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Tén hoc phan: Toan roi rac
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Cau 1. (2 di€ém)

(a) Cho cac ménh dé p,q,r va F = (pVq)A(p —r)A(g — r). St dung cic tuong duong logic da
biét, chiing minh F = r A (pV q). Néu luat dugc ding & céc bude bién déi. Khi F diing, c6 thé két
luan p ding hay khong? Giai thich.

(b) Goi S 1a mot tap sinh vién khéc rong, B 1a mot tap bai tap khac rong, va R(x,y) la vi tii “sinh vién
x da gidi bai tp y”, v6i x € S, y € B. Xét hai phat biéu:

* P: Mdi sinh vién da giai it nhat mot bai tap.

+ Q: C6 mot bai tip ma tit ca sinh vién déu da giai.
Biéu dién P, Q bang vi tif va luong tir. Viét phii dinh ctia P sao cho dau — chi diing ngay truéc vi
tif R. Phét biéu P — Q c6 diing hay khong? Gidi thich bang chitng minh hoic phan vi du.

Cau 2. (2 diém)
(a) Cho céc tap hop A, B,C théamian AUC = BUC vaANC = BNC. Ching minh ring A = B.

(b) Cho cicham g:A — Bva f: B — C, trong d6 A, B,C 1a cac tap khac rdong. Gia st f o g 1a don
anh. Ching minh ring g 1 don 4anh. C6 thé két luan f 1a don 4nh hay khong? Néu khong, hiy cho
céc tap hitu han A, B, C va xdc dinh cu thé cic ham g: A — B, f : B — C sao cho f o g la don 4nh
nhung f khong la don anh.

Cau 3. (2.5 diém)

(a) Tap S cac sb nguyén khong am dudc dinh nghia bang dé quy: 0 € S; néu s € S thi s+4 € S va
s+7 € S. Khong c6 phan tif nao khéc thudc S ngoai nhiing phan ti thu dugc biang cc quy tac nay.
Dung quy nap manh dé chiing minh rang moi sé nguyén n > 18 déu thudc S. Néu rd céc trudng
hop co sé va gia thiét quy nap.

(b) Day {a,},>0 dugc xac dinh bdi ag = 1, a; =4 va a, = 4a,—1 —4a,—» v6i n > 2. Tim cong thic
tudng minh cla a, bang phuong phap da thic dic trung.



Cau 4. (2 diém) Cho day sb nguyén thuc su ting ay, .. .,a,, v6i n > 1, va sd nguyén x. Thuat todn tim
kiém nhi phadn BINARYSEARCH sau tim chi s clia x trong diy, hodc trd vé 0 néu x khong c6 trong
day.

BINARYSEARCH(aq,....,a,.X):

ii=1;j:=n

while i < j do
me=[(i+)/2]
ifx>a,theni:=m+1
else j:=m

if x = a; then return ;

else return 0

(a) V6i (ay,...,as) = (2,5,8,12,16,23,38,41) va x = 19, vé va dién bang theo miu dudi day, mdi
hang ting v6i mot 1an thuc hién than vong while. O mdi hang, ghi i, j & dau 1an lip va gid tri m
viia tinh, trude khi cap nhat i hodc j. Thém hang cho dén khi vong lip ding.

Lan lip i j m
1
2
Khi vong lip diing: i = ..., j=...; két qua tra vé: ...

(b) Phét biéu mdt bit bién vong lip va dung né dé ching minh tinh diing dan cda thuit toan. Gii
thich vi sao vong lip ludn két thiic.

(c) Chi dém céc phép so sanh giita x va mot phan ti clia ddy, ké ca phép so sanh sau vong lip. Véi
n > 2, ching minh s6 phép so sanh khong vudt qué [log, n] + 1. Xac dinh do phc tap theo thdi
gian trong trudng hop x4u nhit theo ky hiéu O-16n, gia sit moi phép toan co ban chay trong thdi
gian O(1).

Cau 5. (1.5 diém) Xét thuit todn sap xép ndi bot BUBBLESORT sau cho day sb thuc ay,...,a,, v6i
n>2.

BUBBLESORT(ay,....a,):
fori:=1ton—1do
for j:=1ton—ido
ifa; >a;, then
Hoan d6i a; va ajig

(a) Vi diy ban dau (6,1,4,2,5), viét lai toan bd diy sau mdi 1an thyc hién vong for ngoai.

(b) Tinh chinh xdc s6 1an thuc hién phép so sdnh a j > ajy1 theo n. Dung két qua d6 dé€ xac dinh do
phiic tap theo thdi gian trong trudng hop xiu nhét theo ky hiéu O-16n. Gia st mbi phép todn co
ban chay trong thdi gian O(1).

Pé thi gom 2 trang. Khong sv dung tai liéu. Cdn bo coi thi khong gidi thich gi thém.
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Chip nhan cich gidi khac néu 1ap luan ding va dap ting yéu cau cla tliing y.

Pé s6: 01

Loi gii 1. [2 diém]
(a) Khit céc phép kéo theo: F = (pV q) A (—pV r) A(—qV r). Theo luat phan phoi, (—pVr) A 0.5
(mgVr)=(—=pA—q)Vr. Theo luat De Morgan, =p A—g=-(pV q).

Tiép tuc dung luat phan phdi: F = ((pV ¢q) A—(pVq))V ((pVq) Ar). Luat phi dinh va luét 0.25
dong nhit cho F = (pV q) Ar=rA(pVq), véi budc cudi dung luit giao hoén.

Khong thé két luan p ding. Chang han, p=F, ¢=T, r =T lam F ding. 0.25
(b) Hai phat bi€u c¢6 dang P: Vx € Sy € BR(x,y) va Q: Jy € BVx € SR(x,y). 0.5
Ap dung luat De Morgan cho lugng tit, =P = 3x € SVy € B—R(x,y). Nghia la ¢c6 mot sinh vién 0.25
chua giai bai tp nao trong B.

Phat bi€u P — Q khong ludn ding. Mot phan vi du 1a S = {s1,s2}, B = {b1,b>}, trong d6 chi 0.25
cO R(s1,b1) va R(sp,by) ding. Trong vi du nay, P ding va Q sai, nén P — Q sai.

Loi giai 2. [2 diém]
(a) Theo dinh nghia tap hgp bang nhau, ta chitng minh hai bao ham. Véi x € A, néu x € C thi 0.5
x€EANC=BNC,nénx€B.Néux¢ CthixcAUC=BUCvax¢C,nénx € B. ViyA C B.
Véix€B,néuxcCthix€ BNC=ANC,nénx€A. Néux ¢ Cthix€ BUC=AUCvax¢C, 0.5
nénx €A. Vay BCA,suyraA =B.

(b) Ta dung dinh nghia don anh. Véi aj,a; € A, gia st g(a;) = g(az). Khi d6 f(g(a1)) = 0.5
f(g(a2)). Do fogdon anh, a; = ap. Vdy g don anh.

Khong thé két luan f don dnh. Chang han, A = {1,2}, B = {1,2,3}, C = {0,1}; g(1) = 1, 0.5
g(2)=2; f(1)=0, f(2) =1, f(3) =0. Ham fog dua 1 t6i 0 va 2 t5i 1, nén don anh. Tuy

nhién, f(1) = f(3) v6i 1 # 3, nén f khong don anh.

Loi giai 3. [2.5 di€m]
(a) Ta dung quy nap manh vdi bon trudng hop co s&. Tu 0, cong 1an ludt cac s6 4 hodc 7 cho 0.5
thiy 18 =7+7+4,19=74+4+4+4,20=4+44+4+4+4,21 =7+7+7 déu thuoc S.

Gia st k > 21 va moi s6 nguyén m thda min 18 < m < k déu thudc S. Ta ching minh k+ 1 € S. 0.75
Vi 18 < k— 3 < k, gié thiét quy nap cho k — 3 € S. Theo quy tic dé quy, (k—3) +4=k+1€S.

Do d6, moi s6 nguyén n > 18 déu thudc S.

(b) Pa thiic dic trung 1a > —4r +4 = (r —2)?. Nghiém dic trung 2 c6 boi 2; theo cong thic 0.5
nghiém tong quat, ta c6 a, = (o + Bn)2".

Tuiap=1,tacoa=1.Tia =4,tacé2(ax+f)=4,suyraff =1. 0.5
Vay a, = (n+1)2" v6i moi n > 0. 0.25




Loi giai 4. [2 di€m]

(a) Bang truy vét: 0.5
Lan lip i j m
1 1 8 4
2 5 8 6
3 5 6 5

Vong lip diing v6i i = j = 6. Do ag = 23 # 19, thuét toan tra vé 0.
(b) Goi L 1a phat biéu: “Hai chi s6 i vd j thda man 1 <i < j < n, vd x 12 mdt phan td cla day 0.25
ai,...,a, khi va chi khi x 12 mot phan ti ctia diy con a;, ... ,a;.” Ta chiing minh L la mot bat
bién ctia vong while.

Khéi dong: Trudc 14n 1dp dau tién, i = 1 va j =n. Vin > 1, hai chi s6 hop 1¢; ddy con a;, .. . ,a;
chinh 13 diy ban dau. Do d6, L ding truéc 1an lip dau tién.

Duy tri: Gi4 st L diing truéc mot 1an Lip c6 i < j. Goi i/, j' 1 c4c gid tri ctia hai chi sb sau 1an 0.5
13p nay. V6i m = | (i+ j)/2],tacé i <m < j, nén ca hai cach cap nhat déucho 1 < < j' <n.

+ Néu x > a,,, moi phan ti cia dy a;,...,a, déu nhd hon x vi diy thuc su ting. Cip nhit
i’ =m+1, j/ = jloai b ding céc phan ti nay khoi khodng tim kiém.
* Néu x < a,,, moi phan ti cla diy a,,,1,... ,aj déu 16n hon x vi ddy thuc su ting. Cap nhat
i' =i, j/ = mloai bd diing cdc phan tif nay khdi khoang tim kiém.
Trong c4 hai nhdnh, cdc phan ti bi loai déu khéc x. Vi vay, x 12 mot phan tii ctia diy con cii khi
va chi khi x 12 mot phan i ctia dy con mdéi. Két hop véi gia thiét Lva 1 <i < j' <n,suyralL
ding sau 1an Lip nay, trude 1an kiém tra diéu kién tiép theo.
Dirng: Khi vong lip ding, diéu kién i < j sai. Két hop v6ii < jtrong L,tacéi= j. Khido, L | 0.25
cho biét x 1a mot phan ti ctia diy ban dau khi va chi khi x = g;. Do d6, néu x = g; thi thuit toan
trd vé i, ding vi tri can tim. Néu x # g; thi x khong 1a phan tif ctia ddy ban dau, nén tra vé 0 la
ding.

Vong Lip luén két thiic: Vi i < m < j, mbi cich cap nhat déu lam do dai j —i+ 1 giam it nhét
1 va van duong. Mot sb nguyén duong khong thé giam mai, nén vong Lip phai diing.

(c) M6i lan lip ctia vong while c6 ding mot phép so sanh can dém: x > a,,. Nhanh else khong 0.25
thuc hién thém phép so sanh. Phép kiém tra i < j chi so sdnh cac chi s6 nén khong dudc tinh
theo yéu cau ctia dé. Sau vong ldp, phép so sdnh x = a; dudc thuc hién ding mot 1an. Vi vy,
néu vong lip thuc hién ¢ 1an 1ip thi s6 phép so sanh can dém laz + 1.

Ta chén s0 lan 1dp bang cach xét s6 phan td con lai trong khoang tim kieém. Néu khoang [i, j] ¢6 0.25
s = j—i+ 1 phan td, thi sau cAp nhat i := m+ 1 con j —m = |s/2] phan td, con sau cap nhat
ji=mthiconm—i+1=[s/2] phan t&. Do d6, mdi lan l3p d€ lai nhiéu nhét [s/2] phan td.
Goi k = [log, n]; khi d6 n < 2*. Tt mot khoang c6 nhiéu nhét 2" phan ti, v6i s6 nguyén r > 1,
sau mot 1an 1ip con nhiéu nhat [27/2] = 2"~! phan td. Lip lai 1ap luan nay, sb phan i 14n lugt
bi chin bai 2%,2K71, ... 29 = 1. Sau nhiéu nhit k 1an lip, ta c6 i = j, nén vong lip diing. Vay
t <kvasdphépsosanhlar+1<k+1=/[log,n]+1.

Ta danh gia thdi gian bang phuong phap dém s6 phép toan cd ban. Mbi 1an lap chi gdm mot sb
hing phép toan co ban, ké ca kiém tra diéu kién lip. Theo gia thiét cia dé, mdi phép todn co
bén chay trong thdi gian O(1), nén mdi 1an 1ip chay trong thai gian O(1). Phan khéi tao va két
thiic ciing chi gdm mot sb hing phép todn, nén c6 thdi gian O(1). Vi vong lip thuc hién khong
qua k 1an, téng thai gian chay trong trudng hop xiu nhét 1a O(k+ 1) = O(logn).




Loi giai 5. [1.5 diém]

(a) Sau méi 1an Lip ngoai: 0.5
i | Day
11 (1,4,2,5,6)
21 (1,2,4,5,6)
31 (1,2,4,5,6)
41 (1,2,4,5,6)
(b) O lan lip ngoai thif i, vong trong c6 n — i lan so sanh. Tong s6 so sanh 1 Z;:ll (n—1i)= 0.5
Y tk=n(n—1)/2.
MBbi 1an lip ctia vong trong thuc hién mot phép so sanh, nhiéu nhit mot phép hodn d6i va mot 0.5
s6 hiing phép todn diéu khién. Theo gia thiét mdi phép toan cd ban chay trong thdi gian O(1),
mdi 1an 13p nay chay trong thdi gian O(1). Ngoai cic lan 1ip clia vong trong, mdi 1an 1ip cla
vong ngoai chi can mot s6 hing phép toan khdi tao va diéu khién. C6 n— 1 1an ldp ciia vong
ngoai, nén phan nay ton téng cong O(n) thdi gian. Tu s6 1an ldp clia vong trong viia tinh, thoi
gian chay trong trudng hgp xiu nhét 1a O(n(n—1)/2+n) = O(n?).




