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Short Bio

Figure: My research interests lie in the intersection of Graph
Theory and Computational Complexity Theory. (Picture taken
from Wikipedia at https://en.wikipedia.org/wiki/Theoreti
cal_computer_science/)
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Introduction



Complexity Classes: P, NP, and PSPACE
We always talk about decision problems (output YES or NO)

Complexity Classes

P: Problems can be “solved efficiently” in polynomial time
NP: Problems can be “verified efficiently” in polynomial time
PSPACE: Problems can be “solved efficiently” in polynomial
space

PSPACE

NP

P

NP-hard

PSPACE-hard

PSPACE-complete

NP-complete

Provided that P ⊊ NP ⊊ PSPACE

“more difficult”

“difficult”

“easy”
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What is Combinatorial Reconfiguration?
Reconfiguration Setting

A description of what states (≡ configurations) are

One or more allowed moves between states (≡
reconfiguration rule(s))

© Anna Lubiw @ CoRe
2019 (Aussois, France)
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What is Combinatorial Reconfiguration?

Two major viewpoints: as a process or as a graph

Reconf.
Process

Reconf.
Graph

Example
Rubik’s Cube

state node

move
[reconf. rule]

edge

seq. of moves
[reconf. sequence]

path
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What is Combinatorial Reconfiguration?

Two major directions: Algorithmic and Graph-Theoretic

Algorithmic Questions
Reachability: Given two states S and T , is there a
sequence of moves that transforms S into T?
Shortest Transformation: Given two states S and T
and some positive integer ℓ, is there a sequence of moves that
transforms S into T using at most ℓ moves?
Connectivity: Is there a sequence of moves between any
pair of states?
and so on

Graph-Theoretic Questions
Graph Properties: Is the reconfiguration graph
connected? bipartite? Eulerian? Hamiltonian?, and so on
Graph Classification: Does the reconfiguration graph
belong to some specific graph class (e.g., planar graphs,
perfect graphs, etc.)?
and so on
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What is Combinatorial Reconfiguration?
The area was first named “Reconfiguration” in [Ito et al. 2011]
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Motivation



Understanding Solution Space

Reconfiguration is used in studying the solution space of a com-
putational problem

©Takehiro Ito @ CoRe 2017 (Banff, Canada)
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Understanding Solution Space

SAT formula φ = (x ∧ y) ∨ z

000 001

010

100 101

011

111110

000 001

010

100 101

011

111110

000 001

010

100 101

011

111110

Search Problem
Check if at least one
feasible solution exists

List all feasible solutions

Enumeration Problem

among 2n candidates
for n variables

among 2n candidates
for n variables

State ≡ Feasible Solution: assignment of variables (x, y, z) makes φ true

Reconf. Rule: flip exactly one bit

Find a sequence of
adjacent feasible solutions
among 2n candidates
for n variables

Reconfiguration Problem

given

given

In Reconfiguration Problem, we do NOT know which ones among
the other 2n − 2 candidates are feasible solutions
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Understanding Solution Space
SAT Reconfiguration was first studied in [Gopalan et al.
2009] (before the area was first named)
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Understanding Complexity Classes

Reconfiguration provides new insights into the understanding of
complexity classes

One can “characterize” different complexity classes
by different restricted variants of the same problem

PSPACE

NP

P

NP-hard

PSPACE-hard

PSPACE-complete

NP-complete

Provided that P ⊊ NP ⊊ PSPACE

“more difficult”

“difficult”

“easy”

2SAT

Quantified SAT

3SAT
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Understanding Complexity Classes

Reconfiguration provides new insights into the understanding of
complexity classes

One can “characterize” different complexity classes
by different reconfiguration variants of the same problem

P

NP-hard

PSPACE-hard

PSPACE-complete

NP-complete

Provided that P ⊊ NP ⊊ PSPACE

“more difficult”

“difficult”

“easy”

on bipartite graphs
under TS

on bipartite graphs

on bipartite graphs having no cycles

Independent Set Reconf.

Independent Set Reconf.

Independent Set Reconf.

under TJ/TAR

under TS/TJ/TAR
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Understanding Complexity Classes
Independent Set Reconfiguration is one of the most
well-studied reconfiguration problems

Taken from [Nishimura 2018], Figure 5
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Understanding Complexity Classes
Before [Lokshtanov and Mouawad 2019], most reconfiguration
problems are either in P or PSPACE-complete
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Understanding Complexity of Problem

Reconfiguration provides new powerful tools for studying the com-
plexity of a problem

One of such tools is the

Nondeterministic Constraint

Logic (NCL), first introduced

in [Hearn and Demaine 2005]
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Understanding Complexity of Problem
Input:

Each state/configuration involves a graph having red (weight
1) and blue (weight 2) edges where each edge is oriented such
that (*) the sum of weights of in-coming arcs at each vertex is
at least 2
Reconfiguration Rule: Each move involves re-orienting an
edge such that (*) is satisfied

Question: Is there a sequence of moves that transforms one
given configuration into another? (PSPACE-complete even on
planar graphs having only two types of vertices)

2

2

2 2

2
2

1
1

1

(a) An NCL configuration

1 1

2

(b) And vertex

2 2

2

(c) Or vertex
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Understanding Complexity of Problem
Rush Hour (the puzzle, not the movie) is PSPACE-complete
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Understanding Complexity of Problem
[Flake and Baum 2002]

Reduce from Quantified
SAT. Use 3 “primitive devices”
and more complicated “gadgets”
built from the “devices”

[Hearn and Demaine 2005]

Reduce fromNCL. Use 2 “gadgets”
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Understanding Complexity of Problem

There are interesting and nontrivial relations between the com-
plexities of a source problem and its reconfiguration variant(s)

Source Existence Reconfiguration
Matching P [Edmonds 1965] P [Ito et al. 2011]

3-Coloring NP-complete
[Stockmeyer 1973]

P [Bonsma and
Cereceda 2009]

Shortest Path P PSPACE-complete
[Bonsma 2013]

Independent
Set on bipartite

graphs

P [König-Egerváry
Theorem 1931]

NP-complete under
TJ/TAR [Loksh-

tanov and
Mouawad 2019]
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Understanding Complexity of Problem

There are interesting and nontrivial relations between the com-
plexities of a source problem and its reconfiguration variant(s)

Graph Independent Set Independent Set
Reconfiguration

general NP-complete [Karp
1972]

PSPACE-complete [Ito
et al. 2011]

perfect P [Grötschel et al. 1981] PSPACE-complete
[Kamiński et al. 2012]

interval P [Frank 1975] P [Kamiński et al.
2012]; [Bonamy and
Bousquet 2017]

Unknown NP-complete P
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Robot Motion Planning
Robots and obstacles are placed in an environment

All robots are controlled by a central algorithm to perform
some tasks (e.g., managing a warehouse or inventory) as a
team

Can we move robots to their final destinations without having
collision with other robots or obstacles?

Robot Motion ≡ Token Reconfiguration [Hopcroft et al. 1984]
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Robot Motion Planning

After almost 40 years, the topic remains actively studied , e.g.,
see [Gupta et al. 2020]
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Automated Restoring Power in Electrical Distribution
Networks
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Automated Restoring Power in Electrical Distribution
Networks
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Reassigning Frequencies in Mobile Communication
Networks

(⋆) Two cell towers whose covering areas intersect must have
different frequencies.

Can we reassign the frequency of one tower at a time without
affecting (⋆)?

Frequency Re-Assignment ≡ Vertex-Coloring Reconfiguration

An Introduction to Combinatorial Reconfiguration Motivation
Duc A. Hoang Reassigning Frequencies in Mobile Communication Networks
VNU-HUS and VIASM 21/28



Reassigning Frequencies in Mobile Communication
Networks

The problem was addressed in [Han 2007] (using an approach that
is different from “reconfiguration”)
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And More ...
Reconfiguration has emerged in several areas, some of which are

Computational geometry

Yan Alves Radtke et al. (2023). “Flip Graph Connectivity for
Arrangements of Pseudolines and Pseudocircles”. In: Proceedings
of SODA 2024. SIAM, pp. 4849–4871. doi:
10.1137/1.9781611977912.172

Rerouting (shortest) paths

Kshitij Gajjar et al. (2022). “Reconfiguring Shortest Paths in
Graphs”. In: Proceedings of AAAI 2022. Vol. 36. 9,
pp. 9758–9766. doi: 10.1609/aaai.v36i9.21211

Quantum complexity theory

Sevag Gharibian and Dorian Rudolph (2023). “Quantum Space,
Ground Space Traversal, and How to Embed Multi-Prover
Interactive Proofs into Unentanglement”. In: Proceedings of ITCS
2023. Ed. by Yael Tauman Kalai. Vol. 251. LIPIcs. Schloss
Dagstuhl – Leibniz-Zentrum für Informatik, 53:1–53:23. doi:
10.4230/LIPIcs.ITCS.2023.53

and so on
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Online Resources



For Motivating You Further
A nice and inspiring introduction to Reconfiguration in Graph
Coloring (and other contexts) by Prof. Ruth Haas (U. Hawaii) at
the NCUWM (Nebraska Conference for Undergraduate Women in
Mathematics) 2021

https://www.youtube.com/watch?v=gApwRCEC89Q
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For Motivating You Further
An inspiring talk in 2021 by Robert A. Hearn—one of the authors
who introduced NCL [Hearn and Demaine 2005]

https://www.youtube.com/watch?v=4cWVjhBTDSY
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For Motivating You Further
A more technical introduction at WALCOM (International
Conference and Workshops on Algorithms and Computation) 2022
about Reconfiguration by Prof. Takehiro Ito (Tohoku Univ.)—one
of the leading experts in this area

https://youtu.be/gwrIyuT3F8w?t=21308
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For Motivating You Further

Heather M. Russell and
Radmila Sazdanovic
(2021). “Mathematics
and Art: Unifying
Perspectives”. In:
Handbook of the Math-
ematics of the Arts
and Sciences. Ed. by
Bharath Sriraman.
Springer, pp. 497–525.
doi: 10.1007/978-3-
319-57072-3_125

An Introduction to Combinatorial Reconfiguration Online Resources
Duc A. Hoang For Motivating You Further
VNU-HUS and VIASM 27/28

https://doi.org/10.1007/978-3-319-57072-3_125
https://doi.org/10.1007/978-3-319-57072-3_125


Surveys and Wiki Page
General Surveys

Jan van den Heuvel (2013). “The Complexity of Change”. In:
Surveys in Combinatorics. Vol. 409. London Mathematical Society
Lecture Note Series. Cambridge University Press, pp. 127–160.
doi: 10.1017/cbo9781139506748.005
Naomi Nishimura (2018). “Introduction to Reconfiguration”. In:
Algorithms 11.4, p. 52. doi: 10.3390/a11040052

Surveys on Specific Problems
C.M. Mynhardt and S. Nasserasr (2019). “Reconfiguration of
Colourings and Dominating Sets in Graphs”. In: 50 years of
Combinatorics, Graph Theory, and Computing. Ed. by Fan Chung
et al. 1st. CRC Press, pp. 171–191. doi:
10.1201/9780429280092-10
Nicolas Bousquet et al. (2022). “A survey on the parameterized
complexity of the independent set and (connected) dominating set
reconfiguration problems”. In: arXiv preprint. arXiv: 2204.10526

Online Wiki: http://reconf.wikidot.com/ (I am one of the
maintainers of this site)
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