Hoang Anh Buic

V6in € R bat ky va k > 0, hé sb nhi thifc téng quét (generalized binomial

coefficient) C* dugc dinh nghia nhu sau

g nn=1)...(n—k+1) Ham sinh
On = k!

m Vidu 5. = EDEHEAEH(6) - o
&2 5!

,| Ménh dé 15 .

Néu n la mét s6 nguyén duong thi

Cﬁn = (_1)’607]:%71

G

A Binh Iy 16: Dinh ly nhi thirc téng quét |
Vi moin € R,

oo

((SHz) = Z Ckg*

k=0

25



Ham sinh

V|, du 4.2 Céc phuong phép dém
‘A A L s Hozng Anh Biic
Tim hé s6 cla x!! trong khai trién cla (1 — z) =3
m Hé sb clia z” trong khai trién cla (1 — 2)~2 1a

(7‘—1— 2)(7“ + 1) Hémsmh

(=1)7"Cly = (-1)[(=1)" - Csy, 1] = 5

m Suy ra, hé sb clia z!! trong khai trién clia (1 — z)~2 1a
(11 +2)(11 4+ 1)/2 = 78
Vi du 43 (Tiép tuc Vi du 41)
Tim hé s6 cla z!! trong khai trién clia
Glx)=(1-22)31—-2)"3
mTaco (1—a'2)3 =132 + 3224 — 236
m Céach duy nhat dé thu dugc 2! 1a lay 2° trong khai trién
cla (1 — z'2) nhan vai 2! trong khai trién ctia (1 — )3
m Do d6, hé s clia z!! trong khai trién clia G(z) 1a hé sb clia
2! trong khai trién clia (1 — x)~3, va bang 78 (Vi du 42) »



Ham sinh

Vidu 44
Phuong trinh z; + 25 + 23 = 6 ¢ bao nhiéu nghiém nguyén thda man
1<z SQVél < x9,x3 §4?

m Ham sinh
G(z) = (z7! + 20 + 2t + 2?) (2! + 22 + 2 + 2*)?

m S6 nghiém nguyén clia phuong trinh thda man diéu kién dé ra la
hé s6 clia 0 trong khai trién clia G/(x)
m Tacd
G(z) = (x7' + 20 + 2t + 2?) (2! + 22 + 2® + 2*)?
1
= P(;nl +2? + 2% 4+ 2%)3

xS p
P(l +a42? + 23?3

=z(1+z+2%+2°%)>3
Bai tap 46
Hoan thanh Vi du 44 bang céch tim hé sb clia z° trong khai trién clia
(1+z+a® +2%)?>

Céc phuong phép dém
Hoang Anh Biic

Ham sinh
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Ham sinh

Céc phuong phép dém

Vi dU 45 Hoang Anh Buc
C6 bao nhiéu céch dé bd n qua vao mét tii théa man cac rang
budc sau? :

m Céac qua nay chi thudc bbn loai: tdo, chubi, cam, 1& (16) Ham sinn

m S6 luong tdo phai la sb chan

m S6 lugng chubi phai 1a bi s6 cla 5

m C6 nhiéu nhat bdn qua cam

m C6 nhiéu nhat mot qua lé

m Viduy, cé 7 cach thuc hién vdi 6 qua:

Tao 6 4 4 2 2 0 0
Chuéi |0 0 0 0 0 5 5
Cam 0 2 1 4 3 1 0
Lé 001 0 1 0 1

—

m C6 qud nhiéu diéu kién. C6 vé nhu rat khé néu dém theo

cach thong thudng

25



Ham sinh

Vi du 45 (tiép)
m Ham sinh cho viéc lua chon céc loai qua

Céc phuong phép dém
Hoang Anh Biic

4 1

lTaOZGT(x)=1+;1:2-|—;(;4+...:1_x2 :
A Ham sinh
lChu6i:Gc(x):1+x5+x10+...:1_1365 ()
1— 5

| Cam:GM(x):1+x+x2+x3+x4: 1_-1

A 1 — 2
mléGL(z)=1+2= 1_9;

m Ham sinh cho téng s6 qua
G(z) = Gr(x) - Go(z) - Gu(x) - Gr(x)
1 1 1—25% 1—22 1

T1-22 1-2° 1-z 1-=z (1—x)2
Bai tap 47
Hoan thanh Vi du 45 bang cach tim hé s6 clia 2" trong khai
trien cua G(.TL') = m .



Ham sinh

B‘al tép 48 Céc phuong phép dém
T h'A ; Hoang Anh Buc
im hé s6
(a) clia z* trong khai trién clia (1 — z)~2
(b) cla z™ trong khai trién cla (1 4 )~
T @ Ham sinh

5 .2 1
c) cua z" trong khai trién cua ————
(c) cua ™ trong (1—22)°

(Goiy: (1+2)/((1-22)%) = (1—22)"° +2(1 —2z)~° Tim hé
s0 cla z™ trong khai trién clia tiing s6 hang va cong cac ket qua
tim dugc)

Bai tap 49

S& dung ham sinh dé dém sé nghiém nguyén clia z1 + x5 + z3 = 11

thdaman 0 < x; < 2,29 > 0,vaz3 >0

Bai tap 50

Xac dinh s6 cach dé c6 dugc tong 12 khi tung 3 vién xuc xac binh

thudng bang cach st dung ham sinh

Bai tap 51 (x)

S& dung ham sinh dé dém s6 nghiém nguyén clia z; + x5 + 23 = 11

thda man T > =2, 10 > 1, va 3 >0

25



Mbt s6 16i thudng gap

Cac phuong phap dém
Hoang Anh Bic

Tham khdo tU tai liéu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in D Mot 3 i thung gap
iscrete_Math.pdf)

(a) Ve sog do khong chinh xac khi giai quyet cac bai toan
dem

m So do rét hitu ich trong toan bo todn hoc, va viéc vé so dd
hau nhu ludn 13 cach tot dé bat dau giai quyét mot bai todn;
do dé viéc khong vé sa db cling ¢ thé dugc coi la mot I6i
phd bién.

® Viduy, ban nén vé mét hang gém sau 6 tréng (khong phai
nam) lam khuén mau dé xay dung cac tir c6 do dai 6 ma
céc ky hiéu dudc chon tir mot tap hop gdm nam phén tir. So
dd cay doi khi cling rat hitu ich

25
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Mot s6 16i thudng gap (tiép)

Céc phuong phép dém
Hoang Anh Biic
(b) Khong xac dinh liéu thi tw co quan trong hay khong
trong viéc giai quyet bai toan dem
® Vi dy, néu chiing ta dugc hi s6 cach dé viét 7 dudi dang
tong cac so nguyén duang, thi ching ta can biét liéu Mot s6 131 thuding gap
3+2+2va2+ 3+ 2co dugc coi la cung mét cach hay la
cac cach kha’g nhau
m Hay doc ky dé bai dé hiéu r6 nhitng gi dang dugc dém. Gidi
quyét moi diém khong ro rang bang cach néu r6 cac gia
dinh dudng nhu thiéu tir dé bai
(c) Khong xac dinh liéu co cho phép lap lai hay khong
trong viéc giai quyet bai toan dem
m Vi du, néu ching ta dugc hdi sb cach dé chon nam chiéc
banh donut tir mét cfrg hang ban tam loai banh donut khac
nhau, ching ta can biét liéu c6é dugc phép chon nhiéu hon
mot banh donut cung loai hay khéng

25



Mot s6 16i thudng gap (tiép)

Céc phuong phép dém
Hoang Anh Biic

m Hay doc ky dé bai dé hiéu rd nhiing gi dang dugc dém. Giai
quyét moi diém khong ro rang bang cach néu rd céc gia
dinh dudng nhu thiéu tr dé bai

(d) Dém mobi phan t&r trong tap hdp dang xet nhiéu hon
mot lan, khong nhan ra rang can phai diéu chinh cho
viéc dém hai lan

® Vidy, néu chiing ta dém sb cai bat tay theo tirng ngudi, thi
ching ta can nhan ra rang moi cai bat tay da dugc dem hai
lan, mai lan cho moét ngudi tham gia

Mét sb 16i thudng gap

(e) Dém moi phan tir trong tap hdp dang xét nhiéu hon

mot lan, khong nhan ra rang can si¥ dung nguyén tac
bu-trir (mclusnon-excluslon principle)

25



Mot s6 16i thudng gap (tiép)

Céc phuong phép dém

m Vi du, néu ching ta dugc biét c6 26 sinh vién chuyén nganh Hosna fnh Bie

khoa hoc may tinh va 34 sinh vién chuyén nganh toan hoc
tai mot truding dai hoc, thi ¢é thé khong ¢ 26 + 34 = 60
ngudi hoc chuyén nganh khoa hoc may tinh hoac toan hoc,
vi hai con s6 nay c6 thé bao gdbm ca nhiing ngudi hoc ddng  (z)vetsé éithuing oz
thoi cé hai nganh
m D& tinh chinh xéc t6ng sb ngudi hoc cac chuyén nganh nay,
ching ta can trir di s6 lwgng ngudi hoc ca hai nganh tir tdng
nay
(f) S dung nguyén ly chuong bo cau hoac nguyén ly
chuong bo cau téng quat khong chinh xac
m Nén xac dinh rd dau la “chim bd cau” va dau 1a “chudng”
m Vidu, dé tim s6 quan bai ti thiéu phai chon dé dam bao cé
it nhat sau quan bai cling chét, cac “chudng” 1a cac chét bai
va cac quan bai la cac “chim bd cau” (cau tra 16i 1a 21).
(g) Loi khi ap dung nguyén ly bu-triv

25



Mét sb 16i thudng gap (tiép)

Céc phuong phép dém
Hoang Anh Biic

m Viéc tin rang |A U B| = |A] + |B| ludn dung lién quan dén
suy nghi mong muon rang moi phép toan déu phan ph0| Mot 6 151 thuding gip
(hodc cé hanh vi don gian, dé& chiu nao dd) dbi véi moi phép
toan khac. Dang thirc nay chi ding khi A va B rdi nhau
m Nham Ian dau clia cac sb hang khi ap dung nguyén ly
bu-trir. Luu y ring cac dau thay ddi xen ké khi ching ta xét
hop clia cang nhiéu tap hop
m Khong dua day dl cac sb hang khi ap dung nguyén ly
bu-trlr. Néu c6 n tap hop dugc xét, thi cé gan 2" sb hang
khac nhau trong phuong trinh

25



8. Ly thuyét dd thi I: Gidi thiéu, Biéu didn db thi va su ding cAu,
Tinh lién théng



VNU-HUS MAT3500: Toan rdi rac

Ly thuyét do thi |

Gidi thiéu, Biéu dién db thi va su’ dang cau, Tinh lién thong

Hoang Anh Burc

B6 mén Tin hoc, Khoa Toan-Co-Tin hoc
Pai hoc KHTN, DPHQG Ha Noi
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NGi dung

Gidi thiéu
Dinh nghia dé thi va mét sé vi du
Dinh nghia va khai niém
D6 thi méi tir d6 thi ci
M6t sb don db thj dac biét
D4 thj hai phan
Giéi thiéu
Ghép cap trong db thi
Biéu dién db thj va su dang cau
Danh sach ké
Ma tran ké
Ma trén lién thuéc
Su dang cAu gilra cac do thi
Tinh lién thong trong db thi
Puong di
Lién théng trong dé thi vo hudéng
Lién thong trong db thi cé hudng
Duong di va sy dang cau
Dém sb dudng di gilta cac dinh »

Ly thuyét dé thi |
Hoang Anh Btic



Gidi thiéu

Dinh nghia dé thi va mot sé vi du

Ly thuyét d thi |
Hoang Anh Bic
m Mot db thi (graph) G bao gébm mot tap cac dinh (vertex) v
ho&c nut (node) V va mét tap cach canh E nbi cac (cap) iy AT
dinh véi nhau
m Ky hidu G = (V, E)
m Céc ky hiéu V(G) va E(G) cling dugc sl dung dé chi cac
tap dinh va canh ctia mot do thi G
= Biéu dién hinh hoc cla d6 thi:
m Céc dinh dugc biéu dién bang céc vong tron nhd
m M&i canh vé hudng dugc biéu dién bang mdt doan thang
nbi hai dinh o ]
m MGi canh c6 huéng duogc biéu dién bang mdt mii tén néi hai
dinh
m C6 nhiéu thuat nglr khac nhau va thuding khong thong
nhat

78



Gidi thiéu

Dinh nghta dé thi va mot s6 vi du

Ly thuyét dé thi |
Hoang Anh Btic

m G dugc goi la do thi hitu han (finite graph) néu V' 1a tap
hitu han va la do thi vé han (infinite graph) néu V' la tap vo p—
han. Chung ta chi dé cap dén cac do thi hitu han

m G = (0,0) dugc goi la dob thi réng (null graph)

m Trong nhiéu trudng hop, viéc coi G = (0, 0) la db thi hay
khong phu thudc vao nglt canh [Harary and Read 1973]

m Trong nhiéu trudng hop, thuat ngi do thj rong (empty
graph hodc edgeless graph) dugc sl dung dé chi do thi
G = (V,0) c6 it nhat mot dinh (V| > 1) nhung khong ¢
canh

m Thong thudng, trir trudng hgp dac biét, ta ludn gia thiét
mét do thi ¢ it nhat mét dinh
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Gidi thiéu

Dinh nghta dé thi va mot s6 vi du

Vi mét tap V, goi [V]* 1a t4p hop tat cd cdc tap con k phan tir
cta V. (N6i cach khac, [V]* 1a tap hop tat ca cac to hgp chap k

cta V)

D6 thi vo hudng

Mét dé thi vé huong (und/rected graph) G = (V, E) bao gbm
mot tap khac rong V gom cac dinh (vertex) (hoac nut (node)),

edge).
Moi canh e = uv € E (hodc e = {u,v} € E) c6 hai dinh phan
biét v # v 1a cac dau mut (endpoint) clia e. Ta ndi cac dinh w,

thuéc (incident) véi céac dinh u, v

va mét tap E C [V]? gom céch canh v6 hudng (undirected

v la lién ké (adjacent) trong db thi G, va canh e goi la canh /ién

5

78

Ly thuyét dé thi |
Hoang Anh Btic

Binh nghia 46 thi va mét s
vidu



Gidi thiéu

Dinh nghta dé thi va mot s6 vi du

Ly thuyét dé thi |
Hoang Anh Buc

Binh nghia 46 thi va mét s
vidu

,-[ Do thi co6 huéng }
Mot do thi c6 hudng (directed graph hodc digraph) G = (V, E)
bao gdm mét tap khac réng V goém cac dinh (vertex) (hoac
ndt (node)) va mot tap E C V x V gbm cac canh cé hudng
(directed edge) (hoac cung (arc)).

M&i canh c6 huéng (u,v) € E c6 mét dinh dau (start vertex
hodc tail vertex) u va mot dinh cudi (end vertex hoic head
vertex) v

J
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Gidi thiéu

Dinh nghta dé thi va mot s6 vi du

Ly thuyét dé thi |
Hoang Anh Btic

Dinh nghia dé thj va mot sb

Canh Canh song song Khuyén viay

V6 hudng O—O

Hinh: Mot s6 loai canh trong do thi

78



Gidi thiéu

Dinh nghta dé thi va mot s6 vi du

Ly thuyét dé thi |
Hoang Anh Btic

Loai Canh | Co canh song song? | C6 khuyén? Dinh nghia ddti va mgt s
1 Bon do thi vo hudng V6 huéng Khoéng Khong
2 Da dé thj vo huéng V6 huéng cé Khéng
3 | Dadd thi vo hudng cé khuyén | Vo hudng Cé Cé
4 D6 thi c6 hudng C6 huéng Khéng C6
5 Don db thi c6 hudng C6 huéng Khéng Khéng
6 Da db thi c6 hudng C6 hudng cé Khong'
7 | Da db thi cé hudng va cé khuyén | C6 huéng cé cé
8 D4 thi hén hop Ca hai cé cé

m Dinh nghia da d thi cé huéng khéc véi dinh nghia trong
[Rosen 2012]
m Ch{ yéu quan tdm dén céc db thi sau:
= don db thi vé huéng (simple, undirected graph)
m do thj cé hudng (directed graph hoac digraph)

TKhéc véi phan loai trong [Rosen 2012] 78



Gidi thiéu

Dinh nghta dé thi va mot s6 vi du

Vidu 1 (Pon dd thi vo huéng (simple undirected oo
graph))
e ﬂgﬁnghiadﬁthivéméﬁsé

V - {U17 V2, U3, U4}

E = {v1v2, v1v4, v2v3, Vou4 }

U1 V3

V4 U3

Hinh: Chi ¢ céc canh v6 hudng; cé nhiéu nhat mét canh ni hai dinh
phan biét bat ky; va khdng cé khuyén (loop)

78



Gidi thiéu

Dinh nghta dé thi va mot s6 vi du

Ly thuyét dé thi |
Hoang Anh Btic

Vi du 2 (Db thi ¢ hudng (va cé khuyén) (directed
graph (with loops)))
V= {?}1,1}2,’1]3,1}4} i

E = {(v1,v2), (v2,v2), (v2,03), (v2,v4), (v4, 1), (v4, v2) }

U1

Uy U3

Hinh: Chi ¢6 céc canh ¢ hudng; 6 nhiéu nhat mét canh cé hudng
noi tr mot dinh bat ky sang moét dinh khac bat ky; va cé khuyén

78



Gidi thiéu

Dinh nghta dé thi va mot s6 vi du

Ly thuyét 6 thi |

Vi du 3 (Ban dé thi cé huéng (simple directed Hoang Anh o
graph))

0 Binh nghia 46 thi va mét s
vidu

V = {vlv V2, U3, U4}

E = {(vi,v2), (v2,v3), (v, v4), (v4,01), (Va,v2) }

U1 U2

V4 U3

Hinh: Chi ¢6 céc canh ¢ hudng; c6 nhiéu nhat mét canh ¢é hudng
noi tr mét dinh bat ky sang maét dinh khac bat ky; va khéng cd khuyén

78



Gidi thiéu

Dinh nghta dé thi va mot s6 vi du

Vi du 4 (Pa db thi vé huéng (undirected multigraph)) Ly thoybt i |

Hoang Anh Btic

V= {Ul, Vg, U3, U4}
Binh nghia do thi va mot s6
E = {v1v2, 0104, 0203, Vau4 } o
m(vive) = 2, m(vquz) = 3

m(vivy) = m(vevy) = 1

(%1 V2

U4 U3

Hinh: Chi ¢6 céc canh v6 hudng; ¢6 thé c6 nhiéu canh nbi gitia hai
dinh bat ky; va khéng cé khuyén

78



Gidi thiéu

Dinh nghta dé thi va mot s6 vi du

Ly thuyét 6 thi |

Vidu 5 (Pa db thi v& huéng c6 khuyén (undirected
pseudograph))

Hoang Anh Btic

Dinh nghia db thi va mot sb
V = {v1, v2,v3,04} vidy
E = {v1v2, v104, V903, Vo4, V404 }
m(vive) = 2, m(vovs) = 3
m(vivg) = m(vavy) = m(vyg,vy) =1

U1 U2

Uy U3

Hinh: Chi ¢6 céc canh v6 hudng; c6 thé cé nhiéu canh nbi gitia hai
dinh bat ky; va cd khuyén (c6 thé cé nhiéu khuyén tai mét dinh) "



Gidi thiéu

Dinh nghta dé thi va mot s6 vi du

Vi du 6 (Pa db thi cé hudng (directed multigraph)) o
V = {1}1,’(}2,1)3,’04}

E = {(v1,v2), (v2,v3), (v2, v4), (v4,01), (v4,02) }

m(v1, va) = m(va, v3) = m(va, v4) = m(vy,v1) =1
m(vy, vg) = 2

Binh nghia 46 thi va mét s
vidu

U1 U2

(% U3

Hinh: Chi ¢6 céc canh cd huding; c6 thé cb nhiéu canh nbi gitra hai
dinh bat ky; va khéng cé khuyén (khac vdi dinh nghia trong sach cla
Rosen)

78



Gidi thiéu

Dinh nghta dé thi va mot s6 vi du

Vi du 7 (Pa db thi c6 huéng va cé khuyén (directed o A
pseudograph))

@ Binh nghia 46 thi va mét s
vidu

V= {U17U27U37U4}

E = {(v1,v2), (v2,v2), (v2,v3), (v2, v4), (va, v1), (va, v2) }
m(vy, ve) = m(va, v2) = m(ve, v3) = m(ve,vy) = m(vg,vy) =1
m(vg, v2) = 2

1

Vg U3

Hinh: Chi ¢6 céc canh cd huding; c6 thé cb nhiéu canh nbi gitra hai
dinh bat ky; va cdé khuyén (cé thé cé nhiéu khuyén tai mét dinh)

78



Gidi thiéu

Binh nghia va khai niém

Cho G = (V, E) 1a mét dé thi vé huéng Ly thuyét @ thi |
m Tap hop céc dinh ké véi dinh v clia G, ky hiéu N (v), dugdc roang ArnBre
goi 1a t4p ldng giéng (neighborhood) clia v. :
m V6i mot tap cac dinh A C V, ta ky hiéu N(A) dé chi tap
céc dinh lién ké véi it nhat mét dinh trong A. N6i cach ‘
khdc, N(4) = | ] N(v)
vEA
m Béc (degree) clia mét dinh v, ky hiéu deg(v), la s6 canh
cla G lién thudc vai dinh dé. Mét khuyén tai dinh v (mot
canh ndi v v6i chinh né) déng gép 2 vao bac cla v

Vidu 8 ; ;
| N(’Ul) { V2, ’1)4} ! :
N(’Uz) { 1,’U3,’U4}
N (vs) = {v2},
N(’U4) { 1,1}2,114}
B deg(v1) = deg(vs) =3, . ®
deg(vg) = 6, deg(vy) =4

78



Gidi thiéu

Dinh nghia v khai niém

Ly thuyét dé thi |
Hoang Anh Btic

m M6t dinh bac 0 duoc goi la mét dinh cé I4p (isolated vertex)

m M6t dinh bac 1 dugc goi la mét dinh treo (pendant vertex)

m G0 thé thém tén db thi vao cac ky hiéu dé nhan manh do
thi dang xét: vi du, deg(v) 1a béac cla dinh v trong do thi
G, Ng(v) la tap Iang giéng cla v trong dé thi G, va Ng(A)
la tap lang giéng clia A trong db thi G, v.v.

,-'Chl'l{/l

Thudng ¢6 su nham Ian rang deg( ). = |N(v)| véi moi dinh v
trong mot do thi vo huéng G. Chu y rang diéu nay khong ding
trong truong hgp G cé khuyén hoac canh song song. Noi cach
khac, deg(v) = |N(v)| v&i moi dinh v trong G khi G 1a don d6
| thi vo huéng

Binh ngha va khdi niém
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Gidi thiéu

Dinh nghia v khai niém

Ly thuyét dé thi |

Hoang Anh Buc

Pinh Iy 1: Pinh Iy bét tay (Handshaking Lemma) | —
Cho G = (V, E) la mét do thj vé hudng. Ta cé

2B = 3 deg(v)

veV

Binh ngha va khdi niém

Ching minh.

m V6i mbi canh e = uv € E, e dugc dém chinh xac hai lan
trong > _ deg(v): mét 1an trong deg(u) va mét Ian trong
veV
deg(v)
m Do d6, ca hai vé clia dang thic trén déu bang hai lan sb
canhcla G

78



Gidi thiéu

Dinh nghia v khai niém

Ly thuyét 6 thi |

Dinh ly 2

Hoang Anh Btic
Mot dé thi vé hudng ¢é mét sé chan céc dinh cé bac 1é ] i ;
Chdng minh. (1) oot o

m Goi V; la tap céc dinh bac chan va V5 |a tap cac dinh bac
|é trong d0 thi vo hudéng G = (V, E)

mTaco 2Bl =) deg(v) = ) deg(v) + Y deg(v)

veV veVy veEVs
n Z deg(v) 1a mot sb chén, vi V4 1 tap tat ca cac dinh c6
veVy -
bac chan
= Do dé, Z deg(v) 1a mét sb chén, do 2m va Z deg(v)
veEV veEV]

déu 1a sb chan
m Do V4 Ia tap cac dinh bac 18, dé Z deg(v) chén, can phai
vEVY
c6 mot sb chan cac dinh bac 18

78



Gidi thiéu

Dinh nghia v khai niém

Vidu9
C6 bao nhiéu canh trong mét db thi vo hudng cé 10 dinh, méi
dinh cé bac 6?

Vidu 10
Néu mét do thi v& hudng cé 5 dinh thi liéu méi dinh cé thé cé
bac 3 hay khéng?

Bai tap 1

Cho G la mét do thi vo hudng c6 n dinh va m canh. Goi A(G)
va 6(G) lan lugt la bac 16n nhat va nhé nhat cia mét dinh cla
G. Chiing minh rang §(G) < 2m/n < A(G)

Ly thuyét dé thi |
Hoang Anh Btic

e Binh ngha va khdi niém

78



Gidi thiéu

Dinh nghia v khai niém

Ly thuyét 6 thi |

Cho G = (V, E) 1a mdt db thi c6 hudng Hoang A e
m B4c vao (in-degree) clia mét dinh v, ky hiéu deg™ (v) 12 s6 -
cac canh cé dinh cuoi (tail vertex) la v (20) o v e

m Béc ra (out-degree) clia mét dinh v, ky hiéu deg™ (v) la s6
cac canh cé dinh dau (head vertex) 1a v

m M6t khuyén & dinh v déng gdp 1 vao bac vao va 1 vao bac
ra clia v

78



Gidi thiéu

Dinh nghia v khai niém

Ly thuyét dé thi |
Hoang Anh Buc

Dinh ly 3

Binh ngha va khdi niém

Cho G = (V, E) la mét dé thj c6 hudng. Ta cé

B = 3 deg™(v) = 3 deg*(v)

veV veV

Ching minh.

m Méi canh c6 hudng e = (u,v) € E dong gop 1 vao deg™ (v)
va 1 vao deg™ (u), vGiu,v € V
m Do d6, |E| = téng céc bac vao = téng céc bac ra

78



Gidi thiéu

D4 thi méi tir db thi ci

Ly thuyét dé thi |
Hoang Anh Biic

Cho don db thi vo huéng G = (V, E) ;

m H = (W,F) lamot dé thi con (subgraph) cla G (hay G obtimati e
chua H), ky hiéu H C G,neu W CVva F C E. Neu pename e
W =V thi H dugc goi la do thi con bao trum (spanning
subgraph) clia G

m H = (W, F) lamot dé thi con thuc su’ (proper subgraph)
claG,kyhieu H c G,néeuH CG,vaW Cc Vhoac F C E

mH=(WF) la mot dé thi con cadm sinh (induced subgraph)
clia G néu H C G va véi mOIcapdmhu veW,uveF
khi va chi khi uv € E. Ta cling néi H /a dé thi con clia G
cam sinh boi W va viét H = G[W/|

78



Gidi thiéu

Do thi méi tir dd thi cii

Ly thuyét dé thi |
Hoang Anh Btic

Vidu 12

V1 V1 U1

D6 thi mdi tir dé thi ci

U3 U3 U3
G H, H,

Hinh: H; 1a d{i thi con thuc sy va 1a dd thi con bao trum clia G nhung
khéng phai do thi con cdm sinh. H, 1a do thi con thuc sy va la do thi
con ¢am sinh clia G nhung khong phai dd thi con bao trum

78



Gidi thiéu

Do thi méi tir dd thi cii

Ly thuyét dé thi |
Cho don dé thi G = (V, E) vé huéng va cac tap V' C V va Hoang Anh Bic
E'CFE
m D6 thi G — V' 14 db thi thu dugc bang cach xda céc dinh 5
trong V' va cdc canh lién thuge voi chung. V6i mét dinh (2¢) o6 wimstrab wics
v eV tavietG —vthay vi G — {v}
m D6 thi ¢ — £’ 1a db thi thu dugc bang cach xda cdc canh
trong E'. V6i m6t canh e € F’, ta viet G — e thay vi G — {e}

U1 Uy Uy

U3 U3

G G — Vs G — Vs

78



Gidi thiéu

Do thi méi tir dd thi cii

Cho don db thi vé huéng G = (V, E)

m D6 thi bu (complement graph) clia G, ky hiéu G = (V, E),
1a do thi cé tap dinh V = V va tap canh
E=[V?\E={w|uveVvauw¢FE}

m G la d6 thi thu dugc tir G bang céch xda cdc canh trong E
va thém cac canh trong E = [V]?> \ E

U1

(%) Vg

U3 Us

Ly thuyét dé thi |
Hoang Anh Btic

D6 thi mdi tir dé thi ci

U1

(%) U6

U3 Us

Uy

Ql

78



Gidi thiéu

Do thi méi tir dd thi cii

Cho don dé thi G = (V, E) vo hudng va tap E' C [V]*\ E A,
m D6 thi G + E' 1a db thi thu dugc bang cach thém cdc canh
trong E'.VGi f € E', taviet G + f thay vi G + {f}
m DO thi /e 1a db thi thu dugc bang phép co (contraction)
canhe=wv e E
® gop hai dinh u, v thanh mt dinh méi z,, céc canh ké véi u va
ké v6i v chuyén thanh canh ké véi «
m x6a cac khuyén tao thanh sau phép gop
m @i lai mét canh duy nhat trong so cac canh song song

@ D6 thi mdi tir dé thi ci

U1 U1

Us V2 Us V2

U3 U3

78



Gidi thiéu

Mot sb don db thi dic biét

Ly thuyét d thi |

Hoang Anh Biic

Do thi day di

Do thi day du (complete graph)n dmh ky hiéu K,,, la mo6t don
db thi chita dling mot canh n6i méi cap dinh phan biét.
Cuthé, V(K,) = {v1,...,v,} VA E(K,,) = {vv; | 1<i<j <
n}

Mot s6 don db thi dac bigt

ool 3EY
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Gidi thiéu

Mbt sb don db thi dic biét

Ly thuyét dé thi |
Hoang Anh Buc

Chu trinh

Mét chu trinh (cycle) n dinh véi n > 3, ky hiéu C,,, 1a mot do
thl voi tép dinh V(Cn) = {1)1, V2, ... ,’Un} va tép Canh E(Cn) = @ Mt sb don db th d bt
{vivig1 |1 <i<n—-1}U{v,v1}

PReTaLt

78



Gidi thiéu

Mbt sb don db thi dic biét

A D6 thi banh xe

C,, va nbi dinh dé véi moi dinh clia C,, bang cac canh méi.

M6t do thi banh xe (wheel) gdm n + 1 dinh véin > 3, ky hiéu
W,,, 1a mét do thi thu dugc bang cach thém mét dinh méi vao

Cu thé, V(W,) = {v1,...,v,} U {w} (w ¢ {v1,...,v,}) va
EW,)={viviy1 |1 <i<n—-1}U{v,v1}U{wy; |1 <i<n}

~

Ly thuyét dé thi |
Hoang Anh Btic

@ Mot s6 don dé thi dic biét

Wy Wy W5 Ws n
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Gidi thiéu

Mbt sb don db thi dic biét

Ly thuyét 6 thi |

, Aw - A Hoang Anh Bu
Cac khoi n chiéu } oang fnh Brie

Mét khdi n chiéu (n-dimensional cube), ky hiéu Q.,, la mot do

thi c6 2" dinh, méi dinh dugc biéu dién bang mot chudi nhi

phan do dai n, va hai dinh Ia lién ké khi va chi khi cac xau nhi | () weissaon s
phan biéu dién ching khac nhau ding mét bit

110 111

@

78



Gidi thiéu

Mbt sb don db thi dic biét

Ly thuyét dé thi |
Hoang Anh Btic

Bai tap 2

Vé céc db thi sau

(a) K7 (C) W7 Mot sb don dé thi diic biét
(b) C7 (d) Q4

Bai tap 3

Mét db thi dudc goi la do thi chinh quy (regular graph) néu céc
dinh clia db thi cé cung bac. Ta goi mdt db thi 1a d-chinh quy
néu né 1a do thi chinh quy trong dé céc dinh cé cung bac d. V6i
c4c gia tri nao clia n thi cac db thi sau 1a dé thi chinh quy?

(@) Kn (c) W,

(b) Cy (d) Qn
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Po thi hai phan

Gidi thiéu

Ly thuyét dé thi |

,.[ DO thi hai phan

cling ky hiéu G = (V4, V5, E)

M6t don dé thi vé hudng G = (V, E) dudc goi la mét do thi hai
phan (bipartite graph) néu ton tai cactap Vi C Vval, C V
thbaman vy # 0, Vo 2 0, V =
canh clia G nbi mot dinh thudc V4 va mét dinh thude V5. Ta

Hoang Anh Biic

ViU Vs, Vi N Vs = 0, va mbi

Gidi thigu

J

| Binhly 4

Mot don do thi vé hudng G =
(V, E) ¢ it nhét 2 dinh la mét
dé thi hai phan khi va chi khi
c6 mét cdch t6 mau mbi dinh
cla G bang hai mau sao cho
khéng cd hai dinh ké nhau
| duoc t6 cung mau

Vidu 13
Cs la mt do thi hai phan
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D6 thi hai phan

Gidi thiéu

Ly thuyét dé thi |
Hoang Anh Btic

m Trong mot sb tai liéu, cac yéu cau Vi # 0 va Vs # () khong
dugc dua ra trong dinh nghia clia db thi hai phan (Dinh
nghia 1)

m Trong mot sb tai liéu, Binh ly 4 dugc st dung nhu 1a dinh
nghia clia dé thi hai phan (Binh nghia 2): Mét db thi vo
huéng G duodc goi 1a dd thi hai phan néu ton tai mot céch
t6 mau cac dinh clia G bang hai mau sao cho khéng c6
hai dinh ké& nhau dugc t6 cing mau

m M6t dinh nghia khac cla do thi hai phan 1a nhu sau (Binh
nghia 3): M6t dé thi vé huéng G duoc goi la mét do thi hai
phan néu G khong chira chu trinh 1& nao. & day, mét chu
trinh 18 (odd cycle) 1a mét chu trinh ¢é s6 dinh 1a mot s6 1&

Gidi thiéu
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D6 thi hai phan

Gi6i thiéu

Ly thuyét dé thi |
Hoang Anh Btic

Cac dinh nghia khac nhau clia d6 thi hai phan doi khi la
nguyén nhan clia mét s6 mau thuan

Vi duy, xét dd thi G = (V, E) chi c6 mét dinh duy nhét v va
khong c6 canh nao () oo
m Theo hai dinh nghia dau tién, G khéng phai 1a mot do thi
hai phan
m Theo Dinh nghia 1: Gia si G |a db thi hai phan. Do V; # 0,
Va0, VinVa=0,vaV = Vi U Vs, tap V phai cé it nhat
hai dinh phan biét, mau thuan véi gia thiét G chi cé mét
dinh duy nhét
m Theo Dinh nghia 2: Gia si G 1a db thi hai phan. Do G chi ¢é
mat dinh duy nhét, khdng thé t6 mau céc dinh clia db thi
bang hai mau khac nhau sao cho khéng cé hai dinh ké
nhau dugc t&6 cing mau, mau thun véi Dinh nghia 2
m Theo Dinh nghia 3: G la mét dé thi hai phan vi G khéng
chita chu trinh nao 7



Pé thi hai phan

Gigi thiéu

Ly thuyét dé thi |
Hoang Anh Btic

Bai tap 4

Chitng minh K, khong 1a dé thi hai phan véi moi n > 3. (Goi y:

S{t dung phuong phap phan chiing)

Baitap 5

(@) Ching minh Binh ly 4

(b) St dung Dinh ly 4, hay kiém tra xem cac d6 thi sau c6 phai
do thi hai phan hay khéng

a b b c b c

Gidi thiéu

Gl G2 GZ!
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P6 thi hai phan

Gigi thiéu

Ly thuyét 6 thi |

Hoang Anh Btic

Db thi hai phan ddy du |

Mbt dé thi hai phan day du (complete bipartite graph) la mot
dd thi hai phan G = (V1, Vo, E) thda man diéu kién véi moi
vy € Viva v, € Vatacd vivy € E.Néu |Vi| = m va |Va| = n,
ta ky hiéu do thi G bang K, . =

Gidi thigu
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D6 thi hai phan

Gidi thidu

Ly thuyét do thi |

gal tépG Hoang Anh Dt
Céc db thi sau ¢6 bao nhiéu dinh va bao nhiéu canh? ?

@) (@) Ko

(b) Cy € Q .

(c) W, n

Baitap 7

Cho don db thi vé huéng G = (V, E) ¢6 n > 3 dinh. Goi

H = (W, F) la mét dé thi con clia G ¢6 it nhét hai dinh. Chitng
minh rang néu G |a db thj hai phan thi H ciing la db thi hai phan.
Ngugc lai, néu H la db thi hai phan thi G ¢6 la db thi hai phan hay
khéng? Tai sao?

Bai tap 8

D6 thi W, c6 phai la d thi hai phan véi moi n > 3 hay khong? Tai
sao? (Goi y: St dung Bai tap 7 va Bai tap 4)

Bai tap 9

Mbt db thi dugc gm la do thi chinh quy (regular graph) néu cac
dinh clia d thi cé cung bac. Chitng minh rang néu mét db thi hai
phan G = (Vi, Va, E) 1a db thj chinh quy thi [V;| = | V4.



D6 thi hai phan

Ghép cap trong db thi

Cho G = (V, E) 1a mdt don dd thi vo huéng hom Aot
m Mt ghép cdp (matching) M trong G la mét tap con cla E
théa man diéu kién khéng co hai canh nao trong M c6
cung mét dinh lién thudc. N6i cach khac, néu
wv, st € M C E thi {u,v} = {s,t} hodc {u,v} N {s,t} =0
m MOt ghep cdp cuc dai (maximum matching) trong G la mot
ghép cép c6 sb canh I6n nhét cé thé

Ghép cap trong db th

M 1a mot ghép cap M’ 1a mét ghép cip cuc dai
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Po thi hai phan

Ghép cap trong db thi

Cho G = (V, E) la mt don do thi vo hudng s

m Ta néi rang mét tap canh W C E bao pht (cover) mot tap ?
dinh A C V néu véi moi dinh u € A, ton tai mot canh
e € W sao cho e lién thudc vdi u, nghia la e = uwv vdi dinh
v € V nao do

m Trong mét dé thi hai phan G = (V4, Vs, E), mét ghép cap
day di (complete matching) Gng véi V; 1a mot ghép cdp
M' C E bao phl Vy, va mét ghép cap hoan hao (perfect
matching) 1a mot ghép cdp M* C Ebaopht V =V, UV,

4 vy |4 vy

@ Ghép cép trong db thi

M 13 mét ghép cip M’ 13 mét ghép cip
bao pha V; bao pha V' 78



D6 thi hai phan

Ghép cap trong db thi

Ly thuyét dé thi |

Dinh ly 5: Dinh ly Hall (Hall’s Marriage Theorem) Hoing Anh b

Cho G = (Vi, Vs, E) la mét dé thi hai phan. Tén tai mét ghép
cdp M C E bao phd V; khi va chi khi vdi moi S C V4, |S| <
|NG(5)|

Thoéa man diéu kién dinh Iy Hall Vi pham diéu kién dinh ly Hall cam |
VS Q ‘/1 : |S| S |NG(S)| E|S g ‘/1 . |S| > |NG(S)| @ Ghép cép trong dé thi
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D6 thi hai phan

Ung dung: Bai toan ghép cap trong y khoa

Ly thuyét dé thi |
Hoang Anh Btic

m Bai todn phan bé sinh vién y khoa vao cac vi tri thuc tap
tai cac bénh vién & Hoa Ky
m Trudc ndm 1950: Qua trinh tuyén dung thuc tap hén loan,
thiéu hiéu qua
= Bénh vién canh tranh dé c6 dugc (ing vién tot nhat (1) emresorenacs
m Sinh vién budc phai quyét dinh qua sdm trudc khi co day di
thong tin )
m Nhiéu trudng hgp sinh vién va bénh vién déu khong hai long
VGi két qua
m Nam 1952: Thanh lap National Resident Matching
Program (NRMP), chuyén gidi quyét cac van dé lién quan
dén viéc phan phéi céc vi tri thuc tap
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D6 thi hai phan

Ung dung: Bai toan ghép cap trong y khoa

R o . . ~ A N . p P N Ly thuyét dé thi |
m M&i nam, cac bac si ndp mot danh sach thit tu cac bénh e

vién ho muén nhan I5i 1am thuc tap, va mdi bénh vién ndp
mot danh sach thi tu cac bac si ho mubn nhan lam thuc
tap

m NRPM tinh ra mét ghep cap glu’a cac béc si va cac bénh
vién thda man yéu cau vé tinh 6n dinh (stable)

m Mot ghép cap dugc goi 1a khéng 6n dinh (unstable) Néu €6 (i) exsesrmeasn
mot cip bac sT o va bénh vién B déu sé théda man khi
dugc ghép vdi nhau hon 1a véi cach ghép cap hién tai

m o dugc ghép vai bénh vién A nao do, trong khi cé/anh ay
thich dén bénh vién B hon
m B dugc ghép vai bac si 8 nao do, trong khi bénh vién thich
¢6 o dén 1am viéc hon
Trong trudng hop nay, ching ta goi cap («, B) la mét cap
khong 6n dinh trong ghép cép.

m Muc tiéu cia NRPM la tim mét ghép cap én dinh (stable
matching), nghia l1a mot ghép cap khong chita bat ky cap
khong 6n dinh nao

Hoang Anh Btic
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Po thi hai phan

Vi du: Ghép cap 6n dinh

Ly thuyét dé thi |
Hoang Anh Btic

Vi du 14 (Ghép cap 6n dinh)

Sinh vién va th tv wu tién:

W si:hy > ho > hg @ ahl

Sinh vién Bénh vién

W Sy: hg > hy > hg \‘\\ -7
><] ép c@p trong db thi
.83:h,1>h3>h2 -7 \\\\ th'p( gcom
Bénh vién va thi tw wu tién: @’ 3 by

W hi:sy > 81 > 83
W hy:sy>83>8 ..

. - \\J
W h3:s3 > S1 > So @ hs

Ghép cap on dinh: (s1,5,), (52, h2), (53, h3)
Ghép Cép kh6ng on dinh: (81, hg), (82, hl), (83, h3)
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Po thi hai phan

Thuat toan Gale-Shapley

Ly thuyét dé thi |
Hoang Anh Btic

m TU nam 1952, NRMP da ap dung thuat toan “Boston Pool”
dé phan cong cac thuc tap sinh (t&n goi nay 1a do né da
dudgc st dung trude do bdi mot hiép hodi khu vuc & vung
Boston)

m Nam 1962, David Gale va Lloyd Shapley phat trién thuat
todn ghép cdp 6n dinh (stable matching algorithm) [Gale
and Shapley 1962] béng cach md td va phantich chinh - 0
thiic mot téng quat héa cla thuat toan Boston Pool va
chitng minh rang né tinh ra mét ghép cap én dinh

m Céc thuat toan tuong tu tir d6 da dugc ap dung cho nhiéu
truong hop can ghép cip khac, bao gdm tuyén dung giang
vién & Phap, phan cong nhiém vu cho thiy thd Hai quan
Hoa Ky, céc chuang trinh ghép cap hién than, v.v.

[ Shapley dugc trao giai Nobel Kinh t& ndm 2012 cho nghién
cltu cla ong vé ghép cip 6n dinh, cung vGi Alvin Roth,
ngudi da md rong dang ké cong trinh cla Shapley va phat
trién mot sé (ing dung trong thuc té. (Gale khéng nhan
dugc gidi thudng nay, vi dng da qua doi vao nam 2008) .



Po thi hai phan

Mét s6 thuat todn quan trong khéc lién quan dén ghép cap

Ly thuyét dé thi |
Hoang Anh Btic

m Thuat toan Hungarlan (Hungarlan algorithm) [Kuhn
1955]: Tim ghép cép co t6ng trong sb nhd nhét trong dd
thi hai phan ¢ trong s6

m Thuat toan ghép cap cia Edmonds (Edmonds’ (45) aneocipvong s
blossom algorithm) [Edmonds 1965]: Tim ghép cap curc
dai trong do thi
m Thuat toan Hopcroft-Karp [Hopcroft and Karp 1973]:
Tim ghép cap cuc dai trong do thi hai phan
m Thuat ;oén Ford-Fulkerson [Ford and Fulkerson 1956]:
Tim ludng cuc dai trong mang
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Bi€u dién db thi va su dang cau

Danh sach ké

MGt danh sdch ké (adjacency list) biéu dién mot do thi khong hom Aot
c6 canh song song bang céach liét ké cac dinh lién ké véi moi
dinh trong do thi
U1
Dinh | Cac dinh lién ké
vs Vg U1 U3, Us
] Uy, Vs
U3 V1, U4, Uy
V4 U2, U3
o 3 U1, V2, U3 O panh sécne
VU3 A
U1
Dinh b3t dau | Dinh két thic
Vs vy U1 U3, Us
(%) V4
U3 V4, Us
Uy
Vg Us V2




Biéu dién dd thi va sy dang ciu

Ma tran ké
Gid sit G = (V, E) la mdt db thi vé hudng c6 n dinh jojn“;in":;:;
V1,02, ..., v,. Ma trdn ké (adjacency matrix) A cla G (ng VGi

th(t ty céc dinh nhu trén la mét ma tréan kich thudc n x n trong
dé moi phan t& a;; (1 < i,j < n) dugc dinh nghia nhu sau

= mi; néu co m;; canh ViVj
* 0 néu ViV ¢ B

U1
V1 Uy V3 V4 Uy @ e
v /0 01 01
U5 2 w0002 2
10111
10 2100
Us\1 2100

V4
U3
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Biéu dién dd thi va sy dang cau

Ma tran ké

Ly thuyét 6 thi |

Gia st G = (V, E) 1a mot db thi c6 huéng cé n dinh

V1,02, ..., vn. Ma trdn ké (adjacency matrix) A clia G (ing V6i
thi ty cac dinh nhu trén |a mét ma tran kich thudc n x n trong
d6 méi phan t a;; (1 < 4,5 < n) dugc dinh nghia nhu sau

Hoang Anh Btic

O £ néu c6 m;; canh (v;, v;)
* 0 néu (’Ui,’l)j) ¢ F

U1

U1
Us Vg V9
U3
V4
Us

(2

@ Ma tran ké

I~
=
<
v
=1
9
[~
Ny

OO = OO
N = O OO

U3
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Biéu dién dd thi va sy dang ciu

Ma tran lién thuéc

Gia sit G = (V, E) la mot d thj vé hudng c6 n dinh hom Aot
v1,V2,...,U, V@ m canh ey, es, ..., e,. Ma trdn lién thuéc

(incidence matrix) A cla G tuong ng vai thit tu cac dinh va

canh nhu trén la mét ma tran kich thudc n x m trong dé cac

phan tlf a;; (1 <i <nval < j <m)dugc dinh nghia nhu sau

~ |1 néucanh ¢; lién thudc véi dinh v;
Y10 ngugc lai

e1ey ezey e5egeregeg (D
v /1 100 0O0O0O00O0
22001111000
v3l1 00000111
410 01 1 00O0O0°T1
vs\0 1 0011010
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Biéu dién dd thi va sy dang cau

Ma tran lién thudc

Ly thuyét 6 thi |

Gia st G = (V, E) 1a mot db thi c6 huéng cé n dinh
v1,v,...,v, VAmcanh ey, e, ..., en,. Gia s G khong chita
khuyén. Ma tran lién thude (incidence matrix) A cla G tuong
(fng vdi thit tu cac dinh va canh nhu trén 1a mot ma tran kich
thudc n x m trong d6 cac phan tl a;; (1 <i<nval<j<m)
dugc dinh nghia nhu sau

Hoang Anh Btic

1 néucanh e; c6 dinh dau 1a v;
aij =4 —1 néu canh e; c¢6 dinh cubi v,

0  nguagc lai
g ' ) @ Ma tran lién thuge

€1 €y €3 €4 €5 € €7 €3
vn/-1 1 0 0 0 0 0 0
0

vs\0 -1 0 0 1 1 -1 0
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Biéu dién dod thi va sy dang ciu

Su déng cAu gitta cac dé thi

Su dang cau

Hai db thi vé huéng G; = (Vi, E1) va Gy = (Va, E») la dang
cau (isomorphic), ky hiéu G; ~ G5 hodc G = G, néu ton tai
mét song anh f : V; — V5 thda méan diéu kién: véi moi dinh
u,v € Vq, uv € By khiva chi khi f(u)f(v) € E»

U1 V2 w1 W9

Uy U3 w3 Wy

G1 G2

Hinh: G1 ~ G5 do ton tai song anh f : Vi — V4 dinh nghia béi
f(vi) = w; (1 <i < 4)thda man diéu kién dé ra

Ly thuyét dé thi |
Hoang Anh Biic

Sy déng cau giira cac db
thi
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Bi€u dién db thi va su dang cau

Su dang cAu gilta céc do thi

[ - - } Ly thuyét dé thi |
Chu y Hoang Anh Btic
Vai hai do thi phéan biét G = (V,E) va H = (W, F), khi n0i
do thi H la do thi con pda dé thi G hodc G chifa H, c6 thé
hiéu rang ton tai mot do thi H' = (W', F’) théa méan W’ C V,
F' C Eva H' ~ H. Tuong tu vai cac khai niém do thi con bao
| trum, d0 thi con thuc sy, do thi con cam sinh, v.v.
H = (W ,F)V6iW CV,F' CE

Su dang cAu giita cac do
thi
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Bi€u dién db thi va su dang cau

Su dang cAu gilta céc do thi

Ly thuyét 6 thi |

m Mot s6 tinh chét hién nhién ma céc db thi dang chu
G = (Vl,El) va Gy = (VQ,EQ) can coé

Hoang Anh Btic

B |Vi] = |12

" Bl = |E] .

m V3i mdi d, s6 dinh bac d trong G4 bang s6 dinh bac d trong G2
IRVAVS

m Thong thudng, viéc kiém tra tat ca cdc song danh cé thé gilra
hai tap dinh cla hai dé thi G, G- dé xac dinh xem chiing cé
dang ciu hay khéng 1a rat khé: ¢ n! song anh gilra hai db thi
n dinh

m Dén hién tai, chua biét cé hay khdng mét thuat todn trong thoi
gian da thic dé kiém tra xem hai db thi la ding ciu hay khong

m Thém nita, mot bai todn md trong hang thap ky \a thiét ké mot
thudt todn vdi dé phtic tap trong thoi gian xau nhat tét hon thoi
gian O(2V™). Mdt budc dét phd la két qua clia Laszl6
Babai [Babai 2016]: thuat toan trong thi gian 20((1ee ") i
hang sb k > 1 ¢b dinh nao dé. Thoi gian chay clia thuat toan
nay “tét han” O(2 V™) nhung “té hon” thai gian da thirc. Harald
Andrés Helfgott chiing minh rang cé thé lay hang sb k = 3

Sy déng cau giira cac db
thi
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Bi€u dién db thi va su dang cau

Su dang cAu gilta céc do thi

Ly thuyét db thi
Hoang Anh Btic

m Dé chitng minh hai db thi 1a khéng dang cau, ching ta
thudng tim mot tinh chat ma chi mét trong hai db thi cé.
Mét tinh chét nhu thé duoc goi 1a mot bat bién do thi
(graph invariant) (vi du nhu s6 céc dinh cé bac cho trudc
nao dé, danh sach bac cac dinh clia dé thi, v.v...)
m Trén thuc té, cé nhitng thuat toan rat hiéu qua cho phan
I6n céc dé thj xuét hién trong thuc hanh inionte
m Vi du, phan mém “nauty” clia Brendan McKay (cho do thi vo () jyavochpinccat
huéng) va “Traces” clia Adolfo Piperno (xem
https://pallini.di.uniromal.it/)
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Bi€u dién db thi va su dang cau

Su dang cAu gilta céc do thi

Vidu 15 Ly thuyét 66 thi |

Hoang Anh Btic
a b

Sy déng cau giira cac db
thi

G va H khong dang cau

m Do deg(a) = 2, néu ton tai mot dang cau gilta G va H, a
phai tuang (ing véi mot trong bén dinh bac 2 clia H: t, u, z,
hoac y

m Tuy nhién, méi dinh trong bén dinh ¢, u, 2,y déu lién ké véi
mét dinh bac hai, trong khi a khéng thda man tinh chéat nay
trong G
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Bi€u dién db thi va su dang cau

Su déng cAu gitta cac do thi

Ly thuyét 6 thi |

Bai tép 10 Hoang Anh Blic
Céc cap dé thi sau ¢6 dang chu hay khong? Vi sao?

@ Sy déng cau giira cac db
thi

Bai tap 11
Gia slf G va H la cac don d6 thi théa man G ~ H. Chimng minh
rang G ~ H
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Bi€u dién db thi va su dang cau

Su déng cAu gitta cac do thi

Ly thuyét dé thi |
Hoang Anh Btic

Bai tap 12
M6t don db thi G duoc goi la tu bi (self-complementary) néu
G~Q(@.
(a) Chitng minh rang db thi sau la mot dé thi tu bu
Vo Vs

Sy déng cau giira cac db
thi

U1 V4

(b) Tim mot db thi tu bu cé 5 dinh.
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Tinh lién thong trong dd thi

Puong di

Ly thuyét dé thi |

r{ Du’dng di (V6 hu’dng) } Hoang Anh Bic

Cho G = (V, E) 1a mot db thi vé hudng va n 1a mét sb nguyén
duong. Puong di (path) do dai n tir dinh « dén dinh v trong
G 1a mot day céc canh ey, e, . . ., e, cla db thi théa man diéu
kién ton tai mot day cac dinh v, v1,va, ..., v,_1,v, Sa0 cho
vo = u, vy, = v, VA e; cO cac dau mut v;_; va v;, VOi moi
i€{1,2,...,n}

m Ta néi rang dudng di bat dau véi u va két thic véi v

m D6 dai (length) clia mot dudng di v hudng 1a sb canh clia
dudng di dé

m MGt duong di do dai n > 1 dugc goi la mét chu trinh (circuit
hodac cycle) néu né bat dau va két thic & cuing mot dinh

m Khi G khéng cd céc canh song song va khuyén, mdi
duding di cé thé dugdc xac dinh mot cach duy nhét théng
qua cac dinh clia né, va do dé ta cé thé ky hiéu mot dudng
di bing day cac dinh clia né vo, vy, ..., vy
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Tinh lién théng trong db thi

Puong di

Ly thuyét 6 thi |

Vi d u 16 Hoang Anh Bc
U1

U7 U9

Vg

U3

Ve
X!
@ Pudng di
Vs g
Hinh: vsvg, v9va, vavs (hOAC vs, v9, V2, v3) 1@ MOt dudng di d6 dai 3 va
V1V4, V4Vs5, U5V6, VeUT7, U7U1 (hOéC V1, V4, Vs, Vg, U7, 1}1) la mét chu trinh
dédais
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Tinh lién théng trong db thi

Puong di

Ly thuyét 6 thi |

f{ Du,‘dng dl (Cé hu’Gng) } D Hoang Anh Buic

Cho G = (V, E) 1a mét db thi cé huéng va n 1a mét sé nguyén
duong. Puong di (path) do dai n to dinh « dén dinh v trong
G la mot ddy cac cung ey, es, . .., e, clia do thi thda man diéu
kién ton tai mot day cac dlnh V0, V1,02, -+ - Un—1, Up SAO cho
vo = u, vy = v, VA e; ¢O dinh dau v;_; va dmh cudi v;, véi moi
1€4{1,2,...,n}

m Ta néi rang dudng di bat dau véi u va két thic véi v

m PO dai (length) clia mdt dudng di cé hudng la sé cung clia
duong di dé

m MGt dudng di do dai n > 1 dudc goi la mét chu trinh (circuit (%) bumas
hodc cycle) néu né bat dau va két thic & cing mot dinh it

m Khi G khéng c6 cdc canh song song va khuyén, méi
duding di cé thé dugc xac dinh mét cach duy nhét théng
qua cdac dinh clia né, va do dé ta cé thé ky hiéu mot dudng
di bang day cac dinh clia né vg, vy, ..., vy
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Tinh lién théng trong db thi

Puong di
, Ly thuyét dé thi |
Vi dU 17 Hoang Anh Biic
U1
U7 Vg
Vg
U3
Vg
Uy

Q Buong di
Us e
Hinh: (vs, v9), (vo,v2), (v, v3) (NOAC Vs, Ve, v2, v3) lA MOt dudng di Ao
dai 3 va (1}1,’[)7), (’07, UG), (1)6, ’05), (U5, 114)7 (’U47 ’01) (hOéC
v1, VU7, Vs, Us, V4, v1) la MOt chu trinh d6 dai 5

78



Tinh lién théng trong db thi

Puong di

Mot duong di don (simple path) la mét dudng di khong chira
cung mét canh (cung) nhiéu han mét lan

Bai tap 13 X

Hay tim trong do thi & hinh bén

(a) M6t duong di cé do dain
véin e {1,2,...,7}

(b) M6t duong di don cé do
dainvéine {1,2,...,7}

(c) M6t chu trinh cé dé dai n g d
véin e {3,...,7}

Ly thuyét dé thi |
Hoang Anh Btic

@ Buding di
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Tinh lién théng trong dd thi

Lién thong trong do thi vo huéng

Ly thuyét dé thi |

Mét db thi vo hudng G = (V, E) dugc goi la lién théng
(connected) néu cé duding di gitta moi cdp dinh phan biét clia
G. Nguac lai, néu khong ton tai dudng di gilta mot cdp dinh
phan biét nao dé trong G, ta goi G 1a db thi khdng lién théng
(disconnecteq)
m Do thi c6 chinh xac mét dinh ludn dugc coi la lién thong
m D6 thi khong cé dinh nao (dé thi réng (null graph)) khéng
dugc coi la lién thong

Hoang Anh Biic

Lién thong Khéng lién thong
a b c a b c
)

@ Lién thong trong dd thi vo
hudng

78



Tinh lién théng trong db thi

Lién thong trong db thi vo huéng

Ly thuyét b thi |
Hoang Anh Btic
m Mot thanh phan lién théng (connected component)
H = (V',E') clia G 1a mét do thi con lién théng cuc dai
clia G, nghia 1a, H |a mot dé thi con lién théng clia G va
Vi moi do thi con lién thong K khac clia G, H khong 1a do
thi con thuc su clia K
m Hop (union) clia hai db thi G, = (Vi, Ey) va Gy = (Va, Ey)
la mét db thi G = (V, E) co tap dinh V = V; U V;, va tép
canh E = E; U E,. Tacling viét G = G; U G5
m Mot db thi khéng lién thong G cé thé dudc xem nhu 14 hop
cla hai hay nhiéu dé thi con lién théng trong doé khéng co
dinh chung nao giita méi c&p dé thi con nay. Céc do thi
con nay chinh la cac thanh phan lién thong clia G (59) o rmss e
m G |a db thi lién théng khi va chi khi G cé chinh xac mot "
thanh phan lién théng

78



Tinh lién théng trong db thi

Lién thong trong dé thi vé huéng

Ly thuyét 6 thi |

Ménh dé 6 Hoang Anh Biic

Cho G = (V, E) Ia mét dé thi vo hudng lién théng cd it nhét
hai dinh. V@i hai dinh bat ky u,v € V cla G, ton tai mét dudng
di don gita v vav

Ching minh.

m Do G lién théng, ludn tn tai mét dudng di gilra hai dinh
u,v. GOi P = ey, eq,...,e; la mbt dudng di co do dai nho
nhat trong s6 tat ca cac dudng di gilta « va v. Ta chiing
minh P la m6t duong di don

m Gia st P khong phai dudng di don. Suy ra, ton tai i, j thda
man 0 <i<g< kva €; = €j. Do dé, @ Lién théng trong db thi vo
P ' =ej,es,...,¢,€541,... e, lamét duong di gitra u va v i
va P’ c6 do dai nhd hon do dai k cla P. Diéu nay mau
thuan véi dinh nghia cla P



Tinh lién théng trong db thi

Lién thong trong dé thi vé huéng

Cho db thi vé huéng G = (V, E)
m Mét dinh v € V dudc goi la dinh cat (cut vertex) hodc diém
khdp (articulation point) néu G — v ¢6 nhiéu thanh phan
lién théng hon G
m Mot canh e € E dudc goi la canh cat (cut edge) hodc cau
(bridge) néu G — e cé nhiéu thanh phan lién thong hon G

a b c d
799
e
7 q

Hinh: Céc dinh cat clia G 1a f, g, h. Cac canh cét cla G 1a ah, gf

Ly thuyét dé thi |
Hoang Anh Btic

@ Lién thong trong dé thi vo

huéng

78



Tinh lién théng trong db thi

Lién thong trong dé thi vé huéng

Ly thuyét dé thi |
Bai tép 14 Hoang Anh Biic
Mot do thi khong cé dinh cat nao duagc goi 1a do thi khong thé
tach roi (nonseparable graph). Chitng minh rang méi do thi sau
la db thi khong thé tach roi

(@) C,vbéin>3 () Ky VGim>2van>2
(b) W, véin >3 (d) Q, véin>2
Baitap 15

Chitng minh rang néu G la don db thi vé huéng cé chinh xéc
hai dinh béc 1 u, v thi cac dinh nay phéi thudc cling mét thanh
phan lién thong clia G

Bé.l tép 16 @ Lién thong trong db thi vo
Chitng minh rang mét dé thi vo hudng lién thong bat ky gbm e

n > 1dinh cé it nhat n — 1 canh. (Goi y: Quy nap manh theo

s6 dinh n clia dé thi.)
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Tinh lién théng trong db thi

Lién thong trong dé thi vé huéng

Ly thuyét 6 thi |

Bél tép 17 Hoang Anh Buc
Cho G = (V, E) 1a mét don d thi vé hudng lién théng gm ?
n > 1dinh va G # K,,. Chiéing minh rang luén ton tai mot tap
cac dinh V' sao cho G — V' la db thi khong lién théng
m Tap dinh V' clia mét don d6 thi vo hudng lién théng G
thda man diéu kién & Bai tap 17 dudc goi 1a mot tap phan
tdch (separating set (of vertices)) clia G
m Sé lién théng dinh (vertex connectivity) clia G, ky hiéu
#(G), 1a s6 dinh nhd nhat can bé di tir G dé thu dugc moét
dd thi con G’ khéng lién théng hoac chi cé mét dinh
m x(G) = 0 néu G khong lién thong hoac chi c6 mét dinh
m «(G) la sO phan t& nhd nhat trong mét tAp phéan tach (néu

cd) clia G
m G 1a k-lién théng (k-connected) néu k(G) > k OF it
m Néu G 12 k-lién thong thi cling 1a j-lién théng véi moi
0<j<k

m Néu xda di t6i da k — 1 dinh bat ky tir G thi do thi thu dudgc
ludn la d6 thi lién thong "



Tinh lién théng trong db thi

Lién thong trong dé thi vé huéng

Bai tap 18
Cho G = (V, E) 1a mét don dé thi vo hudng lién thong gém
n > 2 dinh. Chiing minh réng ludn ton tai mét tap canh E’ sao
cho G — E’ la mét dé thi khong lién théng
m Tap canh E’ clia mdt don dé thi v huéng lién thong G
thda man diéu kién & Bai tap 18 dudc goi 1a mot tap canh
phén tdch (separating set of edges) clia G
m Sé lién théng canh (edge connectivity) clia G, ky hiéu
MG), la s6 canh nhd nhat can bé di tir G dé thu dugc mét
dd thi con G’ khéng lién théng hoac chi cé mét dinh
® )\(G) = 0 néu G khong lién thong hoac chi cé mét dinh
m \(G) 1a so phan t& nhd nhat trong mét tap canh phan tach
(néu cd) clia G
m G 1a k-lién théng canh (k-edge connected) néu A(G) > k
m Néu G 12 k-lién thong canh thi ciing 1a j-lién thong canh véi
moi0<j<k
m Néu xda di t6i da k — 1 canh bat ky tit G, d6 thi thu dugc
luén la do thj lién théng

78

Ly thuyét dé thi |
Hoang Anh Btic

Lién théng trong db thi vo
huéng



Tinh lién théng trong db thi

Lién thong trong dé thi vé huéng

Ly thuyét dé thi |
D& chiing minh x(G) = k v6i don db thi vé hudng lién thong Hoang Anh Bic
G = (V, E), can chiing minh:
(1) Ton tai mot tap W C V gbém k dinh théa man G — W
khong lién thong hodc chi ¢ 1 dinh
(2) V&i moitap X C V gbm ¢ dinh (¢ < k), G — X 1a db thi
lién thdng
Tuaong tu véi A\(G).
Bai tap 19
Xac dinh «(G;) va M\(G;) trong céc d6 thi G; véii € {1,2,3} sau
V1 ) U1 (%) Uy U2
e Lién thong trong db thi vo

huéng

4 v, V, v,
Vg Gy U3 4 Go 3 4 Gy 3 "



Tinh lién théng trong db thi

Lién thong trong dé thi vé huéng

Bai tap 20 oo
Chitng minh rang véi moi d thi vé hudéng lién thong G = (V, E)
<
#(G) < mindegg(v) (1)
<
A(G) < mindegg(v) (2)

Bai tap 21
V6i méi dd thi G; (i € {1,2}) sau, tim x(G), \(G), va min deg(v)

veV
a C
a
d G, e

Lién théng trong db thi vo
huéng

b d
() i

O @
f

c
h Go

78



Tinh lién théng trong dd thi

Lién thong trong do thi cé hudng

Ly thuyét dé thi |

Cho G = (V, E) la mét db thi c6 hudng
m G dugc goi la lién théng manh (strongly connected) néu
v6i méi cap dinh u,v € V, ton tai mét dudng di ¢é hudng
t « dén v va mot dudng di cé hudng ti v dén w
m G duoc goi 1a lién théng yéu (weakly connected) néu dé thi
vo hudng thu dugc bang cach bd qua hudng clia cac cung
clia G 1a mét db thi lién thong

Vidu 18
a b a b

Hoang Anh Biic

Lién thong trong dd thi c6

e d e d huéng
G H °

Hinh: G Ia do thj lién thong manh. H khong la do thi lién thong manh
nhung la dé thi lién théng yéu 7



Tinh lién théng trong db thi

Lién théng trong db thi cé hudng

N Ly thuyét dé thi |
Cho G = (V, E) la mét do thi c6 hudng HyoéngyAnhDd'c
m Mot thanh phan lién théng manh (strongly connected
component) cla G la mot do thj con lién théng manh cuc
dai H cla G, nghia la, H la mét do thi con lién théng
manh clia G va khong la do thi con thuc su clia bat ky do
thi con lién théng manh nao khac
Vidu 19
m G khong 1a db thi lién théng manh
| 96 thl G1 = (Vl,E1) Vi
Vi ={a,b,d} va
E, = {(aa‘b)7 (bv d)7 (dv a)} la mét
thanh phan lién théng manh cla G
m DO thi Gy = (Va, Es) V6i
‘/2 = {Cv €, f} Vé
E, = {(Ca‘f)7 (fa 6), (6, C)} la mét

thanh phan lién théng manh cla G

f Lién thong trong d thi co
huéng

Q(\

78



Tinh lién théng trong db thi

Lién thong trong dé thi cé huéng

Ly thuyét dé thi |
Hoang Anh Btic
m M6t do thi cé hudng khong co chu trinh (directed acyclic
graph — DAG) la mét do thi c6 hudng khdng chira khuyén
hoac chu trinh ¢é huéng.

d b e d b e
a ¢ f a [ f
G H

Hinh: G 1a mdt db thi c6 hudng va cé chu trinh. H 1a mét db thi cé
hudng va khong ¢6 chu trinh

@ Lién théng trong db thi c6
huéng
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Tinh lién théng trong db thi

Puong di va su dang cu

Ly thuyét dé thi |

m Nhac lai: D& chiing minh hai dé thi 1a khéng dang cau,
chiing ta thudng tim mét tinh chat ma chi mot trong hai d6
thi c6. Mot tinh chat nhu thé dugc goi 1a mot bat bién do
thi (graph invariant)

m s cac dinh cé bac cho trudc ndo dé
m danh sach bac cac dinh cla db thi

m Mot bat bién db thi hitu ich 1a s tén tai cua céc chu trinh

don vdi dé daik > 3

Hoang Anh Biic

Bai tap 22
Céc db thi sau c6 dang cau khéng? Vi sao?
Ve (%3 We Wy
U1 V4 w1 Wy
Dudng di va sy ding cau
) U3 w2 w3

G1 G? 78



Tinh lién théng trong db thi

Puong di va su dang ciu

Ly thuyét dé thi |
Hoang Anh Btic

m Ching ta cling c6 thé si dung dudng di dé tim cac anh xa
gitta hai dd thi dang cau
Bai tap 23
Cac db thi sau c6 dang ciu khong? Vi sao?

vy Vg wy wa

@ Puding di va sy déng cau

78



Tinh lién théng trong dd thi

Dém sb dudng di gilra cac dinh

Ly thuyét dé thi |

'Dlnh Iy 7 Hoang Anh Biic

Cho G la mét dé thi vdi ma tran ké A tuong tng vdi thit tu
cdc dinh vy, vs, . . ., v,. SO cdc dudng di khdc nhau dé dair tur
v; tdivj, trong d6 r 1a mét sb nguyén duong, bang gia tri cda
phan ti7 (i, j) clia ma tran A”.

Ching minh.
Ta chitng minh Binh ly bang quy nap theo r
m Budc co sd: Theo dinh nghia ma tran k&, Dinh ly 7 ding
véir=1
m Buwdc quy nap: Gia st Dinh ly 7 ding véi moi 1 < r < k.
Ta chitng minh Binh ly 7 dding véi r = k + 1, tiic 14, sb cac
duding di khac nhau dé dai k + 1t v; t6i v; bang gia tri
clia phan t (i, j) clia A1,
m MGt duong di do dai k + 1t v; dén v; dugc tao thanh béi
mét dudng di d6 dai k tU v; dén v, nao do, va canh {uv,v;}.

Bém sb dubng di giira cac
dinh
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Tinh lién théng trong db thi

DPém sb duding di gilra cac dinh

Ly thuyét dé thi |
Hoang Anh Btic

Bai tap 24
Tim s6 dudng di do dai n gilra hai dinh phan biét clia K4 véi n
bang

(a) 2 (c) 4
(b) 3 (d) 5
Bai tap 25

Tim sé‘du’dng di don do dai n gitta hai dinh phan biét clia Ky
vGi n bang

(a) 2 (c) 4

(b) 3 (d) 5

@ Dém sb duong di gida cic
dinh

78



Part |
Phu luc



NGi dung

Ly thuyét dé thi |
Hoang Anh Btic

Mét s6 16i thudng gap

Mét s6 (ing dung cla do thi
D6 thi web va mét s6 mang Iudi tuong tu
Mang xa hoi
Mang sinh hoc
Thuét toan Gale-Shapley

28



Mbt s6 16i thudng gap

Ly thuyét dé thi |
Hoang Anh Bic

Mét s6 16i thuding gap

Tham khdo t tai liéu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf)

(a) Nham lan giira mot s6 thuat ngir trong Iy thuyét do thi
m Chéng han nhu su khac biét gitta dudng di (path) va duong
di don (simple path). Day la mot trong nhiing truong hop
can phai ghi nhd
m Viéc tao ra bang thuat ngl riéng trén cac thé ghi chi hoac
trong mot tép mdy tinh cé thé hitu ich
(b) Dém thira canh trong dé thi do quén chia 2 khi cong
bac clia cac dinh
m M&i canh dugc dém hai lan, mét Ian cho méi dau.

28
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Mot s6 16i thudng gap (tiép)

Ly thuyét b thi |
(c) Khong chac chan vé viéc nén st dung mé hinh do thi Hoang Anh Bic
nao Mot s6 18i thudng gép
m Néu mbi quan hé giita cac dbi tugng trong tinh hubng ban
dang mé hinh héa c6 tinh dbi xting, thi do thj vé hudng ¢
thé phu hop; ngudc lai, dd thi cé hudng thudng phi hap hon
m Vi du: dudng cao téc ndi cac thanh phé 16n cé thé di theo ca
hai hudng, nén db th| vO huang la phu hgp cho m6 hinh nay
m Mbi quan hé s&n mdi-con moi gitra cac loai dong vat ro rang
khéng c6 tinh dbi x(ing, nén dé thi c6 huéng dudng nhu
dung hon trong trudng hop nay
(d) Sai lam khi cho rang néu hai d6 thi c6 nhiéu thudc tinh
giéng nhau (bat bién nhu s6 dinh, s6 canh, v.v.) thi
chiing phai dang cau
m Vidu: do thi K33 va do thi K¢ déu c6 6 dinh va 9 canh,
nhung chuing khéng dang cau véi nhau

(e) Nham lan vé cac tinh chat ctia d6 thi hai phan

28



Mét sb 16i thudng gap (tiép)

Ly thuyét dé thi |
Hoang Anh Btic

Mt sb 16i thuding gdp

m Cho ring néu G 1a mot do thi hai phan thi né ludn la db thi
lién thong

m Cho rang néu G ¢6 chu trinh thi nd khong thé la do thi hai
phan

28



Do thi web va mét s6 mang ludi tuong tu

D6 thi web W

Ly thuyét do thi |
z . Hoang Anh Bic
m Xuat hién sau su ra doi cla Internet vao dau nhitng nam
1980
m MGi trang web dugc coi la mét dinh trong d6 thi W, méi et it s g
lién ket gilta cac trang web dugc coi la mot canh oy
m Mac du cac siéu lién két (hyperlinks) la cé}c canh co
hudng, trong mét s truong hgp W co thé duge xem nhu
mot do thi vo hudng
m D4 thi web W la mot do thi thuc té, phat trién lién tuc theo
thoi gian
= Ngoai ra, ¢6 nhiing trang web dong (vi du nhu dﬁmg ho
truc tuyén) va so lugng cac trang nhu vay co thé dugc
xem la vo han
m Do dd, db thi web W c6 thé dugc xem 1a hitu han ho3c vo
han

28



Db thi web va mét s6 mang ludi tuong tu

Do thi web W

Ly thuyét dé thi |
Hoang Anh Btic

M6t s tinh chét clia do thi web W [Zverovich 2021]:

® W 1a mot d6 thi khdng 16 v6i hang ty dinh (vi du, xem cac o4 ot sh
co s@ dif liéu vé do thi web & ;
https://webgraph.di.unimi.it/)

= W la mét d6 thi tuong dbi thua thdt (sparse) vi s6 canh
trong W it hon nhiéu so véi s canh c6 thé cé. Cu thé han,
béc trung binh clia mét dinh co dinh trong W khéng vuot
gua mét hang so6 [Baldi, Frasconi, and Smyth 2003]

t6ng bac céc dinh trong W

Béc trung binh clla W = —
soO dinh cua W

28
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Db thi web va mét s6 mang ludi tuong tu

Do thi web W

Mbt s6 tinh chat ciia d thi web W [Zverovich 2021]: e
m D4 thi web cé nhiéu “cong dong”. Mot cong dong
(community) la mot tap hop cac trang web c6 cung moi
lien hé nao dé. Vi du, mét cong ddng cd thé la mot nhém A
céc trang web lién quan dén mét chli dé cu thé nhu thé B
thao, du lich, v.v.
m C6 nhiéu cach tiép can dé dinh nghia “cong dong” theo
ngdn ngli toan hoc
m Mot céch I dinh nghfa cdng ddng nhu mét do thi con cé sb
canh ngi bd (néi glu’a céc dinh trong cong dong) nhiéu hon
s6 canh bén ngoai (nbi gitra céc dinh trong cong dong va
céc dinh bén ngoai cong déng)
m Mot dinh nghia khac dua trén cdc dé thi con hai phéan c6
hudng day dac (dense directed bipartite subgraphs) dugc
goi la 16/ hai phan (bipartite cores). Mot vi du vé 16i hai phan
la d6 thi hai phan day du cé hudng K33 vai cac canh co
hucng di t* mdt phan nay sang phan kia, va cé thé them
maot s6 canh cé hudng vao cac phan

Hoang Anh Btic
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Db thi web va mét s6 mang ludi tuong tu

Do thi web W

M6t s6 tinh chét clia dd thi web W [Zverovich 2021]: Ly thuyétdo thi |
m Phan phéi bac cia W tuén theo ludt liiy thita véi~ = 2.1 (y = 2.5 hodc rosno A ote
2.7 néu xét cac do thi W cd hudng va phan phdi bac ra) va do dé W
cling dugc goi la mét mang Iu6i khéng ty 1é (scale-free network)
m Trong mét db thi G ¢6 n dinh, goi ny 1a sb dinh cé bac k, va day o
(nk,0 < k < n — 1) dugdc goi la phan phdi bac (degree distribution) cua G 1061 tong
m Phan phdi bac clia G dugc goi la tuan theo /uat Iy thira (power law) néu )

vGi moi bac k > 0, ta ¢ )

nk

? ~ I?Y’ (3)
trong d6 ~ > 1 1a mét hang s6 ¢b dinh

m S6P(k) = " 1aty 1é céc dinh c6 bac k va cb thd dugc xem nhu xac suét
n

dé mot dinh ¢6 bac k. (Xac sut dé mot dinh o bac k 1a ty 18 véi k=)

® Quan hé tiém can (3) 4p dung cho dd thi vé han, va dbi véi dd thi hitu han
né c6 nghia la ‘xap xi bang’: P(k) ~ k™. Trong trudng hop G la dé thj cé
huéng, luat Iy thira cho phan phéi bac vao va phan phéi bac ra dugc dinh
nghia tu’dng tu

m Trong céc dd thi khdng 16 tuan theo luat Iuy thira co céc dinh vdi béc cao,
dugc goi 1a céc trung tdm (hubs). Cling ¢an luu y rang trong cac mang IUuGi
thuc té, luat Ity thira cé thé cé mot sb sai léch dbi véi cac dinh cé bac rat
nhd hoac rét 16n
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Db thi web va mét s6 mang ludi tuong tu

Do thi web W

M6t sb tinh chat clia do thi web W [Zverovich 2021]: Ly thuyé ds thi |

N L L Hoang Anh Biic
m DO thi web W c0 tinh chat “thé gidi nhd” (small-world property)
dugc gidi thiéu trong [Watts and Strogatz 1998]

m Goi d(u, v) la khoang cach giita cac dinh u va v trong db thi vo
huéng G, va goi X 1a tap hop tt ca cac cap dinh {u,v} phan biét 98 i wob v mdt s mang
thda man d(u,v) hitu han. Khodng cdch trung binh (average :
distance) cla G la:

Z d(u,v)

{u,v}eX

L(G) X]

m Mét tham sb tuong tu, La(G), c6 thé dugc dinh nghta cho dd thi
¢6 hudng G, trong dé khodng céch gitia hai dinh Ia s6 canh trong
dudng di ngan nhat ¢ hudng giira hai dinh dé

m Tinh chét “thé gidi nhd” (small-world property) néi rang L(G)
(hodc L4(G)) phai nhd hon nhiéu so vdi sé dinh trong G:

L(G) < clnlnn, trong dé ¢ la mét hdng sb nhé. Dbi véi db th web
W, cdéc nghién ctiu [Albert, Jeong, and Barabasi 1999]; [Broder
et al. 2000] cho thay L(W) = 6.8, trong khi L, (W) = 16 hodc 19
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Do thi web va mét s6 mang luéi tuong tu

Mét s6 mang luéi tuong tu

Ly thuyét 6 thi |

m D6 thi internet (internet graph) T ¢6 thé dudc dinh nghia theo
nhiéu cach khac nhau
® Vidy, céc dinh clia Z c6 thé dai dién cho cac mién (domain) va
cdac canh la cac két noi gilra cac mién
m Ngoai ra, cac dinh clia Z c6 thé Ia cac bd dinh tuyén (router) va () 08 weovamsiss mang

Hoang Anh Btic

Iudi tuong ty

cac canh la cac két ndi giira cac bd dinh tuyén
m C4 hai loai db thi internet nay déu tuan theo luat Idly thira véi s6
mi~y =25
m D6 thi blog (blog graph) 1a mot dd thi con cadm sinh clia do thi
web, trong dé cac dinh dai dién cho cac blog web va cac canh
¢6 hudng la cac lién két gilta cac bIog Db thi nay tuan theo
luat Iy thira véi sb mi v = 2.1 cho ca phan phdi bac vao va
bac ra, dong thdi c6 cau tric cong ddng phong ph
m Trong dc”i thi cudc goi (call graph), cac dinh dai dién cho cac
s6 dién thoai va hai dinh duoc ndi v6i nhau néu cé cudc goi tir
sb nay dén sb kia trong, chang han, mdt ngay. Db thi cudc goi
¢6 hudng ciing tuan theo luat Iy thira véi s6 mi v = 2.1
m Tim hiéu thém vé cac mang Iudi nay trong [Dorogovtsev and
Mendes 2003]
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Mang xa héi

Ly thuyét dé thi |
Hoang Anh Biic

m M6t trong nhitng mang xa héi dau tién la do thi quen biét
(acquaintance graph), trong dé méi c4 nhan dugc bidu
dién bang mét dinh va hai dinh dugc néi véi nhau bdi mot
canh néu céc ca nhan tuong (ing quen biét nhau.

m Puong kinh (diameter) clia dé thi G dudc dinh nghia nhu
sau: diam(G) = max, d(u,v). Milgram [Milgram 1967]

)

Mang xa hoi

nghién ctiu db thi quen biét va két luan réng dudng kinh
clia né khoang sdu, diéu nay dan dén cac cau néi quen
thubc “sdu chang phan cdch” (six degrees of separation)
va “Trdi P4t tron” (it's a small world)
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Mang xa hoi

Ly thuyét dé thi |
[ Trong bai toan quen b/et (acquaintance puzz/e) noi tleng, Hojng Arth B

can phai chiing minh réng trong mét nhém gom sau
ngudi, sé cé ba ngudi hodc Ia cling quen biét nhau hodc 1a
cung khdng quen biét nhau. Bai toan quen biét cé lién
quan chat ché dén cac sé Ramsey (Ramsey
number)—khai niém quan trong trong Iy thuyét dé thi cuc
han (extremal graph theory) (ly thuyét nghién ctiu sy &nh
hudng clia cac tinh chat tdng quat trong mot do thi dén
cd4c cau tric con cuc bo).

n Sé~ Ramsey (Ramsey number) R1,y, |a s6 nho nhat sao cho
moi do thi Vi R, dinh chira mét d6 thi day da K; (trong do
moi cap dinh ndi véi nhau) hodc mot tap doc lap (tap hop
céac dinh ma khoéng c6 cap dinh nao n0| vGi nhau) m dinh

m Dinh {y Ramsey (Ramseys t/leore‘m) néi tleng khang dinh
cac so Ramsey ton tai, cu thé la ton tai mot s nguyén
duong nhé nhat R;,,, sao cho moi t6 mau canh xar]h-dé cla
do thi day du trén Ry, dinh déu chita mét do thi day dl K,
mau xanh hoac mot do thi day dd K,,, mau dé.

Mang xa hoi
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Mang xa hoi

Ly thuyét 6 thi |

m Trong dé thi hop tac (collaboration graph), cac dinh dai dién Hokng Ath Bl
cho cac nha nghién ctiu trong mét [inh vuc nao do va céc
canh ndi cac nha nghién cliu cong tac véi nhau
m D4 thi hop tac clia cac nha toan hoc dugc biét dén nhu 1a do
thi hop tdac Erdés (Erdds collaboration graph), trong do6 cac
dinh dai dién cho cac nha toan hoc va hai dinh dugc nbi véi Vanoa i
nhau néu hai nha toan hoc la déng tac gia clia mét bai bao
chung (bai bdo cé thé cé cac dong tac gid khac)
m Khoang céch giita hai nha toan hoc trong dé thi hop tac Erdés
dudc goi la khodng cdch cong téc (collaboration distance).Sé
Erdés (Erdés number) ciia mot nha todn hoc 1a khoang cach
cong tac clia nha todn hoc dé véi nha toan hoc ndi tiéng Paul
Erdds (Erdés (1913-1996) c6 khodng 500 dong tac gia va da
xuat ban it nhat 1525 bai bao, nhiéu hon bat ky nha toan hoc
nao khac trong lich sit)
m Newman [Newman 2001] nghién ctiu do thi hop tac cho céc
nhém khoa hoc khéc nhau va két luan rang mét db thi hop tac
dién hinh F ¢c6 céc tinh chat sau: diam(F) ~ 20 va L(F) ~ 6
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Mang xa hoi

Ly thuyét 6 thi |

m M6t s6 mang xa hoi dugc moé hinh héa bang do thi co
huéng néu mbi quan hé gilta cac dbi tugng thé hién theo
mét thi tu nhat dinh nao dé; chang han, néu mot ngudi
thap hon ngudi khac. Mot vi du khac |a dé thi cé hudng
clia cdc trich dan (collaboration graph) cho tat ca cac an
pham trong mot linh vuc ndo doé.

m MGt vi du khac la mé hinh hda quan hé ho hang trong mot
nhoém nguoi: cac dinh clia G 1a cac ca nhan tir nhém va
hai ca nhan z va y duoc néi véi nhau bdi mot canh cé
hudng zy néu z la cha/me cla y.

m Néu A la matran ké clia G, thi A2 = A x A la ma tran ké
clia mot db thi ¢é hudng H. C6 thé chiing minh vé mét toan
hoc rang H biéu dién méi quan hé 6ng ba—chdu trong nhém
ngudi ban dau. Luu y rang H c¢6 thé 1a mét da do thi co
huéng néu khong cam quan hé can huyét

m Vi du nay cé thé dugc tong quat héa hon nira cho ma tran
ké A* cla db thi biéu dién méi quan hé t§ tién qua k thé hé

m Phan phéi bac cla cadc mang xa hdi thudng tuan theo luat
/ljy thra 28

Hoang Anh Btic

Q Mang xa hoi



Mang sinh hoc

Ly thuyét dé thi |
Hoang Anh Bic

m MOt mang sinh hoc phan tir (biomolecular network) bao
gdm cdc dinh, dai dién cho céc phan tl sinh hoc
(biomolecule), va cac canh thé hién su tuong tac gitra
chung

m Céc phan tl sinh hoc cé thé 1a cac phan tir 16n (large
molecule) (vi du: protein, gen) hoac cac phan ti nhd
(small molecule) (vi du: axit nucleic, dudng). Chéng han,
trong mang tuong tac protein, cac canh dai dién cho cac
tiép xuc vat ly giita cac protein trong mot t& bao

m Tuong tu nhu dd thi web, nhiéu mang tuong tac gen, trao
d6i chat va protein déu c6 tinh chat “thé gidi nhd”. Nghién
ctiu cho thay dbi véi mot sb mau, khoadng cach trung binh
nam trong khoang tr 3 dén 5, va dudng kinh nhd.

Mang sinh hoc
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Mang sinh hoc

Ly thuyét dé thi |
Hoang Anh Btic

m Mot sb dinh trong mét mang IuGi quan trong hon nhitng
dinh khéc; chang han, cac protein cu thé trong mang ludi
tuong tac co thé c¢d y nghia cAu trlic quan trong hon. Cac
cdc do do trung tam (centrality measures) dong vai tro
quan trong trong viéc xac dinh cac dinh cé “tht hang cao”.

m Phan phéi bac clia nhiéu mang Iudi sinh hoc da dudc chiing
minh 1a tuan theo luat Iy thira, vi du nhu mang Iugi trao ddi
chéat va mang Iudi tuong tac protein

m Mang luéi diéu hoa phién ma (transcriptional regulatory
network), 12 mét tap con cla mang Iudi didu hoa gen (gene
regulatory network), cé phan phédi bac ra tuan theo luat Idy
thira, tuy nhién, phan phdi bac vao tuan theo phan phéi
ham mi

m C6 mdt sb bing chiing cho thay bac clia mét dinh trong
mang ludi tudng tac protein chi ra kha nang mét protein 1a
thiét yéu: cac protein khong thiét yéu thudng cé bac thap
hon so Vi bac clia cac protein thiét yéu

Mang sinh hoc
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Mang sinh hoc

Ly thuyét dé thi |
Hoang Anh Btic

m DAi v6i db thi lién thong G, do léch tam (eccentricity) clia
mot dinh « dugc dinh nghia nhu sau: e(u) = ma d(u,v).

Khi dd, tam (centre) cla G 1a tap hap X
{ueV:e(u) = Hél‘l/l e(v)}. Noi cach khac, tam clia do thi
bao gdm céc dinh c6 do Iéch tam nhé nhét.

m Trong mang Iui trao di chét, tam c6 thé dai dién cho mét
s0 thanh phan chinh clia qua trinh trao doi chat cla sinh
vat va ¢ vai tro nhu mét “nut that co chai”
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Mang sinh hoc

Ly thuyét dé thi |
Hoang Anh Btic

m D9 trung tam trung gian (betweenness centrality) la mot do
do khac dé dinh lugng tdm quan trong clia mét dinh—dinh
quan trong thudng thudc vé nhiéu dudng di ngan nhat
gilta cac dinh khéc, tir d6 kiém soéat “su lién lac
(communication)” gilta cac dinh nay o

= Goi 7., |2 s6 dudng di ngan nhét giira cac dinh v va w
trong do thi G, va ov. (u) la s0 dudng di ngan nhat (v, w) di
qua dinh u, trong d6 u, v va w déu khac nhau.

m DO trung tAm trung gian cla u dugc tinh bdi cong thic:

By =y el
v, weV,vEutw v

m Vi du, trong mang ludi twong tac protein clia men nd (yeast
protein interaction network), dé trung tam trung gian trung
binh cho céc protein thiét yéu cao hon nhiéu so véi cac
protein khdng thiét yéu
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Thuat toan Gale-Shapley

Gidi thiéu

Ly thuyét dé thi |
Hoang Anh Biic

m Bai toan duoc dat ra: Ghép cap gilra cac thuc tap sinh 'y
khoa va cac bénh vién

m Mbi bénh vién cé mét danh sach uu tién vé céc thuc tap
S|nh @ Thuat todn Gale-Shapley

m Mbi thuc tap sinh c6 moét danh sach wu tién vé cac bénh
vién

m Muyc tiéu: Tim mét cach ghép cap sao cho khong ton tai )
cap (bénh vién, thuc tdp sinh) nao déu thich nhau hon doi
tuong hién tai cia ho

m Thuat toan Gale-Shapley (1962) giai quyét bai toan nay
[Gale and Shapley 1962]
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Thuat toan Gale-Shapley

Dinh nghia va M6 ta thuat toan

Ly thuyét 6 thi |

~ Hoang Anh Btic

A Ghép cap 6n dinh (Stable Matching) |

Cho hai tap hgp cac dbi tugng A va B ¢6 cuing kich thudc. MGi dbi
tuong trong A va B c6 danh sach xép hang uu tlen riéng vé tat ca
cac doi tugng trong tap kia. Mot ghép cap M la 6n dinh (stable) néu
khéng ton tai cap (a,b) véia € Avab e B sao cho:

(1) a va b khéng dugc ghép véi nhau trong M

(2) a thich b hon déi tugng hién tai clia a trong M

| (3) bthich a hon d6i tugng hién tai clia b trong M

@ Thuat todn Gale-Shapley

m O méi vong 1ap cla thuat toan
m Mbi bénh vién chua ghép dbi glii dé nghi dén thuc tap sinh cao nhét
trong danh sach ma ho chua gl dé nghi trugc dé
m Méi thuc tap sinh chon dé nghi tot nhat trong sb cac dé nghi nhan
dugc va tlr chdi céc dé nghi khéc
m Bénh vién bi tir chéi sé glii d& nghi dén ing vién tiép theo trong
danh sach clia ho trong vong ké tiép
= Thuat toan két thiic khi moi bénh vién déu dugc ghép déi hodc da
gUi dé nghi den tat ca ting vién trong danh sach clia ho
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Thuat toan Gale-Shapley

Dinh nghia va M6 ta thuat toan

Iy 7 Ly thuyét dé thi |
Thuat toan 1: Thuét toan Gale-Shapley (bénh vién dé xuAt) e

Input: Danh sach uu tién cla bénh vién va thuc tap sinh
Output: Tap cac cap ghép dbi on dinh .
1 Khdi tao tat ca bénh vién va thuc tap sinh déu chua duge ghép doi
2 while cé bénh vién h chura dugc ghép déi va h chua guri dé nghi dén
tat ¢4 thuc tap sinh do

Hoang Anh Btic

3 s + thuc tap sinh cao nhét trong danh sach uu tién clia h ma h Thudt todn Gale-Shapley
chua gli dé nghi

4 if s chua dugc ghép déi then

5 | ghépddihvas

6 else

7 1« bénh vién hién tai cla s

8 if s thich h hon b’ then

9 hly ghép doi (A, s)
10 ghép dbi (h, s)
11 dat /' la chua dugc ghép doi

12 return t3p cdc cap ghép dbi
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Thuat toan Gale-Shapley

Vi du minh hoa

Ly thuyét dé thi |
Hoang Anh Btic

(=) )

Sl>52>53 H2>H1>H3

Thuat todn Gale-Shapley

()
()

So > 51 > 53 Hy > Hy > Hj
S1 > 853> 85, Hy > Hy > Hs

Khéi tao: Moi bénh vién (H;) va thuc tap sinh (S;) déu chua ghép doi
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Thuat toan Gale-Shapley

Vi du minh hoa

Ly thuyét dé thi |
Hoang Anh Btic

S1 > S > S3 Hy, > Hy > Hj Thuétt;)énGale-Shapley

Sy > 51 > H, > Hy, > Hj
51>S3>SQ H1>H2>H3

Vong 1: M&i bénh vién glii dé nghi dén thuc tap sinh ua thich nhat
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Thuat toan Gale-Shapley

Vi du minh hoa

Ly thuyét dé thi |
2 R Hoang Anh Btic
Tam chap nhén

Tir chéi - mptarhr
S1 > 82 > 853 ,"/ , Hy > Hy > Hj A
@ﬂ@nhén\ Thuat toan Gale-Shapley
So > 51 >/IS3 H, > Hy, > Hj
S1 > 83 > 5, H, > Hy, > Hj3

vong 1 (tiép): S; chon Hy (Vi H; > Hj), S, chap nhan H,
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Thuat toan Gale-Shapley

Vi du minh hoa

Ly thuyét dé thi |
Hoang Anh Btic

Sl > SQ > Sg . R H2 > H1 > H3 Thuétt;)énGale-Shapley
Tam chap nhan

Sy > 51 > 53 . H, > Hy, > H;
@/D%C
51>S3>52 H, > H, > Hj

Vong 2: Hj bi tir chéi, glii dé nghi dén thuc tap sinh thir 2 1a S5
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Thuat toan Gale-Shapley

Vi du minh hoa

Ly thuyét dé thi |
Hoang Anh Btic

Sl > SQ > S3 2 R H2 > Hl > HS T;uétt;)énGale-Shapley
Tam chap nhan

@ G

52>Sl>33 ; H1>H2>H3
Tam chap nhéan

@ O

S1 > S35 > 59 H, > Hy, > Hj
Vong 2 (tiép): S5 chap nhan Hj (vi chua cé dé nghi nao khac)
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Thuat toan Gale-Shapley

Vi du minh hoa
Ly thuyét d thi |
Hoang Anh Btic
S1>S2>53 H2>H1>H3

Thuat todn Gale-Shapley

Z

Sy > 51 > S5 Hy > Hy, > Hy
S1 > S3> 5% H, > Hy, > H3

Két qua cubi cung: (Hy, S1), (Ha, S2), (Hs, Ss)
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Thuat toan Gale-Shapley

Mot vi du phuc tap hon

&

Sl>52>53>S4

)

Sz>sl>S4>Sg

)

S3>51>SQ>S4

S4>53>SI>SQ

Ly thuyét dé thi |
Hoang Anh Btic

()

H2>H1>H3>H4

)

Thuat todn Gale-Shapley

H1>H3>H4>H2

()

H4>H2>H3>H1

Hs > Hy, > Hy; > H,

Khai tao: Danh séach uu tién clia cac bénh vién (H;) va thuc tap sinh (S;)
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Thuat toan Gale-Shapley

Mot vi du phuc tap hon

. Ly thuyét dé thi |
Dé nghi Hoang Anh Biic

3

SI>S2>53>S4

Sz>Sl>S4>Sg

Sg>S1>Sz>S4

S4>53>Sl>32 H3>H1>H2>H4

. Hy> H, > Hy > H.
Pé nghi 2> =ty = Ha

Thuat todn Gale-Shapley

\ Hy > Hs> Hy > H
P& nghi 1> Hs > M > 2

l

N . Hy> Hy, > H3 > H
Pé nghi 4 2 3 1

l

Vong 1: M&i bénh vién giii d& nghi dén thuc tap sinh ua thich nhéat
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Thuat toan Gale-Shapley

Mot vi du phuc tap hon

SI>S2>S3>S4

Sz>Sl>S4>Sg

Sg>S1>Sz>S4

S4>53>Sl>32

Tam chép nhan

Tam chép nhan

Tam chép nhan

Tam chép nhan

H2>H1>H3>H4

H1>H3>H4>H2

H4>H2>H3>H1

H3>H1>H2>H4

Vong 1 (tiép): Tt ca thuc tap sinh déu chip nhan dé nghi

28

Ly thuyét dé thi |
Hoang Anh Buc

Thuat todn Gale-Shapley



Thuat toan Gale-Shapley

Mot vi du phuc tap hon

Tam chép nhan

SI>S2>S3>S4 H. H, > Hs; > H,

&)

Dé nghi
2> 51> 54> 5 Tam chép nhan

S5 > 51> 52> 5 Tam chép nhan

S4>53>Sl>32 H3>H1>H2>H4

Vong 2: H, dé nghi véi S (Vi So da tir chdi Hy)

H1>H3>H4>H2

H4>H2>H3>H1

28

Ly thuyét dé thi |
Hoang Anh Buc

Thuat todn Gale-Shapley



Thuat toan Gale-Shapley

Mot vi du phuc tap hon

Ly thuyét dé thi |
Hoang Anh Buc

51>SQ>S3>S4 H. Hy > Hs; > H,

Thuat todn Gale-Shapley

()

am chip nhan
So > S51 >S4 > Sg

S3>51>SQ>S4

Sy > 83> 81 >85,; Hs > Hy > Hs > Hy

A N H, > Hs>Hy> H
Tam chap nhan ! 3 4 2

A N Hy> Hy; > Hs > H
Tam chap nhan 4= Mo = My >

Vong 2 (tiép): S, thich H, hon Hy nén chip nhan H, va tir chéi H,

28



Thuat toan Gale-Shapley

Mot vi du phuc tap hon

Ly thuyét dé thi |
Hoang Anh Buc

51>S2>S3>S4 H. Hy > Hs > H,

am chép nhén Thu@t@én Gale-Shapley
Sy > 851 >S4 > Sg

Tam chép nhan

S > 51> 5, > 8. . Hy>Hy;>Hs; > H
3>6W/@K0‘ l>3> s
S4>53>51>SQ Hs > Hy > Hy, > Hy

Vong 3: H; bi tir chéi, nén dé nghi véi thuc tap sinh thi 2 13 5,
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Thuat toan Gale-Shapley

Mot vi du phuc tap hon

Ly thuyét dé thi |
Hoang Anh Buc

SI>SQ>53>S4 H. H1>H3>H4

Thuat todn Gale-Shapley

Sz>Sl>S4>Sg Hy > H3 > Hy > Ho
Sg>51>52>54 H4>H2>H3>H1
S4>53>Sl>52 H3>H1>H2>H4

Két qUé. CUéi: (}-{17 SQ), (Hz, SI), (H3, Sg), (1147 54)
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Thuat toan Gale-Shapley

Tinh chét

Ly thuyét dé thi |
Hoang Anh Btic

,-‘ Dinh ly 8: Tinh chat clia thuat toan Gale-Shapley ]—

1. Thuét todn luén két thic sau hitu han budc

2. Két qua la mot cap ghép 6n dinh

3. Két qua la cap ghép 6n dinh téi uu cho bén dé xuéat
(bénh vién)

4. Két qua la cdp ghép On dinh té nhat cho bén duoc dé
xuat (thuc tap sinh)

@ Thuat todn Gale-Shapley

m Thuét toan Gale-Shapley c6 do phtrc tap thoi gian O(n?),
trong d6 n la so lugng thanh phan trong moi tap hgp

m Duoc &p dung rong rai trong nhiéu linh vuc: ghép cap sinh
vién véi trudng dai hoc, ghép cap thuc tap sinh y khoa vdi
bénh vién, ...
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Ly thuyét dé thi |
Hoang Anh Biic
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Puong di Euler va Budng di Hamilton

Bay cay cau & Konigsberg

Ly thuyét dé thi Il
Hoang Anh Biic

Duding di Euler

Hinh: Leonhard Euler .
1707—-1783 (Wikipedia) Hinh: Ban d6 Kénigsberg ci (Wikipedia)

Bay cay cau & Kénigsberg
Tim mot tuyén dudng di qua méi cay cau chinh xac mét 1an va
quay lai vi tri xuat phat
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Puong di Euler va Budng di Hamilton

Bay cay cau & Kdnigsberg

Ly thuyét dé thi Il
Hoang Anh Buic

Thuét todn Dijkstra
a

/{‘i“\\?\% e

=,
/ A\/ Binh ngha va khai niém
7 Céng thifc Euler

Dinh Iy Kuratowski

(a) Ban dé Kénigsberg cii (Wikipedia) (b) Ban dd Koénigsberg cii don gian héa nau dé t
C r[jw‘:t‘ ;:?m chét co ban
| | 96 thl tuang l:l’ng: s
A D m Méi viing dat ting véi mot
dinh
m MGi cay cau nbi hai ving déat

B ing véi mot canh

(c) Db thi tuang ting m Tim chu trinh don trong dd thi

chira tht ca cac canh
58



Puong di Euler va Budng di Hamilton

Puong di Euler

Ly thuyét dé thi Il
Hoang Anh Biic

Cho db thi G = (V, E). Mot duong di/chu trinh Euler (Eulerian
path/circuit) trong G la mét dudng di/chu trinh don c6 chira moi
canhcla G

Vidu 1

a b a b a b

Budng di Euler

Gy l G l G

m G ¢6 chu trinh Euler, G2 va G5 khéng co
m G5 ¢6 duong di Euler, G khdng co
Bai tap 1
Chitng minh rang néu G = (V, E) la mét da db thi vé hudng
thda man deg; (u) > 2 véi moi u € V thi G c6 mét chu trinh don



Puong di Euler va Budng di Hamilton

Puong di Euler

Pinh ly 1: [Euler 1736]; [Hierholzer and Wiener 1873]

Mot da dé thj vé hudng lién théng co mét chu trinh Euler khi
va chi khi méi dinh ctia dé thi cé bac chan

Ching minh.
(=) Gia sl mot da db thj vo hudng lién thong G = (V, E) ¢6
mot chu trinh Euler ey, es, ..., e, trongdé e; = z;_12; € E

véil<i<mvazy =z, = u.
m V6iv=ux; (2<i<m—1):chutrinh divao v quae; vadira
qua €i+1
m V6iu = 20 = z,: chu trinh di ra w qua e; va trd lai u qua e,

]
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Hoang Anh Buic

Budng di Euler



Pudong di Euler va Budong di Hamilton

Pudng di Euler

ChL'J’ng minh (tlép) Ly thuyét dé th 11

Hoang Anh Biic
(<) Gia st moi dinh clia G déu c6 bac chan. Lap lai qua trinh
chon chu trinh sau cho dén khi da chon hét céc canh ong
(Thuat toan Hierholzer (1873)) e
m Xuét phat tif dinh zo = a bét ky
m Xay dung mdt duding di don bang cach chon tlly y cac canh
ToT1, L1X2,y ..., Tk—1Tk dé thém vao du’b’ng di cho dén khi
khong chon dugc nira
m Do bac clia méi dinh la chin, véi méi dinh z;, ta ludn cé thé
di vao tr canh z;_;x; va dira tif canh z;z;.1. Do bac clia a
cling phai 1 chan, canh cudi cling dugc chon sé ¢ dang ya
m B6 di céc canh da chon va & f
cac dinh khéng ké vdi cac
canh con lai l

Cubicing, ghép cac chu trinh ¢ ¢ 4 & 4
trén thanh mét chu trinh Euler. /7
(Thuat toan chay trong thoi gian &

(&

O(E)




Puong di Euler va Budng di Hamilton

Puong di Euler

Vidu?2 Ly thuyét dé thi I
: hY 2 . Hoang Anh Biic
Tim chu trinh Euler trong do thi sau
a

Budng di Euler

m Bat dau tf 2y = a, chon tly y cac canh zz1, z122, . . .,
Th_1Tk, Trpa. Vidu: ae,ef, fi,ij, jh, hg, gd,db, ba
m B& di cac canh da chon va cac dinh a, j
m Bat dau tf 2o = ¢, chon tly y cac canh zoz1, 7122, . . .,
xi_121, 21e. Vi du: eb, be, ei,ih, hk, kg, gf, fd,dc
m B4 di cac canh da chon va cac dinh ¢o 14p con lai
m Ghép hai chu trinh da chon thanh mét chu trinh Euler:
B ae,ei,ih,hk, kg, gf, fd,dc,cb,be,ef, fi,ij, jh, hg, gd,db, ba
B ae,ef, fd,dc,cb,be,ei,ih, hk, kg, gf, fi,ij,jh, hg, gd, db, ba
m ... 58



Puong di Euler va Budng di Hamilton

Puong di Euler

N oA Ly thuyét dé thi Il
Bai tap 2 Hoang Anh Buc
V6i nhitng gid tri nao cla n thi cac db thi sau c6 chu trinh
EUler? e Buding di Euler
(a) K, (c) Wy
(b) Cy, (d) @n
Baitap 3

Tim chu trinh Euler trong db thi sau
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Puong di Euler va Budng di Hamilton

Puong di Euler

Ly thuyét dé thi Il
Hoang Anh Biic

Dinh ly 2

M6t da dé thi vo hudng lién théng G cé dudng di Euler nhung Duong 6 Elr
khéng c6 chu trinh Euler khi va chi khi ¢6 dung hai dinh cua ‘
G c0 béac Ié.

Chdng minh.
(=) Gia sl G ¢6 duong di Euler nhung khong ¢ chu trinh
Euler
® Hai dinh & hai dau mut clia duding di c6 bac 16
m C4c dinh con lai ¢ bac chan
(«<) Gia st G c6 chinh xac hai dinh bac 1& u, v
m Tim chu trinh Euler cla dd thi G + wv

m X6a canh ww trong chu trinh dé thu dudc dudng di Euler
trong G
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Puong di Euler va Budng di Hamilton

Puong di Euler

Ly thuyét dé thi Il
Hoang Anh Biic

Bai tap 4
Hay xac dinh xem cac dd thi sau cé chu trinh/dudng di Euler
hay khong? Néu co, hay tim mét chu trinh/dudng di Euler trong

dd thi dé

° Budng di Euler

b c
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Pudong di Euler va Budong di Hamilton

Puong di Euler

B‘a| tép 5 Ly thuyét dé thi I
Thuét toan Fleury [Fleury 1883] xay dung cac chu trinh Euler oo ete
bang cach dau tién chon mét dinh tly y clia mét da dé thi lién

thong, va sau dé tao thanh mot chu trinh bang cach chon cac Dueng i Eer
canh lién tiép. Mot khi mot canh dudc chon, né sé bi loai bd.

Céc canh dugc chon lién tiép sao cho méi canh bat dau tir noi

canh cubi cung két thuc, va sao cho canh nay khéng phai la

mot canh ct trir khi khong cé lua chon thay thé nao khac.

SU dung thuat toan Fleury dé tim mot chu trinh Euler trong do

thi sau




Puong di Euler va Budng di Hamilton

Puong di Euler

Ly thuyét dé thi Il

Tuong tu, dbi véi db thi c6 huéng G = (V, E), mét dudng Hoang Anh Bic
di/chu trinh Euler (Eulerian path/circuit) trong G la mét dudng
di/chu trinh don ¢é hudng chira moi canh cla G Duong 6 Eulr

Dinh ly 3

MGt da doé thj c6 hudng lién théng manh co chu trinh Euler khi D8 i oo
va chi khi moi dinh cla do thi cé bac vao bang bdc ra

m Diéu kién “lién théng manh” cé thé dugc thay bang “lién
thdng yeu” (Tai sao?)

Dinh Iy 4

Mot da dé thi cé hudng lién théng yéu cé dudng di Euler
nhung khéng cd chu trinh Euler khi va chi khi cé ding hai
dinh u,v cia G sao cho deg™ (u) = deg™ (u) + 1 vadeg™ (v) =
deg®(v) — 1
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Puong di Euler va Budng di Hamilton

Trd chai “Vong quanh thé gidi” (1857)

Ly thuyét do thi Il
Hoang Anh Biic

Buding di Hamilton

Hinh: Sir William Rowan ]
Hamilton 1805-1865 Hinh: Tro chaoi “Vong quanh the gidi”
(Wikipedia) (Wikipedia)

Tro choi “Vong quanh thé gigi”

Méi dinh trong 20 dinh clia khdi 12 mét dai dién cho mét thanh
phd. Tim dudng di xuat phat tir mot dinh doc theo céc canh

clia khdi, ghé tham méi dinh con lai mot 1an, va quay lai vi tri

ban dau .



Puaong di Euler va Budng di Hamilton

Trd chai “Vong quanh thé gi6i” (1857)

Ly thuyét dé thi Il
Hoang Anh Buic

Q Duding di Hamilton

(a) Trd choi “Vong quanh thé gi¢i” (b) D4 thi dng cAu vai khdi 12 mat
(Wikipedia) (Wikipedia)
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Puong di Euler va Budng di Hamilton

Pudng di Hamilton

Ly thuyét dé thi Il
Hoang Anh Biic

Cho G = (V, E) 1a mét dé thi vé huéng gébm n > 1 dinh
m MOt duong di Hamilton trong G la mét dudng di don
Lo, T1,...,T,_1 thda man diéu kién V = {xo,z1,...,2p_1}
va T; F X voi0<i< j<n-—1 Dt di Hamiton
m Mot chu trinh Hamilton trong G la mét chu trinh don
X0, T1,Tn—1,L0 thda man dléu klén o, L1, Tn—1 la mét
dudng di Hamilton

Puong di Hamilton Chu trinh Hamilton
T5,T0,T1,T2,T3, Ty X, T1,T2,T3, T4, Ts5,T0 58



Puong di Euler va Budng di Hamilton

Pudng di Hamilton

Vi du 4 (Bai toan quan ma di tuan (Knight’s tour)) LHWT:‘D“}“
Quan ma (knight) 1a mot quan cd c6 thé di chuyén hai 6 theo e
chiéu ngang va mét 6 theo chiéu doc, hodc mét 6 theo chiéu

ngang va hai 6 theo chiéu doc trén ban cd. Nghia 1a, mét quan (%) autnoaramacn
ma tai 6 (z,y) c6 thé di Chuyen dén mét trong tam 6

(x+2,y+1),(x=+1,y =+ 2), néu nhitng 6 nay nam trén ban cg,

nhu dugc minh hoa du’c’ii day
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Puong di Euler va Budng di Hamilton

Pudng di Hamilton

Ly thuyét dé thi Il
Hoang Anh Biic

Vi du 4 (tiép)

m Duong di tudn cla quan ma (knight's tour) la mét chubi
cac nudc di hop 1& cla quan ma bat dau tr mét 6 nao do
va tham moi 6 ding mét lan < dudng di Hamilton trong do
thi tvong Ung

= Duding di tuan dudgc goi la khép kin (reentrant) néu cé mot
nudc di hgp 1€ dua quan ma tir 6 cudi cung trd lai 6 xuat
phat < chu trinh Hamilton trong d6 thi tuong ung

m C6 thé mo hinh héa bang cach si dung db thi:

® Mot dinh cho mi 6 trén ban co
m Mot canh néi hai dinh néu quan ma cé thé di chuyén hop 1&
gitta hai 6 tuong (ing vai cac dinh dé

Duding di Hamilton
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Puong di Euler va Budng di Hamilton

Pudng di Hamilton

0
0 1 2 3 4
(a) Ban cd 5 x 5 v&i mot (b) M6 hinh d
vai budc nhay cla quan ma thi tuong ting

Hinh: M6t s6 budc di clia quan ma trén ban cd 5 x 5 va cac canh
tuwong Ung trén do thi dugc mé ta. Quan ma xuét phat ti géc dudi
cling bén tréi (6 (0,0)). M{i t&n véi nét lién (nét dut) thé hién quan ma
nhay (khdng nhay duoc) dudc tir 6 ban dau dén 6 ké tiép

58

Ly thuyét dé thi Il
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@ Duding di Hamilton



Puong di Euler va Budng di Hamilton

Pudng di Hamilton

Ly thuyét dé thi Il
Hoang Anh Biic

B‘a.l tép 6 @ Buding di Hamilton
(a) Vé db thi biéu dién cac nudc di hop lé clia quan ma trén
banco 3 x 3
(b) V& db thi biéu dién cac nudc di hop lé clia quan ma trén
banco 3 x 4
Baitap 7
Chitng minh rang db thi biéu dién cac nudc di hop Ié clia quan

ma trén ban cd kich thudc m x n, véi moi s6 nguyén duong m
va n, la do thi hai phan
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Puong di Euler va Budng di Hamilton

Pudng di Hamilton

m Chua cé mot thuat todn trong thdi gian da thirc dé kiém tra e il

xem mot dd thi ¢ chu trinh Hamilton hay khong
m M6t sb tinh chat cé thé dugc si dung dé chi ra mot db thi
khdng co chu trinh Hamilton (28) v v
m DO thi ¢6 chira dinh bac 1 khéng ¢é chu trinh Hamilton
m Néu dinh v clia dd thi G ¢6 bac 2 thi hai canh ké vdi v thude
moi chu trinh Hamilton cla G (néu cd)
m M6t chu trinh Hamilton khéng chita mét chu trinh con nao
¢6 s dinh nhé hon né

Hoang Anh Biic

Baitap 8
Céc db thi sau c6 chu trinh/dudng di Hamilton khéng?
a < b a bG3 g
@, O
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Puong di Euler va Budng di Hamilton

Pudng di Hamilton

Ly thuyét dé thi Il
Hoang Anh Biic

Béi tép 9 Dudng di Hamilton
Hay cho vi du vé mét db thi ma chu trinh Euler clia né ciing |a

chu trinh Hamilton

Bai tap 10

M6t théng béo chén doan (diagnostic message) c6 thé dudgc

glii qua mang mdy tinh dé thyc hién kiém tra trén tat ca cac

lién ket va trong tat cé} cac thiét bi. Loai du’dngq di nao nén dugc

s( dung dé kiém tra tat c& céc lién két? Dé kiém tra tat ca cac

thiét bi?
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Puong di Euler va Budng di Hamilton

Pudng di Hamilton

.~ Ly thuyét dé thi Il
Bai tap 11 Hoang Anh Biic
D6 thi nao sau day cé chu trinh Hamilton? Tai sao?

a e a 6 Buding di Hamilte
c d c d
b Gy f b Go f
a b c d e
N N N
v
g
f : : h
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Puong di Euler va Budng di Hamilton

Pudng di Hamilton

Dinh ly 5: Dinh ly Dirac |

Néu G = (V, E) la mét don do thj vé huéng gomn. dinh (n > 3)
théa man diéu kién bac cua mdi dinh trong G I6n hon hodc
bang n/2 thi G cé mét chu trinh Hamilton
Bai tap 12 ((x) Chirng minh Binh ly Dirac)
(a) Dé& thay Dinh ly ding v6in = 3. Gid sl n > 4
(b) G phai lién thong (Tai sao?)
(c) Goi P = wg,v1,...,v; ladudng di don cé d6 dai I6n nhat
trong G (0 <k <n—1).
m Moi dinh ké Vi vy hodc v, déu phai thudc P (Tai sao?)
m Do deg(vi) > n/2, 6 it nhat n/2 canh phan biét v;v;+1 cla
P théa man v;vy, € E. Tuong ty, do deg(vo) > n/2, ¢ it
nhat n/2 canh phan biét v;v;4. cla P théa méan vov;+1 € E
[ Dp P co it hon n canh, ton tai mét canh v,v,41 thda man
dong thai hai diéu kién trén: vvy, € E va vovg+1 € E
(d) P chura tat ca cac dinh cla G (Tai sao?)
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Puong di Euler va Budng di Hamilton

Pudng di Hamilton

Ly thuyét dé thi Il
Hoang Anh Biic

Dinh ly 6: Dinh Iy Ore |

Néu G = (V, E) la mét don do thj vé huéng gomn, dinh (n > 3) | () ounasanen
théa man diéu kién deg(u) + deg(v) > n vdi moi cgp dinh u, v
khéng ké nhau trong G thi G ¢6 mét chu trinh Hamilton

Baitap 13

Chitng minh Binh ly Dirac (Dinh ly 5) bang cach st dung Dinh
ly Ore

Bai tap 14 ()

Cho G = (Vi U Vi, E) la mét db thi hai phan véi |V;| = [Va| = n
(n > 2). Chiing minh rang néu deg(v) > n/2 véi moi dinh

v €V =V UV;thi G ¢ mot chu trinh Hamilton (Goi y: Xem
lai chitng minh clia Dinh ly Dirac.)
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Puong di Euler va Budng di Hamilton

Pudng di Hamilton

Ly thuyét dé thi Il
Hoang Anh Biic

Bai tap 15
V6i méi db thi sau, hay xac dinh
(i) c6 thé stt dung Dinh ly Dirac dé chiing minh dé thi cé chu
trinh Hamilton khong?
(i) c6 thé sl dung Binh ly Ore dé chitng minh db thi ¢ chu
trinh Hamilton khong?
(iii) d6 thi ¢é chu trinh Hamilton khéng?

afSELgH

Duding di Hamilton
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Puong di Euler va Budng di Hamilton

Pudng di Hamilton

Ly thuyét dé thi Il
B‘a] tép 16 Hoang Anh Biic
Chiing minh rang do thi sau day khéng c6 chu trinh Hamilton.
(Goi y: B thi da cho la mét do thi hai phan) (25) oueng i Hamiton
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Bai toan dudng di ngdn nhat

D0 thi c6 trong sb

m MOt do thi ¢ trong sb (weighted graph) G = (V, E,w) gébm L:o‘:;id: o
tap dinh V, tdp canh E, va mét ham w : E — R gan moi
canh (cung) e € E bdi mdt sb thuc w(e) goi 1a trong sé
(weight) clia canh (cung) e

Boston D4 thi c6 trong sb
Ti D

San Francisco

Los Angeles

Hinh: D0 thi c6 trong s6 m6 ta gia vé clia céc chuyén bay gilta mot s6
thanh phé & My (tir [Rosen 2012], Chuang 10)
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Bai todn dudng di ngan nhat

D6 thi c6 trong sb

Ly thuyét dé thi Il
Hoang Anh Biic
Cho G = (V, E,w) la don do thj co trong so
m Mot dudng di ti u dén v qua cac canh (cung) ey, ez, ..., en
¢ do dai (length) c(u, v) Zw e:)
@ Détf\icélmngsé

odn Diikst

m Khodng céch (distance) gujq ha| dinh u, v, ky hiéu )
dg(u,v), 1a chiéu dai nhé nhat cia mét duong di ti « dén v

Bai toan dwong di ngan nhat }

m Input: Don db thi vo huéng G = (V, E, w) trong d6
V ={vo=a,v1,...,0n =z}, w: [V]* = RU {oo} Véi
w(v;,v;) = oo NéU v;v; ¢ E

m Output: Khoang cach dg(a, 2)
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Bai toan dudng di ngdn nhat

Thuat toan Dijkstra

Bai toan duong di ngan nhat ] Ly thuyét o6 thi 1

Hoang Anh Biic

® Input: Don db thi vé huéng G = (V, E, w) trong dé
V ={vo=a,v1,...,vn = 2z}, w: [V]* = RU {oo} VGi
w(v;,v;) = oo NéU vv; ¢ E

m Output: Khoang céach dg(a, 2)

@ Thuét toan Dijkstra
Thuat toan Dijkstra:

m Diéu kién: Trong sé duong, nghia 1a w(v;, vj) > 0 vGi moi
0<i<j<n(hayw:[V]? = Rt U{c0})

m Y twdng: Tim dudng di ngdn nhét tir « t6i cac dinh ké tiép
cho dén khi dat dén z. Chu y raing véi cac dinh a, b, ¢, do
dai dudng di ngan nhét tir a dén ¢ di qua dinh b ké vdi ¢
bang khodng cdch gilta a va b cong véi trong sé canh nbi b

Vé(f d(;(a,b)

j\ /\ r\: w(b, c) :

a b C 58



Bai toan dudng di ngan nhat

Thuéat toan Dijkstra

Ly thuyét dé thi Il

“Lam thé nao dé tim duoc mét con dudng ngan nhét dé di
tr Rotterdam dén Groningen, hay ndi chung: ttr mét thanh phd
dén mét thanh phd khdc? Bang cdch s dung thuét todn tim
duding di ngdn nhat, mét thudt todn ma t6i da thiét ké trong
khodng hai muoi phit. Mot budi sang, t6i dang mua sam &
Amsterdam cung voi vg sdp cudi, va khi mét méi, ching toi
ngo: xuong mét qudn ca phé dé uong mot tdch ca phé, va téi
chi dang nghi vé viéc liéu t6i cé thé tra I6i duoc cau héi nay
khéng, va sau dé t6i da thiét ké thudt ton tim dudng di ngan
nhat. Nhu t6i da ndi, do Ia mc_")t phdt minh chi trong cd hai muoi
phdt. No duoc xuét ban vao ndm 1 959, ba nam sau do. Bai
bdo van con doc duoc, va trén thuc té, né kha hay. Mét trong
nhing ly do khién no hay dén vay la vi t6i da th/et ké né ma
khéng can but va gidy. Sau nay téi moi blet rang mot trong
nhiing lgi ich cta viéc thiét ke ma khéng cén but va gidy 1a
ban gan nhu budc phai trdnh tat ca nhitng su phic tap khéng
can thiét.”

Hoang Anh Biic

@ Thuat todn Dijkstra

— Edsger W. Dijkstra, trong mét cuéc phdng vén vdi
Philip L. Frana, Communications of the ACM, 2001
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Bai toan dudng di ngan nhat

Thuéat toan Dijkstra

Ly thuyét dé thi Il

Thuat toan 1: Thuat toan Dijkstra [Dijkstra 1959] Hoana Anh e

Input: Don dé thi vo huéng G = (V, E, w) trong dé
V={vo=a,v1,...,v, =z}, w: [V]*> = Rt U {oo}
VOi w(v;,vj) = 00 néu vv; ¢ B

Output: Khoang céch dg(a, 2)

1 Gan nhan L(a) := 0, L(v;) := co v&i mQi v; # a Thust toén Diksra
2 S:=10

3 while z ¢ S do

a u := dinh khong thudc S véi L(u) nhd nhét

5 S:=SU{u}

6 forv ¢ S do

7 if L(u) +w(u,v) < L(v) then

0 L L L) = L(w) +w(u,v)

©

return L(z)
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Bai toan dudng di ngan nhat

Thuat toan Dijkstra

Ly thuyét dé thi Il
Hoang Anh Biic

Vidu5
S{ dung thuat toan Dijkstra dé tim khoang céch gilta hai dinh a
va z trong d6 thi sau

Thuat todn Dijkstra
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Bai toan dudng di ngan nhat

Thuat toan Dijkstra

Ly thuyét dé thi Il
Hoang Anh Biic

Thuat todn Dijkstra




Bai toan dudng di ngan nhat

Thuat toan Dijkstra

Ly thuyét dé thi Il
Hoang Anh Biic

Q Thuat todn Dijkstra

d e d
o 2(a) 5(a,d) 2(a) 5(a,d)
Baitap 17
Ap dung thuét toan Dijkstra dé tim khoang céch tit a dén =
trong méi do thi sau
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Bai toan dudng di ngan nhat

Thuéat toan Dijkstra

Ly thuyét dé thi Il
Hoang Anh Biic

Bai tap 18
Tim d6 dai dudng di ngan nhat tir « dén = trong db thi sau bang
thuat toan Dijkstra

d
5 ™\ O /

7 Thuat todn Dijkstra

6 ~ 5§
e

Bai tap 19

Pudng di ngan nhét gitra hai dinh clia mot dé thi cé trong sé

G = (V, E,w) c6 phai la duy nhat hay khéng néu nhu trong sb

clia cac canh |a phan biét, nghia 1a v6i hai canh e, f € E bat ky

thi w(e) # w(f)? "



Bai toan dudng di ngan nhat

Thuéat toan Dijkstra

Ly thuyét dé thi Il
m Tinh dlng dan: [Dijkstra 1959] Hoang Arh it
m Do phure tap: O(n?), véin = |V|
m V6i cau tric dif liéu “déng Fibonacci” (Fibonacci Heap),
thuat toan Dijkstra c6 thé duagc 1ap trinh dé chay trong thoi
gian O(m +nlogn), véin = |V|vam = |E|
m Hiéu qué tot kt]i chay véi Qéc “do thi thua” (sparse graph) (55) Thuattodn ket
cuc I6n (céc dd thi cé m rat nhd so véi n?)
m Thuat toan t6t nhat dudc dé xuat gan day chay trong thoi
gian O(mlog®n) [Duan et al. 2025]
m Thuat toan Dijkstra ciing c6 thé dugc Iap trinh dé xuét ra
mot dudng di ngdn nhét tir « dén méi dinh khac trong dd
thi
m Mot céch tiép can tim dudng di khac 1a thuat toan A* [Hart,
Nilsson, and Raphael 1968], thuat toan nay md réng va cai
tién thuat toan Dijkstra. Thuat toan A* st dung heuristic dé
dinh huéng viéc tim kiém, tir dé dat hiéu ning tot hon
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P thi phang

Dinh nghia va khai niém

Ly thuyét dé thi Il

m Mot db thi vo huéng dudc goi la dé thi phang (planar
graph) néu né cé thé dugc vé trén mét phang sao cho
khéng c6 hai canh nao cat nhau (& mét diém khong phai la
dau mit cla canh).

m Hinh vé nhu thé duoc goi la mot biéu dién phang (planar
representation) clia do thi.

Vidu6

Hoang Anh Biic

Binh ngha va khdi niém

U1 V2 U2

U3 Uy U3 Uy
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P thi phang

Binh nghia va khai niém

Ly thuyét dé thi Il
Hoang Anh Buic

Vi du 7 (K5 khong la dd thi phang)

U2 U3

Ta chitng minh bang phan ching.
Gid sl K 5 la d6 thi phang.

m Trong bét ky biéu dién phang
nao cla K3 3 ta ¢ vy va vy
déu phai luén nbi véi v, va vs
Cac dinh nay chia mat phang
thanh hai mién R; va R,

m Dinh vs thudc R, hodc Rs

m Vi tri cla vg?



P thi phang

Binh nghia va khai niém

Bai tép 20 Ly thuyét do thi I
’ 2 o R 2 2 , 2 . 2 Hoang Anh Dic
Tim mot biéu dién phang cua cac do thi phang sau e

G>
Bai tap 21

Cac db thi sau c6 phai db thi phang khong? Néu ding, hay vé
mot biéu dién phang clia do thi dé

a b
a a b c
d e f d e f e d
Gy Go G3 58

Gy G

@ Dinh nghia va khai niém




P thi phang

Cong thurc Euler

Ly thuyét dé thi Il

m Biéu dién phang clia mot db thi phdng G = (V, E) chia mat
phang thanh cac mién (region), ké ca mién vé han
(unbounded region)

m Hai diém bét ky trong cing mot mién c6 thé dugc nbi véi
nhau bang mot nét lién ma khong cat bat ky canh nao

m Béc (degree) clia mot mién £, ky hiéu deg(f), la sb canh
clia G trén bién cua f

I'e Binh nghta va khai niém
Vidu8 (1) cong i eur
Dinl Kuratowski

Hoang Anh Biic

Biéu dién phang clia K4
m chia mat phang thanh 4
mién f1, fa, f3, va fu; va
m deg(f1) = deg(f2) =
deg(f3) = deg(fs) =3
m ChuY: 3" e/ ota e deg(f) < 2|E| (M6i canh thudc t6i da
hai mién)
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P thi phang

Cong thic Euler

Ly thuyét dé thi Il

Dinh ly 7: Céng thivc Euler |

Hoang Anh Biic

Gié st G la mgt don do thi phang va lién théng gém m canh,
n dinh, var mién. Tacén —m+r =2

Ching minh.

m XAy dung day db thi G1,Gy,...,Gpn = G
m Chon moét canh béat ky clia G 1am G4 :
® G, dugc tao thanh ti G;_; bang céch thém mot canh bat ky («1) conanie euer

lién thudc véi mot dinh clia Gi—1 (i € {2,3,...,m})
m Goi n;, mi, r; 1an luot 13 s6 dinh, canh, va mién clia mot
biéu dién phang clia G;

m Cong thire Euler ding véi moi G;
mTacodn, —mi+ri=2—-1+1=2
m Gia st cong thirc Euler ding véi G, tic lan; — m; +17; =2

GOi ai+1bi+1 12 canh thém vao G; dé tao thanh G,41. C6 hai
kha nang:

B mot trong hai dinh a; 41, b;+1 khéng thudc G4

H ca i1 va bi+1 thudec G;—1
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P thi phang

Cong thic Euler

Ly thuyét dé thi Il
Hoang Anh Biic

Gid st G la mét do thi phang lién théng gom m canh van, dinh
(n > 3). Khi do, m < 3n — 6. Thém vao do, néu m = 3n — 6 thi
maoi mién cla G ¢o chinh xdc 3 canh trén bién.

Ching minh.

m Nhan xét rang mbi mién clia G c6 it nhat 3 canh trén bién,

dodé > deg(f) > 3r. Matkhac, ta ciing c6
mién f cla G
Z deg(f) < 2m. Suy ra 3r < 2m.

mién f cla G

m Ap dung cong thiic Euler, ta c6
2=n—-m+r<n-—m+2m/3,suyram < 3n — 6.

@ Cong thifc Euler
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P thi phang

Cong thic Euler

Ly thuyét dé thi Il
Hoang Anh Biic

Bai tap 22

Gia st G 1a mét d thi don phang va lién théng gdbm 20 dinh,
mbi dinh c6 bac 3. Mot biéu dién phang clia G chia mat phang
thanh bao nhiéu mién?

Bai tap 23
Trong sb céc db thi khong phang sau, do thj nao théa man diéu
kién sau: néu bd di mét dinh bat ky va cac canh lién thudc voi

dinh d6 thi ta thu dugc mét dd thi phang. () corg e e
(@) Ks (c) K33

(b) Ko (d) K34

Bai tap 24

Chting minh K5 khong 1a dé thi phang

Bai tap 25

Chttng minh rang néu G 1a mot don do thj phang va lién thong
thi G ¢c6 mot dinh ¢ bac nhd hon ho&c bang 5
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P thi phang

Binh ly Kuratowski

m Cho db thi G. Mot phép phan chia (subdivision) mot canh e 17
cla G dudc thuc hién bang cach thay thé e bang mot
dudng di don
m Hai do thi G; va G dudc goi la dong phéi (homeomorphic)
néu ching dugc xay dung ti¥ cing mot db thi thong qua
mot day cac phép phan chia

Vidu9
M M M (2) oo
G G Gs R

Dinh Iy 9: Binh ly Kuratowski |

G la do thi phang khi va chi khi né khdng chita bat ky do thi
nao déng phéi vdi K5 hoac Ks 3
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Do thi phang

Dinh ly Kuratowski

Ly thuyét dé thi Il
Hoang Anh Biic

C6 thé hinh dung dinh ly Kuratowski mot cach sa lugc nhu sau:

m Chuing ta biét hai d thi khong phang, d6 1a Ks 3 va K5. Do
dé, duang nhién bat ky dé thi nao chita nhiing db thi nay
déu khong phai la db thi phang
m Thuc té, bat ky db thi nao chita ciu tric cé hinh dang co
béan gibng nhu hai dd thi trén déu khong phang (lién quan () sy
dén céac khai niém phép phan chia (subdivision) va dong
phéi (homeomorphic))
m Hon nira, moi dd thi khong phang déu chira rpc}t trong hai
“hinh dang xau” nay. Pay la cach duy nhat dé moét do thi
trd thanh khong phing
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Do thi phang

Dinh ly Kuratowski

Ly thuyét dé thi Il
Hoang Anh Biic

S
e 9 o
oo

. ‘ @ Binh Iy Kuratowski

Hinh: D6 thi Petersen cé chita mét db thi con ddng phoi véi K 5 va do
dd khéng phai 1a db thi phang
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T6 mau do thi

Gi6i thigu
Cho don dé thi vé huéng G = (V, E) e,
m 76 mau mot do thi don la sy gan mau cho céc dinh clia do
thi sao cho khong cé hai dinh lién ké dugc gan cung mot
mau. Cu thé, véi cac “mau” 1,2, ..., k, mot cdch té6 mau

cdc dinh (vertex k-coloring) cGa G la mot ham

f:V—={1,2,... k} thébaman f(u) # f(v) vi moi

u,v e VvliuweFE
a

W N

W Sac s6 (chromatic number) clia G, ky hiéu x(G), 1a s6 t6i
thiéu cdc mau can thiet dé t6 mau G
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T6 mau dob thi
Gidi thiéu

Ghi chép sém nhét vé bai toan t6 mau dé thi ¢6 I& | vao nam 1852
khi Francis Guthrie (1831-1899), lic d6 la mét sinh vién & Dai hoc
Cao déng London (University College London), 6 mau mét ban dé
céc quan cla Anh va nhan ra 1a cé 18 chi can bn mau dé t6 mau ban
dd sao cho hai quan lién k& nhau ¢é mau khac nhau

58

Ly thuyét dé thi Il

Hoang Anh Buic



https://en.wikipedia.org/wiki/University_College_London

T6 mau dd thi

Gigi thiéu

Ly thuyét dé thi Il

= Phdng doan ciia Guthrie dugc cho la phat biéu dau tién clia Dinh
ly bon mau (Four Color Theorem)

Hoang Anh Biic

Dinh Iy 10: Dinh Iy bén mau |

J
Vi6i moi dé thi phdng G, ta luén cé x(G) < 4 ]

m Nam 1879, Kempe dé xut mot chitng minh cho Binh Iy bdn mau.
Khoang 10 nam sau d6, Heawood chi ra 16i sai trong chitng minh
clia Kempe va chinh sita lai chitng minh clia Kempe dé chi ra
ring nam mau 1a di dé t6 mau bét ky dé thi phdng nao

m Nam 1976, Kenneth Appel and Wolfgang Haken (Pai hoc lllinois)
[Appel and Haken 1977]; [Appel, Haken, and Koch 1977] chiing (s cermes
minh dinh Iy bbén mau bang cach gia st néu Dinh ly bén mau 1a
sai thi sé cé mot phan vi du thudc mot trong 1936 loai khac nhau,
va chi ra réing khong c6 loai ndo dan dén phan vi du. Cdc truong
hop nay dudc phan tich cin than nhd may tinh

m Robertson, Sanders, Seymour, va Thomas [Robertson, Sanders,
Seymour, and Thomas 1997] dua ra mét chitng minh don gian
hon vai 633 loai can kiém tra
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T6 mau do thi

Mét s6 tinh chét co ban

Ly thuyét dé thi Il

m Dé chira x(G) = k vdi dé thi G nao dd, ta can:
m Chi ra mét cach t6 mau cac dinh clia G bang k& mau (nghia
la x(G) < k)
m Chi ra rang khéng thé dung it hon k& mau dé t6 mau cac
dinh clia G (nghia la x(G) > k)
m Mot s6 nhan xét
(1) Moi db thi G gdbm n dinh c6 thé dugc t6 mau bang n mau
(2) x(Kn) = n (Tai sao?)
(3) Taky hiéu w(G) la so nguyen duong I6n nhét » > 1 thda
man K, la do thi con clia G. V6i moi db thi G, ta co
w(G) < x(G). Théng thuomg, w(G) # x(G),
(4) x(Cyn) =2néun >4chanvax(C,) =3néun > 318 (Tai () wotsbmeniecobin
sao?) ~
(5) G la dé thi hai phan khi va chi khi x(G) < 2 (Tai sao?)
m Chua biét cé ton tai hay khong mot thuat toan chay trong
thoi gian da thirc dé xac dinh xem mot do thi G ¢ thé
duoc t6 mau bang 3 mau hay khéng
Bai tap 26
Tinh x(W,,), X(Km.n), va x(@Qn) 58

Hoang Anh Biic



T6 mau do thi

Mbt sb tinh chat ca ban

Ly thuyét dé thi Il
Hoang Anh Biic

Bai tap 27

Nhing dé thi nao c6 séc sb bang 1?

Bai tap 28

Mét cach t6 mau cac canh clia mét db thi G = (V, E) bang k

mau (k-edge coloring) lamét ham f : E — {1,2,...,k} thoa

man diéu kién f(e) # f(e’) néu e va ¢’ lién thudc véi cung mét

dinh. Sac s6 canh (edge chromatic number) clia mét do thi G,

ky hiéu x’(G), 12 s6 mau nhd nhat c6 thé dung dé t6 mau céc

canhcla G

(@) Tim x/(Cy) va x’(W,,) véin > 3

(b) Chitng minh rang x'(G) > A(G), trong d6 A(G) la bac I6n
nhat cia mot dinh cla G

Mat s6 tinh chat cd ban
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T6 mau do thi

Mbt sb tinh chat ca ban

Goi A(G) la bac I6n nhét cia céc dinh cta do thi G Ly thuyét 68t 1
Hoang Anh Biic
Pinh Iy 11 e

Cho G = (V,E) la don do thi vé6 hudng cé n dinh. Ta cé
xX(G) < A(G) +1

Ching minh.
Mét thuat todn tham lam dé t6 mau cac dinh clia G bang
A(G)+1mau{l,...,A(G) + 1} la nhu sau:
1. Gan nhan v, vs, . ..,v, cho cac dinh clia G mét cach tuy y
2. VGi i tir 1 dén n, t6 mau dinh v; bang mau nhé nhét trong
s0 cac mau chua dugc t6 cho bat ky dinh nao trong N (v;)
Ta chitng minh rang Budc 2 cla thuét tog'in luén thuc hién duoc
vOi A(G) +1 mau. ,Thét vay, dinh v; ¢ t0i da A(G) dinh ké véi
nd, do d6 s6 mau t6i da st dung dé t6 mau cac dinh trong
N(v;) la A(G), nghia la ludn cd it nhat mét trong s6 A(G) + 1
mau khoéng dugc st dung cho bat ky dinh nao ké véi v;, va ta
c6 thé t&6 mau v; bang mau nhoé nhat trong s6 cdc maunay 0 (s

Mat s6 tinh chat cd ban



T6 mau do thi

Mbt sb tinh chat co ban

Bai tép 29 Ly thuyét dé th 11
S¥ dung thuat toan & Dinh ly 11 dé t6 mau céac dd thi sau oo frn B

Mat s6 tinh chat cd ban

Trén thuc té, véi phan I6n cac do thi, chi can A(G) mau la du
Dinh Iy 12: Binh ly Brook |

Néu G khéng phéi la mét chu trinh d dai Ié hodc mét do thi
ddy du thi x(G) < A(G)
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T6 mau dd thi
T6 mau db thi phing

Ly thuyét dé thi Il

B6 dé 13

Hoang Anh Bic
Moi don dé thi phang va lién théng G gém n dinh cé mét cach sap thi tu
cac dinh vy, v, . .., v, sao cho méi dinh ké vdi toi da 5 dinh ding trudc nd

Chuirng minh.
Ta ching minh bang quy nap theo n.
m Budc co sé: V6in < 6, bat ké thit tu sap xép cac dinh nao déu thda °
man B6 dé
= Budc quy nap:
m Gia slr B3 dé diing v6i moi 6 < n < k, trong d6 k > 6 1a mot sb nguyén
nao dé. Ta chiing minh B& dé ding véi n = k + 1.
m That vay, gia st G 1a db thi bat ky gdm k + 1 dinh. Tir Bai tap 25, ton tai
mét dinh v clia G thda man deg(v) < 5. |
m Do thi G — vt Q To mau db thi phéng
W O 16i da 5 thanh phén lién théng G1, Ga, ..., Gs
® mbi G; cén; < kdinh (1 <i<5)
mvan;+---+ns=k
m T gia thiét quy nap, ton tai mot th tw vy, . . ., vx, céc dinh clia G — v thda
man BE dé.
] Dét Vg1 = v, ta €O v1, ..., vk, k1 12 MOt thi? ty cdc dinh clia G thda man
Bo6 dé
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T6 mau dd thi
T6 mau dé thi phang

Ly thuyét dé thi Il
] Hoang Anh Biic

Pinh ly 14

Moi dé thi phdng G ¢c6 x(G) < 6

Ching minh.
Ta chi ra mdt cach t6 mau don dé thi phang va lién théng G
bang 6 mau
1. Tim thtt t céc dinh vy, vs,.. ., v, clia G théa man BG dé
13: moi dinh ¢6 toi da 5 dinh ké ding trude nd
2. Ap dung thuat toan tham lam & Binh ly 11 véi thi tu dinh
tim dugc & Budc 1
Chu y rang
m Khuyén va canh song song (néu c6) khéng anh hudng gi
dén qua trinh t6 mau
m Néu db thi phang da cho khong lién théng, ta c6 thé ap
dung qua trinh t6 mau riéng biét cho tirng thanh phan lién
thdng

T6 mau db thi phang
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T6 mau dd thi

T6 mau dé thi phang

Bél tép 30 Ly thuyét dé thi Il
’ 2 N , A . 2 Hoang Anh Biic
S{ dung thuét toan & Dinh ly 14 dé t6 mau cac do thi phang
sau bang 6 mau {1,2,3,4,5,6}
@ T6 mau db thi phang

Pb thi G Do thi H
Néu c6 thé, hay tim mét cach t6 mau céc db thi trén bang 5
mau hoac it hon
Bai tap 31 .
Ching minh Binh ly 14 bang phuong phap quy nap .



T6 mau dd thi
T6 mau dé thi phang

Ly thuyét dé thi Il

Dinh Iy 15 Hoang Anh Diic
Moi d6 thi phang G ¢6 x(G) < 5 ]

Bai tap 32

Bai tap sau dé xuét mét cach chiing minh Dinh ly 15 bang

phuong phap quy nap theo so dinh n clia G

(a) O budc co sd, chiing minh Dinh Iy 15 diing véi moi n < 5

(b) 3 bude quy nap, gia st Dinh Iy 15 dung v6i moi do thi
phang gdm n dinh, trong dé n > 5 la s6 nguyen nao do.
Chting minh Binh Iy 15 ciing diing véi moi dd thi phang
gdmn +1 dinh.\Gié st G 12 db thi phang véi n + 1 dinh.
TUr Bai tap 25, ton tai mot dinh v clia G théa man

deg( ) < 5. Theo gid thiét quy nap, c6 mot cach t6 mau «
céc dinh clia G — v bang 5 mau {1,2,3,4,5}

T6 mau db thi phang
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T6 mau dd thi
T6 mau db thj phang

Ly thuyét dé thi Il
Bé.l tép 32 (tlép) Hoang Anh Biic

(b.1) Néu deg(v) < 4 hodic deg(v) = 5 va cac dinh ké véi v dugc
t6 mau bang < 4 mau, chu’ng minh rang céc dinh clia G ¢6
thé dugc t6 mau bang 5 mau

(b.2) () Néu deg(v) = 5 va cac dinh k& véi v, vi du
vy, v, v3, 04, V5, UGC 16 Mau bang 5 mau khac nhau, vi du
nhu 1an lugt I 1,2, 3,4, 5, chitng minh rang céc dinh clia G
c6 thé dugc t6 mau bang 5 mau

m Xétdod thi G13 cam sinh bdi cac dinh t6 mau 1 va 3.‘Diéu gi
X8y ra néu v va vs khong thugc ciing mét thanh phan lién =)
théng clia Gy 3 ? (Goi y: Trong truong hgp nay, liéu cé cach
t6 mau nao dé v; va vs ¢6 cling mau khong?)

m Néu v va v3 thugc cung mét thanh phan lién thong clia
G113, xét d6 thi G2 4 cdm sinh bdi cac dinh t6 mau 2 va 4.
Liéu co thé xay ra truong hop vs va vy thude cung mot tbénh
phan lién thong clia G2 4 khong? (Goi y: G la do thi phang)

T6 mau db thi phang
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Part |
Phu luc



NGi dung

Bai toan dudng di ngan nhat
Thuét toan Floyd

Mét sb 16i thudng gap

Mét sb ting dung
Puang di Euler
Pudng di Hamilton

Ly thuyét dé thi Il
Hoang Anh Buic
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Bai toan dudng di ngdn nhat

Thuat toan Floyd

Ly thuyét d6 thi 11
Thuét toan Floyd: Hoang Anh Biic
m Lich su:
m Dudc phét trién béi Robert W. Floyd vao ndm 1962 [Floyd Thust todn Floyd
1962]

m Tuy nhién, né vé& co ban gidng véi cac thuat toan da duogc
cong bd trude dé bdi Bernard Roy vao ndm 1959 [Roy
1959] va cling bdi Stephen Warshall vao nam 1962
[Warshall 1962] dé tim bao déng béc cau (transitive closure)
cla do thi
= Diéu kién:
m Trong sb c6 thé am
m Khdng ¢ chu trinh ¢6 téng trong sé am
m Y twdng:
m Xét dudng di tlf v; dén vy chi qua cac dinh {vo,v1,..., v}
m Néu dudng di tif v; dén v, qua v; ngdn hon dudng di hién
tai, ta cAp nhat khoang céch
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1
2
3

o N o o &

9

Bai toan dudng di ngan nhat

Thuéat toan Floyd

Thuat toan 2: Thuét toan Floyd [Floyd 1962]

Input: Don dé thi vo huéng G = (V, E, w) trong dé
V={vo=a,v1,...,v, =z}, w: [V]*> = RU {oo} VOi
w(vi,v;) = oo Néu vv; ¢ E, va G khdng ¢ chu trinh
c6 téng trong s6 am

Output: Khoang cach d¢(vi,v;) vEimoi0 <i < j <n

fori:=0tondo

for j:=0tondo
| d(vi, v5) = w(vi, ;)

fori:=0tondo
forj:=0tondo
for k:=0tondo
if d(v;,v;) + d(v;, v) < d(v;,vx) then
L | d(vj,vx) = d(vj, ;) + d(v, 1)

return {d(v;,v;) | 4,5 € {0,1,...,n}} -

Ly thuyét dé thi Il
Hoang Anh Biic

Thuat todn Floyd



Bai toan dudng di ngan nhat

Thuéat toan Floyd: Vi du

Ly thuyét dé thi Il
Hoang Anh Biic

Thuat todn Floyd

Hinh: D4 thi vi du cho thuat toan Floyd
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Bai toan dudng di ngdn nhat

Thuét toan Floyd: Khéi tao

Ly thuyét dé thi Il
Hoang Anh Biic

Thuat todn Floyd

m Khdi tao ma tran khoang céch d(v;, v;) = w(v;, v;):

d | Vo (%1 V2 V3
v | O 3 oo 5
(%1 3 0 2 4
vy | 0O 2 0 1
V3 5 4 1 0

m Céc gid tri oo cho biét khdng ¢é canh truc tiép ndi hai dinh
m Thuat toan sé xét 1an lugt cac dinh trung gian i tif v, dén vs
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Bai todn dudng di ngan nhat

Thuat toan Floyd: Lap véi ¢ = 0 (vo)

Ly thuyét dé thi Il
Hoang Anh Biic

m Xét v lam dinh trung gian, kiém tra Thedttodn Floyd
d(vj,vo) + d(vo, vi) < d(vj,vk)?
m Khong c6 cai thién khoang céch khi xét v, 1am dinh trung

gian
d | Vo (%1 V2 V3
Vo 0 3 o0 5
v1 | 3 0 2 4
ve |00 2 0 1
V3 5 4 1 0
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Bai todn dudng di ngan nhat

Thuat toan Floyd: Lap v&i: = 1 (v1)

Ly thuyét dé thi Il
Hoang Anh Biic

m Xét v, lam dinh trung gian, kiém tra
d(vj,v1) + d(vi,vr) < d(vj,vp)?
m Tim dugc cai thién:
d(vg,v1) + d(v1,v2) =34+ 2 =5 < 00 = d(vg, v2)

Thuat todn Floyd

d | Vg V1 Vg U3
w| 0 3 5 5
v |3 0 2 4
V2 5 2 0 1
V3 5 4 1 0
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Bai todn dudng di ngan nhat

Thuat toan Floyd: Lap v&i ¢ = 2 (v2)

Ly thuyét dé thi Il
Hoang Anh Biic

m Xét v, lam dinh trung gian, kiém tra (2) s
d(vj,v2) + d(va, vg) < d(vj,vi)? '

m Tim dugc céi thién:
d(’l}l,’l}g) + d(’U2,’U3) =241=3< d(’Ul,Ug) =4

d | Vo (%1 (%) V3
w0 3 5 5
v1 |3 0 2 3
v2 | 5 2 0 1
vy | & 3 1 0
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Bai todn dudng di ngan nhat

Thuat toan Floyd: Lap v&i: = 3 (vs)

Ly thuyét dé thi Il
Hoang Anh Biic

m Xét vs lam dinh trung gian, kiém tra
d(vj,v3) + d(vs,v) < d(vj,vg)?
m Khong cd cai thién khoang cach khi xét v3 1am dinh trung

Thuat todn Floyd

gian
d | Vo (%1 (%) V3
v| 0 3 5 5
v |3 0 2 3
v2 | 5 2 0 1
vs | 5 3 1 0

m Ma tran khoang cach cudi cuing cho két qua khoang céach
gitra moi cap dinh
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Bai toan dudng di ngan nhat

Thuéat toan Floyd: Phan tich

Ly thuyét dé thi Il
Hoang Anh Biic

m Tinh ding dan: [Floyd 1962] oy
m DO phure tap: O(n?) véin = |V|
m Uu diém:
m Tim khoang céach gilta moi cap dinh
m C6 thé x{ ly db thi cé canh trong sb &m (khdng ¢6 chu trinh
am)
= Nhugc diém:
m Cham hon thut todn Dijkstra khi chi can tim duong di tir
mot nguodn
m Thuat todn cé thé md rong dé tim dudng di ngan nhat
(khéng chi khoang céch)
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Bai toan dudng di ngdn nhat

Thuét toan Floyd: Cau hai

Ly thuyét dé thi Il
Béi té_p 33 Hoang Anh Biic
Ap dung thuét toan Floyd dé tim khoang céch gitta moi cap
dinh trong db thi sau:

Thuat todn Floyd

33



Mbt s6 16i thudng gap

Ly thuyét dé thi Il
Hoang Anh Bic

Tham khdo tir tai liéu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf)

Mot sb 16i thuding gap

(a) Nham lan gitra dinh nghia duong di va chu trinh
Hamilton va Euler
m Hay nhé raing c6 mdt phuang phap kiém tra don gian cho
dudng di va chu trinh Euler, nhung khéng c6 phuong phap
kiém tra don gian nao cho dudng di va chu trinh Hamilton

(b) Bo qua thuc té rang viéc cé mét chu trinh Euler
[Hamilton] ham y su ton tai ciia mot duong di Euler
[Hamilton]

m Hay xem xét ky cac dinh nghia
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https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
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Mot s6 16i thudng gap (tiép)

Ly thuyét dé thi Il
(c) Nham lan gitra cac dinh ly trong ly thuyét do thi voi Hoang Anh Bite
ménh dé dao ctia chung
m Vi du, néu trong mdt db thi don lién thong véi n > 3 dinh,
méi dinh c6 bac it nhat n/2, thi do thi dé cé mét chu trinh M3t 56161 thuang g3p
Hamilton; nhung ménh dé dao hodc ménh dé ngugc clia
phat biu nay khdng diing (cé nhiéu dd thi cé chu trinh
Hamilton ma trong d6 bac clia céc dinh nhd).
m Day 1a mét vi du khac: Néu mét do thi don lién thong 1a do
thi phang, thi nd phai thda man e < 3v — 6, trong d6 e la s6
canh va v 1a s6 dinh. Do dé (theo phan d&o), ta biét rang
néu mot db thi cé qué nhiéu canh (e > 3v — 6), thi nd khéng
thé 1a dd thi phang. Diéu ma chiing ta khong thé két luan 1a
ménh dé ddo—khong phai 12 mot dinh ly—rang néu
e < 3v — 6, thi do thi d6 phai la dd thi phang
(d) Nham twéng rang mét do thi khong phang chi vi né
dugc ve theo cach ma co hai canh cat nhau tai cac
diém khong phai la dau mut
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Mot s6 16i thudng gap (tiép)

Ly thuyét dé thi Il
m Néu cé thé vé lai do thi d6 ma khong cé canh nao cat nhau Hoang Anh Bitc
& cac diém khong phai 13 dau mat, thi do thi d6 1a do thi
phéng
® Vidu, K4 1a db thi phang, mic du khi vé né véi cac dinh 1a
dinh clia mét hinh vudng va céc doan thang biéu dién cac
canh gay ra giao diém & giita hinh (Hay vé lai né dudi dang
cac dinh clia mot tam giac véi mét dinh nita & bén trong)
(e) Sai lam khi két luan rang mét khi da tim duoc cach to
mau do thi v&i n mau, thi s6 mau can dung cta do thi
do phailan
m Thuc té, diéu ching ta biét trong trudng hop dé chi la s6
mau can dung nhiéu nhat 1 n
m C6 thé tim dugc cach t6 mau khac vdi it hon n mau
m Vi du, ngudi ta c6 thé t6 Cys bing bdn mau (mdt mau khac
nhau cho méi dinh), nhung s6 mau can dung thuc su 13 2
(/Y Nham twdng rang thuat toan tham lam luén dua ra
giai phap toi wu cho mét bai toan

0 Mét s6 16i thudng gap
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Mot s6 16i thudng gap (tiép)

Ly thuyét dé thi Il
Hoang Anh Biic

m Mic du trong nhiéu truong hop giai thuat tham lam don gian
c6 thé tim ra gidi phap t6t nhat (vi du, trong viéc tim kiém Mot sb 1 thuong o3
cay khung nhd nhét), nhung thuong thi giai thuat tham lam
hay that bai (vi du, trong viéc tim cach t6 mau dd thi st
dung it mau nhat cé thé)

(9) Khong nhan ra rang viéc viéet ra mot thuat toan khong
dam bao rang thuat toan dé lam nhirng gi ban muén

m Vi du, khong thé viét mot thuat todn tham lam dé t6 mau do
thi va sau do6 khang dinh ma khong cé su chiing minh ring
thuat todn nay tim ra cach t6 mau voi s6 lugng mau it nhat
co thé
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Puong di Euler

Ung dung: Ghép céac manh DNA

Ly thuyét d6 thi 11
m Bai toan giai trinh tw DNA: X&c dinh trinh tu nucleotide Foino A e
trong mét phan t& DNA
m Thach thire: Céc thiét bi chi doc dugc cac doan ngan
(reads), can ghép cac doan nay thanh chudi hoan chinh
m Phuwong phap: S dung dé thi de Bruijn va dudng di (1e) ouems i
Euler d@é tai tao trinh tu ban dau

o > >

ACTG GACT

( c1GA )
( TGAC )

Hinh: Doc céc doan ma di truyén ngén tir chudi DNA
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Puong di Euler

D6 thi de Bruijn va k-mers

Ly thuyét dé thi Il

m k-mer: Céc doan con c6 dd dai k clia chudi DNA

Hoang Anh Biic
m D6 thi de Bruijn:
m Binh: Céc (k — 1)-mers
m Canh: TU (k — 1)-mer u dén (k — 1)-mer v néu c6 k-mer
trong d6 « 1a tién t6 va v 1a hau tb
m Nhan canh: k-mer tuong (ing Duong & Euler

Chubi ban dau: ACTGACT
3-mers: ACT, CTG, TGA, GAC, ACT

Hinh: D thj de Bruijn cho chuéi ACTGACT véi k = 3
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Puong di Euler

Tai tao chudi DNA bang dudng di Euler

Ly thuyét dé thi Il

m Ly thuyet: Chucf)i DNA ban d4u tuong ting véi mot duding
di Euler trong db thi de Bruijn
m Phuong phap:
m Tao do thi de Bruijn tl tap cac k-mers
m Tim dudng di Euler trong dé thi
m Tai tao chudi ti dudng di tim dugdc ()

DNA gbc (khong biét)

Hoang Anh Biic

Duding di Euler

[Doan [Boan oan Eoan [hoan foan foan 7|

[ D6 thi de Bruijn ]

l

DNA téi tao

Hinh: Quy trinh tai tao chudi DNA s{ dung dé thi de Bruijn ®



buaong di Euler

Vi du minh hoa

Ly thuyét dé thi Il
Hoang Anh Biic

m Cac doan doc:
m CAGGA
m AGGAG
m GGAGA
m GAGAC

= 3-mers:
m CAG, AGG, GGA

m AGG, GGA, GAG Hinh: D thi de Bruijn véi k = 3
m GGA, GAG, AGA

m GAG, AGA, GAC

Duding di Euler

Puong di Euler: CA — AG —
GG — GA — AG — GA — AC
Chuoi tai tao: CAGGAGAC
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Puaong di Euler

Uu va nhugc diém cla phuong phap

Ly thuyét dé thi Il
Hoang Anh Biic

Uu diém: Thach thuec:
m Tinh todn hiéu qua m XU ly 16i trong dif liéu doC () ouenges o
m X ly dugc dit liéu 16n m CA4c trinh ty 14p lai

m Co s todn hoc chitché  m Su ton tai cla nhiéu
m Phuong phép théng dung duong di Euler khac nhau
trong cac cong cy lap rép @ Can thém thong tin b6
trinh tv DNA sung dé xac dinh dudng
di chinh xac
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buaong di Euler

Ung dung: Bai toan ngudi dua thu Trung Hoa

Ly thuyét dé thi Il
Hoang Anh Biic

m Bai toan nguoi dua thv Trung Hoa (Chinese Postman
Problem - CPP):
m Dé xuét bdi nha toan hoc Trung Qudc Mei-Ko Kwan (Quan
Mai Cbc) ndm 1962. Tén goi clia bai toan dugc dé xuét béi
Alan Goldman (Cuc Tiéu chudn quéc gia Hoa Ky)
m Mo hinh héa viéc mét ngudi dua thu can di qua tat ca cac
con dudng trong khu vuyc
m Ngudi dua thu mubn quay lai diém xuét phat véi quang
duong di ngan nhat cé thé
m Moi lién hé véi duong di Euler:
m Néu db thj c6 chu trinh Euler: ngudi dua thu chi can di méi
con duding ding mét lan
m Néu db thi | khong c6 chu trinh Euler: nguoi dua thu phai di
qua mét s6 con dudng nhiéu hon mot lan
m Ung dung: Téi uu hog 16 trinh giao hang, thu gom rac
thai, bao tri duong pho, v.v.

Duding di Euler
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buaong di Euler

Ung dung: Bai toan ngudi dua thu Trung Hoa

Ly thuyét dé thi Il

m Pau vao: Do thi G = (V, E) ¢6 trong sb (c6 thé cé hudng
hodc v6 hudng) ) . _
m Dau ra: Chu trinh véi téng trong sb nhd nhét di qua méi
canh it nhat mot 1an
m Giai thuat cho do thi v6 huwdng:
1. Kiém tra tinh lién thong clia dd thi. Néu khong lién thong, Sung  Exlr
bai todan khdng cd 10i giai.
2. Xac dinh tap O céc dinh bac 18 trong dé thi. (|O| phai la sb
chan)
3. Néu |O| = 0 (khong c6 dinh bac 18):
m D4 thi da cé chu trinh Euler, day chinh 12 18i giai t6i uu.
4. Néu |O] > 0 (c6 dinh bac 18):
B V6i méi cp dinh u, v € O, tinh khoang céch d(u, v) gitta
chuiing ] ]
B Tim bd ghép hoan hao trong s6 nhd nhat gilta cac dinh trong
O
® Thém cac canh tuong ting vai cac duding di ngan nhét tir bo
ghép vao do thi ban dau
5. Tim chu trinh Euler trong dé thi da dugc bd sung céc canh
va tra lai chu trinh d6 ”

Hoang Anh Biic



buaong di Euler

Vi du minh hoa

Ly thuyét dé thi Il
Hoang Anh Buic

Hinh: Minh hoa Bai toan ngudi dua thu Trung Hoa (vi du tU Wikipedia) =



buaong di Euler

Vi du minh hoa

Ly thuyét dé thi Il
Hoang Anh Biic

Duding di Euler

Hinh: Minh hoa Bai toan ngudi dua thu Trung Hoa (vi du tU Wikipedia) =



buaong di Euler

Vi du minh hoa

Céc dinh bac 1é: A, B, C, D
d(A,B)=4 d(B,C)=6
d(A,C)=5 d(B,D)=5
d(A,D) =3

Ly thuyét do thi Il
Hoang Anh Biic
d(C,D) =6

Duding di Euler

Hinh: Minh hoa Bai toan ngudi dua thu Trung Hoa (vi du tU Wikipedia)
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buaong di Euler

Vi du minh hoa

Céc dinh bac 1é&: A, B, C, D
d(A,B)=4 d(B,C)=6 d(C,D)=6
d(A,C)=5 d(B,D)=5
d(A,D) =3

Chu trinh Euler:
AB-BC-CD-DE-
EC-CB-BE-EA-
AD-DA

Do dai dudng di: 45

(@)

Hinh: Minh hoa Bai toan ngudi dua thu Trung Hoa (vi du tU Wikipedia)

Ly thuyét dé thi Il
Hoang Anh Biic

Duding di Euler

33



buaong di Euler

Vi du minh hoa

Ly thuyét dé thi Il
Céc dinh bac 1é: A, B, C, D Hoang Anh Biic
d(A,B) =4 d(B,C)=6 d(C,D)=6
d(A,C)=5 d(B,D)=5
d(A,D) =3

Duding di Euler

Chu trinh tr3 lai cubi cling:
AB-BC-CD-DE-
EC-CB-BE-EA-
AD-DE-FEA

D& dai dudng di: 45

Hinh: Minh hoa Bai toan ngudi dua thu Trung Hoa (vi du tU Wikipedia) =



Puong di Hamilton

Ung dung: Bai toan ngudi giao hang (TSP)

Ly thuyét dé thi Il

m Bai toan nguoi giao hang (Traveling Salesman
Problem - TSP):
m Ngudi ban hang can tham n thanh phd, méi thanh phé diing
mat 1an, rdi quay vé noi xuat phat
® Muyc tiéu: tim hanh trinh c6 t6ng chi phi (khoang cach) nhd
nhat
m Moi lién hé véi dwang di Hamilton: (22) ovmmaramen
m Loi gidi t6i wu clia TSP chinh la mét chu trinh Hamilton cé
trong s6 nhd nhat
m D4 thi mo hinh héa bai toan 12 dd thi ddy di cé trong sb trén
céac canh
m Bai toan NP-kho: Khong cé thuat toan da thirc tim
nghiém t6i vu (trir khi P = NP)
m Cac wng dung trong thuc te:

Hoang Anh Bic

m T6i uwu héa 16 trinh giao m Khoan duc bang mach
hang (PCB)

m Lap ké& hoach san xuét m Quy hoach tour du lich

m Thiét k& mach dién t& m Thu thap di liéu bang

m Dinh tuyén phuong tién drone

33



Puong di Hamilton

Minh hoa bai toan TSP

Ly thuyét dé thi Il
Hoang Anh Biic

Duding di Hamilton

30

Cbutr‘lnhtéiu’u:A—>E—>D—>C—>B—>A
Tong chi phi: 8 + 16 + 14 4+ 12 4+ 10 = 60

Hinh: Vi du vé bai toan TSP véi 5 thanh phb ©



Puong di Hamilton

Ung dung: Ma Gray trong khoa hoc may tinh

Ly thuyét dé thi Il
Hoang Anh Biic

m Ma Gray (Gray Code): Day cac chudi nhi phan c6 do dai
n sao cho hai chudi lién tiép chi khac nhau mét bit

m M6i lién hé véi duwong di Hamilton:

m Cac ma Gray n-bit tuong tng véi mét duong di Hamilton (25) ueng i amiton

trong do thj siéu 1ap phuong n chiéu (n-cube)

m Mai dinh |& mdt chudi nhi phan dé dai n

m Hai dinh k& nhau khi chudi nhj phan khac nhau diing mét bit
= Ung dung trong lap trinh va ky thuat s6:

® Ma héa vong quay cho bé ma hda géc (encoder)

m T6i thidu héa sai sb trong chuyén déi Analog-Digital

m Tao ma siia 16i va ma Hamming

m Thuét todn backtracking va giai dé quy
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Puong di Hamilton

Tao ma Gray va db thi siéu 1ap phuong

Ma Gray 3-bit: Ly thuyét dé thi Il
= 000 (0) m 111 (7) Holing Anh Bitc
m 001 (1) m 101 (5)

m 011 (3) m 100 (4)
= 010(2) — Quay vé
m 110 (6) 000 Pusng diHamilon

Tao ma Gray dé quy:
1. B&tdau véiova 1 (Ma
Gray 1-bit)
2. Xay dyng ma Gray n-bit tu
ma Gray (n — 1)-bit
m Sao chép danh sach ma  Hinh: Khéi 3 chiéu Qs. Cac dinh 1a

Gray (n —1)-bit cac ma Gray 3-bit. Budng di
m Thém 0 vao trudc nia  Hamilton tng véi cac ma Gray 3-bit
dau danh sach duoc danh dau bang mii tén dé

m Thém 1 vao trudc nla
sau danh sach 3



Puong di Hamilton

Ung dung clia ma Gray trong ky thuat s6

Ly thuyét dé thi Il
Hoang Anh Biic
Ma nhi phan théng thuong

@ Duding di Hamilton

(001 — 011: chi 1 bit thay ddi [011 — 100: tht ca 3 bit déu thay da’ij

Uu diém ciia ma Gray: Chi mot
bit thay déi giita cac vi tri ké nhau
= Gidm thiéu 16i doc khi b6 ma hda & vi tri trung gian

Hinh: So sanh b6 ma hoa vong quay: Ma Gray (it 16i) va ma nhi phan
théng thudng (nhiéu 16i) w



Puong di Hamilton

Ung dung clia ma Gray trong ky thuat s6

B6 ma héa vong quay Ly thuybt 06 ti 1
(rotary encoder): Hoang Anh Bifc
m Chuyén déi vi tri cla Vi tri: 011 Vi tri: 001

con trd thanh dau ra sb
m S{r dung ma Gray dé
gidm thiéu 16i khi doc

Duding di Hamilton

m Khi st dung ma nhi i Gimbién
phan thong thuong, — c?m bf" 2
nhiéu bit c6 thé thay doi F— Cém bién 3

cung mét lic Boc: 0 (khdng den)

0 (Keahg den)
Uu diém cla ma Gray: Ma Gretont
m Chi mot bit thay déi méi
lan
m Giam thiéu sai sb doc e
(glitch) Hinh: B& ma hda vong quay st dung

m Tang do tin cdy clla hg ~ ma Gray 3-bit
thf)ng 33
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Ly thuyét dé thi Il
Hoang Anh Biic
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Ly thuyét dé thi Il
Hoang Anh Buic
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[ Euler, Leonhard (1736). “Solutio problematis ad
geometriam situs pertinentis”. In: Commentarii
Academiae Scientiarum Petropolitanae 8, pp. 128—140.
URL: https://scholarlycommons.pacific.edu/euler-
works/53/. (In Latin.) English translation in Scientific
American, 189 (1953), 66—70.

Ly thuyét dé thi Il
Hoang Anh Buic

Thuét toan Floyd

Tai liéu tham khao
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Cay c6 gbc

Duyét cay c6 gbc

Cay bao trum

Cay bao trum nhd nhét
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Cay

Gidi thiéu

Ly thuyét dé thi lll
m Don db thi v6 hudng T' = (V, E) dudgc goi la mét cdy (tree) Hoéing Anh Dilc
neu T la do thi lién thdng va khéng cé chu trinh Gidi thigu

m Don d6 thi v6 hudng T' = (V, E) dudgc goi la mét rirng
(forest) néu T la do6 thi khdng c6 chu trinh

a b a b a b a b

c d c d c d c d

e ! e [ e foe f
Gy G> G3 Gy

Hinh: G1, G2 la cay. Gs, G4 khong la cay. G4 la riing. G3 khéng la riing

Bai tap 1
Céc db thi hai phan day di K, ,, (m,n € Zt) nao la cay?
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Cay

Gidi thiéu

Bai tép 2 Ly thuyét 6 thi I
PN .' \ - 2 . N A Hoang Anh Biic
Do thi nao trong cac do thi sau la cay?

(a) (b)

Gidi thiéu
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Cay

Mbt sb tinh chat clia cay

Ly thuyét db thi Ill

Dinh Iy 1

Hoang Anh Biic

Mgt dé thi vo hudng G la mét céy khi va chi khi gitra hai dinh
bat ky cla G ton tai mét dudng di don duy nhat Mot b tinh chét olia

cay
Ching minh.
(=) Giasl G lacay
m Do G lién théng, v6i hai dinh bt ky u,v € V, ton tai mot
duong di don gilra u va v
m Ta chitng minh dudng di nay 1a duy nhat. Gia st phan
chiing rang ¢ it nhat hai dudng di don P = vo, v, ..., vk VA
Q = wo, w1, ..., we khdc nhau gitta hai dinh u va v, voi
Vo=wo=uUVA UV, =Wy =V
B Do v = wo, tn tai i thda man v; = w; véimoi 0 < j < iva

Vitl F Witl i
B Do v, = wy, ton tai p > ¢ + 1 nho nhat thoa man

vp € {wi, ..., we} hodc wp € {v;,..., v} Gi&d sl vp = wq
VGi ¢ > i nhd nhét ¢6 thé
B U, Viq1,...,0p VAW, ..., wit1,w; tao thanh mot chu trinh

trong G, mau thuan véi gia thiét G 1a cay "



Cay

Mét sb tinh chat clia cay

Ly thuyét dé thi Ill
Hoang Anh Biic

, Mbt s6 tinh chat clia
Ching minh (tiép). &
(«<) Gia sl v6i moi cap dinh u,v € V, ton tai mot dudng di don
duy nhat gita « va v trong G
m Theo dinh nghia, G la lién thong
m Ta chiing minh G khéng cd chu trinh. Gia st phan chiing
rang ton tai mot chu trinh C trong G. Do d6, véi hai dinh u, v
bat ky thudc C, ¢6 hai dudng di don khac nhau ndi u va v,
mau thun véi gia thiét ton tai duy nhat mot duding di don
giira hai dinh bat ky trong G
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Cay

Mét sb tinh chat clia cay

. . Ly thuyét dé thi Ill

Dlnh Iy 2 Hoang Anh Biic
Moi cay T = (V, E) véi|V| > 2 ¢6 it nhét hai dinh bac 1

Chu,ng m|nh zllééyl sb tinh chét clia

Lay mot dudng di don dai nhat vy, vy, ..., vy, trong T. Bac clia vy va
v, déu bang 1, néu khong ta co thé tim duge mét duong di dai hon o

Dinh ly 3

Moi cdy gém n dinh c6 chinh xdc n — 1 canh ]

Ching minh.
Quy nap theo n
m Budc co sd: Vi n = 1, cdy gom 1 dinh ¢6 0 canh
m Budc quy nap: Gia si moi cay gom k dinh c6 chinh xac k — 1
canh, vGi k > 1. Ta chfng minh moi cay T gom & + 1 dinh cé
chinh xac k canh. That vay, do T' la mét céy, 7' cé mét dinh u bac
1 nao dé. T — u la mdt cy gdbm k dinh va theo gid thiét quy nap
c6 k—1canh. Do dd, T cé (k—1)+1=kcanh
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Cay

Mét sb tinh chat clia cay

Ly thuyét dé thi Ill
Hoang Anh Biic

Bé'l tép 3 Mat sb tinh chét clia
Chung minh rang mét do thi G = (V, E) la mét cay khi va chi cay
khi G khong c6 chu trinh va véi moi c&p dinh u, v € V thda mén

uv ¢ E, do thi G + uv c6 chinh xac mét chu trinh

Bai tap 4

Gia st mét cay T = (V, E) ¢6 sb cac canh la mét s6 chan.

Chung minh rang ton tai mét dinh trong 7' cé bac chan

Baitap 5

Cho T = (V, E) la mét cay. Goi A la bac I6n nhat clia mét dinh

trong 7', nghia la, A = max,cy degy(v). Chiing minh rang 7' c6

it nhat A dinh bac 1

64



Cay

Mét sb tinh chat clia cay

Ly thuyét dé thi Ill
Hoang Anh Biic

o Mot sb tinh chét clia
N A cay
Bai tap 6

Cho T = (V, E) la mét cay véi |V| > 1. Gid st néu v la mot
dinh lién ké véi mét dinh béc 1 trong 7' thi deg,(v) > 3. Chiing
minh rang ton tai hai dinh bac 1 trong T’ ¢é chung mét dinh lién
ké vdi hai dinh do

Baitap 7

Mét riing bao gdm n dinh va ¢ cay (mébi cay 1a mét thanh phan
lién thong cua rirng) 6 bao nhiéu canh?
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Cay

Cay c6 gbc

Ly thuyét dé thi lll
Mot cay co géc (rooted tree) la mot cay trong dé mét dinh dugc Hoang Anh Bic
coila qinh goc (root) va moi canh dugc dinh hudng xa khoi
dinh goc. Ta ky hiéu mot cay T véi goc r bang cap (T, r)

Cay c6 gbc

4
Cay T Cay T v6i goc a Cay T v6i goc ¢

Théng thuding, mét cdy cb gbc (7, r) dugc vé véi dinh géc &
trén dinh cda do thi. Khi dé, ta cé thé bé qua cac hudng cia
céc canh, do viéc lya chon dinh goc da xac dinh cac hudng nay

64



Cay

Cay c6 gbc

, , Ly thuyét dé thi Ill
m VGi mot dinh v khac dinh goc cia mét cay cé goc T Hoang Anh Biic
m Dinh cha (parent) clia v 1a dinh u duy nhét sao cho cé mét
canh ¢6 huéng tif « dén v. Ta cling goi v 1a dinh con (child)
cla u.
m Dinh v dudc goi Ia dinh /4 (leaf) néu v khéng c6 dinh con.  (Dcarcsae
Cac dinh ¢é dinh con dudc goi la cdc dinh trong (internal
vertices)
m Céc dinh ¢6 chung mét dinh cha dugc goi la céc dinh anh
em (siblings)
m Céc dinh t6 tién (ancestors) clia v 1a céc dinh trén dudng di
tr gbc t6i dinh d6. Cdc dinh con chdu (descendants) clia v
la cac dinh c6 v 1a mét dinh 16 tién
m Cdy con (subtree) vdi gbc v |1a dd thi con clia T cdm sinh bdi
v va cac dinh con chau cla nd
m Dinh gbc 1a dinh duy nhéat trong cay khéng cd dinh cha va
la t6 tién cta moi dinh con lai. Binh gbc ludn 1a mot dinh
trong, tris trudng hop cay chi cé mét dinh duy nhat 1a dinh
gbc thi dinh gbc la mét dinh 14
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Cay

Cay c6 gbc

Ly thuyét dé thi Ill
Hoang Anh Biic

m Miic (level) clia mot dinh trong mot cay cé gbc 1a do dai oo
clia dudng di duy nhat tir gbc dén dinh dé. Miic clia dinh
gbcla o

m D0 cao (height) h clia mot cay cé gbc la do dai I6n nhéat
clia mot dudng di tir gbc dén dinh Ia. N6i cach khac, do
cao clia mot cay la mic I6n nhat clla mét dinh trong cay
do

64



Cay

Cay c6 gbc

Bai tép 8 Ly thuyét d thi Il

Hay tra 16i cac cau hdi vé cay cé gbe dugc minh hoa nhu hinh foino Aot

vé dudi day

(a) Binh nao la dinh
goc?

(b) Céc dinh nao la
dinh trong?

(c) Céc dinh nao la
dinh 147

(d) Céc dinh nao la
dinh con clia j?

(e) Dinh nao la dinh

Cay c6 gbc

u

cha clia h? (h) Céc dinh nao la dinh con chau
(fy Céc dinh nao la cla b?

dinh anh em cua o? () Mc clia méi dinh 12 bao nhiéu?
(9) Cacdinh nao la (i) V& céc cay con gbc ¢ va gbc e

dinh 16 tién clia m? o



Cay

Cay c6 gbc

m Mot cay cé gbc T dudc goi la mot cay m-phan (m-ary tree)
(m > 1) néu tat ca cac dinh trong clia T' c6 tbi da 1a m dinh
con. Néu nhu méi dinh trong clia 7' ¢ chinh xac m dinh
con, ta goi 7' 1a mot cay m-phan day di (full m-ary tree)

m Cay m-phan véi m = 2 dudc goi la cdy nhi phan (binary
tree)

m M6t cay m-phan cé do cao h dudc goi la can dbi
(balanced) néu tat ca cac dinh 14 ¢c6 miic h — 1 hodc h

Baitap 9
Trong s céc cay sau, v6i m 1a sb nguyén duong nao dé, cay
nao la cay m-phan? Cay n&o 1a cay m-phan day da?

Ty Ty T3

64

Ly thuyét dé thi Ill
Hoang Anh Biic

Cay c6 gbc



Cay

Cay c6 gbc

Ly thuyét dé thi 11l

m MOt cdy co goc duoc sap tha tu (ordered rooted tree) la Hodng Anh Bitc
mot cay 6 goc trong do cac dinh con clia méi dinh dugc
sap xép theo mot thit tu nao dé

m Ta thudng vé cay cé gbc dugc sap thi tu theo cach thong o
thuding véi hiéu ngdm rang cdc dinh con ctia méi dinh v
duoc sdp xép theo thit tu tir trdi sang phai

m V6i mot cay nhi phan dudc sap thi tw, néu mét dinh trong
u ¢6 hai dinh con thi dinh thi nhat dugc goi la dinh con
trai (left child), dinh th hai dugc goi la dinh con phai (right
child). Tuong tu, cay con cé gbc 1a dinh con trai duoc goi
la cay con trdi (left subtree) va cay c6 gbc |a dinh con phai
dugc goi la cay con phai (right subtree) clia u

m Céc cay c6 gbe sap thi tu duogc (ing dung rong rai trong
khoa hoc may tinh, vi du nhu cac cay phan tich cu phap
(parse trees), cAu triic cay trong cac tai liéu XML (XML
documents), cau tric cay mo ta cac thu muc va tép
(directories and file system), v.v.
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Cay

Cay c6 gbc

Dinh Iy 4

Moi cdy m-phan ddy du (m > 1) vdii dinh trong cd chinh xdc
n=m-i+1dinh
Ching minh.
Moi dinh khéc dinh gc Ia con clia mét dinh trong nao d6. Do
dé c6 m - i dinh con (cla cac dinh trong) va 1 dinh goc

r

/<>\ con clia
E

of bQ) Q)
\ /1\
JogEoyEes

con cua a con cua b con cua ¢

64

Ly thuyét dé thi Ill
Hoang Anh Biic

Cay c6 gbc



Cay

Cay c6 gbc

A Binh1y 5 |

M¢t cdy m-phén day du vdi
(i) n dinhcdi = (n—1)/m dinh trong va
= ((m—1)n+1)/m dinh Ia;
(ii) i dinh trong con = mi+ 1 dinhva (= (m — 1)i + 1 dinh
14;
(iii) ¢ dinhld con = (ml—1)/(m — 1) dinh va
i= (¢ —1)/(m — 1) dinh trong

Bai tap 10

S dung Dinh Iy 4, hay chitng minh Dinh ly 5

Baitap 11

Chiing minh rang véi moi m > 1, ¢6 nhiéu nhat m” dinh la
trong mot cady m-phan cd do cao h. (Goi y: Quy nap theo k)

Ly thuyét dé thi 11l
Hoang Anh Biic

(16) cay cs gée

64



Cay

Cay c6 gbc

Mét (ing dung clia cay nhi phan la cau tric di liéu cay tim kiém
nhi phan (binary search tree) st dung dé xdy dung cdc thuat
todn tim kiém hiéu qua khi cdc phan t trong tdp hop can tim
kiém da duoc sap xép theo thi tu nao do

4 Cay tim kiém nhi phan

m L3 cay nhi phan: mdi dinh ¢ t6i da 2 dinh con (dinh con
tréi va dinh con phai)

m Méi dinh dugc gan nhan bang mot khoa (key) tuong Ung
v6i phan t{ trong tap hop can tim kiém

m Khoéa ting v6i mot dinh /6n hon tat cé cdc khoa cda dinh
trong cac cdy con trdi va nhd hon tat ca cdc khoa cla
dinh trong cdc cdy con phai

Ly thuyét dé thi Ill
Hoang Anh Buic

Cay c6 gbc

64



Cay

Cay c6 gbc

Ly thuyét dé thi 11l
Hoang Anh Biic

@ Cay c6 gbc

Hinh: Vi du mot cay tim kiém nhj phan

64



Cay

Cay c6 gbc

Ly thuyét dé thi 11l

Thuat toan xay duwng cay tim kiém nhi phan Hoang Anh Bic

Pau vao: Danh sach cac phan tl L = [ky, ko, . . . , ky]
Pau ra: Cay tim kiém nhi phan T
1. Tha tuc CreateBST(L): (Tao cay tim kiém nhi phan tir (12)cay os gie
danh sach )
m Khditao T 13 cay rbéng véi mot dinh gbe r
m Gan key(r) = k1
m V6i méi i tir 2 dén n: Goi thi tuc Insert(T, 7, k)
m TrAveT . .
2. Thi tuc Insert(7, v, k): (Chén phan t (c6 khda bang) k
vao cay T vdi goc v)
m Néu k < key(v):
m Néu v ¢é con trai: Goi dé quy Insert(T’, con trai clia v, k)
m Ngudgc lai: Tao dinh méi w v6i key(w) = k va thém w lam con
_ trdiclav
m Néeu k > key(v):
m Néu v c¢6 con phai: Goi dé quy Insert (T, con phaiclia v, k)
m Ngudgc lai: Tao dinh méi w véi key(w) = k va thém w lam con
phéi cla v o



Cay

Cay c6 gbc

Ly thuyét dé thi Ill
Vidu 1

Hoang Anh Biic

@ Cay c6 gbc

Hinh: Minh hoa cac budc xay dung cay tim kiém nhij phan véi danh
séch céc phan tir L = [50, 30, 70, 15, 40, 60, 80, 10, 20, 35, 45, 55, 65,
75, 90]
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Cay

Cay c6 gbc

Bai tap 12

Xay dung cay tim kiém nhi phan véi danh sach cac phan tu:
(a) L =[10,15,20,30, 35,40, 45, 50, 55, 60, 65, 70, 75, 80, 90]
(b) L = [50,35,75,10, 60,45, 20, 80, 55, 30, 90, 40, 70, 15, 65]
Baitap 13

S dung the tv béng chit céi (alphabetical order)!, hay xay
dung mét cay tim kiém nhi phan cho céc tir trong cau “The
quick brown fox jumps over the lazy dog”

Bai tap 14

T thl tuc Insert(T', v, k), hdy viét mot thuat todn dé quy tim
kiem mot phan t@’ c6 khda bang £ trong céy tim kiém nhj phan
T véi goc v va neu khong tim dugc thi chén mét phan t mai
c6 khoda bang k vao cay T va tra lai vi tri cGa phan t&r mai nay.
(Goi y: Mot phién ban khong dé quy cla thuat toan nay la
[Rosen 2012], Thuat toan 1, Trang 795)

IThi tu bang chit (alphabetical order) céi chinh 1a thi tu tir dién
(lexicographic order) dugc ap dung véi cac chir cdi 64

Ly thuyét dé thi Ill
Hoang Anh Biic

Cay c6 gbc



Cay

Cay c6 gbc

Ly thuyét dé thi 11l

VII d u 2 Hoang Anh Biic

Cay c6 gbc

45 < 50: di sang cay con trai

Hinh: Tim kiém phan tlr c6 gia tri 45 trong cay tim kiém nhi phan .



Cay

Cay c6 gbc

Ly thuyét dé thi 11l

VII d u 2 Hoang Anh Biic

Cay c6 gbc

45 > 30: di sang cay con phai

Hinh: Tim kiém phan tlr c6 gia tri 45 trong cay tim kiém nhi phan .



Cay

Cay c6 gbc

Ly thuyét dé thi 11l

VII d u 2 Hoang Anh Biic

Cay c6 gbc

45 > 40: di sang cay con phai

Hinh: Tim kiém phan tlr c6 gia tri 45 trong cay tim kiém nhi phan .



Cay

Cay c6 gbc

Ly thuyét dé thi 11l

VII d u 2 Hoang Anh Biic

Cay c6 gbc

45 = 45: Da tim thay!

Hinh: Tim kiém phan tlr c6 gia tri 45 trong cay tim kiém nhi phan .



Cay

Cay c6 gbc

Ly thuyét dé thi 11l
Hoang Anh Biic

Mét (ing dung khéc clia cay nhi phan dugc thé hién trong dinh
ly sau
Pinh ly 6

Moi thudt todn sdp xép n phan tdr nao do dya trén cac phep | (z)cw e
so sanh hai phén i bat ky can st dung it nhat [log(n!)] phép
so sanh trong truong hop xau nhat

m Do log(n!) = ©(nlogn), mét thuét todn s&p xép n phan tr
trong truding hop xau nhat can ©(nlogn) phép so sanh la
moét thuat todn tbi uu, theo nghia 1a khdng tén tai thuat
todn sdp xép nao khdc cé thoi gian chay trong thdi gian
x&u nhat tét hon

m Y twdng: M hinh céc thuat todn bang cay nhi phan day
du vdi cde dinh trong la cdc phép so sdnh va cdc dinh 14 14
cdc két qua thu duoc khi di tir gbc (goi 1a cdy quyét dinh
(decision tree)). S6 phép so sanh st dung dé ra mot két
qud chinh 14 do cao clia cdy quyét dinh
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Cay

Cay c6 gbc

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay c6 gbc

Hinh: M6 hinh thuat toan sap xép day ba phan t{f a, b, ¢ bang cay
quyét dinh

Baitap 15
V6i moi m > 1, chitng minh ring trong mét cay m-phan cé ¢
dinh 14 va c6 d6 cao h, ta c6 h > [log,, (]
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Cay

Cay c6 gbc

Vi du 3 (Ung dung khac cla cay quyét dinh)
Ta s dung cay quyét dinh dé gidi cau db tim dong xu gia quen
thudc sau: Gia slr c6 bay dong xu, tat c& cé clng trong lugng,
va mot déng xu gia cé trong luong nhe hon cac dong xu khéc.
Can bao nhiéu 1an can bang cach st dung mét can dia dé xac
dinh déng xu nao la ddng xu gid? Hay dua ra thuat toan dé tim
dong xu gia nay
m M6t can dia cho ra ba két qua: bén trai nhe hon, bén phai
nhe hon ho&c hai bén bing nhau = Cay quyét dinh 1a cay
3-phan
m C6 tat cd 8 dong xu = Cay quyét dinh cé it nhat 8 dinh 14
(mbi ddng xu déu c6 thé 1a gid)
m Cay quyét dinh c6 d6 cao h > [log;(8)] = 2 (Bai tap 15) =
Cén t6i thiéu 2 Ian can dé xac dinh dng xu gia

64
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Hoang Anh Biic

Cay c6 gbc



Cay

Cay c6 gbc

, ‘A Ly thuyét dé thi 11l
Vidu 3 (t|ep) Hoang Anh Biic
< Céycégéc

Khéng thé xay ra

Hinh: Cay quyét dinh tim déng xu gia trong s6 8 ddng xu danh sb
1,2,...,8.Chi can 2 lan can 1a d dé xac dinh ddng xu gia

Bai tap 16

Can it nhat bao nhiéu Ian can bang can dia dé tim mot déng xu
gia trong s6 bén dong xu néu déng xu gia cé thé ning hon

hodc nhe hon cac dong xu khac? M6 ta mot thuat toan dé tim
dong xu gia bang sb 1an can nay o



Cay

Duyét cay c6 gbc

Ly thuyét db thi Ill
Hoang Anh Biic

m Cay c6 gbc dugc sap thi tu thudng dudc st dung dé /uu
trir théng tin. D& truy cap df liéu, can cé céc thuat toan dé
tham (duyét) méi dinh clia cay cé gbc dugc sap thi tu

m Mot sb thuat todn quan trong dé duyét tat ca cdc dinh cla  (7)buwetcay cs abe
moét cdy c6 géc duoc sdp thit tu

m Duyét tién th(t tu (Preorder traversal)
m Duyét trung thit tu (Inorder traversal)
m Duyét hau thi ty (Postorder traversal)

m Cay c6 gbc dudc sap thit tu cling cé thé dudc st dung dé
biéu dién cdc loai biéu thifc khac nhau, chang han nhu
céc biéu thiic s6 hoc bao gom sb, bién va cac phép toan.
Thi tu duyét cay cé gbc duoc sap thi tu cling cé thé dugc
st dung trong viéc danh gid (evaluation) cdc biéu thifc
biéu dién béi cdy doé
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Cay

Duyét cay cé gbc

Ly thuyét dé thi Ill

Hé thong dia chi phé quat (universal address system)
m Gbc c6 nhan 0
m Céc dinh con clia gbc dugc gan nhan 1,2, ..., k tif tréi
sang phai
m V6i méi dinh v & mirc n v6i nhan A, gan nhan cho k, dinh () oustcay oo aoe
con clia né theo thir tu tlr trai sang phai, véi cac nhan A.1,

Hoang Anh Biic

A2,..., Ak,
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Cay

Duyét cay cé gbc

Ly thuyét dé thi 11l

Trong hé théng dia chi phd quat:

m VGin > 1, dinh v § mdc n c6 nhan z; ... x,, thé hién
dudng di duy nhét tir gbc dén v di qua dinh 2, & mic 1, z,
dmuc?2, ..., z, dmdcn

m Céc dinh c6 thé dugc sap xép theo thif t tir dién
(lexicographic order): Binh ¢ nhan z;.zs. . ... 2, Nhd hon  (@owetcaycoséc
dinh cé nhan y;.ys. . ...y, nNéu ton tai i, 0 < i < n, sao cho
Ty =Y1, T2 =Y, ..., Ti—1 = Yi—1 VA T; < y;; hodc néu
n<mvaxz;=y; véimoii=1,2,...,n

Hoang Anh Biic
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Cay

Duyét cay cé gbc

Ly thuyét dé thi 11l
Hoang Anh Biic

Bai tap 17

Gia st dia chi cla dinh v trong cay cé gbc dugc sap thi tu 7' la

3.4.5.2.4.

(a) v ndm & miic nao?

(b) Dia chi clia dinh cha clia v 1a gi?

(c) S6 lugng dinh anh em it nhat ma v c6 thé ¢ |a bao nhiéu?

(d) Néu v cé dia chi nhu trén, s6 lugng dinh nhd nhét cé thé
c6 trong T' la bao nhiéu?

(e) Tim cac dia chi khac ma bat budc phai xuat hién trong cay.

@ Duyét cay c6 gbc
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Cay

Duyét cay c6 gbc

Duyét theo tién thit tu (preorder traversal), trung thit tu (inorder
traversal), va hdu thu tu (postorder traversal)
m Vé mot duong cong bao quanph cdy cd gbc duoc sap thit
tu, bat dau tir goc va di chuyén doc theo cdc canh
m Liét ké cac dinh theo tién thu tu

bang céch liét ké méi dinh ngay (A)

lan dau tién dudng cong di qua

né (B) (©)
m Liét ké cac dinh theo trung thit t

bang cach liét ké mét dinh 14 O/ \®) (®

ngay lan dau tién dudng cong di

s rigA o Ee g Tién thi tw: A B D ECF
qua no va [/et Ife moi dinh tror?g Trung thit ty: D B.E. A F. C
vao lan thu hai dudng cong di H3u thtt tw: D, E B F C A

qua no

m Liétké céc,d?nh theo hau thi? tu bang céch liét ké méi dinh
vao lan cudi cuing né du'gc dudng cong di qua khi quay tré
lai dinh cha cua n6

Ly thuyét dé thi 11l
Hoang Anh Biic

Duyét cay c6 gbc
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Cay

Duyét cay cé gbc

Ly thuyét dé thi Ill
Hoang Anh Biic
C6 thé biéu dién cdc biéu thirc phiic tap, nhu cdc ménh dé hop
thanh, cac phép két hop tap hap, va céc biéu thiic s6 hoc bing
cach st dung cdy c6 goc duoc sdp thi tur. Vi du, xét viéc biéu
dién mét biéu thiic sb hoc (arithmetic expression) lién quan
dén céc phép toan + (cong), — (trlr), * (nhan), / (chia), va 1
(Iay thura)
m Cac dau ngoac don dudc st dung dé chi ra thit tu clia cac
phép toan
m Mot cay cé gbc dugc sap thi tu cé thé dugc si dung dé
biéu dién cac biéu thiic nhu vay, trong dé cac dinh trong
biéu dién cac phép toan, va cac dinh 14 biéu dién cac bién
hoac s6
m Mbi phép toan thuc hién trén cay con trai va cay con phai
clia no (theo thi tu dd)

Duyét cay c6 gbc
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Cay

Duyét cay c6 gbc

Ly thuyét dé thi 11l

Vi d u 4 Hoang Anh Buc

1. Xay dung cay con = + y

Duyét cay c6 gbc

Hinh: Xay dung cay biéu dién biéu thirc ((z + ) 1 2) + ((z — 4)/3)
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Cay

Duyét cay c6 gbc

Ly thuyét dé thi 11l

Vi dU 4 Hoang Anh Buc
2. Thém phép Ily thura 1 2

Duyét cay c6 gbc

Hinh: Xay dung cay biéu dién biéu thirc ((z + ) 1 2) + ((z — 4)/3)
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Cay

Duyét cay cé gbc

Ly thuyét dé thi 11l

VII d u 4 Hoang Anh Biic

3. Xay dung cay con xz — 4

Duyét cay c6 gbc

Hinh: Xay dung cay biéu dién biéu thiic ((z + y) 1 2) + ((z — 4)/3)
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Cay

Duyét cay cé gbc

Ly thuyét dé thi 11l

VII d u 4 Hoang Anh Biic

4. Thém phép chia cho 3

Duyét cay c6 gbc

Hinh: Xay dung cay biéu dién biéu thiic ((z + y) 1 2) + ((z — 4)/3)
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Cay

Duyét cay cé gbc

Ly thuyét dé thi 11l

VII d u 4 Hoang Anh Biic

5. Két hap véi gbe +

a Duyét cay c6 gbc

Hinh: Xay dung cay biéu dién biéu thiic ((z + y) 1 2) + ((z — 4)/3)
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Cay

Duyét cay cé gbc

VII du 4 Bé| tép 18 Ly thuyét dé thi Il
2 2 A , Hoang Anh Biic
’ Liét ké cac dinh cua cay trong Vi du ?
4 bang céach duyét theo (a) tién thi
ty, (b) trung thi tu, va (c) hau thi ty

a Duyét cay c6 gbc

Hinh: Xay dung cay biéu dién biéu thiic ((z + y) 1 2) + ((z — 4)/3)
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Cay

Duyét cay c6 gbc

Cay nhi phan tuong (ing vdi biéu thic s6 hoc (nhu trong Vi du 4)
c6 thé dugc st dung dé biéu dién cdc dang khdc nhau clia biéu
thire dé dua vao cac cach duyét cay

,-[ Dang trung t6 (infix form) }

m Duoc tao bang cach duyét cay theo trung thi? tr: Toan hang
bén trai clia toan t&t duoc duyét trude, sau do 1a toan ti, va
cubi cung 1a todn hang bén phai clia toan tlr

m Tinh todn mét biéu thitc & dang trung t6:

m Thyc hién t trai sang phai

m Khi gap maét toan tiz, thuc hién phép toan tuong ting véi hai
todn hang ngay bén tréi va bén phai cda todn t nay

m Khi mét phép todn dugc thuc hién, két qua sé duoc xem nhu
mét todn hang mdi

Vidu5
m Dang quen thudc: (= + y)* + i

m D6 vai cay trong Vidu 4: ((z+y) 12) + ((x —4)/3) (can thém
cac ngoac dan moi khi gdp mat toan t& dé tranh nham lan)

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Duyét cay c6 gbc
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Cay

Duyét cay c6 gbc

Cay nhi phan tuang tng véi biéu thirc s hoc (nhu trong Vi du 4) L:‘T“yé;"i::”
c6 thé duoc st dung dé biéu dién cdc dang khdc nhau ctia biéu e ARt
thirc d6 dua vao cac cach duyét cay

,.{ Dang tién t6 (prefix form) ]

m Dudc tao bang cach duyét cay theo tién thit tu: Toan tlr Duyét cdy o6 gbe
dugc duyét trudc cac toan hang clia né
m Con dugc goi la ky phap Ba Lan (Polish notation) (dat theo
tén nha légic hoc Ba Lan Jan tukasiewicz)
m Tinh todn mét biéu thiic & dang tién to:
m Thuc hién tir phai sang trai
m Khi gap mét toan tiz, thuc hién phép toan tuang tng véi hai
todn hang ngay bén phéi cda todn t nay
m Khi mét phép toan duoc thuc hién, két qua sé dugc xem nhu
mot toan hang mdi

J

Vidu6
m Dbi v6i cay trong Vi du 4: + 1 +2y2/ — 243 (khdng can ngodc
don)
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Cay

Duyét cay c6 gbc

Cay nhi phan tuong ting véi biéu thtc sé hoc (nhu' trong Vi du 4) L:‘T“yé;"ig:”
c6 thé duoc st dung dé biéu dién cac dang khac nhau clia biéu oamgAmnte

thirc d6 dua vao cac cach duyét cay

,-{ Dang hau t6 (postfix form) ]

m Dugc tao bang cach duyét cay theo hau thi? tu: Todn ti
duoc duyét sau cac toan hang clia nd
m Con duoc goi la ky phap Ba Lan nghich déo (Reverse
Polish notation)
m Tinh todn mot biéu thirc & dang hau t6:
m Thuc hién tr trdi sang phai
m Khi gdp mét toan ti, thuc hién phép toan tuong ting véi hai
toan hang ngay bén trdi cta toan tir nay
m Khi mét phép todn duoc thuc hién, két qué sé duoc xem nhu
mét toan hang mdi

@ Duyét cay c6 gbc

Vidu7

m Dbi vdi cay trong Vi du 4: 2y + 2 1 x4 — 3/+ (khéng can ngoéc
dan)
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Cay

Duyét cay cé gbc

, , , 2 , A « Ly thuyét dé thi Ill
Vi du 8 (Tinh toan biéu thirc dang tién to) Hong Anh Bic
Biéu thirc tién t6: + + 345
+ * 3 4 5
Budc 1: Gap toan tlr +, can Duyét cay ¢6 gbe
v * 3 4 5 hai toan hang
4 « 3 4 5 ?;dc 2:Tinh %34 =3 x 4 =
~
Ix4=12
T 12 5 Budc 3: Tinh +125 = 12 +
5=17
124+5=17 /
17 Két qua cubi cling

Hinh: Minh hoa qué trinh tinh toan biéu thirc dang tién t6 + * 345
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Cay

Duyét cay cé gbc

Ly thuyét dé thi Ill
Vi du 9 (Tinh toan biéu thirc dang hau td) Hoang Anh e

Biéu thirc hau t6: 34 « 5 +

3 4 * 5 +
PN @ Duyét cay c6 gbc
Budc 1: Gap =, ap dung vdi

hai todn hang trudc nd

N
I x4=12
P
Budc 2: Gap +, 4p dung
12 5 + vGi hai todn hang truéc né
N o
17 Két qua cubi cling

Hinh: Minh hoa qué trinh tinh toan biéu thirc dang hautb 34 = 5 +
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Cay

Duyét cay cé gbc

Ly thuyét dé thi Ill
Hoang Anh Biic

Bai tap 19
(a) Biéu dién bidu thiic ((z +2) 1 3) * (y — (3+z)) — 5 bang
cay nhi phan
(b) Viét biéu thirc nay & dang tién té
(c) Viét biéu thiric nay & dang hau to
(d) Viét biéu thiic nay & dang trung t6

Bai tap 20
Vé cay c6 goc dugc sap thir ty tuong (ing véi mbi biéu thirc s6
hoc dugc viét g’i dang tién t6 sau day. Sau dé viét moi biéu thirc
& dang trung to.

(@) + %+ — 53214

(b) + +23 — 51

(c) */93 + %24 — 76
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Cay

Duyét cay c6 gbc

Ly thuyét dé thi Ill
Hoang Anh Biic

Bai tap 21

Gia tri ca mdi biéu thiic tién t6 sau 1a bao nhiéu?
(a) — x2/843

(b) T — %33 %425

(C) +—132123/6 — 42

(d) *+3+313+333

@ Duyét cay c6 gbc

Bai tap 22

Gia tri ca mdi biéu thiic hau t6 sau la bao nhiéu?
(@) 521 — —314 + +x

(b) 93/5+ 72 — %

(c) 322153 —84/x—
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Cay

Cay bao trum

Ly thuyét dé thi lll
Hoang Anh Bic
Cho G = (V, E) la mét don db thi. Mét cay bao tram (spanning
tree) cla G la mot do thi con 7' clia G théa méan diéu kién 7' la
mot cdy va T chiia tat ca cac dinh cla G

a b C d 0 Cay bao trum
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Cay

Cay bao trum

Ly thuyét dé thi 11l
] Hoang Anh Biic

Dinh ly 7

Moi don dé thi lién théng G c6 mét cdy bao trim
Ching minh.
Ta xay dung mét cay bao trum clia G nhu sau
m L&y mot chu trinh trong G néu cé (+2) céy bao i
m X6a mot canh ti chu trinh dé. B4 thi méi thu duoc van la
lién thong
m L3p lai cac budc trén dén khi khong ¢ chu trinh trong G
Do G ¢6 hitu han sb dinh, cudi cuing ta thu dugc mét cay bao
trum cla G (Tai sao?) O
Bai tap 23
(a) Pon db thi v& hudng lién thong ndo cé chinh xac mét cay
bao trum?
(b) Khi nao thi mét canh clia mot don db thi v6 hudng lién
thong phai thuéc moi cay bao trum clia do thi d6? "




Cay

Cay bao trum

1
2
3

N o a s

8

Ly thuyét dé thi 11l

Cho G = (V, E) la mét don d(k)‘ thi vo huéng lién thong. Ta trinh
bay thuat toan duyét theo chiéu sau (depth-first search, DFS)
dé tim mot cay bao trum clia G

Hoang Anh Biic

Thuat toan 1: Duyét theo chiéu sau
Input: G: don db thi vé hudng lién théng véi cac dinh
V1,02, ..., Un (+3) cay bao trim
Output: Cay bao trum T
procedure dfs(G):
T := céy c6 chinh xac mét dinh v,
visit(vy)

procedure visit (v: mét dinh cua G):
for méi dinh w lién ké vdiv va chua thuéc T do
Thém w va canh vw vao T
L visit (w)

return T
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Bat dau thuat toan: Khéi tao 7' véi dinh v,
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Goi visit (v1), xem xét cac dinh lién ké vy va v
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Thém v, va canh vivy vao T
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Goi visit (v5), xem xét cac dinh lién ké v, va vs
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Thém v, va canh vovy vao T
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Goi visit(vs), xem xét dinh lién ké vg
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Thém vg va canh vyvg vao T
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Goi visit (vs), xem xét dinh lién ké vs va v
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Thém vy va canh vgvg vao T
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Cay

Cay bao trum

Ly thuyét dé thi 11l
Hoang Anh Biic

@ Cay bao trum

Goi visit(vg), xem xét dinh lién ké vg va v; chua thudc T



Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Thém vg va canh vgug vao T
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Goi visit (vg), xem xét dinh lién ké vs
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Thém vz va canh vgvs vao T
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Goi visit(v3), xem xét dinh lién ké v, chua thudc T



Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Thém v; va canh vsv; vao T
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Quay lui dén visit (vg), xét dinh vs chua thuée 7'
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Thém vs5 va canh vgvs vao T
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Thuat toan hoan thanh: Cay bao trum 7" dugc tim thay
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

° Cay bao trum

Thi tv duyét: vy, ve, va, vs, V9, V6, Vs, V7, Us
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Cay

Cay bao trum

Ly thuyét dé thi Ill
m Trudc méi lan 13p trong th tuc visit (), 7' a cay chiia Hozing Anh Biic
toan bd cac dinh da duoc goi béi thd tuc visit ()
m Thuéat toan DFS chay trong thdi gian O(n?) véi don db thi
vd huéng lién théng G = (V, E) bat ky, trong dé n = |V/|
m visit() dugc goi cho mbi dinh chinh xac mét 1an
= MGt canh e trong G dugc xét toi da hai lan dé xac dinh xem (45) cay bzo tim
e va mot dau mt clia e ¢6 thé dugc thém vao cay T hay
khong
m Do dd, thuat toan DFS chay trong thdi gian O(|E|). Chu y
rang |E| < n(n —1)/2 = O(n?)
m Thuat todn DFS c6 thé dudc st dung nhu la co s& dé giai
quyét nhiéu bai toan khac, vi du nhu bai toan tim cac
duding di va chu trinh trong do thi, bai toan xac dinh cac
thanh phan lién théng, bai toan tim dinh cat, v.v... DFS
cling la co s@ cho ky thuét quay lui (backtracking
technique) dudc st dung dé thiét ké cac giai thuat cho
nhiéu bai toan kho
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Cay

Cay bao trum

m C6 nhitng bai todn chi cé thé gidi dudc bing cach tim L:;::f;:::uzl
kiém trén tap toan bd cac 16i gidi. D& tién hanh tim kiém 10
gidi mot cach cé hé théng, mot hudng tiép can la st dung
cay quyét dinh véi méi dinh trong mé t& mét quyét dinh va
méi dinh 14 ting v6i mét 16i gidi nao do

m Trong ky thuat quay lui (backtracking), dé tim kiém |0 gidi () cay bao tim
mong muén, dau tién ta tién hanh mot day céac quyét dinh
sao cho ta c6 thé tim dén cac i gidi & cang xa dinh gbc
cang tot. Mot day cac quyét dinh nay tuong ting véi mot
duding di trong cay quyét dinh tir gbc dén 14

m Mot khi ta biét rang khéng thé tim dén mét 10i gidi mdi xa
hon thong qua day cac quyét dinh, ta lui lai xét dinh cha
cla dinh dang xét hién tai, va tlep tuc tim den mot |0i gidi
khac dua trén mot day cac quyét dinh méi néu cé thé

® Qua trinh nay duoc I3p lai cho dén khi tim dugc I8 giai
mong mubn hoac két luan rang khong cé 16i gidi nao nhu
thé ton tai

64



Cay

Cay bao trum

Bai tap 24 (x)

U/
a b c

Hay t6 mau dd thi trén bang 3 mau dé (R), xanh 14 cay (G), va
xanh da trgi (B) dua trén ky thuat quay lui da mo ta. (Goi y:
Xem [Rosen 2012], Muc 11.4.4)

Ly thuyét dé thi 11l
Hoang Anh Biic

0 Cay bao trum
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Cay

Cay bao trum

Cho G = (V, E) la mét don db thi vo hudng lién théng. Ta trinh bay Ly thoyet 6 il
thuéat toan duyét theo chiéu réng (breadth-first search, BFS) dé tim Hoang Anh Bie
mét cay bao trum clia G

Thuat toan 2: Duyét theo chiéu rong
Input: G: don dé thi vo hudng lién thong véi cac dinh vy, vs, . . ., vy
Output: Cay bao trum T o
T := cay chi chita duy nhat mét dinh v, () ctybaoim
L := danh séch réng
Thém v; vao danh séch L céc dinh chua xét
while L khdc réng do
B4 di dinh th(t nhat v t L
for méi dinh w lién ké vdiv do
if w khéng thudéc L va w khéng thudc T then
Thém w vao cubi danh séch L
L Thém w va canh vw vao T’

© o N O O N =

10 return T
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

[Danh sach L = [vl]] o



Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

[Danh sach L = [vs, ’Ug]] o



Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

[Danh sach L = [’U3,’U4,U5]] 64



Cay

Cay bao trum

Ly thuyét dé thi lll
Hoang Anh Biic

@ Cay bao trum

[Danh sach L = [v4, vs, vg, U7]] 64



Cay

Cay bao trum

Ly thuyét dé thi lll
Hoang Anh Biic

@ Cay bao trum

[Danh sach L = [vs, vg, v7, Us]] 64



Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

[Danh sach L = [’UG, U7, ’Ug] ] 64



Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

[Danh sach L = [’U7, U8, ’Ug] ] 64



Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

[Danh sach L = [vg, ’Ug]] o



Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

[Danh sach L = [’Ug]] o



Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

[Danh sach L = []] o



Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Biic

@ Cay bao trum

Tha tu tham céc dinh: V1, V2, V3, V4, Vs, Vg, V7, U8, Vg 64



Cay

Cay bao trum

Ly thuyét dé thi Il
m Trudc méi lan 13p vong while, 7' 14 cay chita c4c dinh da Hoéng Anh Biic
xét (= cac dinh da bo di tir danh séach L)
m Thuéat toan BFS chay trong chay trong thoi gian O(n?) voi
don db thi vé huéng lién théng G = (V, E) bét ky, trong dé
n=|V|
m V&i mbi dinh v, thuat todn xét cac dinh lién ké véi v va thém  (50)cay beo trim
céc dinh chua xét vao cubi danh séch L
m Méi canh dugc xét nhiéu nhét hai 1an dé xéc dinh xem c6
can thém canh dé va mét dinh dau mdt vao cay 7' hay
khéng
m Do do, thuat toan BFS chay trong thoi gian O(|E|), hay ndi
cach khac O(n?)
m Thuat toan BFS 1a co sb dé thiét ké cac thuat toan giai
nhiéu bai toan khac nhau, vi du nhu bai toan tim cac thanh
phan lién thong, bai todn xac dinh xem mét db thi cé phai
db thi hai phan hay khong, bai toan tim dudng di ngan
nhat gilta hai dinh, v.v...
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Cay

Cay bao trum

Ly thuyét dé thi Ill

Bai tép 25 Hoang Anh Bic
Tim mot cay bao trum cla do thi sau bang
(1) thuat toan tim kiém theo chiéu sau (DFS);
(2) thuat toan tim kiém theo chiéu rong (BFS);
bat dau tu dinh cay bao i

a e h i

¢
b ! 9 J

Bai tap 26

Hay md t4 cac cay bao trum xuét ra bdi thuat toan tim kiém
theo chiéu rong va thuat toan tim kiém theo chiéu sau khi chay
trén do thi day di K,,, véi n 1a s6 nguyén duong nao dé
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Cay

Cay bao trum nhd nhét

Ly thuyét db thi Ill
Hoang Anh Biic

Cho G = (V E,w) la mét db thi lién théng vé huéng cé trong
s6. Mot cdy bao trum nhd nhat (m/n/mum spann/ng tree) cla G
la mot cay bao trum clia G ¢6 téng trong sb cac canh clia cay
la nhd nhat c6 thé

Cay bao truim nhd nhét
m Input: D6 thi lién thong vé hudng cé trong sb
G=(V,E,w)

m Output: Mot cay bao trum nhé nhat 7' clia G

m Thuat todn Prim
m Thuat toan Kruskal
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

Thuat toan 3: Thuét toan Prim

Input: G = (V, E,w): do thi lién thong v hudng cb trong s6
Output: M6t cay bao trum nhé nhat T’ clia G
T := mot canh ¢6 trong s6 nhd nhat

-

Cay bao trim nhd nhét

2 fori:=1ton—2do

3 e := mot canh c6 trong sb nhd nhat lién thudc véi mot
dinh cla T théa man T + e khong c¢é chu trinh

4 T:=T+e

5 return T’
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi 11l

VII dU 10 Hoang Anh Biic
Tim mot cy bao trum nhd nhat 7' clia d6 thi G = (V, E,w) sau
bang thuat toan Prim

e Cay bao trim nhd nhat

A
-/
()
—/

© O
@»
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi 11l

@ @ @ Hoang Anh Biic
1
1

ll

OO0

Bat dau: Chon dinh b 1am dinh khéi dau
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi 11l

3 -@ Hoang Anh Biic
3 _@ Cay bao trim nhd nhét

Buéc 1: Thém canh (b, ¢) vao T'. Téng trong s6 = 1
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

Cay bao trim nhd nhat

Buéc 2: Thém canh (b, a) vao 7. Téng trong sb = 3
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi lll
2 3 Hoang Anh Biic
@_@ ______ _@
1
1
3| 1
1
1
@ <€>— 3 _@ Cay bao trim nhd nhat
2

Buéc 3: Thém canh (e, h) vao 7. Téng trong sb = 5
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

3 1 2!
@ <e>_ — _3_ —_— _@ Cay bao trim nhé nhat
2

Buéc 4: Thém canh (b, ¢) vao T. Téng trong s6 = 8
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic
3 1 D)
@ <e>_ — _3_ —_— Cay bao trim nhé nhat
2 4}

Buéc 5: Thém canh (¢, f) vao T'. Téng trong s6 = 10

64



Cay

Cay bao trum nhd nhét

Ly thuyét do thi I1l
Hoang Anh Biic
3 1 2
S— _4_ — <€>— —_— _3_ —_— Cay bao trim nhé nhat
1
1
4 2
1
1

Buéc 6: Thém canh (a,d) vao T'. Téng trong s6 = 13
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic
B 2 m 3
\0J ‘
3 1 2
<€>— 3 Cay bao trim nhd nhét
2

Buéc 7: Thém canh (h, g) vao T. Téng trong s6 = 16
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
2 m 3 Hoang Anh Biic
a b c
-/
3 1 2
<€> Cay bao trim nhd nhat
—O—0
g h i
O—®

Buéc 8: Thém canh (h, i) vao T. Téng trong sb = 19

64



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi 11l

2 /-\ 3 Hoang Anh Biic
a b c
-/
3 1 2
<€> Cay bao trim nhd nhat
OO

(D)
-/

Két qua: Cay bao trum nhd nhét véi tong trong s6 = 19
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Cay

Cay bao trum nhd nhét

: ’ Ly thuyét dé thi 11l
Dinh ly 8 yrs e

Hoang Anh Biic

Néu T la mgt cay bao trum xuét ra béi thudt todn Prim véi do
thi dau vao G = (V, E,w) thi T la mét cdy bao trum nhé nhat
cua G

Ching minh.
m Thuéat todn Prim luén xuét ra mot cay bao trum (55) Cay bao trim nhé nhét
] (39&'10 budc trung gian, T ludn la cay
m Moi budc trung gian, thuat toan thém mot canh va mét dinh
md&i vao T'
m Ta chiing minh péng phan chiing. Gid stt T khéng cé téng
trong s6 nho nhat
m Goi ET = (e1,ea,...,en,) laday cac canh dugc chon theo
th tu thuc hién cla thuat toan Prim
m Goi U 1a mét cay bao trim nhd nhét thda man diéu kién U
c6 chira k canh dau tién clia ET véi k 16n nhat c6 thé,
nghiala e, es, ..., ex thudc U va exy1 = xy khong thuéc U (e«



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi 11l

Chiing minh (tiép).

m Goi IV 1a tap céc dinh clia 7T tinh dén thai diém ngay trudc khi
ex+1 = xy dugc chon .
m Goi P la mét duong di gitta = va y trong U (chu y rang zy
khong la mét canh clia U) va goi ab la canh dau tién clia P ¢6
mét dau mdt (a) thuéc W va mét dau mut (b) khéng thuéc W
m Xét cay bao trum S =U — ab+ xy Gy bao trim nhd nhit
m Néu w(a,b) > w(z,y): Téng trong
sb clia S nho hon cla U, mau
thuan véi gia thiét U la cay bao
trum nhd nhéat
m Néu w(a,b) = w(z,y): S la mot
cay bao trim nhd nhat va S ¢é
chira nhiéu canh clia ET hon U,
mau thuan véi dinh nghia clia U
m Neu w(a,b) < w(z,y): Thuat todn
Prim sé chon canh ab thay vi canh
xy, mau thuan véi gia thiét ban
dau 12 zy 1a canh dugc chon




Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

m Thuat toan Prim la mot thuat toan tham lam
m 3 mbi budc xay dung cy bao trim nhd nhét T, thuat toan
Prim chi thém cdc canh c6 trong sb nhd nhét lién ké véi mot
dinh clia cay T tinh dén hién tai ma khong tao thanh chu
trinh méi
m Thuat todn Prim c6 thé dugc Iap trinh dé chay trong thoi
gian O(mlogn) véi d6 thi G = (V, E,w) théa man m = |E|
van=|V|
m Thuét todn Prim tuong tu nhu thuat toan Dijkstra tim
duding di ngan nhét giira hai dinh da gidi thiéu trudc do

@ Cay bao trim nhd nhat
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

Thuat toan 4: Thuét toan Kruskal

Input: G = (V, E,w): do thi lién thong v hudng cb trong s6
Output: M6t cay bao truim nhé nhat T’ clia G
T := d0 thi rong (khéng cé dinh va canh) (55) Gay bao tim né nt

-

2 fori:=1ton—1do

3 e := mot canh ¢ trong s6 nhd nhat théa man 7' + e
khong cé chu trinh

4 T:=T+e

5 return T’
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi 11l

VI’ du 1 1 Hoang Anh Biic
Tim mot cy bao trum nhd nhat 7' clia d6 thi G = (V, E,w) sau
bang thuat toan Kruskal

@ Cay bao trim nhd nhat

64



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

-0

1

e Cay bao trim nhd nhat

© 6O O
© O
O 0 O

Bat dau: 7' 1a db thi réng. Xét cac canh theo thit tu trong s6 ting dan.

Hinh: Minh hoa cac budc cla thuat toan Kruskal
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

e Cay bao trim nhd nhat

OO0 0O
O O—0
OO0

Buéc 1: Thém canh (b, €) vao T. Téng trong sb = 1.

Hinh: Minh hoa céc budc cla thuat todn Kruskal "



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

@ ° e Cay bao trim nhd nhat

Buéc 2: Thém canh (c, f) vao T'. Téng trong s6 = 3.

Hinh: Minh hoa céc budc cla thuat todn Kruskal "



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

i e Cay bao trim nhd nhat

Budc 3: Thém canh (a, b) vao T'. Téng trong s6 = 5.

O-0-C
O O—C

Hinh: Minh hoa céc budc cla thuat todn Kruskal "



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

(6) e Cay bao trim nhd nhat

Buéc 4: Thém canh (e, h) vao T'. Téng trong s6 = 7.

Hinh: Minh hoa céc budc cla thuat todn Kruskal "



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

e Cay bao trim nhd nhat

0
OO0

Budc 5: Thém canh (b, ¢) vao T'. Téng trong s6 = 10.

Hinh: Minh hoa céc budc cla thuat todn Kruskal "



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

e Cay bao trim nhd nhat

OO0
Budc 6: Thém canh (a, d) vao T. Téng trong sb = 13.

Hinh: Minh hoa céc budc cla thuat toan Kruskal
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

e Cay bao trim nhd nhat

Budc 7: Canh (e, f) bi loai vi tao chu trinh. Xét canh tiép theo.

Hinh: Minh hoa céc budc cla thuat todn Kruskal "



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

e Cay bao trim nhd nhat

Buéc 8: Thém canh (g, h) vao 7. Téng trong sb = 16.

Hinh: Minh hoa céc budc cla thuat todn Kruskal "



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

e Cay bao trim nhd nhat

Buéc 9: Thém canh (h,4) vao T'. Téng trong s6 = 19.

Hinh: Minh hoa céc budc cla thuat todn Kruskal "



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

e Cay bao trim nhd nhat

Budc 10: Canh (d, €) bi loai vi tao chu trinh. Xét canh tiép theo.

Hinh: Minh hoa céc budc cla thuat todn Kruskal "



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

e Cay bao trim nhd nhat

Budc 11: Canh (d, g) bi loai vi tao chu trinh. Xét canh tiép theo.

Hinh: Minh hoa céc budc cla thuat todn Kruskal "



Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

e Cay bao trim nhd nhat

Budc 12: Canh (f, i) bi loai vi tao chu trinh.

Hinh: Minh hoa cac budc cla thuat toan Kruskal
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi Ill
Hoang Anh Biic

e Cay bao trim nhd nhat

Két qua: Cay bao trium nhd nhét véi téng trong s6 = 19

Hinh: Minh hoa cac budc cla thuat toan Kruskal
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Cay

Cay bao trum nhd nhét

Ly thuyét dé thi 11l
Hoang Anh Biic

Bai tap 27

Chttng minh rdng néu T 1a mét cay bao trim clia G = (V, E, w)
xuat ra bdi thuat toan Kruskal thi 7' 1a cay bao trum nho nhat
(G@i y: xem lai chitng minh tinh ding dan cua thuat toan Prim)

m Thuat toan Kruskal 1a mét thuat toan tham lam (&)t saoim o o

m 3 mbi budc xay dung cy bao trim nhd nhét T, thuat toan
Kruskal chi thém cac canh c6 trong s6 nhd nhat ma khong
tao thanh chu trinh méi

m Khéc véi thuat toan Prim, & cdc budce trung gian cua thuat
todn Kruskal, T' cd thé khéng la cay

®m Thuat todn Kruskal c6 thé dugc Iap trinh dé chay trong thoi
gian O(mlogm) véi do thi G = (V, E,w) thda man m = |E)|
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Cay

Cay bao trum nhd nhét

Bai tép 28 Ly thuyét &6 thi i
Tim mét cy bao truim nhd nhét cla db thj sau oo frn B

@ Cay bao trim nhd nhat

bang céch st dung
(a) thuat toan Prim
(b) thuat toan Kruskal 6



Tai liéu tham khao

Ly thuyét dé thi lll
Hoang Anh Biic

® Rosen, Kenneth (2012). Discrete Mathematics and Its
Applications. 7th. McGraw-Hill. (54) Tai ligu tham khdo
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1. Logic va Chidng minh

2. Cac chu tric co ban: Tap hop, Ham, D3y, Téng

3. Quy nap va D& quy

4./Thuét t,oén,I: Mb ta, chéing minh, danh gid thuat todn; Tim
kiém va sap xép

5. Thuit toadn Il: Thuat todn tham lam, thudt toan dé quy

6. Ly thuyét s6 co ban

7. Cac phuong phap dém

8. Ly thuyét dd thi I: Gidi thiéu, Biéu didn db thi va su ding cAu,
Tinh lién théng

9. Ly thuyét dd thi Il: Dudng di ngin nhit, Db thi phing, T6 mau
dd thi

10. Ly thuyét db thj III: Cay

11. Dai s Boole
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NGi dung

Ham Boole
Biéu dién cac ham Boole
Céc cbng logic

Rut gon ham Boole
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Ham Boole

Dai s6 Boole

Hoang Anh Biic

m Pai s6 Boole (Boolean Algebra) dua ra cac phép toan va

quy tac lam viéc vdi tap {0,1} (Gng véi {F, T}) (Dremeeoe
m Céc phép toan dugc st dung nhiéu nhat trong Dai sb
Boole
m Phan bu (complement):0=1va1=0 (&ng v6i —)
m T6ng (sum):04+0=0,0+1=1,140=1,val+1=1
(&ng vaGi V)
m Tich (product):0-0=0,0-1=0,1-0=0,val-1=1(ng
Véi A)
Bai tap 1
Tinh 1.0+ (0+1)
Bai tap 2

Dich tuong duong l6gic (T A T) v —F = T sang mét dang thirc
trong Pai so Boole.
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Ham Boole

G|é. S&' B = {O, 1} Dai s6 Boole

B" ={(z1,%2,...,zy) |z; € BVGi 1 <i<n} Hoang Anh Bde
Mét bién = dugdc goi 1a mot bién Boole (Boolean variable) Ham Boole
néu né chi nhan céc gia tri tir B
Mot ham F : B™ — B dugc goi la mét ham Boole bac n
(Boolean function of degree n). Cac gia tri cia mot ham
Boole thudng dugc cho béi cac bang
CAac biéu thiic Boole (Boolean expression) véi cac bién
Z1,%2,. .., T, dugc dinh nghia mét cach dé quy nhu sau:

m 0,1,21,7o,...,2, 12 cac biéu thiic Boole

m Néu E la mot biéu thifc Boole thi E ciing la

m Neu F; va FE la cac biéu thic Boole thi (E; + E»), va

(Ey - E») clng la

Méi biéu thitc Boole biéu dién mdt ham Boole. Céc gia tri
clia ham nay nhan dudc bang cach thay 0 va 1 cho cac
bién trong biéu thiic dé
Ham Boole F bac n cling c6 thé dudc biéu dién trén db thi
Q.. bang cach danh dau cac dinh tuong ting véi céc bd
(361,372,...,l’n) théda man F(’JC],...,.’L’n):]. a7



Ham Boole

Vi dU 1 Dai s6 Boole
N Hoang Anh Biic
Ham F(z,y,z) =2y +Z
x|yl|z|lay|z| Fla,y,z) L0 Ll ram geole
1(1]1 110 1
11110} 1|1 1
1{o[1]0 |0 0 100
117010 0 |1 1
011|010 0
0]1]0] 0|1 1
0(0|10]O0 0
00|00 |1 1
000 001
Bai tap 3 Bai tap 4

Lap bang gia tri clia cac ham
Boole sau:

(@) F(z,y,2) = 2yz + 2yz
(b) F(z,y,2) = z(yz + y2)

Biéu dién méi ham & Bai tap 3
trén mot khéi 1ap phuong Qs
bang cach danh dau céc dinh
tai dé ham dat gia tri 1
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Ham Boole

Dai s6 Boole
m Céc ham Boole bac n F va G dudc goi 1a bang nhau Hoang Anh Bic
(equal) khi va chi khi F(by,ba, ..., b,) = G(by,ba,...,b,) Ham Boole
v&i moi by, bo,...,b, € B
m Hai biéu thiic Boole biéu dién cling mdt ham Boole dugc
goi la hai biéu thirc twong duong (equivalent)
m Phan bu (complement) clia ham Boole F la ham F dugc

dinh nghia b8i F(x1, s, ...,2,) = F(21,T2,...,2,)
m 76ng Boole (Boolean sum) cia hai ham F va G |a ham
F + G dugc dinh nghia bdi (F + G)(x1,z2,...,7,) =
F(x1,22,...,2y) + G(x1,22,...,2p)
m Tich Boole (Boolean product) cGa hai ham F va G la ham
F - G dugc dinh nghia bdi
(F-G)(z1,22,...,2y) = F(z1,22,...,2,) - G(z1,22,...,2Tp)
Baitap 5
C6 tt ca bao nhiéu ham Boole bac n khac nhau?
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Ham Boole

M6t sb hing dang thiic quan trong trong Pai s6 Boole

Tén goi Pang thurc
Luat phan bu kép =
(Law of the double complement) =
Luat Idy dang rT4+r=ux
(Idempotent laws) T-r==z
Luat dong nhat t+0=zx
(Identity laws) x-1l==x
Luéat nuot z+1=1
(Domination laws) z-0=0
Luat giao hoan r+y=y+zx
(Commutative laws) Ty = yx

Luat két hgp
(Associative laws)

(z+y)+z=z+(y+2)
z(yz) = (zy)=

Luat phan phoi
(Distributive laws)

r+yz=(z+y)(z+2)
x(y+z)=ay+xz

37
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Hoang Anh Biic

Ham Boole



Ham Boole

Dai s6 Boole

M6t sb hang dang thiic quan trong trong Pai s6 Boole (tiép)

Hoang Anh Biic

Tén goi Dang thirc Ham Boole
Luat De Morgan | (zy)=Z+7
(De Morgan laws) | (zx+y) ==y

Luat hap thu T+ay=1x
(Absorption laws) | z(z +y) ==
Tinh chat don vi

(unit property)
Tinh chat khéng _
zx =0
(zero property)

r+7T=1

Bai tap 6

Béng céch sl dung bang dé biéu dién cac ham Boole, hay

ching minh luat phan phéi x + yz = (z + y)(x + 2)

Baitap 7

Bang céch sl dung cac dang thiic quan trong khac trong bang,
hay ching minh luat hap thu z(z +y) = = -



Ham Boole

Dai s6 Boole

m D6i ngau (dual) clia mot biéu thiic Boole Ia biéu thirc thu
dudc bang cach thay téng (tich) bang tich (t6ng) va thay 0 (1)

Hoang Anh Biic

b‘éng 1 (0) HamBooIe
4= m0=1
=+ m1=0

m D6i ngau clia mot ham Boole F dugc biéu dién bai mot biéu
thiic Boole 13 mot ham Boole dudc biéu dién bdi di ngau clia
biéu thic d6

m D6i ngau clia mot ham Boole F duoc ky hiéu la F? va khéng
phu thudc vao biéu thiic Boole cu thé biéu dién ham Boole dé

[ Nguyen Iy déi ngau (duality principle): dang thiic van ddng khi
lay d6i ngau ca hai vé

Vidu 2

m Dbingauclaz(y+0)laz+(y-1)

m Déingauclaz 1+ (7+2)1a(@+0): (7-2)
Vidu3

m Taco z(r +y) =z (luat hap thu)
m L4y dbi ngau ca hai vé, ta c6 = + zy = = (luat hap thu)
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Ham Boole

m Cac dinh nghia va két qua chiing ta da dé cap cé thé dugc
chuyén sang céc két qua cho cac ménh dé hoc tap hop

m Do do, sé rat hitu ich néu ta c6 thé dinh nghia dai s6 Boole mot
cach trtru tugng

,.| Dai s6 Boole

Mét Pai sé Boole (Boolean algebra) 1a mét tap B véi hai toan ti hai
ngdi (binary operation) v va A, cac phan t&f 0 va 1, va mot toan i
mot ngbi (unary operation) —, ky hiéu [B,V,A,~,0,1], sao cho cac
tinh chét sau diing véi moi «, y va = thuoc B
m Luat ddng nhat (identity laws): V0 =z vaz Al ==
m Luat bu (complement laws): zVZ=1vaz AT =0
m Luat két hop (associative laws): (zVy)Vz =z V (y V z) va
(xAYyY)ANz=zAN(YyAz)
m Luat giao hoan (commutative laws): z Vy =y V z va
TNYy=yANzx
m Luat phan phéi (distributive laws): 2V (y A 2) = (z Vy) A (z V 2)
vazA(yVz)=(xAy)V(zAz)

37
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Hoang Anh Biic

Ham Boole



Ham Boole

Dai s6 Boole
Hoang Anh Biic

0 Ham Boole

® (B, +,-,7,0,1],trong d6 B = {0,1} va +,-,~ la céc toan t
da dinh nghia & phan dau bai giang, 1a mot dai so Boole

m [P,V,A,—,F,T], trong d6 P la tap cac ménh dé I6gic va
V, A, - la cac toan tit 16gic, la mot dai s6 Boole

m [P(U),u,n, ,0,U],trong d6 U la tap vii try nao dé, P(U)
|4 tap tat ca cac tap con clia U, va U,N,  la céc toan i
tap hop, 1a mot dai s6 Boole
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Ham Boole

Dai s6 Boole

VII dU 4 Hoang Anh Biic
S& dung dinh nghta, chiing minh réng trong mét dai sé Boole Ham Boole
[B,V,A,—,0,1],v6imoiz € BtacoxzVz=zvaz Az =z (luat

Iy dang (idempotent laws))

zVr=(Vr)Al luat déng nhét
=(xVz)A(xVTI) luat bu
=zV(zAT) luat phan phéi
=xV0 luat bu
=z luat déng nhat
zAx=(xAz)VO0 luat ddng nhat
=(xAz)V(xAT) luat bu
=z A(xVT) luat phan phéi
=zAl luat bu

=z luat dong nhat o



Biéu dién cac ham Boole

Dai s6 Boole

Hoang Anh Biic

Biéu dién c4c ham
Boole

Hai bai todn quan trong trong dai s6 Boole
m Cho cdc gid tri cia mot ham Boole, tim mét biéu thiic
Boole biéu di&én ham dé
m Moi ham Boole c6 thé dudc bidu dién bing biéu thiic chi ¢o
cdc todn tr Vv, A, va —
m Biéu dién moi ham Boole bang biéu thiic véi cang it todn
t0r cang tot
m Moi ham Boole ¢ thé dugc biéu dién bang biéu thirc chi co
mét toan tor
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Biéu dién cac ham Boole

Dai s6 Boole

Hoang Anh Biic

m MGt bién Boole hodc phén bl clia né dugc goi la mét fuc Bi ién céc
bién (literal)
m Tich Boole y14> ...y, trong d6 y; = x; hoac y; = T; vdi cac

bién Boole x1,xs, . .., z,, dugc goi la mét tiéu hang
(minterm). N6i cach khac, mai tiéu hang la tich cla céc tuc
bien

m Tiéu hang y1y» ...y, €O gid tri bang 1 khi va chi khiy; = 1
v6i moi 1 < i < n, nghia la khi va chikhiy; = z; neuz; =1
véyi:a:_inéuxi:O

m Téng Boole clia cac tiéu hang c6 gia tri bang 1 chi khi mot
trong céc tiéu hang clia tong cd gia tri 1
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Biéu dién cac ham Boole

Dai s6 Boole

Vi dU 5 Hoang Anh Buc
Tim biéu thiic Boole biéu dién cac ham F va G cé cac gia tri
cho bdi bang sau (14) Biéu dién cic ham

Boole

m M6t biéu thirc biéu dién F can cé
giatriltkhiz=z=1vay=0,
va c¢0 gia tri 0 trong cac trudng
hgp con lai

m LAy F(z,y,2) = 27z

m M6t biéu thirc biéu dién G can cé
gidtrilkhiz=y=1vaz=0
hodcrx=2=0vay=1,vacéd
gia tri 0 trong cac truong hgp con
lai

m Liy G(z,y,2) = 2yz + TyZ

Céc biéu thiic nhu trén dudc goi 1a khai trién tong cdc tich
(sum-of-products expansion) hay dang tuyén chuén tac
(Disjunctive Normal Form - DNF) clia cac ham F va G .

OO OO R
OO R OO
O = OO O N
cCoococor ool
cor oo oo




Biéu dién cac ham Boole

Dai s6 Boole

Mbt khai trién téng cdc tich (sum-of-products expansion) hay Hoang Anh Bie

dang tuyén chuan tac (Disjunctive Normal Form - DNF) cla

ham Boole F 1a mét biéu dién clia F duéi dang téng céc tiéu By i cac i
hang. Ngoai cach dung bang cac gia tri, ta ciing ¢ thé tim

dang khai trién tdng cac tich théng qua cac dang thirc da biét

Vidu6

Tim khai trién t6ng cac tich clia F(z,y,2) = (z + y)z

(z+yz=2Z+yz luat phan phéi
=zlz + lyz luat déng nhat
=z(y+9)z+ (z+7)yz tinh chat don vi

= 2YZ + 2YZ + 2YZ + TYZ luat phan phoéi
= 2yZ + 2YZ + TYZ luat Gy ddng
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Biéu dién cac ham Boole

Dai s6 Boole

Tuong tu, ta cling ¢ thé tim céc biéu thie biéu dién mot ham Boole
F bang cach l4y tich Boole clia cac t6ng Boole. Biéu thiic tim dudc

goi 1a khai trién tich cdc téng (product-of-sums expansion) hay dang
hoi chuén tac (conjunctive normal form - CNF) cla F (1) Biéu dién cc ham

Hoang Anh Biic

Boole
Vidu7
Tim biéu thirc Boole biéu dién cc ham F va G ¢cé cac gid tri cho b
bang sau

m Mot biéu thiic biéu dién F can c6 gia r|ly|z|F |G
triOkhiz=2=1vay=0,vaco gia iyl
tri 1 trong céc trudng hop con lai Lr1po 140

m LAy F(z,y,2) =2 +y+2 Lrop1rogl

m M6t biéu thiic biéu dién G can c6 gia Liojopt)l
triOkhiz =y = 1 va z = 0 hodc Op1yplplyl
r=z=0vay=1,vacégiatril 01110y 1)0
trong cac trudng hgp con lai 010111

m LAy G(r,y,2) = (@+5+2)@+g+2) LO1OJ0JT]1
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Biéu dién cac ham Boole

Dai s6 Boole

Hoang Anh Biic

Bai té.p 8 Bidu dién cac ham
Tim mét biéu dién clia ham Boole F(z, v, z) biét rang F nhan oo

gia tri 1 khi va chi khi:

(a) c6 dung 2 trong 3 bién z, v, z nhan gid tri 1.

(b) cé mot sb chén bién nhan gia tri 1.

Baitap 9

Tim biéu dién duéi dang téng clia céc tiéu hang (minterm) clia
cac ham sau:

@) F(z,y,2) = (z+2)y

(b) F(z,y,2) =2y +yz
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Biéu dién cac ham Boole

Dai s6 Boole
~ . _ R Hoang Anh Biic
m Moi ham Boole déu c6 thé dugc biéu dién duéi dang tong
Boole clia céc tiéu hang, trong d6 mai tiéu hang la mot tich  (i)eia, aen cac nam
Boole clia cac bién Boole hoac cac phan bl cla chiing Boole

m N6i cach khac, mbi ham Boole c¢6 thé dugc biéu dién bang
céch dung céc todn t&r Boole +, -, . Tap céc toan tl
{+,-, 7} dugc goi la mét tap day du (functionally complete)

m Liéu ta c6 thé tim dugc mot tap cac toan t& day ddi nhd
hon hay khéng?

m Tap {+, "} la mét thp day du (luat De Morgan)

m Tap {-,~} la mét tap day di (luat De Morgan)

m Tap {+,-} khong la mét tap day di (vi du, ta khong thé biéu
dién F(z) = T bang mét biéu thiic Boole chi c6 hai phép
toan + va -)

m Liéu c6 ton tai mot tap cac toan ti day dl chi ¢d ding mot
phén tir hay khéng?
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Biéu dién cac ham Boole

Dai s6 Boole

Hoang Anh Biic

Ta dinh nghta hai toan t& | hay NAND va | hay NOR

x|y | z|y@NANDy) | = |y (z NORy) gf:wfiémmém
1|1 0 0
110 1 0
011 1 0
010 1 1

Céc tap {|} va {|} déu la céc tap day du

Bai tap 10 Bai tap 11

Chitng minh rang Chutng minh rang
@zT=z|z @ z=zlz

(b) zy=(z|y)|(z]y) b) zy=(zlx) !l (yly)

©zt+y=(z]z)|(y|y) © z+y=(zlyl(zly)
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Biéu dién cac ham Boole

Dai s6 Boole

<. A Hoang Anh Buic
Bai tap 12
Si dung luat De Morgan, ta c6 thé bi€u dién phép toan + theo  (z)ss, s cec ram
hai phép toan - va ", tir d6 c6 thé biéu dién moi ham Boole Boole
bang mét biéu thic chi chita hai phép toan dé. Hay tim mot
biéu dién nhu vay clia cac ham sau:
(@ F(z,y)=z+y
(b) F(z,y,2) =%(x +y) + 2

Bai tap 13

Tuong ty bai trudc, ta ciing 6 thé biéu dién moi ham Boole
bang mét biéu thirc chi chira hai phép toan + va ™. Tim mét
biéu dién nhu vay clia cac ham sau:

(@) F(z,y) =7y

(b) F(z,y,2) =z +y(x+ 2)

37



Céc cdng légic

Dai s6 Boole

Hoang Anh Bic

m Dai s6 Boole ¢6 thé duogc st dung trong viéc md hinh héa
so d6 cac mach trong cac dung cu dién ti
m Mbi mot dau vao va mot dau ra clia mét dung cu nhu vay
c6 thé dugc xem nhu mét phan tl cla tap {0,1} Gac obng lagic
m M6t dung cu dudc tao bdi cac mach (circuit) khac nhau.
Céc phan tl co ban clia cac mach nay dudc goi 1a céc
cong (gate). Mbi loai céng thuc hién mét toan tir Boole
m Trong bai giang, ching ta sé
m Dinh nghia mét s6 loai cdng
®m S dung cac cdng nay va cac quy tac trong Dai sb Boole dé
thiét ké cac mach thuc hién nhiém vu nao do
m Céc mach ma ta sé dé cap sé cho ra dau ra chi phu thuéc
vao dau vao chit khéng phu thudc vao trang thai hién thoi
ctia mach. N6i cach khac, cac mach nay khéng c6 kha nang
nhd. Nhitng mach nhu vay goi la cac mach t6 hop
(combinatorial circuit)
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Cac cong logic

Dai s6 Boole
m B6 ddo (inverter): dau vao la gid tri cia mot bién Boole va Hong Anh Biic
dau ra la phan bl cla gia tri dau vao
[ Cong OR (OR gate): dau vao la gia tri clia hai hay nhiéu
bién Boole va dau ra 1a téng Boole clia cac gid tri d6 Céc céng logic

[ Coqg AND (AND gate): dau vao |a gia tri cia hai hay
nhiéu bién Boole va dau ra la tich Boole cla cac gia tri dd

Bo dao

Ty
. . r+y p Ty +ro+ ...+
CingOR ) > xi>_, :
:I/"Il
L] ——p
) Ty Ty Toc... T
Céng AND Z;_' }— Tz—’D_, "
Tp—™
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Cac cong logic

Dai s6 Boole

Vi dU 8 Hoang Anh Blic
Mach t6 hop cé dau ra la (z + y)z

x
Y Céc cng logic
Céch 1
T
x
Y
Céch 2
Bai tap 14

Vé cac mach t6 hop c6 dau ra
(a) z(y + 2) b) (z+y+2)(T+Yy+7)
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Cac cong logic

Dai s6 Boole

VII dU 9 Hoang Anh Biic
D6i khi mot hé théng den cb dinh dugc diéu khién bdi hai hay
nhleu cong tac. Cac mach dién can duoc thiét ké sao cho khi
an mot cong tac bat ky thi hé thong dén dang bat sé tat va hé (28 e o i
thong dén dang tat §e bat. Ta thiét ké mot mach thuc hién diéu
do khi c6 hai cong tac
®m Gid sl = = 1 khi cong tac th{ nhét dong va « = 0 khi né
mé. Tuong tu, y = 1 khi cong tac tht hai déng va y = 0 khi
né md
m Gid sl F(z,y) = 1 khi dén sang va F(z,y) = 0 khi dén tat
m Ta chon dé dén sang khi ca hai cong tac dong, nghia la
F(z,y) = 1 khiz =y = 1. Theo yéu cu & trén, khi mét
trong hai cong tac md, dén sé tat, nghia 1a F(z,y) = 0 khi
z=1vay=0hodcz = 0vay = 1. Cuoi cung, khi ca hai
cdng tac md, den sé lai sang, nghia la F(z,y) = 1 khi
r=y=0
m Mot biéu dién cla F(z,y) 1a zy + 77 7



Cac cong logic

Dai s6 Boole

Hoang Anh Biic

Mach véi hai cong tac thiét ké theo yéu cau la

z |y | Flx, y) Céc céng Iogic
111 1 -7
110 0
0]1 0
010 1
Bai tap 15

Hay th(r thiét ké mach theo yéu cau trong Vi du 9 véi ba cong
tac
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Rut gon ham Boole

Dai s6 Boole

m Hiéu qua clia mot mach t6 hop phu thudc vao sb cac cong Hoaing Anh Bifc
va su bb tri cac cdng dé

m Chung ta ludn cé thé sir dung khai trién téng cac tich clia
mach dé tim tap céc céng logic thuc hién mach dé. Tuy
nhién, khai trién t8ng cac tich c6 thé chita nhiéu s6 hang  (a)a: gon an sose
haon muc can thiet

m Viéc rdt gon (minimization) ham Boole nghia la tim dang
biéu thitc Boole don gian nhat dé biéu dién ham Boole dé

Vidu 10
m Xét mach cé dau rabing 1 khivachikhiz =y =2 =1
hodcz=z2=1vay=0
m Khai trién tong cac tich clia mach nay 1a zyz + 27z. pé
biéu dién mach nay, ta can ba cong va mét bd dao

m Mat khéc, ta c6 thé viét zyz + 27z = z2(y +7) =2z Luc
nay, ta c6 thé biéu dién mach chi véi mét céng
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Rut gon ham Boole

Dai s6 Boole

Hoang Anh Biic

Mét sb phuong phép rit gon ham Boole
m Phuong phdp bién déi dai sé dua vao cac dang thic da
b|ét Rut gon ham Boole
m Phuong phdp so dé Karnaugh (Karnaugh Maps)

m Phuong phdp Quine-McCluskey (Quine-McCluskey
Method)

Nguyén ly co ban clia cac phuong phép rit gon trén dugc thé
hién trong dang thiic

vyte-y=z-(y+y ==

37



Rut gon ham Boole

Dai s6 Boole
Hoang Anh Biic

m Phuong phdp so dé Karnaugh (Karnaugh Maps) thudng chi
dugc ap dung cho cac ham Boole c6 6 bién ho&c it hon

m Y twdng: |a tim cac sb hang trong biéu dién clia ham Boole
c6 thé t6 hop duagc

So db Karnaugh cho ham Boole ¢6 2 bién

m Bang gom 4 6 vudng nhu trong hinh bén. (28) it gon ham Boole
Néu céc tiéu hang cé mét trong biéu thiic
biéu dién ham Boole thi viét 1 vao cac &
twong ting Yy

m Hai 6 ké nhau néu céc tiéu hang tuong
ing chi khac nhau mét tuc bién | zy | z

m Bt ¢l khi nao c6 2 6 ké nhau c6 s6 1 thi
céc tiéu hang duadc bidu dién bdi cac 6 d6
c6 thé duoc t6 hop lai thanh mot tuc bién | T+ Y

m Néu ca 4 6 déu c6 s6 1 thi céc tiéu hang
dugc biéu dién bdi cac 6 d6 c6 thé dugc
t6 hop lai thanh mot sé hang duy nhét:
biéu dién Boole clia 1

<

<

8|
<

37



Rut gon ham Boole

Dai s6 Boole

VI’ du 1 1 Hoang Anh Biic
RUt gon céc khai trién téng cac tich sau bang so do Karnaugh

(@) zy +my
(b) zy+ 7Ty
(C) TY+7TY+7TY

@ Rat gon ham Boole

<
<

Y Y 4

=
-
e

(a) zy + Ty (b) 2y + Ty (c)zy+7

4

Y T+7Y
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Rut gon ham Boole

So db Karnaugh cho ham Boole ¢ 3 bién HZ’::‘;:‘Q;

m Bang gém 8 6 vudng nhu trong hinh dudi. Néu céc tiéu hang ?
c6 mat trong biéu thiic biéu dién ham Boole thi viét 1 vao céc
6 tuong Uing

m Hai 6 ké nhau néu céc tiéu hang tuong ting chi khac nhau
mot tuc bién

m Céc tiéu hang clia 2 6 ké nhau ¢6 s6 1 ¢6 thé t hop thanh
tich clia hai tuc bién

m Cdc tiéu hang clia 4 6 ké nhau ¢6 s6 1 ¢6 thé t6 hop thanh
mot tuc bién duy nhét

m Cac tiéu hang clia 8 & ké nhau ¢6 s6 1 t§ hop lai thanh mot sb
hang duy nhat: biéu dién Boole clia 1

@ Rat gon ham Boole

yz Yz Yz Yz

T | xyz Yz | xyz | 2yz

=
&)
<
Q
5
<
Bl
]
<
8
S
<
N
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Rut gon ham Boole

Dai s6 Boole

VII d u 12 Hoang Anh Biic

Rat gon ham Boole

&
=l

Bl
Sl

wl

=
N\Q:
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Rut gon ham Boole

Dai s6 Boole

Hoang Anh Biic

m Phuong phép so do Karnaugh rat khé st dung khi s6 bién
cua ham Boole 16n hon 4. Thém vao dé, phuong phap nay
can ra soat tric quan dé nhan dang cac sb hang can
nhém lai

m Phuong phap Quine-McCluskey (Quine-McCluskey
Method) khac phuc dudc nhiing nhugc diém trén

m Tim cac sb hang la céc Uing vién dé dua vao khai trién rit
gon nhu mét tong cac tich Boole )

m Xac dinh xem trong s0 cac (ng vién do, cac so hang nao la
thuc sy dung dugc

Rat gon ham Boole
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Rut gon ham Boole

Dai s6 Boole

Hoang Anh Biic

Vidu 13
RUt gon zyz + 27z + Tyz + Tz + T z bang phuong phap
Quine-McCluskey

- - Y N .. . . . Rat gon ham Boole
[ Biéu djén mai tiéu hang bang mot c,hu()l‘nh[ phan: thay moi
bién bang 1 va moi phi dinh clia bién bang 0

Tiéu hang | Chudi nhi phan | S6 cac s6 1
TYZ 111 3
Yz 101 2
TYz 011 2
TYz 001 1
TYZ 000 0

m Nhém cac chubi nhi phan theo sbé cac s6 1
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Rut gon ham Boole

m T6 hop céc sb hang ¢ thé va xay dung cac bang dudi day engee
theo cac nguyén tac sau ?

m Céc tiéu hang c6 thé t& hop lai néu chiing chi khac nhau
mat tuc bién. Do dé, hai s6 hang ¢é thé t6 hop dugc thi cdc
chudi nhi phén tuong ting vdi chiing chi khdc nhau mét s6 1.

m Dé&u *-” biéu thi mét bién khong xuét hién trong két qua thu ()it gon am Boole
dugc sau khi t6 hop. Dau “v” biéu thi sb hang c6 thé t6 hop
v6i s6 hang khac

S6 hang  Chubi bit S6 hang  Chubdi bit
1 Yz 11 v (1,2) Tz -1 v
2 TYz o v |:" > (1,3) gz 11V
3 Tyz 011 v 2.4 3z 01 v
4 Tyz 001 v (3,4) =z 0-1 v
5 TyYz 000 v (4 5) Ty 00-
S6 hang  Chudi bit
(1,2,3,4) 2 -1
(1,3,2,4) z -1
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Rut gon ham Boole

Dai s6 Boole
m Trong cac bang trén, chiing ta da chi ra cac sb hang dugc Hoang Anh Bie
s dung dé tao ra cdc tich cé sb tuc bién nhd hon nhung
khong nhét thiét c6 mét trong biéu dién rit gon ham Boole
m Ta xay dung biéu thiic rit gon clia ham Boole theo nguyén
tac sau:

m Xét cdc tich chua dugc sit dung dé xy dung céc tich ¢6 sb
tuc bién nhd hon (cac so hang khéng cé danh dau v tuong
ung): zvazTy

m Lap bang kiém tra xem céc (ing vién z va Ty co thuc su phi

hét céc tiéu hang gbc clia ham F(z, y, z) ban dau hay
khong

Rat gon ham Boole

8|

|xyz TYz TYz
X X X

Yz TYZ

z X
Ty X X

m Do dé, két qua cubi cing 1a F(z,y,2) = 2+ TF
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Rut gon ham Boole

Vll dU 14 Dél sb Boo\e’
S0 dung phuong phap Quine-McCluskey dé rit gon biéu dién rosno A ote
cla F(w,r,y, z) sau wayz + wTyz + wITyz + wryz + wrjz +

WTYz + WI Yz

S6 hang  Chudi bit S6 hang  Chudi bit
1 wayz 1110 v (17 4) wyz 1-10 @ Rat gon ham Boole
2 wTYz 1011 v (2,4) wTYy 101-
3 weyz 011 v :{> (2.6) Tyz -011
4 wTyz 1010 v (3,5) Wz 01-1 v
5 wiyz 0101 v (3.6) wyz 011 v
6 wryz 0011 v (5,7) WYz 0-01 v
7 WITYz 0001 v (6,7) WTz 00-1 v
S6 hang  Chudi bit
(3,5,6,7) wz 0--1
(3,6,5,7) wz 0--1
wWrYz wIYz WITYz WIYZ WIrYz WIYz WIYz
wz X X X X
wyz X X
wTyY X X
TYz X X

Do d6, F(w,z,y, z) = Wz + wyz + wTy hoac F(w,z,y, z) = Wz + wyz + Tyz 37



Rut gon ham Boole

Dai s6 Boole

Hoang Anh Biic

Bai tap 16

Dung so dé Karnaugh va phuong phap Quine-McCluskey dé
rdt gon céc khai trién téng céc tich sau

(@) z2yz+2yZ+Tyz +TYZ

Rat gon ham Boole

(b) 27z +2yZ+Tyz +TYz +TYZ
(€) xyz+axyz+2yz + 2z +TYyz + TY2 + TYZ

37
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NGi dung

Dai s6 Boole

Hoang Anh Buc

Mét sé 16i thudng gap



Mbt s6 16i thudng gap

Dai s6 Boole

Hoang Anh Bic

Mét s6 16i thuding gap

Tham khdo t tai liéu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf)

(a) Sailéch mét cap do triru twong khi suy nghi vé ham
Boolean
m Mot ham Boolean véi n bién c6 thé dugc biéu dién bang
mot bang véi 2" hang; do dé cé 22" ham Boolean khac
nhau véi n bién
(b) Dat bo dao (inverter) sai vi tri khi xay dwng mach t6
hop
m Néu chiing ta mubn dao gia tri dau ra clia mdt cdng, bo dao
can phai dugc dat sau céng dé


https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf

Mot s6 16i thudng gap (tiép)

Dai s6 Boole

(c) Quén ap dung dung luat De Morgan khi danh gia dau Hoang Anh Bic
ra cila mot mach t6 hop Mt s 161 thuorng gép
m DAu ra clia mot mach 1a mot bidu thiic Boolean nhét dinh
clia cac bién dau vao
m Khi don gidn héa biéu thiic nay, diéu quan trong 1a phai nhé
rAng Ty =T+ yvaz +ty=7-F
(d) Khéng tim thay cac khoi I16n nhat c6 thé khi tim kiém
biéu thi’c Boolean toi thiéu bang so do Karnaugh
m Vi khdng c6 thuat toan hiéu qua nao dudc biét dé giai quyét
van dé nay trong trudng hop téng quat (v6i nhiéu hon mot
vai bién), nén khéng cé gi dang ngac nhién khi quy trinh
nay dudng nhu lién quan dén mot sb “doan mo” khong may
dep dé
(e) Khong tim thay cach ph tot nhat khi tim kiém biéu
thire Boolean t6i thiéu bang phuwong phap
Quine-McCluskey




Mét sb 16i thudng gap (tiép)

Dai s6 Boole

Hoang Anh Biic

Mt sb 16i thuding gdp

m Vi khong cé thuat toan hiéu qua nao dudc biét dé gidi quyét
van dé nay trong trudng hop tdng quat (v6i nhiéu hon mét
vai bién), nén khéng cé gi dang ngac nhién khi quy trinh
nay dudng nhu lién quan dén mot s6 “doan mo” khong may
dep dé

m C6 thé rat khé dé dam bdo rang phuong &n phi ma chiing
ta tim duoc véi, ching han, ndm minterm thuc su 1a t6t nhat
c6 thé — rng khong cé mot phuong 4n phl nao khac chi véi
bbén minterm



	Lôgic và Chứng minh
	Các cấu trúc cơ bản: Tập hợp, Hàm, Dãy, Tổng
	Quy nạp và Đệ quy
	Thuật toán I: Mô tả, chứng minh, đánh giá thuật toán; Tìm kiếm và sắp xếp
	Thuật toán II: Thuật toán tham lam, thuật toán đệ quy
	Lý thuyết số cơ bản
	Các phương pháp đếm
	Lý thuyết đồ thị I: Giới thiệu, Biểu diễn đồ thị và sự đẳng cấu, Tính liên thông
	Lý thuyết đồ thị II: Đường đi ngắn nhất, Đồ thị phẳng, Tô màu đồ thị
	Lý thuyết đồ thị III: Cây
	Đại số Boole

