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Ly thuyét do thi Il
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Puong di Euler va Buong di Hamilton

Bay cay cau & Konigsberg

Ly thuyét do thi Il
Hoang Anh Buc

Buding di Euler
Budng di Hamilton

D4 thi ¢6 trong sb
Thut toan Dijkstra

Dinh nghia va khai niém
Cong thiic Euler

Pinh Iy Kuratowski

Gidi thigu

M@t so tinh chat co ban

To mau dd thi phang

Hinh: Leonhard Euler .
1707—-1783 (Wikipedia) Hinh: Ban d Kénigsberg cli (Wikipedia)

Bay cay cau & Kénigsberg
Tim mét tuyén duong di qua méi cy cau chinh xac mét lan va
quay lai vi tri xuat phat
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Puong di Euler va Buong di Hamilton

Bay cay cau & Konigsberg

(a) Ban db Konigsberg cii (Wikipedia)

C

B
(c) Dé thi tuang ting

N

(b) Ban d6 Konigsberg cii don gian héa

m D6 thi tuong ing:
m Mbi viing dat (ing véi mot
dith ,
m Moi cay cau ndi hai ving dat
Ung v&i mét canh
m Tim chu trinh don trong dé thi
chia tat ca c4c canh
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B4 thi ¢6 trong s6

Thut toan Dijkstra

Dinh nghia va khai niém
Céng thiic Euler
Dinh ly Kuratowski

Gidi thiéu
Mét s6 tinh chét co ban

T6 mau dé thj phang



Puong di Euler va Buong di Hamilton

Puong di Euler

Cho db thi G = (V, E). Mét duong di/chu trinh Euler (Eulerian
path/circuit) trong G la mét dudng di/chu trinh don co chira moi
canh cla G

Vidu 1

a b a b a b

Gy ' G ' Gs

m G, c6 chu trinh Euler, G5 va G3 khdng cd

m G, c6 duong di Euler, G5 khong cé
Bai tap 1
Chitng minh rang néu G = (V, E) 1a mét da dé thi vo hudng
thda man deg (u) > 2 vGi moi u € V thi G ¢c6 mot chu trinh don
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Duding di Euler
Buong di Hamilte

P4 thi c6 trong
Thuat toén Dijkstra



Puong di Euler va Buong di Hamilton

Puong di Euler

Dinh ly 1: [Euler 1736]; [Hierholzer and Wiener 1873]

MGt da d6 thi vé hudng lién théng 6 mét chu trinh Euler khi
va chi khi méi dinh cta dé thi cé bac chan

Ching minh.

(=) Gia st mot da db thi vé hudng lién théng G = (V, E) ¢6
mot chu trinh Euler eq, e, ..., e, trongdd e; = x;_1x; € E
veil<i<mvazy=x, = u.

B Véiv=ux; (2 <i<m—1):chutrinh divao v qua e; va dira
qua e;+1
B VGiu = 20 = x,,: chu trinh di ra « qua e; va trd lai u qua e,

O
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Ly thuyét do thi Il
Hoang Anh Buc

Duding di Euler
Buadng di Hamilton

D4 thi ¢6 trong sb

Thuat toén Dijkstra

Dinh nghia va khai niém

Cong thi




Puong di Euler va Buong di Hamilton

Puong di Euler

Chl:l’ng minh (tlép) Ly thuyét d6 thi I

. - Hoang Anh Buc
(<) Gia s moi dinh clia G déu cé bac chan. Lap lai qua trinh
chon chu trinh sau cho dén khi da chon hét céc canh ong
(Thuat toan Hierholzer (1873)) e
m XuAt phat tir dinh 2o = a bat ky
m Xay dung mdt dudng di don bang cach chon tly y cac canh
ToX1, T1T2, ..., Th_ 12, A6 thém vao dudng di cho dén khi
khéng chon dugc nita
m Do bac clia méi dinh Ia ch&n, véi méi dinh z;, ta luén cé thé
di vao tir canh z;_1z; va di ra ti canh z;2;41. Do bac cla a
cling phai la chén, canh cubi cling dudc chon sé ¢6 dang ya
m B0 di cac canh da chon va a b
cac dinh khdng ké véi cac
canh con lai l

Cubdi clng, ghép cac chu trinh ¢ J ¢ 4
trén thanh mét chu trinh Euler.  f / V
(Thuét toan chay trong thadi gian o g

O(E)




Puong di Euler va Buong di Hamilton

Puong di Euler

Vidu?2 Ly thuyét dé thi I
Tim chu trinh Euler trong dé thi sau Hong Anh Bic
a

Duding di Euler
Buong di Hamilte

P4 thi c6 trong
Thuat toén Dijkstra

c k

m Bat dau tf zo = a, chon tly y cdc canh zoz1, z12o, . . .,
Th_1Tk, Tpa. Vi du: ae, ef, fi,ij,jh, hg, gd, db, ba -
m Bo di cac canh da chon va céc dinh a, j o b h g
m Bat dau tif o = ¢, chon tly y c&c canh oz, 2129, . . .,
x_1xy, x1e. Vidu: eb, be, ei,ih, hk, kg, gf, fd,dc
m B4 di cac canh da chon va céc dinh co 1ap con lai
m Ghép hai chu trinh da chon thanh mot chu trinh Euler:
B ae,ei,ih,hk,kg,gf, fd,dc,cb,be,ef, fi,ij, jh, hg, gd, db, ba
B ae,ef, fd,dc,cb,be,ei,ih,hk, kg, gf, fi,i7,7h, hg, gd, db, ba
... 58



Puong di Euler va Buong di Hamilton

Puong di Euler

N Ly thuyét do thi Il
Bai tép 2

V6i nhitng gid tri ndo clia n thi cac dd thi sau ¢ chu trinh
Euler?

Hoang Anh Buc

@ Ko, © W, O
(b) Cn (d) Qn e
B‘a.i té.p 3 Thuét toan Dijkstra

Tim chu trinh Euler trong dé thi sau o i
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Puong di Euler va Buong di Hamilton

Puong di Euler

Ly thuyét do thi Il
Hoang Anh Buc

Dinh Iy 2

Mot da do thi vé hudng lién théng G c6 dudng di Euler nhung
khéng co chu trinh Euler khi va chi khi co dung hai dinh cua S
G c6 béac Ié.

Chuing minh.
(=) Gia sl G ¢6 dudng di Euler nhung khéng cé chu trinh
Euler
m Hai dinh & hai dau mut clia dudng di c6 bac 1é Mot b o ot cobn
m Céc dinh con lai c6 bac chan o i
(«<) Gia st G ¢é chinh xac hai dinh bac 18 u, v
m Tim chu trinh Euler cOa d6 thi G + v

m Xéa canh uv trong chu trinh dé thu dugc dudng di Euler
trong G
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Puong di Euler va Buong di Hamilton

Puong di Euler

Ly thuyét do thi Il
Hoang Anh Buc

Bai tap 4
Hay xéc dinh xem céc db thi sau c6 chu trinh/dudng di Euler () owras e
hay khéng? Néu cd, hay tim mot chu trinh/dudng di Euler trong

dd thi dé
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Puong di Euler va Buong di Hamilton

Puong di Euler

B‘a| tép 5 Ly thuyét dd thi Il
Thuét toan Fleury [Fleury 1883] xay dung cac chu trinh Euler o e
bang cach dau tién chon mét dinh tly y clia mot da db thi lién

thong, va sau dé tao thanh mét chu trinh bang cach chon cac D i Eler
canh lién tiép. Mot khi mét canh dugdc chon, né sé bi loai bd.

Céc canh dugc chon lién tiép sao cho méi canh bét dau tir noi

canh cubi cling két thic, va sao cho canh nay khéng phai la

mot canh cat trir khi khéng cé Iua chon thay thé nao khéc.

S dung thuat toan Fleury dé tim mét chu trinh Euler trong db

thi sau
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Puong di Euler va Buong di Hamilton

Puong di Euler

Ly thuyét do thi Il

Tuong tu, dbi véi db thi cé huéng G = (V, E), mét duong Hoang Anh Dic
di/chu trinh Euler (Eulerian path/circuit) trong G la mét dudng
di/chu trinh don ¢6 hudng chita moi canh clia G Ouong 6 Eulr

Budng di Hamiltor

Pinh Iy 3

Mét da dé thi cé hudng lién théng manh co chu trinh Euler khi S
va chi khi moi dinh cta dé thi c6 bac vao bang bac ra

m Diéu kién “lién théng manh” c6 thé dugc thay béng “lién
thdng yeu” (Tai sao?)

Dinh ly 4

Mot da dé thi cé hudng lién théng yéu cé dudng di Euler
nhung khéng cé chu trinh Euler khi va chi khi co dung hai
dinh u,v cla G sao cho deg™ (u) = deg™ (u) + 1 vadeg™ (v) =
deg™t(v) — 1
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Puong di Euler va Buong di Hamilton

Trd choi “Vong quanh thé gi6i” (1857)

Ly thuyét do thi Il
Hoang Anh Buc

Buding di Euler
Bubng di Hamilton

D4 thi ¢6 trong sb

Thuat toén Dijkstra

Hinh: Sir William Rowan )
Hamilton 1805-1865 Hinh: Tro choi “Vong quanh thé giéi” o
(Wikipedia) (Wikipedia) To b b g

Tro chai “Vong quanh the gidi”

Méi dinh trong 20 dinh clia khdi 12 mat dai dién cho mét thanh
phb. Tim dudng di xuat phat tr moét dinh doc theo céc canh

clia khéi, ghé tham méi dinh con lai mét Ian, va quay lai vi tri

ban dau .



Puong di Euler va Buong di Hamilton

Trd choi “Vong quanh thé gi6i” (1857)

(a) Trd chai “Vong quanh thé gidi”
(Wikipedia)

(b) D4 thi dAng cAu véi khbi 12 mét
(Wikipedia)
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Coéng thic Euler
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Puong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét do thi Il

Cho G = (V, E) la mét dé thi vé huéng gém n > 1 dinh
m Mot duong di Hamilton trong G 1a mét dudng di don
Lo, L1y yTp—1 thda man dléu klén V= {1170, Tiy..- ,l‘n_l}
vaz, #2;V6i0<i<j<n-—1 oo o
m MGt chu trinh Hamilton trong G la mét chu trinh don
o, L1y Lp—1,20 thda man dléU klén X0, L1, Tn—1 la m6t
duong di Hamilton

Vidu3
(—)

Puong di Hamilton Chu trinh Hamilton
T5, Lo, L1, T2, T3, Ty Zo,T1,T2,T3,T4,Ts5,T0 58

Hoang Anh Buc




Puong di Euler va Buong di Hamilton

Puong di Hamilton

Vi du 4 (Bai toan quan ma di tuan (Knight'’s tour)) i1
Quéan ma (kn/ght) la mot quan cd c6 thé di chuyén hai 6 theo o mBse
chiéu ngang va mét 6 theo chiéu doc, hodc mét 6 theo chiéu

ngang va hai 6 theo chiéu doc trén ban cd. Nghia la, mét quan (15) ouonga
ma tai 6 (z,y) c6 thé di chuyen dén mét trong tam 6
(x+2,y+1),(x+1,y+2), néu nhitng 6 nay ndm trén ban cd,

nhu dugc minh hoa dudi day

Hamilton
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Puong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét do thi Il
Hoang Anh Buc

Vi du 4 (tiép)

[ DLfdng di tuan cla quan ma (knight's tour) la mot chubi
céc nudc di hop lé cla quan mé bat dau tr mot 6 nao do
va thdm méi 6 diing mot 1an < dudng di Hamilton trong do
thi twang ung

m Dudng di tuan dugc goi la khép kin (reentrant) néu ¢ mot
nudc di hgp 1€ dua quan ma tu 6 cudi cung trd lai 6 xuat
phat < chu trinh Hamilton trong do thi tuong ung

m C6 thé mo hinh hda bang cach s dung dd thi:

m M6t dinh cho mi 6 trén ban co
m Mot canh ndi hai dinh néu quan ma cé thé di chuyén hop &
gitra hai 6 twong tng véi cac dinh dé

Bubng di Hamilton
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Puong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét do thi Il
Hoang Anh Buc

@ Bubng di Hamilton

0 1 2 3 4
(a) Ban cd 5 x 5 v6i mot (b) M& hinh d6
vai budc nhay clia quan ma thi tuong Ung

Hinh: M6t s6 budc di clia quan ma trén ban ¢ 5 x 5 va cac canh
tuwong Uing trén do thi dugc mo ta. Quan ma xuét phat tir géc dusi
cling bén tréi (6 (0,0)). Mdi tén véi nét lién (nét diit) thé hién quan ma
nhay (khdng nhay dugc) dugc tir & ban dau dén 6 ké tiép
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Puong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét do thi Il
Hoang Anh Buc

Bé.l tép 6 e Budng di Hamilton
(a) Vé db thi biéu dién cac nudc di hop 1& cla quan ma trén

banco 3 x 3
(b) Vé db thi biéu dién cac nudc di hop 1& clia quan ma trén

banco 3 x 4

Baitap 7
Chitng minh rang d thi biéu dién cac nuéc di hop 1é cla quan

ma trén ban cd kich thudc m x n, véi moi s6 nguyén duong m
va n, la do thi hai phan
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Puong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét do thi Il

m Chua cé mot thuat todn trong thoi gian da thiic dé kiém tra
xem mot dd thi ¢é chu trinh Hamilton hay khéng
m M6t s6 tinh chat cé thé dugc st dung dé chi ra mot do thi
khéng co chu trinh Hamilton (=) SO
m DO thi ¢6 chira dinh bac 1 khéng ¢ chu trinh Hamilton
m Néu dinh v clia dd thi G ¢6 bac 2 thi hai canh ké véi v thude

Hoang Anh Buc

moi chu trinh Hamilton ctia G (néu cd) B
m MGt chu trinh Hamilton khdng chia mét chu trinh con nao
.. . cdsodinh nhd hon no o ot a0
Bai tap 8
C4c db thi sau c6 chu trinh/dudng di Hamilton khong?
Gy G Gs Mot sb tinh chét co ban
a b a b a b g To mau dé thi phing
O O
e c d c d c e f



Puong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét do thi Il
Hoang Anh Buc

Bé,l tép 9 Puding di Hamilton
Hay cho vi du vé mot do thi ma chu trinh Euler cla né ciing la

chu trinh Hamilton

Baitap 10

Mét thong bao chan dodan (dlagnostlc message) c6 thé dugc

gui qua mang may tinh dé thuc hién kiém tra trén tat c& cac

lien két va trong tat ca céc thiét bi. Loai du’dng di nao nén dugc

s dung dé kiém tra tat c& cac lién két? Dé kiém tra tat ca cac

thiét bj?
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Puong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét do thi Il

Bé.i tép 1 1 Hoang Anh Buc
D6 thi ndo sau day c6 chu trinh Hamilton? Tai sao?

a € a € Buding di Hamilton
b G 1 f b G 2 f
a b c d e
) ) )
v
! C@O "

) G 7
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Puong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét do thi Il

Dinh Iy 5: Dinh Iy Dirac | Hoing Anh i

Néu G = (V, E) la mét don do thi vé hudng gomn. dinh (n. > 3)
théa man diéu kién bac cda moi dinh trong G I6n hon hoac ounga
bang n/2 thi G ¢6 mét chu trinh Hamilton Sueno cramiten
Bai tap 12 ((x) Ching minh Dinh ly Dirac) ob i g
(a) Dé thay Pinh ly ding v6in = 3. Giastin > 4
(b) G phai lién théng (Tai sao?)
(c) Goi P = vy, v1,...,v; 1a dudng di don cé do dai I6n nhat
trong G (0 <k <n—1).
= Moi dinh ké v6i vy hodc vx déu phai thudc P (Tai sao?) Tomau ab i
m Do deg(vi) > n/2, c6 it nhat n/2 canh phan biét v;v;41 cla
P thda mén v,v, € E. Tudng ty, do deg(vo) > 1/2, ¢0 it
nhat n/2 canh phan biét v;v;+1 cla P théa man vov;+1 € E
m Do P cd it hon n canh, ton tai mét canh vevg+1 théa man
dong thoi hai diéu kién trén: vgu, € E va vovg41 € E
(d) P chia tat ca cac dinh clia G (Tai sao?) -




Puong di Euler va Buong di Hamilton

Puong di Hamilton

Dinh ly 6: Dinh Iy Ore |

Néu G = (V, E) la mét don do thi vé hudng gom n. dinh (n. > 3)
théa man diéu kién deg(u) + deg(v) > n vdi moi cdp dinh u, v
khéng ké nhau trong G thi G ¢ mét chu trinh Hamilton

Baitap 13

Chutng minh Binh ly Dirac (Binh ly 5) bang céch st dung Binh
ly Ore

Bai tap 14 (x)

Cho G = (V} U V,, E) la mét db thi hai phan véi |Vy| = [Va| = n
(n > 2). Chiing minh rang néu deg(v) > n/2 v6i moi dinh

v eV =V UV, thi G cd mét chu trinh Hamilton (Goi y: Xem
lai chitng minh ctia Dinh Iy Dirac.)
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Puong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét do thi Il
Hoang Anh Buc

Bai tap 15
V&i méi db thi sau, hay xéc dinh
(i) c6 thé st dung Binh ly Dirac dé chitng minh dé thi cé chu
trinh Hamilton khong?
(i) c6 thé st dung Binh ly Ore dé chiing minh dé thi cé chu
trinh Hamilton khong?
(iii) @ thi c6 chu trinh Hamilton khéng?

afSELgH

Bubng di Hamilton
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Puong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét do thi Il
B\aJ tép 16 Hoang Anh Buc
Chirng minh rang do thi sau day khong co chu trinh Hamilton.
(Goi y: Do thi da cho 1a mot do thi hai phan) (26) owong abamiton

58



Bai toan dudng di ngan nhat

DA thi ¢6 trong sb

m Mot do thi co trong sb (weighted graph) G = (V, E,w) gém
tap dinh V, tdp canh E, va mét ham w : £ — R gan méi
canh (cung) e € E bdi mét sb thuc w(e) goi la trong s6
(weight) clia canh (cung) e

Los Angeles

Miami

Hinh: D thi c6 trong s6 mo ta gid vé clia cac chuyén bay giita mot s6
thanh ph6 & My (tir [Rosen 2012], Chuang 10)
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Bai toan dudng di ngan nhat

DA thi ¢6 trong sb

Ly thuyét do thi Il
Hoang Anh Buc

Cho G = (V, E,w) la don db thi cé trong s6
m M6t dudng di ti « dén v qua céc canh (cung) ey, ea,. .., 6, ung & Elr

¢6 do dai (length) c(u,v) wa e;)

m Khodng céch (distance) g|u’a, ha| dinh u, v, ky hiéu )
dc(u,v), 1a chiéu dai nhd nhat clia mot duong ditl u den v oo

Bai toan dwong di ngan nhat

m Input: Bon dé thi vo hudng G = (V, E, w) trong dé
V ={vw=a,v1,...,0p = 2z}, w: [V]* = RU {0} V6i
w(v;,vj) = co néuvw; ¢ B

m Output: Khoang céch dg(a, 2)
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Bai toan dudng di ngan nhat

Thuéat toan Dijkstra

.. . R . . A Ly thuyét do thi Il
Bai toan duwong di ngan nhat Hoang Anh Do
m Input: Bon d6 thi vo huéng G = (V, E, w) trong dé

V={v = Ay V1, Un = 2z}, w: [V]2 = RU{oco} Véi Bt a Eukr
w(v;,v;) = co NéU vv; ¢ E S
m Output: Khoang céch dg(a, 2)
@ Thuét toan Dijkstra

Thuat toan Dijkstra:

m Diéu kién: Trong sé duong, nghia 1a w(v;, vj) > 0 vGi moi
0<i<j<n(hayw: [V]> = R U{oc})

mY tu’dng Tim dudng di ngan nhat tl a t6i cac dinh ké tiép
cho dén khi dat dén ~. Chu y rang véi céac dinh a, b, ¢, do
dai dudng di ngdn nhét tir o dén ¢ di qua dinh b ké véi ¢
bang khodng cdch gila a va b cong vdi trong sé canh ndi b
vac d(;(a, b)

a b C 58




Bai toan dudng di ngan nhat

Thuéat toan Dijkstra

“Lam thé nao dé tim duoc mét con duding ngdn nhét dé di e i

tir Rotterdam dén Groningen, hay ndi chung: tir mét thanh phé
dén mot thanh phb khdc? Bang cdch si dung thuét todn tim
duding di ngdn nhat, mét thuat todn ma téi da thiét ké trong
khodng hai muoi phut. Mot budi sdng, t6i dang mua sdm &
Amsterdam cung vJi vo sdp cudi, va khi mét méi, ching toi
ngéi xuéng mét quan ca phé dé ubéng mot tach ca phé, va toi
chi dang nghi vé viéc liéu t6i cd thé tra 16 duoc cdu hdi nay
khong, va sau do téi da thiét ké thuat todn tim dudng di ngdn
nhét. Nhu téi da ndi, dé 1a mét phat minh chi trong c6 hai muoi
phtit. N6 duoc xuét ban vao ndm 1959, ba ndm sau dé. Bai
béo van con doc duoc, va trén thuc té, né khd hay. Mot trong
nhitng ly do khién né hay dén vay la vi t6i da thiét ké né ma
khéng can bit va gidy. Sau nay t6i mdi biét rang mét trong
nhiing loi ich ctia viéc thiét ké ma khéng can but va gidy la
ban gan nhu buéc phai tranh tat ¢4 nhitng su phtc tap khong
can thiét.”

Hoang Anh Buc

@ Thuét toan Dijkstra

— Edsger W. Dijkstra, trong mét cudc phdng vén vdi
Philip L. Frana, Communications of the ACM, 2001
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Bai toan dudng di ngan nhat

Thuéat toan Dijkstra

O N O U A WN =

Ly thuyét do thi Il
Thuat toan 1: Thuat toan Dijkstra [Dijkstra 1959] Hoana Anh e
Input: Don d6 thi vé huéng G = (V, E, w) trong d6
V={vo=a,v1,...,0, =z}, w: [V]*> - RT U {oo}
vOi w(v;,vj) = co Neu vv; ¢ B
Output: Khoang cach dg(a, 2)

Gén nhan L(a) =0, L(Uz) = 0o VOI moi v; # a Thust todn Dijkstra
S:=10
while z ¢ S do

u := dinh khéng thudc S vai L(u) nhd nhét

S = SU{u}

forv¢ S do

if L(u) + w(u,v) < L(v) then
L L) = L) + w0

return L(z2)
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Bai toan dudng di ngan nhat

Thuéat toan Dijkstra

Ly thuyét do thi Il
Hoang Anh Buc

Vidu5
S{ dung thuét toan Dijkstra dé tim khodng céch giita hai dinh @ | e
va z trong do thi sau

D0 thi o trong s6
Thuét toan Dijkstra
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Bai toan dudng di ngan nhat

Thuéat toan Dijkstra

i

\;,l

WL
“unoc Ty Hen!

2

Jo

o

Ly thuyét do thi Il
Hoang Anh Buc

D4 thi c6 trong sb

Thuét toan Dijkstra

Dinh nghia va khai niém
Cong thifc Eule

Pinh Iy Kuratowsk

Gidi thieu
Mat sb tinh chét co ban
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Bai toan dudng di ngan nhat

Thuéat toan Dijkstra

4(a) 7(a,b) Ly thuyét dé thi II
Hoang Anh Buc

0a

d e
o 2a) 5(a,d)
Baitap 17
Ap dung thuat toan Dijkstra dé tim khoang céch tir a dén =
trong moi do thi sau
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Bai toan dudng di ngan nhat

Thuéat toan Dijkstra

B‘al tép 18 Ly thuyét dé thi Il
Tim d6 dai dudng di ngén nhat tir « dén z trong do thi sau bang
thuat toan Dijkstra

Hoang Anh Buc

7 Thuét toan Dijkstra

Bai tap 19

Pudng di ngan nhat gilra hai dinh clia mét db thi cé trong sb

G = (V, E,w) c6 phai la duy nhat hay khong néu nhu trong sb

clia c4c canh |a phan biét, nghia la véi hai canh e, f € E bat ky

thi w(e) # w(f)? o



Bai toan dudng di ngan nhat

Thuéat toan Dijkstra

Ly thuyét do thi Il
m Tinh dung dan: [Dijkstra 1959] Hoing Anh i
m D6 phirc tap: O(n?), véin = |V|
m V&i cAu trdc dit liéu “dbng Fibonacci” (Fibonacci Heap),
thuat toan Dijkstra cé thé dugc |ap trinh dé chay trong thdi
gian O(m + nlogn), véin = |V|vam = |E|
m Hiéu qud tot khi chay véi Qéc “d6 thi thua” (sparse graph) (35) Thusttodn ket
cuc 18n (céc do thi cé m rat nho so véi n?)
m Thuat toan tét nhat dugc dé xuat gan day chay trong thoi
gian O(mlog?® n) [Duan et al. 2025]
m Thuat toan Dijkstra cling c6 thé dugc lap trinh dé xuét ra
mét dudng di ngén nhéat tif « dén méi dinh khac trong dd
thi
m Mot cach tiép can tim dudng di khdc 1a thuat toan A* [Hart,
Nilsson, and Raphael 1968], thuat toan nay md rong va cai
tién thuat toan Dijkstra. Thuat toan A* st dung heuristic dé
dinh huéng viéc tim kiém, tir dé dat hiéu nang té6t hon
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P thi phang

Binh nghia va khai niém

Ly thuyét do thi Il

m M6t dd thi vo hudng dudc goi 1a dé thi phang (planar
graph) néu né cé thé dugc vé trén mat phang sao cho
khéng c6 hai canh nao cét nhau (& mét diém khong phai 1a
dau mut cla canh).

m Hinh vé nhu thé dudc goi la mét biéu dién phang (planar
representation) cla db thi.

Vidu 6

Hoang Anh Buc

Binh ngha va khi niém

U1 V2 U2

U3 V4 U3 V4
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P thi phang

Binh nghia va khai niém

Ly thuyét do thi Il
Hoang Anh Buc

Vidu 7 (K33 khong 1a db thi phang)
U1

Budng di Euler

Pudng di Hamilton
Ta chiing minh bang phan chiing.

D4 thi c6 trong sb

Gid slt K3 5 1a d6 thi phang.

m Trong bt ky biéu dién phang
nao clia K3 3 ta c6 vy va vs
déu phai ludn ndi vai vy va vs
Céc dinh nay chia mat phang
thanh hai mién R, va R,

m Dinh v thudc R; hoac R,

m Vi tri cla vg?

Thuat toan Dijkstra

Binh nghia va khai nigm
Céng thifc Euler
Binh Iy Kuratowski

Gidi thigu

nh chét co ban

T6 mau dé thj phang



P thi phang

Binh nghia va khai niém

Bai tép 20 Ly thuyét dé thi I
’ 4 R 2 2 , A . 2 Hoang Anh Buc
Tim mot biéu dién phang cua cac d6 thi phang sau ?

G
Bai tap 21

Céc db thi sau c6 phai dd thi phang khéng? Néu dung, hay vé
mét biéu dién phang clia db thi d6

a b
a a b c
b c ]
d e f d e f e d
Gy Go Gy 58

G 1 G.‘S

@ Binh ngha va khi niém




P thi phang

Cong thic Euler

Ly thuyét do thi Il

m Biéu dién phang clia mét dé thi phing G = (V, E) chia mat
phang thanh cac mién (region), k& c& mién vé han

Hoang Anh Buc

(unbounded region) ]
m Hai diém bét ky trong cling mot mién c6 thé dugc nbi véi S
nhau bang mot nét lién ma khong cat bat ky canh nao
m B4c (degree) clia mot mién f, ky hiéu deg(f), 1a sb6 canh
clia G trén bién cla f
Vidu 8

Biéu dién phang clia K,

m chia mat phang thanh 4
mién f1, f2, f3, va fa; va

m deg(f1) = deg(f2) =
deg(f) = deg(fs) =3

B ChuY: 3" o/ oa e deg(f) < 2|E| (Mbi canh thude t6i da
hai mién)
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P thi phang

Cong thic Euler

Ly thuyét do thi Il

Dinh ly 7: Céng thirc Euler | oo Aok e
Gid st G la mét don do thi phang va lién théng gém m canh,
n dinh, var mién. Tacon —m +r =2 ung iEukr
Ching minh.
m Xay dung ddy dé thi Gy, Ga, ..., G = G

m Chon mét canh bat ky cla G lam G ST
m G; dudc tao thanh tir G;_; bang cach thém mot canh bat ky (+) Cong i Eulr
lién thudc véi mét dinh clia G 1 (i € {2,3,...,m}) S
m Goi n;, ms, r; 1an luot 12 s6 dinh, canh, va mién cla mot i
biéu dién phang cla G; R
m Cong thic Euler dung véi moi G,
mTacén —mi+r=2-1+1=2
m Gia st cong thitc Euler dung véi G, tic 1a n; — m; +r; = 2
Goi a;41bi41 12 canh thém vao G; dé tao thanh G, 1. C6 hai
kha nang:
®m mét trong hai dinh a;41, ;11 khéng thude G,
H ca Ait1 va bit1 thuéec G;_1 58



P thi phang

Cong thic Euler

Ly thuyét do thi Il
Hoang Anh Buc

Gi st G la mét do thi phang lién théng gomm canh van dinh
(n > 3). Khi d6, m < 3n — 6. Thém véo do, néum = 3n — 6 thi
maoi mién cla G ¢o chinh xdc 3 canh trén bién.

Chiing minh.

m Nhan xét rang méi mién clia G c6 it nhat 3 canh trén bién,

dodo Y deg(f) > 3r. Mt khéc, ta ciing c6
mién f cla G
Z deg(f) < 2m. Suy ra 3r < 2m.

mién f cla G

m Ap dung cong thirc Euler, ta ¢6
2=n—m+r<n-—m+2m/3,suyram < 3n—6.

@ Cong thic Euler
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P thi phang

Cong thic Euler

Ly thuyét do thi Il

Bai tap 22

Gia st G 1a mot dd thi don phang va lién thong gom 20 dinh,
mbi dinh c6 bac 3. M6t biéu dién phang clia G chia mat phang
thanh bao nhiéu mién?

Hoang Anh Buc

Bai tap 23
Trong s6 cac do thi khong phang sau, dé thi nao thda mén diéu
kién sau: néu bd di mét dinh bat ky va cac canh lién thudc voi

dinh d6 thi ta thu dudc mét dd thi phang. (&) cmoruces
(a) Ks (c) K33

(b) K (d) K34

Bai tap 24

Chting minh K5 khong la d6 thi phang

Bai tap 25

Chung minh réing néu G |a mét don dé thj phang va lién théng
thi G ¢c6 mot dinh c6 bac nhd hon hoac bang 5
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P thi phang

Dinh ly Kuratowski

Ly thuyét do thi Il

m Cho db thi G. Mot phép phan chia (subdivision) mét canh e
clia G dugc thuc hién bang cach thay thé e bang mot
duong di don

m Hai do thi Gy va G, dudc goi 1a dong phéi (homeomorphic)
néu chiing dudc xay dung tir cing mot do thi théng qua
mot day cac phép phan chia

Vidu9
G Gy Gy

Dinh ly 9: Dinh Iy Kuratowski |

Hoang Anh Buc

G la do thi phang khi va chi khi n khéng chita bét ky do thi
nao dong phéi vdi K5 hodc Ks 3
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P thi phang

Binh ly Kuratowski

Ly thuyét do thi Il
Hoang Anh Buc

C6 thé hinh dung dinh ly Kuratowski mét cach so lugc nhu sau:

m Chung ta biét hai d6 thi khong phang, d6 la K5 5 va K. Do
dé, duong nhién bat ky do thi ndo chira nhitng db thi nay
déu khdng phai 1a db thi phang
m Thuc té bat ky dd thi nao chita ciu triic cé hinh dang co
ban glong nhu hai db thi trén déu khéng phang (I|en quan (45) oy urmowse
dén céc khai niém phép phan chia (subdivision) va dong
phéi (homeomorphic))
m Hon nira, moi dd thi khéng phang déu chira mét trong hai
“hinh dang xau” nay. Day |1a cach duy nhat dé mot db thi
tr& thanh khéng phéng
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P thi phang

Dinh ly Kuratowski

Ly thuyét do thi Il
Hoang Anh Buc

: : Dinh nghia va khai nigm
Cdng thirc Eulel
’ ’ @ Pinh Iy Kuratowski
( ) ( ) Gidi thiéL
M6t so tinh chat co ban
< ohing

Hinh: D4 thi Petersen c6 chifa mét dé thi con dong phéi véi Ks 3 va do
dd khéng phai 1a dé thi phang
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T6 mau dob thi

Gi6i thiéu

Cho don db thi vé hudng G = (V, E) e
m 76 mau mot db thi don 13 sy gan mau cho céc dinh clia do ?
thi sao cho khong ¢é hai dinh lién ké dugc gan cling mot
mau. Cu thé, véi cac “mau” 1,2,..., k, mdt cdch t6 mau
cac dinh (vertex k-coloring) cia G 1a mot ham
f:V —={1,2,...,k} théa man f(u) # f(v) vi moi
u,v € VvliuwecE

a b
LV

h ¢

d

e
9 f
m Sac s6 (chromatic number) clia G, ky hiéu x(G), 1a s6 t6i
thiéu cac mau can thiét dé t6 mau G
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T6 mau db thi

Gidi thiéu

Ghi chép sém nhét vé bai toan t6 mau db thi cé 18 1a vao ndm 1852 Ly thuyét 46 hi I
khi Francis Guthrie (1831—1899), Itc dé 1a mét sinh vién & Dai hoc Hoang Anh B
Cao déng London (University College London), t6 mau mét ban dd

cac quan ctia Anh va nhan ra |a ¢ I& chi can bdn mau dé t6 mau ban bue
dd sao cho hai quan lién k& nhau c6 mau khéc nhau

D4 thi ¢6 trong sb

Thuat toén Dijkstra

Dinh nghia va khai niém

Cong tr
Binh ly Kuratowski

Gidi thiéu

M@t so tinh chat co ban
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T6 mau dob thi

Gi6i thiéu

Ly thuyét do thi Il

= Phdng doan ciia Guthrie dugc cho 12 phét biéu dau tién clia Binh
ly bon mau (Four Color Theorem)

Hoang Anh Buc

Dinh Iy 10: Binh Iy bén mau |

J
V6i moi dé thi phang G, ta luén cd x(G) < 4 ]

m Nam 1879, Kempe dé xu&t mét chiing minh cho Dinh ly bén mau.
Khoé&ng 10 nam sau d6, Heawood chi ra 16i sai trong chitng minh
clia Kempe va chinh sia lai chiing minh clia Kempe dé chi ra
rang nam mau la di dé t6 mau bat ky dd thi phang nao

m Nam 1976, Kenneth Appel and Wolfgang Haken (Pai hoc lllinois)
[Appel and Haken 1977]; [Appel, Haken, and Koch 1977] chiing (s csities
minh dinh Iy bdn mau bang céch gia st néu Dinh ly bén mau 1a
sai thi sé cé mét phan vi du thudc mét trong 1936 loai khac nhau,
va chi ra ring khong cé loai nao dan dén phan vi du. C4c trudng
hap nay dugc phan tich cin than nhd may tinh

m Robertson, Sanders, Seymour, va Thomas [Robertson, Sanders,
Seymour, and Thomas 1997] dua ra mét chiing minh don gian
hon véi 633 loai can kiém tra
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T6 mau do thi

Mét s6 tinh chat co ban

Ly thuyét do thi Il

m Dé chira x(G) = k vdi dé thi G nao dé, ta can:
m Chi ra mét cach t6 mau cac dinh clia G bang k mau (nghia
la x(G) < k)
m Chi ra ring khong thé dung it hon k& mau dé t6 mau céc
dinh clia G (nghia 1a x(G) > k)
m M6t s6 nhan xét
(1) Moi dé thi G gdm n dinh cé thé dugc t6 mau bang n mau
(2) x(Kn) =n (Taisao?)
(3) Taky hiéu w(G) la so nguyen duong I6n nhat > 1 thda
man K, 1a do thi con clia G. V&i moi db thi G, ta co
w(G) < x(G). Thong thudng, w(G) # x(G)
(4) x(Cn) =2néun > 4chénva x(C,) =3néun>3I18& (Tai (50 1 i
sao?)
(5) G 1a db thi hai phan khi va chi khi y(G) < 2 (Tai sa0?)
m Chua biét c6 ton tai hay khong mét thuat toan chay trong
thoi gian da thirc dé xac dinh xem mét do thi G ¢é thé
duoc t6 mau bang 3 mau hay khong
Bai tap 26
Tinh X(Wn)7 X(Km,n)s va X(Qn) 58

Hoang Anh Buc



T6 mau do thi

Mét s6 tinh chat co ban

Ly thuyét do thi Il
Hoang Anh Buc

Bai tap 27

Nhiing dé thi ndo cé séc sb bang 1?

Bai tap 28

Mét cach t6 mau cac canh clia mét dé thi G = (V, E) bang k

mau (k-edge coloring) la mét, ham fE— {1,2,..., k:} thoa

man diéu kién f(e) # f(e') néu e va ¢’ lién thudc véi cung mét

dinh. Sac sé canh (edge chromatic number) clia mot do thi G,

ky hiéu x/(@), 1a s6 mau nhd nhét cé thé dung dé t6 mau cac

canh cla G

(@) Tim x'(Cy,) va x' (W) v6in > 3

(b) Chting minh rang x'(G) > A(G), trong d6 A(G) la bac 16n
nhat ctia mot dinh cla G

M6t s6 tinh chét co ban
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T6 mau do thi

Mét s6 tinh chat co ban

Goi A(G) 1a bac I6n nhét cda céc dinh cda dé thi G Ly thuyét b ti I
Hoang Anh Buc
Dinh Iy 11 ’

Cho G = (V,E) la don dé thj v hudng cé n dinh. Ta cé
X(G) <A(G) +1

Ching minh.
Mét thuat toan tham lam dé t6 mau céc dinh clia G bang
A(G)+1mau{l,...,A(G) + 1} la nhu sau:
1. Gan nhan vy, v, ..., v, cho cac dinh clia G mot cach tuy y
2. VGi i tir 1 dén n, t6 mau dinh v; bang mau nhd nhét trong
s0 cac mau chua dugc t6 cho bat ky dinh nao trong N (v;)
Ta chiing minh rang Budc 2 clia thuat to,én ludn thue hién dugc
V6i A(G) + 1 mau. That vay, dinh v; ¢6 t6i da A(G) dinh ké véi
n6, do d6 so mau toi da st dung dé t6 mau céc dinh trong
N(v;) la A(G), nghia la ludn ¢ it nhat mét trong s0 A(G) + 1
méau khong dugc sl dung cho bat ky dinh nao ké véi v;, va ta
c6 thé t&6 mau v; bang mau nhd nhat trong s6 cdc maunay 0 (s

M6t s6 tinh chét co ban



T6 mau do thi

Mét s6 tinh chat co ban

Bai tap 29
S dung thuat todn & Dinh Iy 11 dé t6 mau cac dd thi sau

(a)

o o o0 o0

(b)

Trén thuc t&, vai phan 16n céc db thi, chi can A(G) mau 1a dl
Dinh ly 12: Dinh Iy Brook |

Néu G khéng phai la mot chu trinh do dai Ié hodc mét do thi
day du thi x(G) < A(G)

58

Ly thuyét do thi Il
Hoang Anh Buc

M6t s6 tinh chét co ban

To mau dd thi phang



T6 mau do thi
T6 mau db thi phang

i
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e
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B6 dé 13

h:

%

Ly thuyét do thi Il

Moi don dé thi phang va lién théng G gém n dinh cé mét cdch sap thi? tu
cdc dinh vy, vy,

Hoang Anh Buc
., un 830 cho méi dinh ké véi tbi da 5 dinh ding trude né
Chuing minh.

Ta chitng minh bang quy nap theo n.

= Budc co s6: VGi n < 6, bét ké thii tu sap xép cac dinh nao déu thoa
man Bo6 dé
= Budc quy nap:

m Gia st B dé ding véi moi 6 < n < k, trong dé k& > 6 1a mot sb nguyén
nao dé. Ta chitng minh BS dé ding v6in = k + 1.
m That vay, gia sif G |a dé thj bat ky gém k + 1 dinh. Tir Bai tap 25, ton tai
mot dinh v clia G thda mén deg(v) < 5.
m DO thi G — ot

W c0 t6i da 5 thanh phén lién théng G1, Go,
B moi G; cdn; < kdinh (1 <4 <5)

@ T6 mau db thj phang
...,Gs
mvan,+---+ns ==~k
m TU gia thiét quy nap, ton tai mot thit tu ve, . . ., vx cdc dinh clia G — v thda
man BG dé.
] Dét vp+1 = v, ta co v,
B6 dé

., Uk, k1 1 mot thit tu céc dinh cla G théa méan

o 58



T6 mau do thi
T6 mau db thi phang

Ly thuyét do thi Il
] Hoang Anh Buc

Pinh Iy 14

Moi dé thi phdng G c6 x(G) < 6

Chuiing minh.
Ta chi ra mét céch t6 mau don dd thi phang va lién thong G
bang 6 mau
1. Tim thtt tu céc dinh vy, vs, ..., v, clia G théa man B dé
13: moi dinh ¢d t6i da 5 dinh ké ding trudc nd
2. Ap dung thuat toan tham lam & Binh ly 11 véi thit tu dinh
tim dugc & Budc 1
Chu y rang
m Khuyén va canh song song (néu co) khdng anh hudng gi
dén qua trinh t6 mau
m Néu dd thi phang da cho khong lién thdng, ta cé thé &p
dung qua trinh t6 mau riéng biét cho tirng thanh phan lién
théng

T6 mau db thi phang
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T6 mau do thi
T6 mau db thi phang

Bé.| tép 30 Ly thuyét dé thi I
) 2 A N L, A . 2 Hoang Anh B¢
S{ dung thuat toan & Dinh ly 14 dé t6 mau cac do thi phang ’
sau bang 6 mau {1, 2, 3,4, 5,6}
@ T6 mau db thi phang

Pd thi G Pd thi H
Néu c6 thé, hay tim mot cach t6 mau cac do thi trén bang 5
mau hodac it hon
Bai tap 31 \
Ching minh Binh ly 14 bang phuong phap quy nap
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T6 mau db thi
T6 mau dé thi phang

Ly thuyét do thi Il

‘Dlnh Iy’ 15 Hoang Anh Buc
Moi dé thi phang G ¢6 x(G) < 5 ]

Bai tap 32

Bai tap sau dé xu&t mot cach ching minh Binh ly 15 bang

phuong phap quy nap theo s6 dinh n cla G

(a) O budc co s8, chiing minh Binh ly 15 ding véi moi n < 5

(b) & budc quy nap, gid st Dinh ly 15 ding véi moi db thi
phang gom n dinh, trong dé n > 5 1a s& nguyén nao do.
Chting minh Binh ly 15 ciing diing véi moi dd thi phang
gdm n + 1 dinh. Gi& st G 1a db thi phang véi n + 1 dinh.
T Bai tap 25, ton tai mét dinh v cla G théda man
deg(v) < 5. Theo gia ghiét quy nap, c6 mét cach t6 mau «o
cac dinh clla G — v bang 5 mau {1,2,3,4,5}

T6 mau db thi phang

58



T6 mau do thi
T6 mau db thi phang

Ly thuyét do thi Il

Bé.l tép 32 (tlép) Hoaing Anh Diic

(b.1) Néu deg(v) < 4 hodc deg(v) = 5 va céc dinh ké véi v dugc
t6 mau bang < 4 mau, chiing minh rang céc dinh cla G ¢6
thé dugc t6 mau bang 5 mau

(b.2) () Néu deg(v) = 5 va cac dinh ké véi v, vi du
v1, V2, U3, Vs, U5, AUOC t6 mau bang 5 mau khac nhau, vi du
nhu lan lugt 1a 1,2, 3,4, 5, chirng minh rang céc dinh clia G
c6 thé dugc t6 mau bang 5 mau

m Xét db thi G1,3 cam sinh bdi céc dinh t6 mau 1 va 3. Diéu gi
Xay ra néu v va vs khong thuoc cung mét thanh phan lién
théng cla G, 37 ? (Gaoi y: Trong truGng hgp nay, liéu cé cach
t6 mau nao dé v1 va vs c6 cling mau khong?)

m Neu v; va vz thudc cung mét thanh phan lién thong clia
G1,3, X6t d0 thi G2 4 cdm sinh béi céc dinh t6 mau 2 va 4.
Liéu co thé xay ra trudng hgp vz va v, thude cung mét thanh
phan lién thong clia G»,4 khéng? (Gai y: G 1a do thi phang)

@ To mau db thi phang
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Part |
Phu luc



No6i dung

Ly thuyét d6 thj 11
Hoang Anh B¢

Bai toan duding di ngan nhét o o
Thuét toan Floyd

Mét s6 16i thudng gap

M6t s6 ting dung
Pudng di Euler
Puong di Hamilton

33



Bai toan dudng di ngan nhat

Thuéat toan Floyd

Ly thuyét do thi Il

Thuat toan Floyd: Hoang Anh Biic
m Lich si:
m Dugc phét trién bdi Robert W. Floyd vao ndm 1962 [Floyd Thust odn Floyd
1962]

m Tuy nhién, n6 vé cd ban gibng véi cac thuat toan da dugc
cbng bo trudc dé bdi Bernard Roy vao nam 1959 [Roy
1959] va cling béi Stephen Warshall vao ndm 1962
[Warshall 1962] dé tim bao déng bac cau (transitive closure)
cla db thi
m Diéu kién:
m Trong sb c6 thé am )
m Khéng cé chu trinh ¢ téng trong s6 4m
m Y twdng:
= Xét dudng di tir v; dén vy, chi qua cac dinh {vo, 1, ..., v}
m Neéu duong di tU v; dén v, qua v; ngan hon dudng di hién
tai, ta cap nhat khoang céach



1
2
3

o N o a &

9

Bai toan dudng di ngan nhat

Thuéat toan Floyd

Thuat toan 2: Thuét toan Floyd [Floyd 1962]

Input: Don d6 thi vé huéng G = (V, E, w) trong d6
V ={vg =a,v1,...,0, =2}, w: [V]? = RU{cc} Vii
w(v;,v;) = oo Néu viv; ¢ E, va G khdng ¢ chu trinh
c6 téng trong s6 am
Output: Khoang cach dg (vi,v;) vdimoi 0 <i<j<n
fori:=0tondo
forj:=0tondo
L d(Uia vj) = w(via vj)

fori:=0tondo
for j:=0tondo
for k :=0tondo
L if d(vj,v;) + d(vi,v) < d(v;,vr) then

L d(vj,vx) == d(vj,v;) + d(vi, vk)

return {d(v;,v;) | i,j € {0,1,...,n}} %

Ly thuyét do thi Il
Hoang Anh Buc

Thuat toan Floyd



Bai toan dudng di ngan nhat

Thuéat toan Floyd: Vi du

Ly thuyét do thi Il
Hoang Anh Buc

Thuét toan Floyd

Hinh: D4 thi vi du cho thuat toan Floyd



Bai toan dudng di ngan nhat

Thuét toan Floyd: Khdi tao

Ly thuyét do thi Il
Hoang Anh Buc

Thuét toan Floyd

m Khdi tao ma trén khoang céch d(v;, v;) = w(v;, v;):

d ‘ Vo U1 U2 U3 D Eu
w|0 3 oo b o
v | 3 0 2 4
vg | oo 2 0 1
V3 5 4 1 0

m Céc gia tri oo cho biét khong cé canh truc tiép ndi hai dinh
m Thuat toan sé xét lan lugt cac dinh trung gian i tif vy dén v



Bai toan dudng di ngan nhat

Thuat toan Floyd: Lap véi i = 0 (vo)

Ly thuyét do thi Il
Hoang Anh Buc

Thuét toan Floyd

m Xét vy lam dinh trung gian, kiém tra
d(vj,vo) + d(vo,vk) < d(vj,vg)?

m Khong c6 cai thién khoang céch khi xét v, lam dinh trung pee
gian .
d ‘ Vo U1 (%] V3
v | O 3 oo b
U1 3 0 2 4
vy | 00 2 0 1
V3 5 4 1 0



Bai toan dudng di ngan nhat

Thuat toan Floyd: Lap véii = 1 (v1)

Ly thuyét do thi Il
Hoang Anh Buic
m Xét vy 1am dinh trung gian, kiém tra
d(vj,v1) + d(vi, o) < d(vj,vg)? It toin iy
m Tim dugc cai thién:
d(vg,v1) + d(v1,v3) =3+ 2 =5 < 0o = d(vg, v2)

d ‘ (%) (%1 (%) U3
vw| 0 3 5 5
v1 | 3 0 2 4
(%) 5 2 0 1
U3 5 4 1 0




Bai toan dudng di ngan nhat

Thuat toan Floyd: Lap véi i = 2 (v2)

Ly thuyét do thi Il
Hoang Anh Buc

m Xét v, 1am dinh trung gian, kiém tra oL
d(vj,ve) + d(ve, vg) < d(vj,vk)?

m Tim dudgc céi thién:
d(’l)l,vg) + d(vg,’Ug) =241=3< d(Ul,’Ug) =4 :w‘ 1»”“

d ‘ v
Vo
U1
V2
U3

S
<
=
<
v
<
w

Lot w o
W NN O Ww
= O N Ot
S = Wt




Bai toan dudng di ngan nhat

Thuéat toan Floyd: Lap véi i = 3 (vs)

Ly thuyét do thi Il
Hoang Anh Buc
m Xét vg 1am dinh trung gian, kiém tra
d(vj,v3) + d(vs, vi) < d(vj,vi)? Thuattodn oy
m Khong cé cai thién khodng céch khi xét v3 lam dinh trung
gian
d ‘ Vo U1 Vo (%3
vw| 0 3 5 5
v1 |3 0 2 3
vy | D 2 0 1
v3 | D 3 1 0

m Ma tran khoang cach cubi cuing cho két qua khodng cach
gilra moi cap dinh



Bai toan dudng di ngan nhat

Thuéat toan Floyd: Phan tich

Ly thuyét do thi Il
Hoang Anh Buc

m Tinh dung dan: [Floyd 1962] oL
m Do phure tap: O(n3) véin = |V|
m Uu diém:
m Tim khoang céch gitra moi c&p dinh
m Co6 thé x{ ly dd thi cé canh trong s6 am (khéng ¢é chu trinh
am)
m Nhuoc diém:
m Cham haon thuat toan Dijkstra khi chi can tim dudng di tur
mot nguon
m Thuat toan c6 thé ma rong dé tim dudng di ngan nhét
(khéng chi khoang céach)



Bai toan dudng di ngan nhat

Thuét toan Floyd: Cau hoi

Ly thuyét do thi Il

B‘a] tép 33 Hoang Anh Buc
Ap dung thuat toan Floyd dé tim khoang cach gitta moi cép
dinh trong d6 thi sau:

Thuét toan Floyd




Mét sb 16i thudng gap

Ly thuyét do thi Il
Hoang Anh Buc

Tham khdo tu tai lieu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf)

Mot sb 16i thuoing gap

(a) Nham lan gilra dinh nghia duwong di va chu trinh
Hamilton va Euler
m Hay nhé rang cé6 mot phuong phép kiém tra don gidn cho
dudng di va chu trinh Euler, nhung khéng cé phuang phap
kiém tra don gian nao cho dudng di va chu trinh Hamilton

(b) Bé qua thuc té rang viéc cé mot chu trinh Euler
[Hamilton] ham y su ton tai ctia mét dwong di Euler
[Hamilton]

m Hay xem xét ky cac dinh nghia


https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf

Mét sb 16i thudng gap (tiép)

Ly thuyét do thi Il
(c) Nham lan giira cac dinh ly trong ly thuyéet do thi voi Hoang Anh Bifc
ménh de dao cla chung
m Vi du, néu trong mét db thi don lién thong véi n > 3 dinh,
méi dinh cé bac it nhat n/2, thi dé thi d6 cé mét chu trinh Mot sb 11 thuang g3p
Hamilton; nhwng ménh dé dao hodc ménh dé nguoc clia
phét biéu nay khong ding (c6 nhiéu db thi cé chu trinh
Hamilton ma trong dé bac cla cac dinh nhd).
m Day 1a mot vi du khac: Néu mot db thi don lién thong 1a dé
thi phang, thi né phai thda man e < 3v — 6, trong d6 e 1a sb
canh va v 1a sb dinh. Do dé (theo phan ddo), ta biét rang
néu mot dd thi cé qua nhiéu canh (e > 3v — 6), thi né khong
thé 1a dd thi phang. Diéu ma chuing ta khong thé két luan 1a
ménh dé ddo—khong phai 12 mét dinh ly—rang néu
e < 3v — 6, thi do thi d6 phai Ia db thi phing

(d) Nhdm twdng rang mot do thi khong phang chi vi né
duoc ve theo cach ma co hai canh cat nhau tai cac
diém khong phai la dau mat



Mét sb 16i thudng gap (tiép)

Ly thuyét do thi Il
m Néu c6 thé vé lai dd thi d6 ma khong cé canh nao cét nhau Hoang Anh Blic
& cac diém khong phai 1a dau mut, thi db thi dé 1a db thi
phang
® Vidu, K4 1a db thi phang, mac du khi vé né véi cac dinh 1a
dinh clia mdt hinh vudng va cac doan thang biéu dién cac
canh gay ra giao diém & giira hinh (Hay vé lai né duéi dang
céc dinh cGa mot tam gidc véi mot dinh nira & bén trong)
(e) Sai lam khi ket luan rang mot khi da tim duoc cach t6
mau do thi vdi n mau, thi so mau can dung cua do thi
do phailan
m Thuc té, didu chiing ta biét trong trudng hop dé chi 1a sb
mau can dung nhiéu nhat 1a n
m C6 thé tim dugc cach t6 mau khac véi it han n mau
m Vi du, ngudi ta cé thé t6 Cy bang bbn mau (mot mau khac
nhau cho méi dinh), nhung s6 mau can dung thuc su 1a 2
(f) Nham twdng rang thuat toan tham lam luén dwa ra
giai phap toi wu cho mét bai toan

(14) Mot s 13 thudng gp



Mét sb 16i thudng gap (tiép)

Ly thuyét do thi Il
Hoang Anh Buc

m Méc du trong nhiéu trudng hop gidi thuat tham lam don gian
c6 thé tim ra giai phap tot nhat (vi du, trong viéc tim kiém Mot sb 1i thuong gap
cay khung nhé nhat, xem Bai giang 10), nhung thudng thi
gidi thuat tham lam hay thét bai (vi du, trong viéc fim cach
t6 mau do thi st dung it mau nhat cé thé)

(9) Khong nhan ra rang viéc viet ra mot thuat toan khong
dam bao rang thuat toan dé lam nhirng gi ban muén

m Vi du, khong thé viét mot thuat toan tham lam dé t6 mau dd
thi va sau dé khang dinh ma khéng cé su chitng minh ring
thuat todn nay tim ra céch t6 mau vdi s lugng mau it nhét
c6 thé



Puong di Euler

Ung dung: Ghép cac manh DNA

Ly thuyét do thi Il
m Bai toan giai trinh tw DNA: X4c dinh trinh tu nucleotide Hosng A b
trong moét phan t DNA
m Thach thirc: Cac thiét bi chi doc dugc cac doan ngan
(reads), can ghép cac doan nay thanh chudi hoan chinh
= Phuong phap: S dung d thi de Bruijn va duong di () owrsacue
Euler dé tai tao trinh tu ban dau

o > >

ACTG

( CTGA )

TGAC

Hinh: Doc cac doan ma di truyén ngan ti chuéi DNA




Puaong di Euler

Db thi de Bruijn va k-mers

m k-mer: C4c doan con c6 do dai k cla chubi DNA L:mu;e,:d::u”
m DO thi de Bruijn:
m Dinh: Cac (k — 1)-mers
m Canh: T (k — 1)-mer u dén (k — 1)-mer v néu cé k-mer
trong d6 w 12 tién t6 va v 1a hau t6
m Nhan canh: k-mer tuong Uing £uong i Eulr

Chubi ban dau: ACTGACT
3-mers: ACT, CTG, TGA, GAC, ACT

Hinh: D6 thi de Bruijn cho chudi ACTGACT véi k = 3



Puaong di Euler

Tai tao chudi DNA bang dudng di Euler

Ly thuyét do thi Il

m Ly thuyét: Chudi DNA ban dau tuang (ing véi mét dudng
di Euler trong db thi de Bruijn
m Phuong phap:

Hoang Anh Buc

m Tao do thi de Bruijn t tap céc k-mers Thugt odn Floy
m Tim dudng di Euler trong do thi
m Tai tao chudi tir duong di tim dugc (%) ounga e

DNA géc (khdng biét)

[Doan [foan Foan Eoan {Eoan Hoan foan 7|

[ D6 thi de Bruijn ]

l

DNA tai tao

Hinh: Quy trinh ti tao chubi DNA s dung dé thi de Bruijn »



Puong di Euler

Vi du minh hoa

m Cac doan doc:
m CAGGA
1 AGGAG
m GGAGA
m GAGAC

m 3-mers:
m CAG, AGG, GGA
m AGG, GGA, GAG
m GGA, GAG, AGA
m GAG, AGA, GAC

Ly thuyét do thi Il
Hoang Anh Buc

Hinh: D4 thi de Bruijn véi k = 3

Puong di Euler: CA — AG —
GG — GA — AG — GA — AC
Chuoi tai tao: CAGGAGAC



Puaong di Euler

Uu va nhugc diém clia phuong phap

Ly thuyét do thi Il
Hoang Anh Buc

Uu diém: Thach thire:
m Tinh todn hiéu qua m XU ly 16i trong dif liu doC () ownoarcuer
m X ly dugc di liéu I16n m Cac trinh ty 14p lai

m Co s@toan hocchatché  m Su ton tai cla nhiéu
m Phuong phéap théng dung dudng di Euler khac nhau
trong céc cong cu lap rap  m Cén thém théng tin bd
trinh tv DNA sung dé xac dinh dudng
di chinh xac



Puong di Euler

Ung dung: Bai toan ngudi dua thu Trung Hoa

Ly thuyét do thi Il
Hoang Anh Buc

m Bai toan nguwoi duwa thw Trung Hoa (Chinese Postman
Problem - CPP):
m D& xut bdi nha todn hoc Trung Quéc Mei-Ko Kwan (Quén
Mai Coc) nam 1962. Tén goi clia bai todn dugc dé xuat béi
Alan Goldman (Cuc Tiéu chudn quéc gia Hoa KS/),
m M0 hinh hda viéc mét ngudi dua thu can di qua tat ca cac
con duang trong khu vuc ]
m Ngudi dua thu muon quay lai diém xuét phat véi quang
dudng di ngan nhat cé thé
m Moi lién hé véi duwong di Euler:
m Néu do thj c6 chu trinh Euler: nguoi dua thu chi can di méi
con dudng dung mot lan
m Neéu do thi khdng c6 chu trinh Euler: nguai dua thu phai di
qua mét so con dudng nhiéu hon mét lan
m Ung dung: T6i uu hoa 16 trinh giao hang, thu gom rac
thai, bao tri dudng pho, v.v.

Buding di Euler



Puong di Euler

Ung dung: Bai toan ngudi dua thu Trung Hoa

Ly thuyét do thi Il

m Dau vao: D thi G = (V, E) c6 trong sb (c6 thé cé huéng
hodc v6 hudng)
m Dau ra: Chu trinh véi téng trong s6 nhd nhét di qua méi
canh it nhat mét lan
m Giai thuat cho do thi vo hudng:
1. Kiém tra tinh lién thong clia dd thi. Néu khong lién théng,
bai toan khéng c6 16i gidi.
2. Xéac dinh tap O céc dinh bac 18 trong db thi. (|O| phai 1a s6
chan)
3. Néu |O| = 0 (khdng c6 dinh bac 18):
m D6 thi da c6 chu trinh Euler, day chinh Ia 15 gidi t6i uu.
4. Néu |O| > 0 (c6 dinh bac 18):
B V6i mbi cp dinh u, v € O, tinh khoang céch d(u, v) gitta
ching ) ;
m Tim bd ghép hoan hao trong sé nhé nhat gilta cac dinh trong

Hoang Anh Buc

B Thém céc canh tuong ung VGi cac duding di ngan nhat tir bd
ghép vao db thi ban dau

5. Tim chu trinh Euler trong dé thi da dugdc bS sung cac canh
va trd lai chu trinh dé



Puong di Euler

Vi du minh hoa

Ly thuyét do thi Il
Hoang Anh Buc

Hinh: Minh hoa Bai toan ngudi dua thu Trung Hoa (vi du tU Wikipedia) (=



Puong di Euler

Vi du minh hoa

Ly thuyét do thi Il
Hoang Anh Buc

Thuat toan Floyc
Buding di Euler
Buding di Hamilt

Hinh: Minh hoa Bai toan ngudi dua thu Trung Hoa (vi du tU Wikipedia) (=



Puong di Euler

Vi du minh hoa

Ly thuyét do thi Il
Céc dinh bﬁC 1é: A, B, O, D Hoang Anh Burc
d(A,B)=4 d(B,C)=6 d(C,D)=6
d(A,C)=5 d(B,D)=5 winohit
d(A, D) =3

7

Buding di Euler
3 4

Buding di Hamiltor
y

Hinh: Minh hoa Bai toan ngudi dua thu Trung Hoa (vi du tr Wikipedia)

33



Puong di Euler

Vi du minh hoa

Cac dinh bac &: A, B, C, D
d(A,B)=4 d(B,C)=6 d(C,D)=6

d(A,C)=5 d(B,D)=5
d(A, D) =3
7

Chu trinh Euler:
AB-BC-CD-DE-
EC-CB-BE-EA-
AD-DA

D% dai dudng di: 45

Hinh: Minh hoa Bai toan ngudi dua thu Trung Hoa (vi du tr Wikipedia)

Ly thuyét do thi Il
Hoang Anh Buc

Thuét toén Floyd

Buding di Euler
Buding di Hamiltor

33



Puong di Euler

Vi du minh hoa

Cac dinh bac &: A, B, C, D
d(A,B)=4 d(B,C)=6 d(C,D)=6
d(A,C)=5 d(B,D)=5
d(A, D) =3

7

Chu trinh tr3 lai cudi ciing:
AB-BC-CD-DE-
EC-CB-BE-EA-
AD-DE-FA

D% dai dudng di: 45

Hinh: Minh hoa Bai toan ngudi dua thu Trung Hoa (vi du tr Wikipedia)

Ly thuyét do thi Il
Hoang Anh Buc

Thuét toén Floyd

Buding di Euler
Buong di Hamiltor

33



Puodng di Hamilton

Ung dung: Bai toan ngudi giao hang (TSP)

m Bai toan nguoi giao hang (Traveling Salesman

Problem - TSP):

= Ngudi ban hang can tham n thanh phd, méi thanh ph6 ding
mét lan, r6i quay vé ndi xuat phat
m Muc tiéu: tim hanh trinh cé tdng chi phi (khoang céach) nhd

nhat

m Moi lién hé véi dwong di Hamilton:
m L&i gidi t6i uu cGia TSP chinh la mét chu trinh Hamilton ¢

trong s6 nhd nhét

m D4 thi mo6 hinh héa bai toan 1a dd thi ddy di 6 trong s6 trén

céac canh

m Bai toan NP-kho: Khéng c6 thuét todn da thic tim

nghiém t6i uu (trlr khi P = NP)
m Cac trng dung trong thuc te:
m T6i uu héa 16 trinh giao
hang
m Lap ké hoach san xuét
m Thiét ké mach dién t&
m Dinh tuyén phuang tién

m Khoan duc bang mach
(PCB)

® Quy hoach tour du lich

m Thu thap di liéu bang
drone

Ly thuyét do thi Il
Hoang Anh Buc

Duding di Hamilton



Puong di Hamilton

Minh hoa bai toan TSP

Ly thuyét do thi Il
Hoang Anh Buc

Thuét toan Floyd

Pubng di Eu

Duding di Hamilton

30

Chutrinhtbivu:A—-E—-D—>C—>B—>A
T6ng chi phi: 8 + 16 4+ 14 + 12+ 10 = 60

Hinh: Vi du v& bai toan TSP véi 5 thanh phb ©



Puodng di Hamilton

Ung dung: Ma Gray trong khoa hoc may tinh

Ly thuyét do thi Il
Hoang Anh Buc

m Ma Gray (Gray Code): Day céc chubi nhi phan cé d6 dai
n sao cho hai chubi lién tiép chi khac nhau mét bit

m Moi lién hé véi duong di Hamilton:

m Cac ma Gray n-bit tvong Ung v6i mét dudng di Hamilton (25) oueng i amiton

trong dd thi siéu lap phuong n chiéu (n-cube)

m Mbi dinh 12 mdt chubi nhi phan d6 dai n

m Hai dinh ké& nhau khi chudi nhi phan khac nhau ding mot bit
m Ung dung trong Iap trinh va ky thuat s6:

m Ma héa vong quay cho bd ma héa gdc (encoder)

m Téi thiéu héa sai sb trong chuyén déi Analog-Digital

m Tao ma siia 16i vd ma Hamming

m Thuét toan backiracking va giai dé quy



Puong di Hamilton

Tao ma Gray va dé thi siéu lap phuong

Ma Gray 3-bit: Ly thuyét b thi I
[ 000 (0) ™ 111 (7) Hoang Anh Burc
m 001 (1) m 101 (5)

m 011 (3) = 100 (4)
m 010 (2) — Quay vé
m 110 (6) 000 Buong di Hamiton

Tao ma Gray dé quy:
1. Bat dau véi 0 va 1 (Ma
Gray 1-bit)
2. Xay dung ma Gray n-bit ti
ma Gray (n — 1)-bit
m Sao chép danh sach ma  Hinh: Khéi 3 chiéu Qs. Céc dinh Ia

Gray (n —1)-bit c4c ma Gray 3-bit. Duong di
m Thém 0 vao trudc nua Hamilton ting véi cac ma Gray 3-bit
dau danh sach dugc danh dau bang mdi tén dé

m Thém 1 vao trudc nlra
sau danh sach »



Puong di Hamilton

Ung dung clia ma Gray trong ky thuat sb

Ly thuyét do thi Il
Hoang Anh Buc

Ma nhi phan thong thuong

@ Duding di Hamilton

[001 — 011: chi 1 bit thay déi] [011 — 100: tat ca 3 bit déu thay déij

Uu diém ciia ma Gray: Chi mot
bit thay ddi gitra cac vi tri k& nhau
= Giam thiéu 16i doc khi by ma hda & vi tri trung gian

Hinh: So sanh bo ma hoa vong quay: Ma Gray (it 16i) va ma nhj phan
théng thudng (nhiéu 16i) %



Puodng di Hamilton

Ung dung clia ma Gray trong ky thuat sb

B6 ma héa vong quay Ly thuybt a6 ti 1
(rotary encoder): Hoang Anh Buc
m Chuyén déi vi tri clia Vi ti: 011 Vi tri: 001

con trd thanh dau ra sb
m SU dung ma Gray dé
giam thiéu 16i khi doc

2 o @ Bubng di Hamilton
m Khi su dung ma nhi i cam bién 1
phén théng thuong, i Cém bién 2
nhiéu bit c6 thé thay doi F— Cam bién 3

cung mot luc Boc: 0 (khong den)

0 (Keohg den)
Uu diém cta ma Gray: i G OO
m Chi mét bit thay d6i méi
lan
m Giam thiéu sai s6 doc
(glitch) Hinh: B6 ma hda vong quay st dung

m Tang d6 tin cAy clia hg ~ Ma Gray 3-bit
thong %



Tai liéu tham khao

Ly thuyét do thi Il
Hoang Anh Buc

[@ Duan, Ran, Jiayi Mao, Xiao Mao, Xinkai Shu, and
Longhui Yin (2025). “Breaking the Sorting Barrier for
Directed Single-Source Shortest Paths”. In: arXiv:
2504.17033. oung i Er
Lewis, Rhyd M. R. (2021). Guide to Graph Colouring: () s o
Algorithms and Applications. 2nd. Springer. DOI:
10.1007/978-3-030-81054-2.

Rosen, Kenneth (2012). Discrete Mathematics and Its
Applications. 7th. McGraw-Hill.

[ Robertson, Neil, Daniel Sanders, Paul Seymour, and
Robin Thomas (1997). “The four-colour theorem”. In:

Journal of Combinatorial Theory, Series B70.1, pp. 2—44.
DOI: 10.1006/jctb.1997.1750.

Thuét toan Floyd

33


https://arxiv.org/abs/2504.17033
https://doi.org/10.1007/978-3-030-81054-2
https://doi.org/10.1006/jctb.1997.1750

Tai liéu tham khao (tiép)

@ Appel, Kenneth and Wolfgang Haken (1977). “Every
planar map is four colorable. Part I: Discharging”. In:
lllinois Journal of Mathematics 21.3, pp. 429—-490. DOI:
10.1215/ijm/1256049011.

[M Appel, Kenneth, Wolfgang Haken, and John Koch (1977).

“Every planar map is four colorable. Part II: Reducibility”.

In: lllinois Journal of Mathematics 21.3, pp. 491-567. DOI:

10.1215/ijm/1256049012.

@ Hart, Peter E., Nils J. Nilsson, and Bertram Raphael
(1968). “A formal basis for the heuristic determination of
minimum cost paths”. In: [EEE Transactions on Systems
Science and Cybernetics 4.2, pp. 100-107. DOI:
10.1109/TSSC.1968.300136. This paper introduces the
A* search algorithm.

Ly thuyét do thi Il
Hoang Anh Buc

Thuét toan Floyd

Budng di Euler

Dudng di Hamilton

Tai liéu tham khao
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https://doi.org/10.1215/ijm/1256049011
https://doi.org/10.1215/ijm/1256049012
https://doi.org/10.1109/TSSC.1968.300136

Tai liéu tham khao (tiép)

ﬁ Floyd, Robert W. (1962). “Algorithm 97: Shortest Path”.
In: Communications of the ACM 5.6, p. 345. DOI:
10.1145/367766.368168.

[§ Warshall, Stephen (1962). “A theorem on Boolean
matrices”. In: Journal of the ACM 9.1, pp. 11-12. DOI:
10.1145/321105.321107.

@ Dijkstra, Edsger W. (1959). “A note on two problems in
connexion with graphs”. In: Numerische Mathematik 1,
pp. 269-271. DOI: 10.1007/BF01386390.

[4 Roy, Bernard (1959). “Transitivité et connexité”. In: C. A.
Acad. Sci. Paris 249, pp. 216-218. (In French.) This
paper introduced what later became known as the
Roy-Warshall algorithm for transitive closure.

Ly thuyét do thi Il
Hoang Anh Buc

Thuét toan Floyd

Budng di Euler

Dudng di Hamilton

Tai liéu tham khao
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https://doi.org/10.1145/367766.368168
https://doi.org/10.1145/321105.321107
https://doi.org/10.1007/BF01386390

Tai liéu tham khao (tiép)

[4 Fleury, M. (1883). “Deux problemes de géométrie de
situation”. In: Journal de Mathématiques Elémentaires,
pp. 257-261. (In French.) This paper contains Fleury’s
algorithm for finding Eulerian paths.

@ Hierholzer, Carl and Christian Wiener (1873). “Uber die
Méglichkeit, einen Linienzug ohne Wiederholung und
ohne Unterbrechung zu umfahren”. In: Mathematische
Annalen 6.1, pp. 30—32. DOI: 10.1007/BF01442866. (In
German.) This paper was published posthumously after
Hierholzer’'s death and edited by Christian Wiener.

[1 Euler, Leonhard (1736). “Solutio problematis ad
geometriam situs pertinentis”. In: Commentarii
Academiae Scientiarum Petropolitanae 8, pp. 128—140.
URL: https://scholarlycommons.pacific.edu/euler-
works/53/. (In Latin.) English translation in Scientific
American, 189 (19583), 66—70.

Ly thuyét do thi Il
Hoang Anh Buc

Thuét toan Floyd
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