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L1 NOI DAU

Nhirng nam trudc khi lap trinh VieTeX t6i toan dung C/C++ thu
thap tai liéu nhiéu nhung khong c6 thoi gian dé viét lai. Nay mudn
viét lai thi stc khoe khong on dinh. Toi da ¢b géng gom lai thanh
cac tap lap trinh theo cha dé. Noi dung moi thuat toan bat dau tu ly
thuyét dén 1ap trinh bang C/C++.

Cudn sach viét ra khong danh riéng cho cac ban hoc tin hoc,
ma cac ba hoc toan, thay cd gido, cac ban thich tim hiéu vé thuat
toan. Cling nhu t6i bat dau c6 biét gi vé lap trinh dau, ty hoc va
cham chi la thanh cong thoi. Toi dung trinh bién dich Dev-C++:
https:/ /www.bloodshed.net/

Hién nay Dev-C++ cai tién rdt nhiéu va chay t6t véi moi truong uni-
code. Nhiing vi du trong tai liéu cac ban chép thang vao soan thao
va bién dich khong can cau hinh trinh bién dich.

Toi da lam cac quyén sach:

1. Thuat toan va sb hoc.

2. Thuat toan va du liéu.

3. Thuat toan xap xép

4. Thuat toan tim kiém

5. Thuéat toan do thi,

6. Thuat toan quay lui

7. Thuat toan chia dé tri

8. Thuéat toan dong

9. Thuat toan tham

10. Thuat toan nén

11. M6t s6 dé thi Olympic Tin hoc.

Cudn sach danh cho hoc sinh phé théng yéu toan, hoc sinh kha
gidi mon toan, cac thay co gido, sinh vién dai hoc nganh toan, nganh
tin hoc va nhitng ngudi yéu thich Toan - Tin. Trong bién soan khong
thé tranh khdi sai s6t va nham 1an mong ban doc cho y kién.

Ha Noi, ngay 25 thang 2 nam 2022
Nguyén Hiru Dién
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1.1. Khai niém toan hoc va thudt toan 5

1.1. Khai niém toan hoc va thuat toan

Tai liéu trong doan nay nham muc dich gitp ngudi doc lam quen
v6i cac ky hiéu, thuat ng, khai niém va cac tinh chat co ban ctia mot
s6 dbi tuong toan hoc dugc st dung trong cudn sach. Khuyén nghi
clia chung ta, ngay ca ddi v6i nhitng ngudi da c6 nhiéu kinh nghiém
v0i cac thuat todn may tinh, 1a hay doc ky chuong giGi thiéu nay dé
nhiing diéu chua giai thich dugc tir né cang it cang tot. Day la diéu
kién can dé c6 thé hiéu day dd hon vé tai liéu. Tat nhién, khong nhét
thiét phai nho tat ca cac thuat ngit va dinh nghia. Chi cho thay mot
chut “hiéu biét nho” vé ngdn ngi chit ché va triru tugng ctia toan
hoc.

1.1.1. Tap hop

Khaéi niém tap hgp la chinh va khong dugc dinh nghia chat ché
béi cac khai niém toan hoc khac. N6 dugc nhan thic mot cach truc
quan va thuong duoc lam r6 qua cac vi du.

Gia thiét ré“mg mot tap hop duge dua ra khi mot hé thong (tap
hop) cac déi tuong duoc dua ra, hau hét thuong duoc théng nhat
trén co s& mot s6 dac diém, thudc tinh chung hoac mot ) quy tac
nao do6. Vi dy, nhitng con ong tao thanh mot tap hop trong mot to
ong, cac dinh ctia mot da giac, cac duong thang di qua mot diém
cho trudc, nghiém nguyén cta phuong trinh ax? + bx + ¢ = 0, v.v.

Céc chir cai viét hoa ctia bang chir cai Latinh thuong dugc su
dung lam ky hiéu cho mét tap hop: A, B, C, .... Cac déi tuong tham
gia vao mot tap hop dudgc goi la cac phan tir cila tdp hgp va thuong
dugc danh diu bang cac chit cai Latinh viét thuong (hodc bang cach
déanh chi muc thich hgp). Chiing ta sé tranh dinh nghia chat ché vé
tap chi muc la gi, nhung thuong doi vdi cac phan tir cda tap A,
chiing ta sé str dung chudi dugce 1ap chi muc a4, ay, ..., a, va ching ta
sé biéu thi n6 theo cach nay: A = {ay, 4y, ..., an}

Thuyc té la phan t a;,i = 1,2, ..., n, thudc tap A dugce ky hiéu la
a; € A vaphan tir khong thudc - bdi a; ¢ A. S6 phan tir cia mot tap
hop dugce goi 1a Ity thira cta tap hgp (ddi véi tap A & trén sb nay
bang 1), va doi khi chung ta sé sit dung |A| dé biéu thi ldy thira.
Voin = 0, tap dugc goi la rong va duge ky hiéu 1a @. Thong thuong,

Nguyén Hiru Dién https:/ /vietex.blog.fc2.com/



6 Chuong 1. S6 hoc va thudt todn

cac tap hop dugc biéu dién bang biéu do6 Venn (xem Hinh 1.1.): Mbi
tap hop A dugc biéu dién dudi dang mot viing déng va cac phan i
(a,b,...) - 1a cdc diém nam trong, hodc bén ngoai no, tuy thudc vao
viéc chung c6 thudc bo hay khong.

Hinh 1.1. So d6 Cen

C6 nhiéu khai niém, tinh chat va phép toan thong nhat trong
mot ly thuyét tap hop duoc xéy dung tot [Dilova, Stoyanov-1973].
Chuing ta sé dé cap ngan gon thém mot sb trong s6 do, sé can trong
tai liéu sau.

Dinh nghia 1.1. Néu tt ca cac phan tir cia mot tap hgp A da cho
1a phan tir cia mot tip hgp B khéc, thi A dugc goi 1a mot tdp hop
con ctia B. Diéu nay dugc ky hiéu la A C B (xem Hinh 1.2.). Khi biét
thém ré”mg B khong trung véi A thi tap A dugc goi la tdp con thich
hop (thuc) cua B. Trong truong hgp nay ching ta sé€ st dung ki hiéu

0@ LOE>

Hinh 1.2. Tap hop con (a), tap hop hop (b), tap giao (c) va tap hiéu
(d) ctia céc tap hop.

Dinh nghia 1.2. Tap hgp C dugc goi la hop ctia tap A va B néu
n6 bao gdm tat ca cac phan tir a sao cho a € A hodc a € B. Viét
C=AUB.
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1.1. Khai niém toan hoc va thudt toan 7

Pinh nghia 1.3. Giso C = AN B cua hai tap hop A va B dugc goi la
tap hop C, gom tat ca cac phan ti dong thoi thudc A va B.

Pinh nghia 1.4. Higu C = A\ B cta tap A va B duoc goi la tap C,
gOm tat ca cac phan tir thudc A nhung khong thudc B.

Dinh nghia 1.5. Mot tap hop dugc goi 1a hitu han néu né chira mot
s6 hitu han ph?m ttr. Néu khong n6 duoc goi la v han.

Trudc khi chiing ta tiép tuc, day 1a mot vai dinh nghia quan trong
hon. Khi xem xét moét tap hop, khong quan trong s6 1an mot phﬁn
tr xuat hién, cting nhu thit ty cda cac phan i cia né. Do d6 céc tap
hgp sau la tuong duong (trung nhau):

{a,a,b} = {a,b,b} ={a,b,a} = {a,b} = {b,a}

DPinh nghia 1.6. Mot tap hop trong d6 su lap lai ctia cac phan tir
dugc cho phép dugc goi la da tip hop .

Dinh nghia 1.7. Néu mot thit ty cda cdc phan tir duge nhap vao
mot tdp hgp 1 phan t, thi di tugng két qua dugce goi 1a mot n-bod
co thur tu (danh sach).

Chung ta sé st dung dau ngoac tron thay vi dau ngodc nhon dé
biéu thi n-bo c6 thit tu. Vi du, ba thit tu (a, b, c) khac véi ba thit tu
(a,c,b),vv.

Bai tap

> 1.1. Cactap hop A = {1,2,4,5,7} va B = {2,3,4,5,6} dugc dua
ra. Xac dinh cac tap hgp: AUB,ANB,A\ B,B\ A.

> 1.2. Hai tap hgp A va B da cho va biét rﬁng ANB = A.Ban c6 thé
néi gi vé tap hgp B?

> 1.3. Toan tir hiéu ddi xiing @ ctia A va B dugc xac dinh nhu sau:
A®B = (AUB)\ (AN B). Xac dinh hiéu ddi xting cta cac tap
A={1,2,4,57}vaB={234,5,6}.

> 1.4. Mot phép toan e duoc goi la dbi ximg néu A e B = Be A. Phép
todn nao sau day la doi xung: AUB,ANB,A\B,B\ A,A® B?
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8 Chuong 1. S6 hoc va thudt todn

1.1.2. Tap hop sb

Céc con sb 1a co sd cho tat ca céac loai tinh toan toan hoc, ciing
nhu cac thuat toan la co sd ctia tin hoc may tinh. Theo trinh tu thoi
gian (ban dau chi c6 3 "s6" dugc dung dé dém: mot, hai va nhiéu),
chung duge coi 1a hinh thitc dau tién cta tu duy triru tugng va
nhiéu nguoi coi chiing nhu mot thi gi d6 ky diéu va dic biét.

Céc con sb c6 lién quan dén hau hét moi thuat toan va chuong
trinh. D6 1a ly do tai sao cac van dé lién quan dén viéc trinh bay, luu
trir va st dung mady tinh cta ho la v cung quan trong.

Dinh nghia 1.8. Tap hop cac sd tu nhién (ching ta sé ky hiéu 1a IN)
chira cac s6 ma ching ta dém duoc: 0,1,2,3, ...

C6 tranh cai vé viéc s6 0 c6 nén dugc coi la mot sb ty nhién hay
khong. N6 triru tugng hon cac s6 ty nhién khéac va bi thiéu trong
nhiéu hé th6ng s cti: vidu, trong hé théng s6 La M3, viéc biéu dién
cac sO bat dau béng mot. Mat khac, trong toan hoc rai rac, viéc gidi
thiéu IN thuong duoc thuc hién tir dau. Diéu nay 1a do khi lam viéc
véi cac tap hgp n phan tt, thuong phai dua tap hgp rong vao dinh
nghia.

Dinh nghia 1.9. Dinh nghia 1.9. Tap hop cac sé nguyén Z bao gom:
vy —3,—2,—1 (56 nguyén am), 0 (56 khong), 1,2,3, ... (56 nguyén
duong).

Trong b nhd mady tinh, ching duge biéu dién dudi dang
mot chubi cac bit - ma chuyén tiép, ma nguoc hodc ma bd sung
[Shishkov-1995]. Ngay nay, ma bd sung thuong duoc sit dung nhiéu
nhét, vi né dé dang thu gon vao phép cong, thuan tién cho viéc thuc
hién trén may tinh.

Cac trinh bién dich khac nhau cta cac loai C va pham vi dinh
nghia cta ching c6 thé khac nhau. ANSIC (American National
Standards Institute [ANSIC]) khong xac dinh cac pham vi cu thé
(Bang 1.1 1am vi du cho thy cac pham vi cho Borland C cho DOS),
ma chi xac dinh cac mbi quan hé, vi du:

| short| <lint!| < |long|
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1.1. Khai niém toan hoc va thudt toan 9

Theo mac dinh, kich thudc ctia int la mot tir may (diéu nay giai
thich tai sao loai DOS la 2 byte va loai Windows la 4).

Mot cach chuan dé nhan gid tri 1én nhat ctia mot loai, chang han
nhu unsigned, 1a dya trén biéu dién bén trong ctia cac sO trong ma
b6 sung: (unsigned)(-1)

Loai Gia tri Kich thudc

char —128,...,127 8 bit c6 dau
unsigned char 0,...,255 8 bit khong dau
short int —32768, ...,32767 16 bit c6 dau

int —32768, ...,32767 16 bit c6 dau
long int —2147483648, . .., 2147483647 | 32 bit c6 dau
unsigned short int 0,...,65535 16 bit khong dau
unsigned long int 0,...,4294967295 32 bit khong dau

Bang 1.1. Céc kiéu s6 nguyén trong Borland C danh cho DOS.

O cot gitta ctia Bang 1.1. pham vi gia tri ¢6 thé chip nhan mot
bién ctia kiéu tuong tng duge dua ra. Méi kiéu duge dac trung boi
mot s6 nguyén toi da va toi thiéu ma né c6 thé luu trir. Bat ky phép
gan nao vuogt qué gia tri toi da (hodc toi thiéu) cta kiéu duge goi
1a tran va c6 thé dan dén két qua thadm hai cho tirng thuét toan va
chuong trinh.

DPinh nghia 1.10. So hifu t 1a nhiing s6 thudc loai g, trong do p va

g 1a cac s6 nguyén va g la s6 duong. Tap hop céc s6 hiru i duge ki
hiéu la Q.
DPinh nghia 1.11. S thuc la nhiing s6 c6 thé viét dudi dang:
x=n-+0,dydyds...,

véi 1 1a mot s6 nguyén va d; 1a cac chit s6 thap phan tir 0 dén 9.

Cac s6 0,d1dad; . .. duge goi la sO thap phan. Trinh bay ¢ dang
trén c6 nghia 1a bat dang thic

dl dZ dk dz dk 1

dq
T BT T, S VP T I T, S
T Ty I T T BTy R T R T
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10 Chuong 1. S6 hoc va thudt todn

voimoik € N,k > 0.

Luu y rang day chi s d; c6 thé 1a vo han. Diéu nay c6 thé xay
ra d6i voi ca s6 hitu ti va s6 vo ti (tic 1a s6 khong hiru t). Vi dy, sb
1/3 =0,333333.....0 day s6 3 dugc lap lai v6 han va dugc goi la chu
ky ctia phan s0. Viét thém 1/3 = 0, (3) va doc "khong nguyén va ba
trong khoang thoi gian". Dau chdm c6 thé dai hon mot chi s6, vi du
1/7 =0, (142857).

Vi du vé mot s6 thuc vo ty va khong tuan hoan, tic 1a khong
duoc biéu dién chinh xac duéi dang p/q(p,q9 € N,gq > 0), 1a ty s6
gitta chu vi hinh tron v6i dudng kinh ctia né - hang sb 7:

T =3,141592653.. ..

Gibng nhu bét ky sb thuc nao, 7 c6 thé duge tinh gan ding bang
mot s6 hitu ti - vi du 355/113, sé xac dinh né véi do chinh xac sau
dau thap phan, nhung sau mot s6 chit s6 nhat dinh (dbi véi vi du
da chon, n6 1a 6 chit s6 sau dau dau thap phan) do chinh xac nay bi
mat. Mot gid tri gan dung hiru ich khac 1a 22/7.

Trong bd nhd mdy tinh, sb thuc vé mat ly thuyét c6 thé duge biéu
dién theo ba cach: c6 dinh, tu nhién va dau phdy dong [Shishkov-
1995]. Trong thuc té, s6 ddu phay dong dugc stit dung phd bién nhat
theo tiéu chuan IEEE ((Institute of Electrical & Electronics Engi-
neers). Cac nhén xét tuong tu cing ap dung cho cac kiéu thuc ciing
nhu kiéu s6 nguyén. Trong Bang 1.2. pham vi cia cac loai thuc té
trong Borland C cho DOS dugc hién thi

Loai Gia tri Kich thuéc
float 3,4.10-38, ..., 3,4.10 38 32 bit
double 1,7.10-308, ..., 1,7.10 308 | 64 bit
long double | 3,4.10 -4932, ..., 1,1.10 4932 | 80 bit

Bang 1.2. Céc kiéu sb th trong Borland C.

Khi 1am viéc vdi s6 thuc, phai can than dé tranh hién tugng tran
va mat do chinh xac sau dau thap phan (underflow): Khi biéu dién
véi mot sb bit cd dinh, d6 chinh xac bi mat khi lam tron (két qua
1a ching ta chi c6 thé st dung mot s6 lugng bit gidi han). Khi biéu
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1.1. Khai niém toan hoc va thudt toan 11

dién mot sd thuc dudi dang phan sb hitu t, dd chinh xac bi mat di
so vdi tinh gan ding trong biéu dién: 1/3 1a phéan sb thap phan vo
han tuan hoan va khong thé biéu dién chinh xac bang mot sb thuc
htru han.

Do dé, dbi véi méi kiéu dix liéu biéu dién mot sé thuec, ton tai sd
€ nho nhat (e > 0) sao cho bat ky s6 nao (hodc két qua ciia mot phép
tinh s6 hoc) nhoé hon € vé gid tri tuyét doi dugc lam tron thanh 0.

Bai tap

> 1.5. Ch minh rang rang cac sb thuc c6 thé dugc biéu dién dudi
dang s6 ddu phay dong thuc tiéu chudn trén thyc té 1a mot tap con
httu han ctia céc s6 hiru t.

1.1.3. Phép chia hét va chia c6 du

Goi m va n 1a cac s6 nguyén, m # 0. Khi d6 ton tai cac s6 nguyén
gvar (0 <r < m)saochon = qg.m+r.S6 q duogc goi la thuong cua
phép chia s6 nguyén n/m, va r dugc goi la phan du. Néu phan du
r cia phép chia s6 nguyén 1a 0, ta néi rang m chia cho n (n 1a bdi
ctia m) va viét m|n. Trong ngoén ngt C, phép chia v6i phan nguyén
va phan du (khi lam viéc v6i s6 nguyén) duoc thyc hién véi sy trg
gitip ctia cac phép toan / va %. Dé tranh "nham 1an", ching ta sé st
dung hai ky hiéu nay trong cac van ban toan hoc:

q=n/m;
r = n%m;

Dinh nghia 1.12. Khi (n — m)%z = 0, ta néi rang n c6 thé so sdnh
Vi m modulo z va viét n = m (mod z).

Phép chia cho thuong va du c6 thé dung dé tim s6 chit s6 cta
s tu nhién n. Thuat todn nhu sau: Chia lién tiép (néu c6 thé) mot
s6 nguyén n cho 10. R6 rang, vdi mdi phép chia nhu vay, cac chit s6
ctia n gidm di mot. Nhu vay, s6 chit s6 ctia n duge xac dinh bf?mg sO
phép chia ta thirc hién cho dén khi 7 bang 0

Chuang trinh 1.1. S6 chit s6 (101digits.c)
#include <stdio.h>
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12 Chuong 1. S6 hoc va thudt todn

unsigned m, n = 424267;

int main(void) {
unsigned digits;
m=n;
for (digits =0; n>0; n /=10, digits++);
print£f("So nhung chu so cua %u la %u\n", m, digits);
getchar();
return 0;

Bai tap
> 1.6. Tim thuong va du ctia phép chia m cho n néu (m,n) la:
(7,3),(=7,3),(7,-3),(-7,-3),3,7),(=3,7),(3,—-7), (=3, 7).

> 1.7. Ddi v6i cdc muc tiéu da cho, m va n (m # 0) cd gang ching
minh s ton tai va tinh duy nhat cta biéu diénn = g.m +7r,0 < r <
m, (q,r s6 nguyén). [Siderov-1995]

> 1.8. Dé xut giai thuat tim s6 chit s6 cia mot s6 thue. Nhitng van

dé gi phat sinh?

1.1.4. Tinh téng va tich

Cac s6 ay,ay, . ..,a, dugc cho trudc. Mot trong ba ky hiéu sau
day thuong dugc sit dung nhat dé biéu thi tong ctia ching S =
ar+ay+---+ay:

n
S=)Ya,5= )_ a; hoicc

i=1 1<i<n

C6 thé cho mot ham R(x) tao ra cac gia tri cda i - khi d6 tong
dugce viét dudi dang:
S = Z a;,
i:R(x

)

Ham rut gon sau day ctia trong ngoén ngix C tim tong S, ctia 1 s6
tu nhién dau tién:
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1.1. Khai niém toan hoc va thudt toan 13

Chuong trinh 1.2. Tinh tong cach 1 (102sum1.c)

#include <stdio.h>
unsigned sum(unsigned n)
{ unsignedi, s =0;
for (i =1; i <=n; i++)s +=1i;
returns;
}
int main(void) {
unsigned s;
s=sum(1000);
printf("Tong la %u\n",s);
getchar();
return O;

Tuong tu ta c6 thé tinh téng ma cac phan ti ndm trong mang 7
thanh phan.

Chuong trinh 1.3. Tinh tong cach 2 (103sum1.c)

#include <stdio.h>
int sum(unsigned n)
{ unsigned i;

int a[n];

for (i =0; i <n; i++)alil=1i;
ints =0;

for (i =0; i <n; i++)s +=alil;
returns;

}

int main(void) {
unsigned s;
s=sum(100);
printf("Tong la %u\n",s);
getchar();
return 0;

Trong vi du dau tién, chu ky la du thira - téng c6 thé duge tim
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14 Chuong 1. S6 hoc va thudt todn

truc tiép bang cong thitc cAp s6 cong:

nin-+1
5, = 1)

Trong chuong trinh thi hai - mot cong thic tryc tiép nhu vay
khong thé ton tai, bdi vi cadc phan tir cia mang c6 thé la cac s6
nguyén tuy y.

Truong hop tong 1ong nhau, ta st dung chu ky 16ng nhau

m
Y. ) ajbi=aiby +arby+ - Farby - A anby -+ anby
j=1i=1
=a1(by+-+ +by)+ax(by+--+by)+---+ay(by+ -+ by)
= (a4 +an)(by+ - +bn)
n m
=) a;)_b: (1.1)
=1 =1

1

Cac dau vao nhu vay c6 thé dugc tinh todn bang cach st dung
cac chu ky dau vao:

Chu ky 16ng nhau

unsignedi, j;
int result = 0;
for (j =1; j <=n; j++)
for (i =1; i <=m;i++)
result +=ali] * bljl;

Hai thuoc tinh thu vi khac hop 18 véi s6 tong la:

L) =), ), 4 (12)

i:R(x) j:S(x) 7:S(x) i:R(x)
Z a; + Z a;, = Z a; + Z a;. (1.3)
R(x) S(x) S()[IR(x) 5(x)&&R(x)

O day véi S(x)||R(x) va S(x)&&R(x), chiing ta da biéu thi tuong
ung, lién hop va giao diém ctia cac gia tri dugc tao bdi cac ham S va
R, c6 thé chdp nhan tham sb i va j.
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1.1. Khai niém toan hoc va thudt toan 15

Trong tich cac s6 P = ay.45.a3.....a, ky hiéu toan hoc duoc su

dung la:
n
P:Hai,P = H a;, hoac P = H a;
i=1 1<i<n i=1..n

Mot ham ctia ngdn ngt C dé tim tich cac phan tir ctia mang a],
vGi n phan t, ¢6 thé c6 dang sau:

Tinh tich ctia mét méang s6 trong C.

Chuong trinh 1.4. Tinh tich (104mult.c)

#include <stdio.h>
int mult(unsigned n)
{ unsigned i;

int a[n];
for (i =0; i <n; i++)alil=i+1;
ints =1;
for (i =0; i <n; i++)s =s*alil;
returns;

}
int main() {
unsigned s;
s = mult(13);
printf("Tich la %u\n",s);
getchar();
return (;

Bai tap
> 1.9. Tim ra cong thic tong ctia mot cap sd cong.
> 1.10. Chiing minh cac tinh chat (1.1), (1.2) va (1.3) cta téng.

> 1.11. Cong thitc va chiing minh cho mot tinh chét san phdm tuong
tu nhu (1.1), (1.2) va (1.3).

> 1.12. Str dung cac thudc tinh (1.1), (1.2) va (1.3), kiém tra tinh hgp
1é ctia dang thuc:

Y@+ ), =) ata, 1<n<m

i=1l..n i=n..m i=1..m
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16 Chuong 1. S6 hoc va thudt todn

1.1.5. Tinh liiy thira, logarit va can

Dinh nghia 1.13. Néu x la s6 thuc va y 1a s6 ty nhién thi tung do
dugc xac dinh nhu sau:

Y =xx.....x(ylan)

Khiy <0thix¥ =1/x7Y.
Cac thudc tinh sau la hgp 1€ (x # 0):

= laxy = Va2 = 2 = (x)2

Viéc thuc hién don gian dé tinh xV 1a b??mg cach thuc hién céc phép
nhan lién tiép y:
Chuong trinh 1.5. Tinh Ity thua (105power.c)

#include <stdio.h>
float power(float x, unsigned y)
{ float res = x;
unsigned i;
for (i =1; i <y; i++)res *=x;
return res;
}
int main(void) {
float s;
s=power(3,7);
printf('"Luy thua la %f\n",s);
getchar();
return O;

}

Sau d6 (xem 7.5.) Chung ta sé xem xét mot s6 cach khac, thi vi
hon va hiéu qua hon dé tim xV.

Néu x" = y (n 1a s6 tu nhién, n > 1) thi x dugc goi la cin bac
n cta y va viét x = /7. Phép toan trong d6 gbc thit y ctia y nhan
duoc tir mot y cho trude duge goi la phptnhen. Dbi v6i n = 2, thay
vi can béc hai ctia y, hay noéi cin bic hai hodc chi cin y va viét /7.
Str dung thao tac lay can, viéc ting mot s6 c6 thé duge xac dinh mot
cach hop ly:

q

14
i = xP.

X
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1.1. Khai niém toan hoc va thudt toan 17

Truong hop thi vi nhat 1a khi x va y 1a cac s6 thuc (x > 1). Goiy
dugc biéu dién dudi dang y = d, dydpds... va xét rang budc sau:

i

dy o dp g
W< ¥ < 1

10F 4 —
10k
RO rang, n6 dinh nghia x¥ la mot s6 thuc duy nhét - chung ta co
thé nhan dugc bat ky s chit s6 nao ctia né sau dau thap phan, mién
1a chiing ta da chon mot s6 k du 1on.

d d
xd+%+ﬁ+-~-+

Chiuing ta sé xem xét mot chitc nang quan trong khéc sé can thiét
trong tai liéu sau nay, dac biét la trong phan tich d6 phtc tap cta
mot thuat toan. Phuong trinh y = b* v6i b # 1,b > 0,y > 0co
nghiém duy nhét la x. Nghiém nay dugc goi 1a logarit cila y tai co s
b va dugc ky hiéu 1a log,y. Dudi day la mot so tinh chat ctia ham
logarit (x >0,y >0,b >0,b#1,c>0,c #1):

x = bl°8* = log, b° (1.4)

log, (xy) = log,x + log,y (1.5)

log,x¥ = ylog,x (1.6)
_ log.x

log,x = log b (1.7)

O phan sau cta cuén sach, ching ta thuong sé b qua co s6 ctia
logarit khi n6 1a 2 va chiing ta sé chi don gian la viét logx thay vi
log,x. Chung ta cting sé str dung ky hiéu In x dé biéu thi mot logarit
tu nhién 1a log,x: dua trén sé Hepper e = 2.71828... (xem 1.1.6.).

1.1.6. Bai tap

> 1.13. bé ching minh cdc thudc tinh néu trén ctia muc do, bat dau
tir dinh nghia.

> 1.14. Chiing minh cac tinh chét (1.4), (1.5) va (1.6) ctia ldgarit, bat
dau tir dinh nghia.

1.1.7. Giai thira va hoi qui

Thira s6 ctia n,n € IN (viét n!) La tich ctia cac s tu nhién tir 1

den n:
n

n=12....n=T],

i=1
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18 Chuong 1. S6 hoc va thudt todn

theo dinh nghia 0! = 1.
Trong ngon ngtt C dé tinh n! khong dac biét kho khan:
Chuong trinh 1.6. Giai thura (106factorial.c)

#include <stdio.h>
const unsigned n = 10;
unsigned long factoriel (unsigned n)
{ unsigned i;
unsigned longr =1;
for (i =2; i <=n; i++)r *=1i;
returnr;
}
int main() {
printf("%u! = %lu\n", n, factoriel (n));
return (;

}

Déi véi mot s6 ham toan hoc va day s6, dinh nghia lap lai tuong
ting thuan tién va ro rang hon nhiéu. Diéu nay c6 nghia la xac dinh
ham bang chinh né hodc tinh toan titng phan ti ké tiép ctia chudi
cac gia tri cia ham, st dung cac gia tri cia ham truéc dé. Trong
truong hop ctia chung ta, dinh nghia lap lai ciia mét giai thira trong
gidbng nhu sau:

1, n=2~0
n! =
nn—1)=1 n>0

Tuong tu vdi giai thira cho téng cta 1 s6 tu nhién S, dau tién,
chung ta thu dugc dinh nghia truy hoi:

0, n=20
Sn:
S,_1+n, n>0

Chung ta sé thdy & phan sau (xem 1.2.) Diéu d6 dé tinh toan cho méi
ham toan hoc 1ap lai, mot ham dé quy tuong ting cua C ¢6 thé duge
viét.

Bai tap

> 1.15. Dé xuat cong thirc truy hoi dé nang x thanh ldy thira y(x €
R,y € N).
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1.1. Khai niém toan hoc va thudt toan 19

> 1.16. Dé xuat cong thirc tim wdc s6 chung 16n nhéat cta hai s6 tu
nhién.

1.1.8. Ma tran

Ma trgn la mot bang s6 hinh chit nhat (néi chung la mot bang
hinh chi nhat gom cac d6i tugng ngau nhién).

Céc s6 m va n xéac dinh sd chiéu (m x n) ctia ma tran: tic 1a ching
té rang n6 bao gom m hang va n cot (n > 1,m > 1). Khi m = n ma
tran duoc goi la hinh vuéng. Mbi phan t a;j cua ma tran duoc dac
trung bdi mot chi s6 kép: s6 dau tién trong d6 xac dinh s6 hang va
s6 thit hai - s6 bac thang noi né nam (xem Hinh 1.3.).

oy [Lh ) Ve oy

7] k] o g

A e

Ly iy 2 e

Hinh 1.3. Ma tran m x n

Ma tran dugc sit dung rong rai trong dai s, trong gidi hé
phuong trinh, trong hoat hinh mdy tinh, trong d6 ma tran cé kich
thudc 2 x 2,3 x 3,4 x 4 duge st dung dé dich va quay cac dbi tugng,
dé dat dugc cac hiéu ting d6 hoa khéac nhau (chang han nhu phéi
canh xem trong dia hinh ba chiéu), v.v. Viéc sit dung ma tran trong
cac truong hop nay va cac truong hop khac dan dén cac thuat toan
hiéu qua hon dang ké va do d6, nang suat cao hon [Ayres-1962].

Trong ngdn ngtr C mot bang chi nhat ta c6 thé biéu dién nhu
moét mang

int A[m][n];

Truong hgp tong quat hon ciing c6 thé xay ra khi cac phan tu
clia ma tran la cac ddi tugng tiy ¥ cia mot s6 kiéu struct data dugc
xac dinh trudc, vi du:
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20 Chuong 1. S6 hoc va thudt todn

Loai dit liéu ma tran

struct data {
int a;
int b;

} Alm][n];

Nhap vao va in ra mot ma tran
Phan tir ma tran c6 thé dugce doc/in theo nhiéu cach khac nhau.
Hai don gian nhat 1a ma tran hang hodc cft (Hinh 1.1.1d).

any w2 T ..-Hfr:, i *: i 4]
e
..-"'"_.' IIIII =-f
s SO S af, (o} | ... | &
Ei
7
' !:'
i
L] Wit e .:1I.'. 3 i LLL] g,

Hinh 1.4. Thu thap thong tin cac phan tif ciia ma tran: (a) theo hang
va (b) theo cot.

Nhap dir liéu ma tran

//Nhap theo hang
for (i =0; i <m;i++)
for (j =0; j <n; j++) scanf("%d", &Alillj]);

//Nhap theo cot
for (i =0; i <m;i++)
for (j =0; j <n; j++) scanf("%d", &Aljllil);

/I In theo hang

for (i =0; i <m;i++){
for (j =0; j <n; j++) print£("%.3d", Alillj1);
printf("\n");

Tong hai ma tran
T6ng cua hai ma trdn A« va B« 1a ma tran tha ba C,,«,, sao
cho ¢cjj = a;; + bl-j (vo6ii=1,2,..,m,j=1,2,..,.n), xem Hinh 1.5.
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iy | @iz | .- | @is by by || By ay airt bz | o | @t g

a | an | .. | g Bap | B | o | B agrt by |Gt by | | @t b,
+

Dol | F2 | o | P B | fwa | o | P @at Tt | Gzt Bz | e | et B

Hinh 1.5. Tong cdc ma tran.

Tong hai ma tan

for (i =0; i <m;i++)
for (j =0; j <n; j++)
CLILj 1 = ALILG T + BILEL 1

Tich hai ma tran
Tich ctia hai ma tran A, «, va Byxp la ma tran thua ba Cy; xp ma:
n

cij = Y (aiby), v6imbii =1,2,..,mvaj=1,2,..,p.
k=1

Thuyc hién bén dudi, ap dung truc tiép cong thic tir dinh nghia
va thyc hién phép nhan don gian m.p.n. Néun > m van > p thisb
phép nhan nguyén t6 bi gidi han bai n°.

Tich hai ma tran

for (i =0; i <m;i++)
for j =0; j <p; j++) {
CLllj] =0;
for (k=0;k<n;k++)
Clillj]1 += ALIIKI*BIKILj1;
}

Tich cia ma tran c6 nhiéu ung dung - trong viéc gidi cac hé
phuong trinh, trong thong ké, trong ly thuyét do thi va cdc ung
dung khac. C6 mot phuong phap dé nhan ma tran sd, thuc hién
phép nhan don gian 1'°87 (= n?81), déng thoi thuc hién cac phép
cong bd sung. Phuong phéap dugc goi 1a phuong phdp Strasen d€ nhan
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22 Chuong 1. S6 hoc va thudt todn

nhanh cdc ma tran sé dugc xem xét trong 7.6., Nhu mot minh ching
cta ky thuat chia va tri.

Bai tap
> 1.17. Mot ma tran dugc cho trude unsigned alMAXI[MAX]. Viét mot
ham

void fillMatrix (unsigned a[][MAX], unsigned n),

dién vao cac phan tir cda a[1[] nhu sau:

0/2019|17 |14
110 |18]16 |13
215 |0 |15]12
316 |8 |0 |11
417 19 [10]0

> 1.18. M6t ma tran khong dau duoc dua ra al]MAXIIMAX]. Viét mot
ham hién thi phan tt xoan ¢ ctia nd, vi du véi n = 5, ching ta c6:

1116 (15|14 |13
2117 |24 |23 |12
31181252211
4119202110
5|6 |7 |8 |9

1.1.9. Tim sb chif sb cia mét tich

Bai toan: Cho trudc cac sbd nguyén ai, ay, ..., a,. Tim s6 chit sb cia
tich P = aq.as..... ay.

Pic biét, néua; =i, véii = 1,2,...,n, thi hay tim s6 chit s cua
P=1,2..n=n!

Mot giai phap ro rang la thuc hién phép nhan va sir dung thuat
toan 1.1.1, tim s6 chir s6 cta két qua. Pdi véi vi du da chon, diéu
nay c6 nghia 1a tinh toan n!. Ham n! tuy nhién, n6 dang phat trién
qué nhanh, trong khi s6 chir s6 dang tang cham hon nhiéu. 10! 1a
3628.800, va con s6 ctia n6 chi 1a bay. O tudi 20! két qua vuot qua gia
tri lon nhat cho moét kiéu s6 nguyén trong C.

Chting ta sé 4p dung mot thuat toan hiéu qua hon dua trén méi
quan hé gitta s6 chting ta nhan va s6 chi s6 trong tich két qua:
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1.2. S6 nguyén té 23

S6 chit s6 ctia P bang [1+ Y ; log,4;], trong d6 [x] biéu thi sb
nguyén 16n nhat nho hon hodc bang x.

Dé giai thich tinh hgp 1é ctia cong thic trén, ching ta sé chd y
dén thyc té 1a sb chit s6 cia mdi s6 nguyén P bang [1 + log,,(P)],
cing nhu tinh chat ctia ham logarit:

logP = log(ay.a3....a,) = logaj + logay, + ... + logay,.

Sau day la thuc hién trén ngon ngtt C dé tim cac chi s6 ctia 7!

Chuang trinh 1.7. S6 chit s6 ctia tich (110digitsnf.c)

#include <stdio.h>
#include <math.h>
const unsigned long n = 123;

int main(void)
{ float digits = 0;
unsigned i;
for (i =1; i <=n; i++){
digits +=1o0g10(i);
}
/156 [x] dua ra sb nguyén dai
print£(""So chu so cua %Iu! la %lu\n", n,
(unsigned long) digits + 1);
getchar();
return 0;

}

Bai tap

> 1.19. Ching minh rang v6i moi s6 ty nhién P ¢6 sb chit s thap
phan ctia n6 bang [1 + log,,(P)].

1.2. SO nguyén to

S6 nguyeén t6 da dugc xem xét trong toan hoc tir thoi ¢6 dai va
gan lién v6i nhiéu van dé thd vi vuot xa bién gidi cia né. Trong
khoa hoc may tinh, ching duoc str dung trong ma hoa, luu trit, v.v.
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24 Chuong 1. S6 hoc va thudt todn

Dinh nghia 1.14. Mot sb ty nhién dugc goi 1a don gian néu khong
c6 udc nao khac ngoai 1 va chinh no, va s6 1 khong dugc coi 1a s6
nguyeén t6. Néu n6 khong don gidn, né duoc goi la hgp chat.

Day s6 nguyén t6 bat dau nhu sau:
2,3,5,7,11,13,17,19,23,29,31,37, ...

Ngudi ta da ching minh (Euclid - 300 TCN) rang cac s6 nguyeén to
1a vo sb.

Nhu da dé cap, mot trong nhitng ting dung ctia s6 nguyén t6 la
ma hoéa dit liéu dugc truyén qua mang "khong an toan" (vi du: cac
giao dich tai chinh trén Internet). Mot s6 thuat toan dé ma hoa thong
tin dugc truyén (vi du RSA [RSA-78]) str dung tich cac s6 nguyén t6
16n. DE “pha vo” kénh truyen tai thong tin nhu vay, ban than cac
s0 nguyén t6 phai dugc biét dén chir khong chi la tich ctia chung.
Néu nhin vao s6 55, ching ta c6 thé doan ngay né phan hiy nhu
thé nao - 1a tich ctia 5 va 11. Dbi véi sb 4853, chiing ta sé khé nhé
lai cac ude s6 don gian ctia né (211 va 23), nhung ching ta c6 thé
bién dich mot chuong trinh. ma tim thy chting. Nhiéu s6 nguyén
t0 16n hién dugc biét dén - vi du: néu chiing ta nhan hai s6 nguyén
t6 ngau nhién c6 100 chit s6 va chi c6 tich két qua, thi viéc khoéi phuc
cac s bang bat ky thuat toan nao sé mat mot thoi gian dai khong
thé chap nhan dugc (vi du: ghp nhiéu 1an so véi yéu cau hoan thanh
giao dich ngan hang).

Khi chiing ta xem xét s lugng cac s6 nguyén t6, mot s6 cau hoi
nay sinh:

* C6 bao nhiéu sb nguyeén t6 trong khoang [4, b] cho trudc?

* Phan vo cuc la s6 nguyén t6?

* C6 cong thic tim s6 nguyén t6 thit n khong?

Néu ta ki hiéu 7(x) voi tht ca cac s6 nguyén t6 khong vuot qua
mot s6 ti nhién x thi viéc tim cong thirc tinh 77(x) chinh xac sé tra
1oi dugc ba cau hdi trén. That khong may, mot cong thirc nhu vay
van chua ton tai (va khong chac sé dugc tim thay - xem 6.2.), Nhung
c6 nhitng cong thitc dé tinh gan dung 77(x), chang han (hay nhé lai
rang In x = log,x):
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Dinh 1y 1.1 (cho s6 nguyén td). 7(x) , trong do a la hing

o x
~ In(x —a)
s6 duong tiy v, nhé hon x. (Gid tri gan diing nhat dat duoclaa = 1.)

Hé qua 1.1. Sb nguyén to thir n xdp xi [n.In(n)]. Mot xdp xi tt hon dat
duoc voi [n[(In(n) + In(lnn — 1))].
? s A ~ A A N A 2 1

Hé qua 1.2. Xdc suadt dé mot so x la xap xi Iy

Trudc khi chuyén sang cac thuat todn dé kiém tra xem mot s6 c6
phai 1a s6 nguyén t6 hay khong, ching ta sé dé cap dén mot s tinh
chat va dinh ly thu vi hon cho cac s6 nguyén t6 [SS nguyén t6-1] [S6
nguyén t6-2]:

Gia thuyét cia Goldbach

1. Moi s6 nguyén n > 2 déu c6 thé duge biéu dién dudi dang
tong ctia hai s6 nguyén to.

2. Moi s6 nguyén n > 17 déu c6 thé dugc biéu dién dudi dang
téng ctia ba s6 nguyén t6 khac nhau.

3. Méi s6 nguyén c6 thé dugc biéu dién dudi dang tong cua tdi
da sau s6 nguyeén to.

4. Moi s6 nguyén 1& n > 5 déu c6 thé dugc biéu dién dudi dang
tong ctia ba s6 nguyeén to.

5. Méi s6 chan c6 thé dugce biéu dién dudi dang hiéu ctia hai s6
nguyén to.

Dinh 1y 1.2. C6 v6 s6 s rat nguyén to logi n> + m? va n® + m? + 1.
Gia thuyét. C6 vo s6 s6 nguyén t6 dang n? + 1.
Dinh ly 1.3 (Operman). Ludn [uén cé mot s6 nguyén to giita n> va (n +

1)

Bai tap

>1.20. 1. Tai sao viéc tim mot cong thuc chinh xac cho 7r(x) sé
trd 10i dugc ca ba cau héi vé sb nguyén t6 da lap & trén?
2. Viét chuong trinh kiém tra cac gid thuyét ctia Goldbach.
3. Viét chuong trinh kiém tra dinh ly Operman.
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26 Chuong 1. S6 hoc va thudt todn

1.2.1. Kiém tra mot sb6 c6 phai 13 s6 nguyén t6

Mot thuat toan hién nhién, hé qua tryc tiép ctia dinh nghia, 1a
nhu sau: chiing ta kiém tra xem mdi s trong khoang [2, g - 1] co
chia hét cho p hay khong va néu chuing ta tim thdy mot thi theo dé6
p la hop sb.

C6 mot 56 "cong thuc" dé kiém tra xem mot s6 ¢6 don gian hay
khong, nhung trong thuc té, chting khong thé 4p dung dugc, vi viéc
trién khai chting doi ho6i nhiéu tai nguyén tinh toan hon so véi thuat
todn vira mo ta. Mot vi du la sau day
Dinh ly 1.4 (Wilson). Sé p la s6 nguyén t6 néu va chi khi (p —1)! = —1
(mod p).

N6 phai tinh todn (p — 1)!, khé thuc hién hon nhiéu va doi hoi
nhiéu phép tinh hon so véi viéc thuc hién g — 1 phép chia trong
thuat toan trén.

Dé dang thay rang khong can thiét phai kiém tra tat ca cac s6 c6
dén g — 1: chi can kiém tra chia hét cho dén ,/p (bao gom) la du.
Diéu nay la do bat cit khi nao p 6 mot uée s6 x, x > /p, thi p duoc
biéu dién dudi dang p = x.y,y < /P, tic la con mot s6 chia nho
hon ,/p. Sau day la cach trién khai thuét todn nay:

Chuang trinh 1.8. S6 chit s6 (111prime.c)

#include <stdio.h>
#include <math.h>

const unsigned n = 23;

// Tra lai 1 thi $n$ la nguyén t6; 0 thi $n$ la hop sd
char isPrime(unsigned n)
{ unsignedi=2;
if (n ==2) return 1;
while (i <=sqrt(n)) {
if (n % i ==0) return (;
i++;
}

return 1;
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}

int main(void) {
if (isPrime(n))
print£("So %u la nguyen to.\n", n);
else
print£("So %ula hop so.\n", n);
}

Chung ta c6 thé md rong két qua cudi cung: dé tim rang p la
s6 nguyén t6, n6 di dé dam bao rang né khong chia hét cho bat
ky s6 nguyén to nao khac trong khoang [2,,/p] (Ching ta d€ lai
nhu mot bai tap cho ban doc dé chitng minh rang két luan sau la
dung). Vi vay, néu ching ta c6 k s6 nguyén t6 dau tién (ky hiéu la
P, véii=1,2,..,k), ching ta sé c6 thé kiém tra xem c6 s6 nao trong
khoang [2, (P)?] Thi don gidn. Trién khai trong ngon ngit C nhu
sau:

Chuang trinh 1.9. Kiém tra s6 nguyén t6 (112preproc.c)

#include <stdio.h>
const unsigned n = 25;
/1S6 lugng sb nguyeén t6 ma ta can phai tinh
#define K 25
unsigned prime[K] = {

2,3,5,7,11, 13,17, 19, 23, 29, 31, 37, 41, 43,

47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97};

// Kiém tra c6 phai ching la s nguyén tb
/Ibang cach kiém tra c6 wdc sb trong danh sach primel]
char checkprime(unsigned n)
{ unsignedi=0;
while (i <K && primeli] * primel[i] <=n) {
if (n % primel[i] == 0) return 0;
i++;
}
return 1;

}

int main(void)
{ if (checkprime(n))
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print£f("So %u la so nguyen to. \n", n);
else

print£f("So %u la hop so. \n", n);
return O;

}

Bai tap

> 1.21. Viét chuong trinh kiém tra xem mot s6 c6 phai 1a s6 nguyén
t6 hay khong, sit dung dinh ly Wilson. C6 can thiét phai tinh (p —
1)!, v6i dieu kién chung ta chi quan tdm dén modulo p phan du ctia
no khong?

> 1.22. Dé chiing minh rang dé chiing minh rang p 1a sb nguyén t6,
chi can biét chac chan rang n6é khong chia hét cho bat ky sb nguyén
t6 nao khac trong khoang [2, ,/p].

1.2.2. Sang Eratosten. Tim sb nguyén tb trong khoang

Bai toan: Tim tt ca cac s6 nguyén t6 nho hon hodc bang mot sb
ty nhién n. Mot cach tiép can ro rang dé gidi quyét van dé la kiém
tra xem c6 s6 ti nhién nao nhé hon 7 1a don gian hay khong. Do do,
n lan kiém tra duoc thuc hién, va déi véi méi sb k, toi da k s6 lan
kiém tra tinh chia hét sé dugc yéu cau.

V6i diéu kién c6 dda by nhg, ching ta c6 thé 4p dung mot phuong
phap nhanh hon dé tim cac s6 nguyén t6 trong mot khoang goi la
sang Eratosthenes. Phuong phap nay dugc dat theo tén ciia nguoi tao
ra no - Eratosthenes of Siren (275-195 trudc Cong nguyén) - nguoi
dau tién dy doan dudng kinh chinh xac ctia Tréi dat. Ong cling dugc
biét dén la ngudi da lam viéc tai Thu vién Alexandria trong nhiéu
nam.

Nhu tén cho thdy, "sang" 1a mot phuong phap 1ap trinh loai trir
tat cd cac phan tr cia mot tap hgp hiru han ma chung ta khéong
quan tam [Rakhnev, Garov, Gavrilov-1995] [Reingold, Nivergelt,
Deo-1980]. N6 ¢6 thé dugc minh hoa bang mét cai ray loc spaghetti
- nudc ma ching ta mudn "téng khit" hét di va spaghetti van con.
Theo cach tuong tu, sang loc ctia Eratosthenes "ép" cac s6 tong hop,
khién ching trd nén don gian.
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Thy =

Hinh 1.6. Eratosthenes va ludi ctia minh

Trong truong hop nay, y tudng ctia cach tiép can nay xult phat
tir doan trude: mot s6 1a don gidn néu khong c6 ude sb nguyén to
nao khéc (ngoai trir chinh no).

Lu6i cua Eratosthenes:

Chting ta viét cac s6 tir 2 dén n lién tiép:
2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,...,n

Chung ta tim théy s6 dau tién chua duge danh dau va chua duogc
dénh dau - d¢6 1a 2. Ching ta danh dau né, sau dé gach bé méi s6
tha hai sau no:

(2)/ 3/ 4/ 5/ 6/ 7/ 8/ 9//1/0// 11//1&/1 13/M/ 151/1/6/ 17/ -

Tiép theo, chuing ta tim lai s6 dau tién chua dugc danh dau va chua
dugc danh dau: day la s6 3. Ching ta danh dau né va gach bo tt ca
céc s0 trong day, boi sb ctia 3:

(2),(3),4,5,6,7,8,9,10,11,12,13,14,15,16,17,...,n

Sau d6, da dén liic cho s6 5 — chiing ta danh dau né va gach bé cw
sau mdi ngay 5:

(2),(3),4,(5),6,7,8,9,10,11,17,13,14,15,16,17, ... ,n

Do do, tat ca cac s6 tong hop déu dugce "sang loc" va chung ta ludn
chac chan rang so i toi thiéu chua dugc danh dau va chua duoc
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déanh dau la don gian. Qua trinh tiép tuc cho dén khi khong c6 sb
nao bi gach chéo hodc khong cé dau - khi d6 tat ca cac s6 dugc danh
dau 1a s6 nguyeén t6 va tat ca cac so bi gach bo déu 1a hop s6. Dudi
day la so do chi tiét hon dé thuc hién sang loc bang phuong phap
sang Eratosthenes:
Thuat toan sang Eratosthenes
1. Khdi tao mang sieve[] v6i cac s6 khong. Sau nay, khi gach bd
mot s6, ching ta sé viét 1 § vi tri twong ing trong mang i.
Chung ta khdi tao i = 2.
2. Chung ta ting i cho dén khi sieve[i] trd thanh 0. Khi d6 sd i la
don gian va chung ta in ra.
3. Danh dau bang 1 tat cd cac gid tri sievelk], cho k =
i,2i,3i,...,(n/1).i (tic 1a tt ca cac boi sb cta i gia tri).
4. Néui < n thi chung ta quay lai budc 2, nguoc lai thi két thuc.

Chuong trinh 1.10. Danh sach s6 nguyén t6 (113sieve.c)

#include <stdio.h>
#define MAXN 30000
const unsigned n = 200;
char sieve[ MAXN];
//Tim va in ra sb nguyén t6 dén $n$
void eratosten(unsigned n)
{ unsignedj, i =2;
while (i <=n) {
if (sieveli] ==0) {
printf("%5u", i);
j =1;
while (j <=n) {
sieve[j] =1;
j +=1;
}
}
i++;
}
}

int main(void) {
unsigned i;
for (i =0; i <n; i++)sieveli] =0;
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eratosten(n);
return (;

}

Két qud thuc hién chuong trinh:

2 3 5 7 11 13 17 19 23 29 31 37 41 43 47
53 59 61 67 71 73 79 83 89 97 101 103 107 109
113 127 131 137 139 149 151 157 163 167 173 179
181 191 193 197 199

Ngoai ra con ¢6 mot thuat todn tham chi con hiéu qua hon dé
tim kiém tit cd cac sb nguyén to trong mot khoang thoi gian. N6
khong yéu cau bd nhé (mang sieve[N]) véi kich thude ctia khoang,
cing nhu khong can thiét phai thu thap di liéu toan bo khoang &
moi bude.

Trong viéc trién khai preproc.c tir doan trudc, chung ta da nhap
trudc mang so prime[], chia k s6 nguyén t6 dau tién va vdi sy trg
gitip ctia n6, ching ta da kiém tra xem mot s6 trong khoang [2, (P, )?]
c6 sb nguyeén to.

Bay gio chiing ta sé ap dung lugc do da sira d6i sau: ching ta sé
bat dau véi mot danh sach trdng, ma ching ta sé dién tuan tu. Vi
du, dit né vao sb nguyén to dau tién 2, ching ta c6 thé tim thay tat
c& cac s6 nguyeén tb trong khoang [3,22] - chang han nhu 3 va chiing
ta thém n6 vao danh sach. Hon nita, da c6 cac s6 nguyén t6 dén 3,
chung ta c6 thé tim thay tat ca cac s6 nguyén t6 trong pham vi [4, 3?]
- day la 5 va 7, chiing ta cling thém vao danh sach. Chting ta tiép tuc
qua trinh nay cho dén khi cac sb nguyén t6 dugc thém vao primel|]
dé kiém tra xem méi s6 trong khoadng [2, 1] c6 phai la sb nguyén t6
hay khong. Sau day 1a mot vi du trién khai:

Kiém tra mot sb nguyén t6 c6 nam trong khoang [2, n] khong?

Chuong trinh 1.11. S6 nguyén t6 trong mot khoang (114proc.c)

#include <stdio.h>

#define MAXN 10000

//Tim s6 nguyén t6 dén $n$
const unsigned n = 500;
unsigned primes[MAXN], pN = 0;
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char isPrime(unsigned n)
{ unsignedi=0;
while (i < pN && primes|i] * primes[i] <=n) {
if (n % primes|i] == 0) return 0;
i++;
}

return1;

}

void findPrimes(unsigned n)
{ unsignedi=2;
while (i <n) {
if (isPrime(i)) {
primes[pN] =1i;
pN++;
print£("%5u", i);
}
i++4;
}
}

int main(void) {
findPrimes(n);
printf('"\n");
return 0;

}

Trong truong hgp ching ta dang tim n s ‘nguyén to dau tién,
phuong phap sang Eratosthenes cho két qua rat tot. Tuy nhién, khi
tim cac s6 nguyén t6 trong khoang [a,b] cho a(a >> 1) da 16n, t6t
hon nén stt dung moét thuat toan khac - mot phién ban cai tién cta
tha nghiém ngay lap tuec.

Ba s nguyén t6 dau tién 1a 2, 3 va 5. Do d6, bat ky s6 tu nhién
nao cting c6 thé dugc biéu dién dudi dang:

n=230.g+r,r€[0.29] hoacr € [0,+1, £2,..., +14,15].
30.0 = 2.35.9

Khi d6 trong s6 30 s6 lién tiép, chi c6 8 s6 ¢ thé 1a s6 nguyén o,
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titc 1a chung ta chi can kiém tra 4k /15 s6, cu thé la:

30.9+£1,30.g +7,30.g £ 11,30. + 13

Phuong phap dugc dé xuat dan dén ting toc ghp doi so véi
phuong phap xac minh truc tiép tit ca cac con s6 trong khoang thai
gian xac dinh.

Bai tap

> 1.23. Thuat toan c6 thé dugc cai thién: & bude 3) tim kiém bat dau
tir k = i?, trong khi tdng dan vdi gid tri i dugc gitt nguyén. Ching
minh cho két qua nay va stra d6i viéc trién khai cho phu hgp. So
sanh vdi ban goc.

> 1.24. D& ching minh thuat todn sang.

> 1.25. Dé cai thién thuat toan tim kiém cac sb nguyén td trong mot
khoang, vi muc dich nay, 4 s6 nguyén t6 dau tién dugc xem xét.

1.2.3. Phan tich mét sb thanh tich thira sb nguyén tb

DPinh ly 1.5 (Pinh Iy co ban cta sb hoc). Moi sé tu nhién P(P >
1) déu cd thé duoc biéu dién (thira so6) mot cich duy nhat dudi dang
Pl'.PP.....Pl", trong d6 P, < P, < ... < P, va P la cdc s6 nguyén
to va q; la cdc s6 nguyén duong. [Siderov-1995].

Duéi day 1a mot s6 vi du:

520 = 2351131
64 = 2°
2345 = 5171 67!

Thuat toan dé c6 duoc sy phan ra nhu vay can thiét cho mot sd
tac vu tinh toan (vi du: Thuéat toan 2 cua 1.1.5.) La nhu sau:

Hay phan tich s6 P.

1) Tadati = 2.

2) Ta dat k = 0. Trong khi P chia hét cho i, ta thuc hién phép chia
va tang k lén mot. Chung ta chuyén sang 3).
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3) Néu k > 0, thi ta thu dugc s6 hang tiép theo ctia phan thuc -
dé 1a i*. Chuyén sang 4)

4) Néu P > 1, ta tdng i 1én mot va trd vé 2).

Chung ta dé né cho ngudi doc dé chitng minh rang thuat toan
dang hoat dong binh thuong. Sau day la nhan thic day du cia C:

Chuong trinh 1.12. Phan tich s6 thanh tich thita s6 nguyén t6
(115numdev.c)

#include <stdio.h>
//S6 dé phan tich ra thtra s6
unsigned n = 435;

int main(void) {
unsigned how, i, j;
printf("%u =", n);

i=1;
while (n !=1) {
i++;
how =0;
while ((n %1i) ==0) {
how++;
n=n/ i;

}

for (j =0; j <how;j++)printf("%u",i);
}
printf("\n");
return (;

}

Bai tap

> 1.26. Ching minh thuat toan dugc dé xuat dé phan tich nhan t.

1.2.4. Tim so0 lugng s6 khong trong két qua phép nhan
Bai toan: Cho trudc mot so sd nguyeén ay, ay, ..., 4. Ching ta tim
sO luong cac ) khong ma tai do tich P = ay.as.....a,.

Nhu trong 1.1.2, phép nhan 1a khong mong mudn va khong phai
ldc nao ciing dan dén két qua mong mudn. DE giai quyét van de,
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chuing ta sé chu y dén thyc té sau: Cac s6 duy nhat c6 tich két thiic
bang 01a 2 va 5, hodc tich ctia boi s6 ctia 2 véi bdi s6 ctia 5.
Thuat toan giai quyét van dé ma khong can thyc hién phép nhan
nhu sau:
1. V&i mdi a;(i = 1,2,..,n) ta biéu dién a; dudi dang a; =
2Mi 5Ni b b %2 # 0,b;%5 # 0.
2. Két qua ctia sdn pham sé 1a P = 2xi=1.n Mi 5Li=1.u Ni ¢ (c 1a hang
s0), va sb lugng cac s6 khong & cudi san phadm sé 1a nho nhat
Vi du, déi véi chubi:
25,4,20,11,13,15

sau khi phan hay chung ta sé nhan duoc:
20521,22501,2251.1,205% 11,29.50.13,20 5 3,

ma cho 4 s6 khong. Ta c6 thé kiém tra tinh ding dan ctia két qua
thu dugc mot cach truc tiép: 25.4.20.11.13.15 = 4290000.

Chung ta sé dé viéc trién khai thuat todn vira dugc mo ta nhu
mot bai tap cho ngudi doc. N6 sé 1a mot stra d6i nhd cta thuat toan
da dugc xem xét d€ phan tach sb lugng cac udc sd nguyén to tur
doan trudc.

Chting ta sé két thtic véi mot cong thirc dé tim sd lugng cac s6
khong & cudi n!. S6 nay bang Z,[(ligf’n] [%} . Cong thitec dugc suy ra
nhu mot hé qua cta so do téng quat hon, sau khi tinh xem c6 bao
nhiéu lan céc chir s6 2 va 5 tham gia lam udc ctia 7 s6 tu nhién dau
tién.

Chuang trinh 1.13. Tim s6 0 lam phép nhan (116factzero.c)

#include <stdio.h>
const unsigned n = 10;
int main(void) {
unsigned zeroes =0, p = 5;
while (n >=p) {
zeroes +=n/ p;
p*=5;
}
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print£f("So luong so 0 cua %u! la %u\n", n, zeroes);
return (;

}

Bai tap

> 1.27. D€ chitng minh thuat todn dugce dé xuat dé tim sb lugng cac
s6 khong ma tai d6 phép nhan két thtic.

> 1.28. Dé thyc hién thuat todn dugc dé xuat tim sb lugng cac sd
khong tai d6 thuat toan két thuc.

> 1.29. Bién minh cho cong thitc tim s6 luong cac s6 khong két thuc
bang n!

1.3. SO0 mensen va s6 hoan thién

1.3.1. S mensen

Dinh ly 1.6. Mot s6 nguyén 6 dugc goi la s6 nguyén to Mersenne néu
16 cd thé duoc biéu dién dudi dang 2P — 1, trong do p la sé nguyén to.

Hién tai, 39 gid tri cua p da dugc biét, trong d6 cac s6 2P — 1 1a
Mersenne:

2,3,5,7,13,17, 19, 31, 61, 89, 107, 127, 521, 607, 1279, 2203,
2281, 3217, 4253, 4423, 9689, 9941, 11213, 19937, 21701, 23209, 44497,
86243, 110503, 132049, 216091, 756839, 859433, 1257787, 1398269,
2976221, 3021377, 6972593, 13466917

37 gia tri dau tién cda p sb tuong tng véi liy thira caa 37 s6
Mersenne dau tién. Hai s6 cudi cting 1a ciia Mersen (lan lugt dugc
phat hién vao nam 1999 va 2001), nhung chting khong nhat thiét
phai la s6 38 va 39, vi chiing dugc tim thy bang may tinh ma khong
can kiém tra tat ca cdc s nho hon. cac gid tri cia p. nghia 13, c6 thé
c6 s6 Mersenne nhé hon.

S6 Mersenne tim thay mot s6 ing dung: dé tim kiém céc so hoan
hdo, d€ tim kiém cac s6 nguyén t6 rat 16n va cac ung dung khac.
Chting vira c6 gid tri thuc té vira mang gia tri biéu tugng. Khi sb
nguyén to thi 23 ctia Mersen dugc tim thay vao nam 1963, Truong
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Toan hoc ctia Pai hoc Illinois da rat tu hao vé kham pha ctia minh
dén ndi tat ca cac birc thu duge giri kém theo mot con tem b6 sung
1a 21213 — 11a s6 nguyén t6" (xem Hinh1.7).

|

Ll

21]2]3_!

IS PRIME

- —

AERB PP anABES

I"Hl- VEEE A s R P ...1

i Bl P S R PP A

|

Hinh 1.7. 211213 — 113 s6 nguyén t6

Mot sb s6 nguyén t6 16n nhat duge tim thiy cho dén nay la
Mersenne:

213466917 _ 1 v6i 8107892 chix s (?? s6 nguyén t6 Mersenne thu
39)

260972593 _ 1 vé&i 2098960 chir s6 (?? s6 nguyén t6 Mersenne thu
38)

23021377 _ 1 v6i 909526 chit s6 (sb nguyén t6 Mersenne thi 37)

22976221 _ 1 v4i 895932 chit s6 (s Mersenne thit 36)

21398269 _ 1 v4i 420921 chit s6 (sb Mersenne thit 35)

Viéc cong bd cac giai thudng tién mat 16n 1a mot hién tugng
ngay cang phd bién ddi véi cac két qua khoa hoc hodc thuc nghiém
nghiém tic. Vi dy, ¢6 nhitng dy 4n phd bién trén Internet dé tim
kiém s6 nguyén t6 16n tiép theo (va rat c6 thé no sé la sb nguyeén t6
ctia Mersen - xem bén dudi). Nhiing du an nhu vay dugc tai trg boi
cac t6 chirc nghién ctru néi tiéng, va viéc tham gia vao mot du an
nhu vay gidng nhu mot cude x5 s6: ngurdi may man tring s6 nguyén
t0 thit 38 ctia Mersen thi tring 50.000 USD. Gidi thudng cho nhitng
con s tiép theo bat dau tir 250.000 d6 la [S6 nguyén t6-3].

Mot thuat todn hién nhién dé tim kiém cac sé Mersenne nhu sau:
lién tiép v6i mdi sb nguyeén to p=2,35711,.. ching ta kiém tra
xem M =2 p - 1 c6 don gian khong. Tuy nhién, thuat toan nay cuc ky
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kém hiéu qua va trong thuc té khong cho két qua kha quan, 4p dung
cho sb lugng 16n. Chia khoa dé tim ra cac s6 16n nhu vay la dinh ly
Lucas nam 1870, sau d6 dugc Lehmer stra d6i, va ting dung ctia nd
cling yéu cau mot chuong trinh nhan cac s6 nhanh (mét phuong
phap nhan cac s6 nhu vay duge tim thdy sau nay va dua trén phép
bién d6i Fourier nhanh chong [Guinier -1991]).

Phuong phap Lucas - Lehmer (1930) bao gom cac noi dung sau:

Trinh tu lap lai dugc xac dinh:
E, =4
Ent1 = (En)z -2
Mot sb thanh vién dau tién ctia loat bai nay 1a:
4,14,194,37634, ....

Dinh ly 1.7 (Lucas-Lemer). Sé tu nhién m = 2P — 1 la s6 nguyén to
Mersenne (v6i p 1é) néu va chi khi:

(Ep—1)%(2F —=1) =0
Chting ta cho phép ngudi doc trién khai mot chuong trinh dé
tim mot vai s6 nguyén t6 Mersenne dau tién. Trong doan tiép theo,
chiing ta sé xem xét mot trong nhitng ting dung ctia s6 nguyén t6
Mersenne - dé tim kiém cac s6 hoan hao.
Bai tap

> 1.30. Viét chuong trinh tim n s6 Mersenne dau tién ma khong st
dung dinh ly Lucas-Lemmer.

> 1.31. Viét chuong trinh tim n s6 Mersenne dau tién st dung dinh
ly Lucas-Lemmer. D€ so sanh hiéu qua vdi bai toan trude do.

> 1.32. 2" — 1 c6 thé 1a sb nguyén t6 néu n khong phai la s6 nguyén
t6 khong?

1.3.2. S6 hoan thién

Dinh nghia 1.15. M6t s6 ty nhién n dugce goi la hoan hdo néu né
bang téng cta tat ca cdc udc ctia n6 (ban than n khong dugc coi la
ude).
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3 s0 hoan hao dau tién la:

6=1+2+3,
28=1+2+4+7+14,
496 =1+2+4+4+8+16+ 31+ 62 4 124 + 248.

S6 lugng cac s6 hoan hao tang rat nhanh:
8128, 33550336, 8589869056, . . .

Vi vay, néu chiing ta c6 gang tim kiém chting bang mot thuat toan
truc tiép (lién tiép véi tung n = 1,2,3,... dé kiém tra xem no co
hoan héo hay khéong), chuing ta sé khong thé tim dugc nhiéu hon s6
hoan hao thut 5 cho hop ly. thoi gian tinh toan. Sau day 1a su ho trg
cta ching ta:

Dinh ly 1.8 (Euler). Néu 2P — 1 la s6 nguyén to thi 2P~ (2P — 1) la hoan
hdo.

Theo dinh ly trén, mot chuong trinh tim n s6 hoan hao
dau tién c6 thé dugc bién soan truc tiép: chi can biét lay
thita p; cta n s6 Mersenne dau tién (10 liy thita dau tién la
2,3,5,7,13,17,19,31,61,89). Van de nay sinh bdi vi ngay ca & cac
gia tri nho ctia 71, cac s6 hoan hao dugc yéu cau vugt qua gia tri 1on
nhéat cho phép ddi véi mot kiéu s6 nguyén trong ngon ngit C. Do do,
chiing ta sé khong str dung cac kiéu tiéu chuan, nhung sé thyc hién
cac phép toan can thiét v6i cac s "lon": nhan moét sb véi 2 va ting
mot. Ching ta sé gitr s6 "lon" trong mang mot chiéu number[]: mébi
phan tr ctia n6 dai dién cho mot chit s6 thap phan. Dé thuan tién,
cac chir s6 ctia 56 dugc sap xép theo thit tu ngugc lai trong mang:
chir s6 dau tién duge viét trong number[k-1] (néu s6 c6 k chir sd),
chit s6 thit hai trong number[k-21, v.v. Chit s6 k cubi cting duoc viét
bang number[0]. Thuat todn dé ting mot s6 duge viét bang number]]
nhu sau:

Tang mot don vi

i = 0; number[i]++;
while(10==number[i]){numberl[il=0; number[++il++;}
if (i ==k) k++;
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Vi trong tim kiém céc s6 hoan héo chi thurc hién phép nhan vdi 2
nén két qua sé 1a lay thira ctia cdp sb, tuc 1a chit s6 cubi ciing khong
duogc 1a 9, thi hai dong cudi ciing, bat dau tir dau kiém while (10 ==
number [i]), 1a thura.

Tuong ty, chung ta nhan mot s6 16n vdi hai:

Nhan mot s6 16n véi hai

unsignedi, carry =0, temp;
for (i =0; i <k; i++){
temp = numberl[i] * 2 + carry;
numberl[i] = temp % 10;
carry = temp / 10;

}

if (carry > 0) number[k++] = carry;

Sau day la mot trién khai hoan chinh tim 10 s6 hoan hao dau
tién, v6i liy thira cia mudi s6 nguyén t6 Mersenne dau tién dugc
dat lam hang sd trong mang mPrimes|]

Chuong trinh 1.14. S6 hoan thién (117perfect.c)
#include <stdio.h>
#define MN 10
unsigned mPrimes[MN]={2,3,5,7,13,17,19,31,61,89 };
unsigned k, number[200];

void doubleN(void)
{ unsignedi, carry =0, temp;
for (i =0; i <k; i++){
temp = numberl[i] * 2 + carry;
number[i] = temp % 10;
carry = temp / 10;
}
if (carry > 0) number[k++] = carry;

}

void print(void)

{ unsigned i;
for (i =k; i >0; i--) printf("%u", numberli-1]);
printf("\n");

}
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void perfect(unsigned s, unsigned m)

{ unsignedi;
k =1; number[0] = 1;
for (i =0; i <m;i++)doubleN();/day 1a udc sb c6 dang $2/i$
number|[0]--;//nhtng chi s6 cubi cung chac chan gitta $\{2,4,8,6\1$
for (i =0; i <m-1; i++) doubleN();
printf("So hoan hao thu %2ula=",s);
print(); // In ralin luot cdc sb

}

int main() {
unsigned i;
for (i=1; i<= MN; i++) perfect(i, mPrimes[i-1]);
return 0;

}

Két qua thuc hién chuong trinh:
S6 hoan hdo dau tiénla =6
S6 hoan hao thua 2 1a = 28
S6 hoan héo thi 3 1a = 496
S6 hoan hao thi 4 1a = 8128
S6 hoan hao thu 5 1a = 33550336
S6 hoan hao thi 6 1a = 8589869056
S6 hoan hao tha 7 1a = 137438691328
S6 hoan hao thi 8 1a = 2305843008139952128
S6 hoan hao th 9 1a = 2658455991569831744654692615953842176
S6 hoan hao thit 10 1a = 1915619426082361072947933780843036381309973215481¢
Luu y: RO rang, dinh ly trén chi cho cac s6 hoan hdo chan (thuc
té 1a tht cd cac s6 hoan hao chan). Cau hai vé viéc liéu c6 nhirng
s6 hoan hao 1é van chua dugc tra 15 (c6 16 1a khong). Nguoi ta da
chiing minh rang néu c6 thi chiing phai ¢6 it nhat 300 chit sb va
nhiéu udc.

Bai tap

> 1.33. Ching minh rang téng cac gia tri nghich ddo ctia cac udc
(bao gdm ca 1 va s6 chinh né) cia méi s6 hoan hao 1a 2. Vi duy, véi 6
taco:1/1+1/24+1/3+1/6=2.
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> 1.34. Viét chuong trinh tim tat ca cac s ma téng gid tri nghich dao
ctia cac udc (ké ca 1 va chinh s6 do) 1a 2. Ching c6 hoan hao khong?

1.4. Nhirng hé so da thirc, tam giac Pascal va
giai thura
Dinh nghia 1.16. Cho mot tap hop 7 phan tir da cho. S6 ctia tat ca

cac tap con k phan tir c6 thé cé ctia n6 duoc goi 1a hé s6 nhi thirc va
duoc biéu thi va tinh toan nhu sau:

nmn—1)...(n—k+1)

k _ ~k _
Cn=Cu= k(k—1)...1

(1.8)

Chting ta sé luu y rang cac ky hiéu Ck va Ck khong hoan toan
tuong duong va ky hiéu sau tong quat hon ky hiéu trudc, vi né
thuong cho phép cac gia tri thuc ctia n, noi khong c6 y nghia t6
hop. Tuy nhién, dbi véi muc dich ctia chung ta, cac ky hiéu nay la
tuong duong va chung ta sé st dung ching song song. Néu n 1a s6
tu nhién, ta c6 thé viét (1.8) la:

n!

k _ o~k _
=G = ki(n—k)!"

(1.9)

Chting ta sé luu y rang day chinh xac 1a cong thitc cung cap s6
t6 hop khong lap lai  phan ti ctia 16p k (xem 1.3.3.) Va day khong
phai 14 ngau nhién (Tai sao?).

Hé sb nhi thic ¢ mot sd ting dung, vi du nhu trong khai trién
cta (a+b)", do do6 tén cua chung la:

n . . .

(a+b)" = Co%"° 4 Cla" 1 4 ... 4 C1aOb" = Z Cha"'b'.

i=0

C6 mot s6 thudc tinh va cong thirc lién quan dén hé s6 nhi thic
[Knuth-1/1968]. Chting ta sé xem xét mot s6 trong sb chiing trong
doan nay.

Trong Bang 1.3. cac gia tri ciia CK dugc hién thi, véi0 < k < n <
10.
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n| (Bt [cs]cr s
01 0 010 0 0 0 010 0
1] 1 1 010 0 0 0 0|0 0
211 2 1 0 0 0 0 0 0 0
311 3 3 1 0 0 0 0 0 0
41 1 4 6 4 1 0 0 0 0 0
511 5110110 | 5 1 0 0 0 0
61 6 |15 20| 15 6 1 0 0 0
711 7 121 (135] 35 | 21 7 1 0 0
8|1 8 |28 56| 70 | 56 | 28 | 8 1 0
911 9 |36 |84 126|126 |84 |36 | 9 1

Bang 1.3. Hé s6 da thuc

Mot s6 tinh chat ctia hé s6 nhi thitc trd nén 1o rang néu chiing ta
phan tich Bang 1.3 ky hon, vi du:

Cl=cr=1, (1.10)
ck = crk, (1.11)
Ch=cCk  +cCil (1.12)

Néu chuing ta loai b6 cac phan tir 0 khéi Bang 1.3. & trén ching
ta sé nhan duoc mot tam giac dugc goi la tam gidc Pascal:

n=2~0 1

n=1 1 1

n=2 1 2 1
n=3 1 3 3 1
n=4 1 4 6 4 1

n=>5 1 5 10 10 5 1

Hinh 1.8. Tam giac Pascal

S6 dau tién va sb cubi cung trong mdi hang 1a 1 (theo sau tir
thudc tinh (1.10) va (1.11)), va lay nhau duéi dang t6ng ctia hai s6 &
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trén noé (thudc tinh (1.12)). Do d6, cac hé sb ctia bac n ¢6 thé duoc
tim thiy néu ching ta c6 bac (n — 1). Néu ching ta tim Ck = Ck va
bat dau tir hang dau tién, ching ta c6 thé tim thay tit ca cac hang
cho dén thit n va gia tri & vi tri thit k sé chinh xac 1a CK. Luu y rang
khi tinh toan cac gia tri trong hang i, chung ta chi st dung cac gia
tri cia hang i — 1, chit khong st dung céc gid tri trudce do.

Sau day la cach trién khai tryc tiép trong ngon ngir C: ching ta
sé gitr hang dugc tinh cudi ciing trong méang lastLine[], va cac tham
s6 n va k cho CK bat buoc duge dinh nghia & dau chuong trinh duéi
dang hang sb.

Chuong trinh 1.15. Tam giac Pascal (118pascalt.c)

#include <stdio.h>
// Cd Ién nhat ciia tam gidc
#define MAXN 1000
unsignedn =7;
unsigned k = 3;
unsigned long lastLine[ MAXN + 1];

int main(void) {

unsignedi, j;
lastLine[0] =1;
for (i =1; i <=n; i++){

lastLine[i] =1;

for(j =i-1;j>=1; j--)

lastLine[j] +=lastLine[j - 1];

}
printf("C(%u,%u) = %lu\n", n, k, lastLine[k]);
return 0;

}

Chting ta sé dé xuat mot thuat toan khac dua trén cong thic (1.8)
va trinh bay mot so d6 hiru ich dé gidm cac phan sb hitu H ¢6 ti s6
va mau s6 16n. Néu chung ta thi tinh toan tryc tiép trén (1.9) n! va
k!(n — k)!, trong nhiéu trudng hgp thu dugc két qua trung gian 16n,
trong khi két qua cubi cing khong phai 1a mot s6 1én nhu vay: vi
du, v6in = 100 va k = 2, ching ta sé phai tinh 100! va 2!.98! (cac s6
trén 150 chit s6), va két qua cta C%oo chi la 4950.

Thuit toan 2 dé tim CX (véi thira s6 héa)
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1. Nhu moét vi duy, ching ta s€ xem xét Cg . Chung ta sé biéu dién
tir s6 ctia cong thic (1.8) dudi dang tich cta cac s6, mébi sb
chung ta sé phan tich thanh cdc thira s6 nguyén t6. Bay gio
ching ta c6 thé phan tich toan bo tac pham: déi véi vidu 7! =
1.2.3..7 = 1.2.3.22.5.(2.3).7 = 24325171,

2. Tuong ty, ching ta phan tich mau s6: 3.(7 — 3)! =
123.123.22 =243

o gen s s, 20325170 5171

3. Viet tat tur sO va mau so: TR TR ,

4. Sau khi rut gon ta thuc hién cac phép nhan con lai & tit so va
duoc két qua nhu y: 51.71 = 35.

Viéc thuc hién thuat toan 2 nhu sau.

Chuong trinh 1.16. Tinh hé s6 Newton (119cnk.c)

#include <stdio.h>

#define MAXN 500

unsigned longn =7;

unsigned long k = 3;

unsigned long pN, primes[MAXN], countsIMAXN];

void modify(long int x, int how)
{ unsigned i;
for (i =0; i <pN;i++)
if (x == primeslil) {counts[i] += how; return;}
counts[pN] = how;
primes[pN++] = x;

}

void solve(unsigned long start, unsigned long end, unsigned long
inc)
{ unsigned long prime, mul, how, i, max;
for (i = start; i <=end; i++) {
mul =1i;
prime = 2;
while (mul!=1) {
for (how = 0; mul % prime == 0; mul /= prime, how++);
if (how > 0) modify(prime, inc * how);
prime++;
}
}

Nguyén Hiru Dién https:/ /vietex.blog.fc2.com/



46 Chuong 1. S6 hoc va thudt todn

}

long int calc(void)
{inti, j;
long int result = 1;
for (i =0; i <pN;i++)
for (j =0; j <counts[i]; j++) result *= primes|il;
return result;

}

int main(void) {
printf("C(%lu,%lu)=", n, k);
pN =0;
if(n-k<k)k=n-k;
solve(n - k + 1, n, 1); // phén tich tir s6 (n-k+1),...,.n
solve(1, k, -1);  // phdn tich miu s6 1,...k
printf("%lu\n", calc());
return 0;

}

Mot cach tiép can thuat toan nhu vay (tinh toan thira s0, tuc la
thuc hién cac hanh dong véi cac s6 & dang thita s6 nhan véi thira s6
nguyén t6) dugc dp dung thanh cong khong chi khi tim CK, ma luon
ludn khi thu dugce cac gia tri trung gian 16n & ti s6 va mau s6, trong
khi ban than két qua khong phai la qua tuyét voi.

Luu yj: Trong chuong trinh trén, néu can, ching ta 4p dung cong
thitc "dao ngugc" dit liéu dau vao. Dong thoi, nhitng vét cat r6 rang
dugc thyc hién dau tién va chi sau d6 1a sy phan huy.

Bai tap

> 1.35. Chitng minh cac tinh chat (1.10), (1.11) va (1.12) bang cach st
dung dinh nghia hé s6 ctia nhi thitc. Vi dy, bang ching cta (1.10)
c6 thé duoc thuc hién nhu sau:

> 1.36. Dua ra cac chiing minh t6 hgp ctia cac tinh chat (1.10), (1.11)
va (1.12).

> 1.37. Thuat todn dé xuat 1 (pascalt.c) yéu ciu mot mang lastLine[]
voin—+1 phén ta dé tim C,’; va & cac gia tri cao hon caa n, viéc cép
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phét nhiéu boé nhé nhu vay sé khong thé thuc hién dugc. Co thé sira
déin6 theo cach sau: vong 1p bén trong, 1ap day hang tiép theo cta
tam giac, nén dugc thuc hién khong phai tir 1 dén i, ma tir 1 dén k,
vi doan ctia tam giac khong con quan tim dén chiing ta. Luu y rang
khi k gan véi 1, ching ta c6 thé ap dung tinh chat (1.11) va tim C!' %
thay cho Ck.

1.5. Hé sé dém va su bién d6i hé

N6i chung, chiing ta c6 thé dinh nghia hé théng s6 nhu mot tap
hop cac dau hiéu dd hoa va cac quy tac dé biéu dién céc sb. Trong
cac thdi dai khac nhau ctia sy phat trién lich st ctia nhan loai, nhiéu
hé théng s khac nhau da duge stt dung, phd bién nhat ngay nay
1a hé thong sb A Rap. N6 str dung mot hodc nhiéu ky hiéu do hoa
0,1,2,3,4,5,6,7,8 va 9, dugc goi la sd, dé dai dién cho cac sb tu
nhién. Thé gidi A Rap khdc vdi mudi biéu tuong do hoa duoc de
cap & trén, nhung n6 1a cing mot hé thong s6.). S6 chir s6 dung dé
viét s6 sé dugc goi 1a co s& ctia hé thong. Vi dy, hé thdng chir sd A
Rép 1a hé thap phén (st dung 10 chit s6). Ciing c6 nhitng khai niém
khai quat vé co s6, cho phép né 1a mot s6 thue (médun khac 0 va 1)
tiy y (hodc thadm chi phtic) véi mot dau. Trong truong hop ching
ta c6 p < 0 dbi voi co s6 p ctia hé thong s6, cac sd am sé dugce viét
ma khong str dung dau "-" mot cach ro rang.

Cac hé théng khac dong mot vai tro dic biét trong s6 hoc may
tinh - hé nhi phéan, hé thap luc phan va mot phén la hé bat phan.
Hg thong s6 nhi phan stt dung cdc chir 56 0 va 1 dé viet so. Vi du:
s6 thap phan 1119 s€ gidong nhu 1011(5) (Chung ta sé sit dung dau
ngodc don va mot phong chit nho dé ch1 ra co sd cua hé thong s0). .
Can c6 16 chit sb dé viét s6 trong hé thong sb thap luc phan. Do do,
ngoai cac chit s6 tir 0 dén 9 ctia hé thong sb thap phan, cac chit cai in
hoa A, B,C, D, E va F dugc stt dung, v6i cac gia tri 10,11,12,13,14
va 15, tuong ting. s6 2541y dugc biéu thi la FE ;).

Bang phuong phép phan tich todn hoc, c6 thé chi ra rang hé
théng s6 t6i wu la hé thong c6 co sb e = 2,718281828...(s6 e dinh

1\" . )
nghia nhu a, = (1 + E) vOi n — o0). O day, toi uu co nghia la ty

1é t6t nhét gitra d6 dai ban ghi ctia mot s6 trong hé thong tuong ting
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va s6 chir s6 dugc sit dung bdi hé thong.

Vi s6 e 1a s6 v ty (n6 khong thé dugce biéu dién dudi dang ty s6
ctia hai s6 nguyén), lam viéc vdi hé thong nay 1a khong thuan tién
va theo nghia nay, ching ta c6 thé coi cac hé thdng sb t6i uu dua
trén 3 va 2. Tir quan diém toan hoc, hé théng s6 bac ba 1a thich hgp
hon vi s6 3 gan vdi e hon. Tuy nhién, tir quan diém ky thuat thuan
tiy, hé théng s6 nhi phan dugc vu tién hon. Hé thong sb nhi phan
cuc ky thuan tién cho viéc thuc hién ky thuat - & 0 dién ap la 0V
dugc so sanh va & 1 — 5 V. Hau nhu tat cd cdc mdy tinh hién dai déu
hoat dong trong hé thong s nhi phan. Trudc day & Lién X6 cling da
c6 nhirng may moc hoat dong voi hé s6 dbi xung bac ba, vi du nhu
Setun, dugc tao ra vao nam 1960 tai Moscow, sit dung cac sd6 —1,0
va 1.

Y nghia ctia hé thap luc phan dugc xac dinh béi thuc té rang 16
1a Iiy thira ctia 2(16 = 2%). Can 4 bit (chit s6 nhi phan - 0 va 1) dé
ma héa céc sb6 tir 0 dén 15. Dé tao diéu kién thuan lgi cho qua trinh
xtt ly ctia ching, cdc bit nhi phan nay dugc nhom thanh cac byte -
nhém 8 bit. Dé dang nhan thay rang cac s6 tir 0 dén 255 c6 thé dugce
viét trong mot byte, tic 1a 256 s6 khac nhau. Vi 256 = 162 nén mdi
byte c6 thé dugc biéu dién bang hai chit s6 thap luc phan lién tiép.
Viéc chuyén tir hé nhi phan sang hé thap luc phan rat don gian - )
nhi phan dugc chia tir phai sang trdi thanh cac ti phan (4 bit lién
tiép) va néu can thi bén trai duge bd sung bang cac s6 khong, sau d6
moi tf phan duge chuyén déi riéng ré thanh mot hé thap luc phan
tuong tng chit so.

Chting ta sé minh hoa phuong phap vira dugc mo ta bang cach
chuyén doi s6 10101000110111 5y sang hé thong s6 thap luc phan.
Chting ta chia n6 thanh cdc s6 ghi chép:

10/1010/0011|0111
va thém cac s6 khong vao né:
0010/1010]0011|0111

Bay gid chiing ta ma héa méi s6 ghi chép bang chit s6 thap luc phan
tuong tng cua no va thu dugce 2A37 4).
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Tinh hinh cling twong tu khi chuyén tir hé théng s6 nhi phan
sang hé bat phan, trong truong hop do s6 dugc chia thanh cac bo
ba (ba chit s0 nhi phan lién tiép). Dudi day chting ta sé xem xét mot
phuong phép tong quat hon dé chuyén déi gitra cac hé thong sb.

Luu y rang ban ghi s6 khong thé xac dinh 16 rang né duoc viét
trong hé thong sb nao. Vi duy, déi véi sb 153, chung ta chi c6 thé néi
rang né c6 it nhat 1a 6. Thuc té, dya trén y nghia ctia cac sb 1, 5 va
3, chung ta co thé noi ré“mg s6 d6 duoc viét trong mot hé théng dua
trén it nhat 3, bdi vi Cé 3 chit s6 khac nhau, ¢6 thé duoc hiéula 0, 1
va 2. D€ tranh nhitng hiéu 1am nhu vay, theo thong 1¢, chiing ta chi
dinh trong ngodc sau s6 d6 bang phong chit nhé hon, nhu trén, co
sd ctia hé théng dugc st dung .

Hé théng chir s6 A Rap la vi tri, tuc la gid tri cda cdc chir sO
khong dugc xac dinh chat ché va thay doéi tuy thudc vao vi tri cua
chirsb. Viduy, trong s6 123,563 ¢co gia trila 3, trong khi & s6 34, n6 cod
gid tri 12 30. Ciing c6 cac hé thong s6 khong vi tri (xem 1.1.7.), Trong
dé gid tri cia moi dau hiéu dugc cb dinh nghiém ngat va khong phu
thuoc vao vi tri mu.

N6i chung c6 hai phuong phap dé viét mot sd trong mot hé
thdng sb: kij thudt so va da thirc. Ghi &m ky thuét s6 thuong dugc
uu tién 1a ngén hon. Trong trudng hgp nay, cac chi s6 tuong ung
ctia s6 dugc viét lién ké nhau va gia tri ctia ching ting tir phai sang
trai theo mot cép s6 nhan hinh hoc véi mot phﬁm p, trong do6 p la co
4 ctia hé thong sb dugce st dung. Ky hiéu s6 c6 dang ana,_1...a0(p),
trong d6 a;(1 < i < n) la mot chix s6. Trong mot ban ghi da thic, s6
c6 dang:

A=ayp" +a,_1p" 4 .ayp + ag
Ki hiéu da thitc rat hiru ich khi chuyén tir hé théng s6 nay sang hé
thong s6 khac, nhu ching ta sé thay bén dudi.

Bai tap

> 1.38. Tai sao co s& ctia hé thong s6 phai la médun khac 0 va 1?

> 1.39. D€ trinh bay cac s6 17 va —17 trong mot hé théng s6, hay
dua vao: 2;s8; 16.

> 1.40. D€ trinh bay cac s6 17 va —17 trong mot hé thdng sd, dua
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vao —2; —8; —16.

> 1.41. Khong can thong qua hé thap phan, chuyén déi cac
sd6 nhi phan: 111,110100,1110100101,10010101,10101010101 va
10111110101 sang hé thong s6 thap luc phan.

> 1.42. Khong can thong qua hé thap phan, chuyén cac s6 nhi phan:
11,11001,1010101,111111,1010101000, 10101101000 va 11010111000
thanh mot hé thong sb bat phan.

> 1.43. Ki hiéu da thic cia mét sb trong hé thong sb dbi xing c6
dang nhu thé nao?

> 1.44. Biéu dién cac s6 17 va —17 trong mot hé s6 dbi xitng bac ba.

1.5.1. Chuyén hé co sb 10 sang co sb p

Duya vao cach biéu dién mot s6 & dang da thic, ta c6 thé xay
dung thuat todn chuyén tir hé thap phan sang hé s6 p nhu sau: chia
s6 A cho p theo thuong va du cho dén khi A trg thanh 0, sau dé6
viét nguoc lai s6 du. don dat hang. bién nhan cta ho (Tai sao?). Vi
du, khi chuyén déi s6 29 thanh mot hé théng s6 nhi phan, ching
ta nhan dugc (véi chit in nghiéng dudi mdi phép chia la phan du
tuong ung):

29:2=14:2=7:2=3:2=1:2=0

10111

Ta lay cac s6 du con lai thu dugc theo thi ty ngugce lai ta duoc:

Ham convert () thyc hién chuyén d6i va trd vé két qua la mot
chuoi ky tu:

Ham chuyén déi convert() trong 120base.c

char getChar(char n) /Tra vé ky hiéu tuong tng véi $n$
{ return(n<10) 2 n+'0" : n+ "A” - 10; }

void reverse(char *pch)
{ char *pEnd;
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for (pEnd = pch + strlen(pch) - 1; pch < pEnd; pch++, pEnd--) {
char c = *pch;
*pch = *pEnd;
*pEnd =¢;
!
}

void convert(char *rslt, unsigned long n, unsigned char base)
//Chuyén déi sb nguyén hé thap phan n (n >= 0)
//thanh hé dém c6 co s&
{ char *saveRslt = rslt;
while (n > 0) {
*rslt ++ = getChar((char)(n % base));
n /= base;
}
*rslt ="\0’;
reverse(saveRslt);

}

Néu s6 nho hon 1, lai c6 mét ky hiéu & dang da thirc, trong
trudng hgp do sé thu duge mot da thic bac dm ctia p. Khi chuyén
A sang hé s6 p, moi thit hoan toan nguoc lai véi truong hop cta
mot s6 tu nhién: Ta nhdn A véi p, tach cdc phan nguyén va viét ching
theo thit ty nhan. Vi du: chuyén d6i 0,125 thanh mot hé thong s6
nhi phan trong gidng nhu sau:

0,125,2=0,252=0,52=1,0

Ta duoc 0,125(19) = 0,001 ). O day mot vén dé khac nay sinh - ky
hiéu ctia A trong hé s6 thit p c6 thé 1a mot phan s6 vo han (khong
tuan hoan). Do do, sé la khon ngoan néu gidi thiéu mét s chinh xac
s6 chit s6 t6i da sau dau thap phan. Ham convertLessThan1()chuyén
d6isd A(0 < A < 1) thanh cnt chit s6 gan nhat sau dau thap phan,
b6 qua céc chit sb sau.

Ham chuyén d6i convertLessThan1() trong 120base.c

void convertLessThanl(char *rslt,
double n,
unsigned char base,
unsigned char cnt)
//Chuyén mot s6 0<=n <1 vao hé dém véi co sb
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//khéng 16n hon ent ctia s6 chit s6 sau dau phdy thap phan.
{
while (cnt--) {
//Phai chang ta khong nhan 0?
if (fabs(n) < EPS) break;
/INhan chit sb tiép theo
n *= base;
* rslt ++ = getChar((char)(int)floor(n));
n -= floor(n);
}
*rslt ='\0’;
}

Sau khi thyc hién cac ham chuyén déi riéng biét cho cac truong
hop A > 1va0 < A < 1,n6 van t6 hop ching theo cach ty nhién,
cho phép chuyén déi bat ky s6 thuc nao, ké ca cac sé6 am. Ching ta
nhan dugc ham convertReal()

Ham chuyén déi convertReal() trong 120base.c

void convertReal(char *rslt, double n,unsigned char base, unsigned
char cnt)
//Bién d6i mot sd thuc n thanh hé dém co s6 co ban
{ double integer, fraction;
// Tim dau cta s
if (n<0) {
*rslt++="-";
n=-n;
}
//chia phan nguyén va phan thap phan
fraction = modf(n, &integer);
/1 Chuyén déi phan nguyén
convert(rslt, (unsigned long)integer, base);
/1 Dat ddu chadm thap phan theo dau phay
if (VN0 ==*rslt) *rslt++="0";
else rslt += strlen(rslt);
rlt++=".";
/1 Chuyén phan thap phan
convertLessThanl(rslt, fraction, base, cnt);
if (VN0 ==*rslt) {
*relt++="0";
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*rslt ="\0’;
}
}

Bai tap

> 145. Tim ki hiéu thdp phén cta s6 126();10101);
3F2B(16), 3CB(14)

> 146. Tim ki hiéu thap phén cta s6 0,233();0,010);
0/34(16);01214(14)'

> 1.47. Tim ki hiéu thdp phéan cua sO 126,233(8);10101.01(2);
3F2B,34(16); 3CB,2A 14).

> 1.48. DE ching minh thuat toan dugc dé xuat dé chuyén déi tir
p-cd sb sang thap phan.

1.5.2. Chuyén hé cd sb p vao co sb 10. So d6 Horner

Viéc chuyén ddi tir chir sb p sang hé théng s6 thap phan dugc
rit gon dé tinh gid tri cta da thuc tir ky hiéu da thitc ctia A, vi tht ca
cac phép toan s6 hoc dugce thuc hién trong hé thong sb thap phan.
Vi dy, d6i véi 12734 g), chung ta nhan dugc nhu sau:

127345 = 1.8* +2.8° +7.8” + 3.8 +- 4 = 55961

Luu y rang ching ta can 10 phép nhan dé tinh todn. Chung ta c6 thé
giam dang ké con s nay néu chung ta gitr cac Iy thira da dugc tinh
& muc 8, thay vi dém lai chiing méi 1an. Tuy nhién, c6 mot phuong
phép khac tong quét hon cho phép ching ta tinh gid tri ctia da thuc
bac n v6i khong qua n phép nhan n cong thitc ciia Horner. Y tudng 1a
st dung (2) thay vi loai (1) trong phép tinh.

(1) Py(x) = agx + a1 x" 1+ - +a,_1x +ay

(2) Pu(x) = an + x(ay_1 + x(ap—2 + - - - + x(az + x(a; + xagp))...))
- cong thuc caa Horner

Mot vi du veé trién khai cach tiép can nay la ham calculate ():
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Ham tinh todn calculate() trong 120base.c

char getValue(char c) //Tra vé gia tri cua ky hiéu

{ return (c >="0" &&c<="9")?c - '0" : c - "A"+10; }
unsigned long calculate(const char *numb, unsigned char base)
//Tim gia tri thap phan ctia s6 numb, dugc cho trong hé dém véi co s

6 numb>=0

{ unsigned long result;

for (result =0; "\0" !=*numb; numb++)

result = result*base + getValue(*numb);

return result;

}

Theo cach tuong ty, chung ta c6 thé nhan ra phép bién déi mot
s6 khong am nho hon 1. Truong hgp nay khong khac nhiéu so véi
truong hop bién d6i mot s6 ty nhién. Sy khac biét duy nhat 1a & day
da thuc c6 bac am cua p.

Ham chuyén déi calculateLessThan1() trong 120base.c cho s6 &m

double calculatel.essThanl(const char *numb, unsigned char base)
//Tim gid tri thap phan ctia s6 numb (O<numb<1), cho trong hé sb dé
m véi co sb
{ const char *end;
double result;
for (end=numb-+strlen(numb)-1, result=0.0; end>= numb; end--)
result = (result + getValue(*end)) / base;
return result;

}

Cudi cung, van t6 hop hai truong hgp dé c6 dugc mot ham
chuyén déi mét s6 thyc tuy y véi mot dau:

Ham t6 hop calculateReal() trong 120base.c cho s6 am

double calculateReal(char *numb, unsigned char base)
//Tim gia tri thap phén ctia s6 thuc numb, cho trong hé dém véi co's
6 cosd
{ char *pointPos;
char minus;
double result;
//Kiém tra ddu am
if ("-" ==*numb) {
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minus = -1;

numb++;

}

else
minus = 1;

if (NULL == (pointPos = strchr(numb, ".")))

return calculate(numb, base); //Khong c6 phan thap phan
//Tinh phan nguyén

*pointPos = "\0’;

result = calculate (numb, base);

*pointPos = ".”;

//thém vao phan thap phan

result += calculateLessThan1(pointPos+1, base);

return minus®*result;

Bai tap

> 149. Tim ki hiéu thap phén cta s6 126(5);10101(y;
3P23(16)’ 3CB(14)

> 1.50. Tim ki hiéu thdp phan cuaa s6 0,2335);0,01(5);
0134(16);0/2A(14)'

> 1.51. Tim ki hiéu thdp phéan cua s6 126,233(8);10101.01(2);
3F2B, 34(16),3CB, 2A(14)

> 1.52. Dé chiing minh thuat toan dugc dé xuat dé chuyén déi tir hé
théng s6 p sang s6 thap phan.

1.6. Chir s6 la ma

Nhiéu hé thong dugce thao luan & trén, mac du khac nhau vé co
s cta ching, déu thudc ciing mét 16p: vi tri. Déi véi ho, cing mot
hinh ¢6 cac gia tri khac nhau tuy thudc vao vi tri ctia né. Tuy nhién,
c6 nhitng hé thong s6 khac, dugce goi 1a khong c6 vi tri, trong d6 gia
tri clia cac chit s6 riéng 1é 1a c6 dinh va khong phu thudc vao vi tri
ctia né. Mot vi du kinh dién vé van dé nay 1a hé théng chit s6 La
Ma. N6 st dung 7 chit cai Latinh viét hoa dé biéu thi cac sb tu nhién
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trong pham vi [1; 3999] (cac gia tri tuong ung ctuia chung dugc cho
trong ngoac): I (1), V (5), X (10), L (50), C (100), D (500) va M (1000).
Vi dy, 56 1989 dugc ghi la MCMLXXXIX.

1.6.1. Biéu dién sb thap phan thanh chit sb La ma

Chiing ta sé khong di sau chi tiét vao cac thudc tinh ctia hé thong
s6 La Ma. Chung ta sé chi luu y rang khi mot hinh nhé hon ding
trudc mot hinh 16n hon, gia tri cia no sé€ bi trur di gia tri cua hinh
16n hon. Néu khong, hay thém:

XI=10+1=11
IX=10-1=9

MB&i chit s6 c6 thé dugc theo sau bdi bat ky chir s6 nao nhoé hon. Tuy
nhién, c6 nhitng gidi han déi véi s6 lugng chit s6 lién tiép ctia cling
mot gid tri, cing nhu chit s6 nho hon ¢6 thé ding trude chit s6 16n
hon nao. Diéu nay dugc thay 16 trong Bang 1.4.

1(0) 2(I0) 3(I00) 4(IV) 5(V) 6(VI) 7(VII) 8(VIII) 9(IX)
1000 | 20000 | 300xxx) | 40(xL) | 50(L) | 60LX) | 70(LXX) | 8OMLXXX) | 90(XC)
100(C) | 200(CC) | 300(CCC) | 400(CD) | 500(D) | 600(DC) | 700(DCC) | 800(DCCC) | 900(CM)

Bang 1.4. Ghi lai mot s6 s6 bang chit s6 La ma.

Chuang trinh 1.17. Chuyén s6 thap phan thanh La Ma va ngugc lai
(121rom2dec.c)

#define MAX_ROMAN_LEN 20
#include <stdio.h>
#include <string.h>
const char *romanl_9[] ={", "A", "TAA","AAA", "AB", "B", "BA", "
BAA", "BAAA", "AC"};
const char *romanDigits[] = {"TVX", "XLC", "CDM", "M" };
const char *roman2test = "MCMLXXXIX";
void getRomanDigit(char *rslt, char x, unsigned char power)
{ const char *pch;
for (pch = romanl_9[x]; "\0" != *pch; pch++)
*rslt ++ = romanDigits[power][*pch - "A’];
*rslt ='\0’;
}
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//Chuyén s cos6 10 thanh s6 La Ma

char *decimal2Roman(char *rslt, unsigned x)

{ unsigned char power;
char buf[10];
char oldRsltftMAX_ROMAN_LEN];

for (*rslt = "\0’, power =0; x > 0; power++, x /=10) {
getRomanDigit(buf, (char)(x % 10), power);

strcpy(oldRslt, rslt);
strcpy(rslt,buf);
strcat(rslt,oldRslt);
}
return rslt;
}
//Chuyén s6 La Ma thanh s6 co s6 10
unsigned roman2Decimal(const char
{ unsigned rslt, value, old;
const char *saveRoman = roman;
char buf(MAX_ROMAN_LEN];
old =1000; rslt =0;
while ("\0’ != *roman) {
switch (*roman++) {
case’l’: value= 1; break;

case’'V’: value = 5; break;
case 'X’: value = 10; break;
case 'L’: value = 50; break;

case 'C’: value = 100; break;
case 'D’: value = 500; break;
case 'M’: value = 1000; break;
default:
*error = 1;
return (unsigned)(-1);

}

rslt += value;

if (value > old)
rslt -= 2%old;

old = value;

}

*roman, char *error)

return (*error = strcmp(saveRoman,decimal2Roman(buf,rslt)))

? (unsigned)(-1) : rslt;
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int main(void) {
unsigned decimal;
char error;
decimal = roman2Decimal(roman2test,&error);
if (error) printf('chuong trinh biloi!");
else printf("Ket qua chuyen doi %u", decimal);
return 0;

Bai tap
> 1.53. Viét bang s6 La ma: 10; 19; 159; 763; 1991; 1979; 1997; 2002

> 1.54. Viét dudi dang s6 La ma: 0; —10;0,28;3,14;1/7.

> 1.55. Chitng minh thuat todn dugc dé xuat dé chuyén déi mot sd
thap phan thanh moét hé thong chit s6 La Ma.

1.6.2. Chuyén déi chit sb La M3 sang sb thap phan

O day moi thit don gian hon. Lan nay ching ta sé xem xét cac
con s0 tir trai sang phai, ching ta sé tinh toan gia tri thap phan cta
chiing, va sau do chung ta sé tich liy né mot s6 tién. Néu no chi ra
rang chit sb trudc d6 c6 gia tri thap phan thap hon gia tri hién tai,
diéu nay c6 nghia la chit s6 trude d6 dang 16 khong duge thém vao
ma phai bi trit di. Vi trong truong hop nay, chung ta da cdng n6é mét
1an, chting ta nén trir né di hai lan:

if (value> old) rslt -- 2 * old;

Vi dy, ddi vdi s6 19 (XIX), con s6 I phai dugc trir di tong, trong
khi ddi véi s6 21 (XXI) - né phai dugc thém vao.

Mot van dé khac ndy sinh: lam thé nao dé kiém tra xem day s
La Ma dugc cho duédi dang tham sb ctia roman2Decimal() cé phai
1a mot s6 La Ma chinh xac hay khong? Viéc kiém tra nay rat phic
tap, nhung ching ta c6 thé lam cho moi thi don gian hon nhiéu.
Véi muc dich nay, chi can thyc hién phép bién déi nghich dao va
so sanh két qua thu dugc véi s6 ban dau 1a du. Chi tiét c6 thé dugce
nhin théy tir viéc thuc hién duoc dé xuat.

Nguyén Hiru Dién ~ https:/ /www.facebook.com/groups/vietex/



1.7. Hoi quy va lap lai 59

Hay xem ndi dung ham so
unsigned roman2Decimal(const char *roman, char *error)

trong chuong trinh trén.

Bai tap

> 1.56. Viét cac chit s6 La Ma trong hé thap phan: DCLXXXIV, DC-
CLXIV, LX, LXX, LXXX, XL, XXL, XXXL.

> 1.57. D& chiing minh thuat toan duogc dé xuat dé chuyén d6i mot
s6 La Ma thanh mot hé théng s6 thap phan.

> 1.58. Viét chuong trinh kiém tra day s6 La Ma c6 phai la chit s6
La Ma viét ding ma khong qua hé théng sb thap phan hay khong.
Dé 1am duoc diéu nay, hay quan sat ky cic mau trong Bang 1.4.

1.7. H6i quy va l3p lai

Mot cau néi tiéng trong 1ap trinh dan gian la: "Dé xac dinh khai
niém dé quy, trudc tién chung ta phai xac dinh khéi niém dé quy."
C6 rat nhiéu "dinh nghia" nhu vay trong thé gigi UNIX (vi dy, GNU
la viét tat cia GNU khong la UNIX, WINE la viét tat cia WINE
khong la Emulator, v.v.).

Dinh nghia 1.17. Mot déi tuong duge goi la dé quy néu né dugce
chtra trong chinh né hodc dugc dinh nghia bdi chinh né.

Trong tin hoc mdy tinh, dé quy la mot trong nhirng ky thuat lap
trinh manh mé nhat: né dinh nghia cac thuat todn mot cach trang
nha, tao ra cac cAu tric di liéu thuan tién va linh hoat.

Trong nhiéu truong hgp, viéc sit dung dé quy c6 thé dan dén cac
thuat toan khong hiéu qua. Muc dich cia doan nay, ngoai viéc gidi
thiéu dé quy nhu mot cach tiép can thuét toan co ban, sé la kham
pha cau héi khi nao tng dung ctia né hiru ich trong thuec té.

Phuong tién cta biéu thitc dé quy trong chuong trinh C 1a cac
ham. Néu trong phan than ctia mot ham P da cho c6 tham chiéu
dén chinh né, ching ta néi rang né truc tiép dé quy. Mot kich ban
“phtic tap hon” ciing c6 thé xay ra: ham P; chuyén thanh ham P,,
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P, thanh P;, ..., P, thanh P;. Trong truong hop nay ching ta néi réng
Py, cing nhu Py, P;, ..., Py, 1a cac ham dé quy gian tiép (gian tiép).

Khi 1ap trinh cdc ham dé quy, mot sd diéu kién quan trong phai

dugc xem xét:

1. bai toan chung ta dang xem xét nén dugc chia thanh cac bai
todn con ma (dé quy) cing mot thuat toan c6 thé duge ap
dung. Két hop cac gidi phap ctia tht cd cac bai toan phu sé
dan dén mot giai phap cda bai toan ban dau.

2. Thuyc hién mot thuét toan dé quy, chiing ta phai chac chan rang
sau mot s6 budc hiru han, chung ta sé dat duge mot két qua
cu thé, tic 1a phai c6 mot s6 hiru han céc truong hop don gian
(it nhat mot) ma 10i gidi ctia ching c6 thé dugc tim thay truc
tiép. Thong thudng ngudi ta goi chung la day cua dé quy.

3. TAt ca cac bai toan phu ctia bai toan phai "khao khéat" mot trong
nhirng truong hdp don gian néy, tire 1a sau mot sb lan goi dé
quy httu han dé dat dén day cua dé quy (Tuong ty, trong cac
cong thuc truy hoi, cling nhu trong suy luan quy nap, can phai
c6 mot co s0.).

Mot vai vi du dau tién vé cdc ham C dé quy ma ching ta sé trinh
bay sé ching minh viéc tinh todn cac ham toan hoc duoc xac dinh
tuan hoan.

1.7.1. Tinh giai thura

Dinh nghia vé giai thira, cling nhu phép tinh 13p lai ciia ham,
ching ta da xem xét trong 1.1.1. D€ thyc hién mot ham tinh giai
thira dé quy, chiing ta phai chac chan rang hai diéu kién chinh dugc
dap ung:

e Dudi cung cua dé quy la truong hop don gian n = 0 - khi d6

gid tri cia ham la 1.

* Trong tat ca cac truong hop khdc, ching ta giai quyét bai toan
con cho 7 — 1 va nhan két qua v6i n. Do d6 tham sb dé quy
giam don diéu va sé dat dén ddy cua dé quy sau mot s6 budc
hitu han (gitra  va 0 c6 moét s6 lugng tu nhién hiru han).

Sau day la mét ham cua C, tinh toan dé quy n!:

Chuong trinh 1.18. Tinh giai thira (121factrec.c)
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#include <stdio.h>

const unsigned n = 6;

unsigned long fact(unsigned i)

{ if (i <2) returnl;

returni * fact(i - 1);

}

int main(void) {

printf("%u! = %lu \n", n, fact(n));
return O;

}

Theo cach tuong tu, chung ta co6 thé tinh todn mot cach dé quy
téng ctia n s6 tu nhién dau tién (tryc tiép bang dinh nghia truy hoi
tu 1.1.1.):

Tinh tong dé quy

unsigned long sum(unsigned n){
if (0 ==n) return0;
else returnn + sum(n - 1);

}

C6 thé nhan thidy mot s6 diéu trong cac trién khai trén: khi mot
ham toan hoc dugc xac dinh lap lai dugc dua ra, viéc thuc hién mot
ham C dé quy tuong ting khong kho, trong khi thuat toan 1p (tuan
tu) dé giai trong mot s6 truong hop, dac biét 1a khi ham nhiéu hon
phtc tap, khong phai 1a qua r6 rang. (xem 1.2.2.)

Mét khac, bd nhé bi tiéu tén nhiéu hon. Diéu nay 1a do méi lan
goi dé quy dén ham trong ngan xép hé thong sé cip phéat bo nhd
mdi cho cac ddi s6 va bién cuc bo, cling nhu cho cac két qua dugc
trd vé bdi ham. Trong cac vi du trén, n sé 1a bat buoc. sizeof (khong
d4u) byte bd nhd cho n cudc goi dé quy. Dé so sanh: chuong trinh
tim n! tr 1.1.1. da st dung mot bién duy nhat trong d6 két qua dugc
tich liy, tic 1a bd nhd kém hon nhiéu lan. Tuy nhién, trong nhitng
vi du nay, bo nhd khong phai 1a mot yéu to quan trong, vi su phat
trién nhanh chéng ctia n! chiing ta sé nhan dugc tran s6 nguyén dai
khong dau chit khong phai la thiéu bd nhé.
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1.7.2. Day Phibonacci

S6 Fibonacci 1a mot trong nhitng vi du yéu thich ciia mot s6 cuén
sach va sach hudng dan veé thuat toan cho su sang trong cua dé quy
nhu mot ky thuat lap trinh. Vi ly do nay, déi khi chung ta sé khong
cudng lai sy cam do6 dé di sdu vao chi tiét hon vé lich stt, ban chat
va tinh chét cta chiing, ma chiing ta tin rang sé khong khién nguoi
doc kho chiu.

M"f.

mhmu:mhﬂum!mmmm

Hinh 1.9. S6 Fibonacci trong kién tric va nghé thuat

Bat ct ai da tiing tham gia vao lap trinh it nhit mot chut déu
khong tranh khoi viéc gap phai nhitng con sb Fibonacci. Tai sao? C6
mot loat cac thuat toan va bai toan 1ap trinh, duong nhu khong lién
quan theo bat ky cach nao, dua trén nhitng con s6 nay. Sé khong
quad 15i khi néi rang sy hién dién va vai trd ctia ching trong khoa
hoc may tinh, todn hoc va tu nhién néi chung 1a thuc sy gay séc.
Chi can biét cach quan sat, ngudi ta c6 thé tim thay cac s Fibonacci
xung quanh minh: tir cach sdp xép cac dan chim dang bay, qua cac
hinh nén va bai tho, banh huéng duong va cac ban giao huéng,
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nghé thuat c6 dai (xem Hinh 1.9) Va may tinh hién dai, dén tan hé
thdng nang lugng mat trdi va cac san giao dich chiing khoan.

Chinh xac thi nhitng con s6 néi tiéng nay la gi? Day la nhimng
phan tr ctia s6 sau:

0,11,2,3,5,8,13,21, 34,55, 89, ..,

MJi phan tit ctia chudi dugc lay 1a tong cta hai phan trudc, hai phan
dau theo dinh nghia lan luogt1a 0 va 1. cac cong thuc hop 1é:

Fh=0,
=1,
FE=F 1+F_

Hinh 1.10. Leonardo Fibonacci.

Nha nghién citu dau tién cta day so trén la Leonardo Pisano
(Leonardo of Pisa), hay con dugc biét dén véi cai tén Leonardo Fi-
bonacci (Filius Bonaccii, titc 1a con trai ciia Bonacio), ngudi vao nam
1202 trong cudn sach Liber Abacci (Sach dém) da dua ra bai toan
ndi tiéng ctia minh di véi tho. . Bai toan 1a tim s0 tho sé c6 dugc tir
mot cip trong mot ndm vdi cac diéu kién sau:

e mdi cap thd dau qua sé tang thém hai con moi thang;

e tho mdi két trai khi duge mot thang tudi;

¢ Tho khong bao gids chét.
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Nhu vay, trong mot thang, chung ta sé c6 hai cap tho, sau do la 3
cap, thang sau ching ta sé c6 5 cdp (mot cip thd mdi ban dau va
mot - cla cdp da nhan dugc trong thang dau tién), vao thang sau.
chiing ta sé c6 tong cong 8 cap doi, v.v. RO rang la qua trinh dugc
md ta c6 thé dién ra vo thoi han. (xem Hinh 1.12).

Hinh 1.11. S6 Fibonacci trong tu nhién.

Sau d6 vao nam 1611, Kepler, khong biét vé nghién ctru cia Fi-
bonacci, da kham pha lai mot s6 nghién ctru ctia minh vé su sap xép
cac 14 cia mot s6 cay trén than cay (Hinh 1.11). N6i chung, nhu da
dé cap & trén, sb Fibonacci c6 ban chét cuc ky phé bién, rat c6 thé la
két qua clia cac qua trinh tuong tu nhu ctia bai toan Fibonacci dbi
vdi tho.

Mbi quan hé gitta s6 Fibonacci va thuat toan la gi? Méi lién hé
dau tién 1a chinh Leonardo Fibonacci, ngudi da siéng nang nghién
cltu cac tac phdm cta al-Khwarizmi (tir tén ma thudt toan tur bat
nguodn, nhu ching ta da dé cap trong chuong gidi thiéu). Sau do,
vao nam 1845, Lame st dung day Fibonacci trong qua trinh nghién
cttu thuat toan Euclid néi tiéng (xem 1.2.3) dé tim udc s6 chung 16n
nhét. Ké tir d6, s6 Fibonacci dan dan bat dau chiém vi tri xiing déng
trong viéc phat trién va nghién cttu cac thuat toan khac nhau. Méi
lién hé gitra day Fibonacci va s6 sau rat thu vi

1++/5
¢ = +2f —1,61803
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S6 ctia n6 c6 mot lich st rat tha vi va da duge moi ngudi biét dén tir
thoi ¢ dai. Euclid goi né 1a ty s6 ctia s6 hitu han so vdi gid tri trung
binh va dinh nghia n6 1a ty s6 ctia mot cap sd A va B trong do ty 1é
c6 gia tri:

A A+B,

I"Iu_l {110

&) b I
e

IJ 0N

2@ 1

=
—@c
70';
@
Q:

d& '@ 58 Wj S

Hinh 1.12. Bai toan nhitng con tho.

wn

Sau d6, vao thoi ky Phuc hung, s6 ¢ dugc coi la mot ty 16 than
thanh, va vao thé ky 19, né c6 tén goi cudi ciing nhu ngay nay: ty 1é
vang. Ky hiéu duoc Chép nhan ¢ xuét phat tir chit cai dau tién trong
tén ctia nha diéu khac Hy Lap c6 dai Phidias, nguoi thuong st dung
ty 1é nay trong cac tac pham diéu khic cta minh. Khong kho dé
nhan thay su tuong dong gitra cac dinh nghia vé s6 Fibonacci va ty
1é vang dugc dé xuét & trén. N6 chi ra rang ty 1é ctia hai s6 Fibonacci
lién tiép c6 xu hudng theo ty 1é vang ¢, va diéu nay déi khi dugc
xac dinh 1a gi6i han cta ty 1é ctia hai s6 Fibonacci lién tiép. (xem
Hinh1.12.)

Luu : Trude khi ching ta chuyén sang cac thuat todn tim s6
Fibonacci, can luu y rang déi khi c6 mot dinh nghia khac, theo dé6
phan tr 0 ctia day Fibonacci la 1, khong phai 0. Tat nhién, dinh nghia
sau khong quéa quan trong. va ngudi doc, néu can, c6 thé dé dang
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thay ddi cac trién khai chuong trinh sau theo dinh nghia duogc uu
tién.

P —mmae B s e s e e e e e s S S s

Tju_s- ...... / _____ B TS o o S St PR R

S0 Jo e e e e s e e s e S eSS
3 T LI
o

| 1 2 3 5 B 13 21 54 55 B9 144 233
'S0 Fibonacci

Hinh 1.13. Mi quan hé ctia hai s6 Fibonacci lién tiép.

C6 1é cach thuc hién tu nhién nhat cia mdt ham tim s Fibonacci
thit n c6 duoc tryc tiép tir dinh nghia lap lai duogc dua ra & trén:

Chuang trinh 1.19. Tinh Fibonacci (123fibrec.c)

/! da oprawq w teksta
/1 fib(7) dawaha razlichno - da checkna koe e po definiciqta!!!
#include <stdio.h>
const unsignedn =7;

unsigned long fib(unsigned n)

{ if (n<2) returnl;
elsereturnfib(n- 1) + fib(n - 2);

}

int main() {
printf("fib(%u) = %lu\n", n, fib(n));
return 0;

}

Madc du du don gian va ¢6 vé tu nhién, nhung nhan thic nhu
vay la cuc ky kém hiéu qua. Ngudi doc c6 thé thir ham trén, vi du
voi n = 40. M6i nghich ddo dé quy, ngoai trit nhirng nghich dao
tam thuong (d6i vdi n = 0 va 1), dan dén hai nghich dao nita. Do
d6 cay bai toan con phét trién theo cap s6 nhan. Pong thdi, né hoan
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toan vo nghia, vi hau hét thoi gian cac gia tri da dugc tinh toan cta
ham déu dugce tinh toan (xem Hinh 2?).

fib(7)
_—-__'_-_‘_'_'-._'-._'_H_‘_—_—_—__\_-_-_'—-_
fib(6) fib(5)
—
J_'__'___.--"'-_ -----_-‘_"‘-‘—-.. ////h\‘\
fib{5) fib(4) fib{4) fib(3)
//./”""\‘\\
fib{4) fib(3) fib(3) fib(2) fib(3) fib2) fib(2) fib(1)
fib(3) fib(2) fib2) fib(1) fib(2) fib(1) fib(2) fib(1)
fib(2) fib(1)

Hinh 1.14. Cay goi ham dé quy.

S6 Fibonacci la mét vi du ¢6 dién trong d6 viéc st dung dé quy
khong thanh cong. Van dé bat ngudn tur thuc té 1a cac tinh toan
hoan toan khong can thiét duoc thuc hién, tic 1a nhiéu thanh vién
cta dong dugc tinh vai lan. Vi duy, khi tinh F,0, chung ta sé tinh Fg
hai 1an - mot 1an khi tinh F;0 = Fy + Fg va sau d6 - cho Fy = Fs + Fy.
3 cac cap do dé quy sau hon, tinh hinh tham chi con toi té hon. g
day, tat nhién, dé quy c6 thé cho két qua tt hon dang ké véi chi phi
clia bd nhd bé sung can thiét. Phuong phap (dugce goi 1a ghi nho)
dugc thdo luan trong Chuong 8 - Toi wu héa dong.

Khong kho dé thay rang ching ta c6 thé khong st dung dé quy
bang cach tinh toan cac s6 Fibonacci tuan tu: bat dau véi sd dau tién,
chuing ta chi gitt lai hai phan tir dugc tinh cubi cting ctia chudi, vi
chi chiing ta méi can ching dé lay phan tit tiép theo. Do d6, ching
ta thu dugc thuat toan lap sau:

Thuat toan lap

unsigned long fiblter(unsigned n)
{ unsignedlongfn=1,fn_1=0, fn_2;

while (n--) {
fn_2=1Mn_1;
fn_1=1n;

fn= 1+ 2;
}
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return fn_1;

}

Khong khé dé thay rang ching ta khong thuc su can ba bién va
chi c6 thé giai quyét hai bién nhu thé nay:

Chuong trinh 1.20. Tinh Fibonacci khong dé quy (124fibiter.c)

//n->const, Fiblter -> fiblter
#include <stdio.h>
const unsignedn=7;

unsigned long fiblter(unsigned n)
{ unsigned long f1 =0, f2 =1;
unsignedi=_0;
while (i <n) {

2 =1 + £2;
fl1 =12 - f1;
i++;

}

return {2;

}

int main() {
printf("fib(%u) = %lu\n", n, fiblter (n));
return (;

}

Trong truong hop chiing ta dang tim n s6 Fibonacci dau tién,
cach tot nhat la stt dung ttry chon cudi cting véi két qua trung gian.
Nhung ching ta dang tim s6 Fibonacci thit n nhu thé nao?

C6 mot cong thirc khong 1ap lai cho phan tir chung ctia chubi
Fibonacci, dugc goi la cong thitc Moaver (xem 1.4.8):

a5 ()

Thoat nhin, cong thitc cia Moaver c6 vé hiéu qua hon so voi
phién ban 1ap lai - & day, thanh vién thi n cta chudi duong nhu
dugce tim théy truc tiép. That khong may, viéc st dung no gén lién
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vdi viée lam viéc véi cac sb thuc, yéu cau root va thao tdic mé rong
khong kém phan khé khan, diéu nay lam thay déi moi tha. Tuy
nhién, d6i véi cong thic Moaver n du 16n, né dugc uu tién hon, dac
biét néu st dung phuong phap phan loai nhanh dé phan loai (xem
7.3., [Nakov-1998c]). Chiing ta sé luu y rang qua trinh root ctia 5
c6 thé dugce thyc hién trude va két qua c6 thé duge dat thanh mot
hang s trong chuong trinh. Diéu nay sé tranh tinh todn né trong
qua trinh thuc thi, day la mét qua trinh lap lai cham vi né xay ra voi
cac hang.

Chting ta sé thao luan vé cac thuat toan dé tim s6 Fibonacci thi
n trong Chuong 8 (xem 8.1.), Ngoai viéc 4p dung cac ky thuat cu thé
cho Toi wu héa dong, chung ta sé xem cach chung dugc két hop vai
cong thire Moaver va md rong quy mo nhanh.

Bai tap

> 1.59. Chiing t6 rang ty 1é ctia hai s6 Fibonacci lién tiép c6 xu hudng
theo ty 1€ vang.

> 1.60. Dé ching minh sy tuong duong cta hai thuc nghiém 1p di
13p lai ctia mot ham dé tim s Fibonacci thit n: véi ba va véi hai bién.

1.7.3. UGc sb chung 16n nhit va thuit toan Euclid

Udc chung I6n nhit (GCD) ctia hai s6 1a mot vi du dién hinh khéc
vé viéc minh hoa dé quy nhu mot ky thuat lap trinh.

Dinh nghia 1.18. Hai s6 tu nhién a va b da cho. Ta néi rang d la uéc
chung 16n nhat ctia 4 va b néu no 1a s6 tu nhién 16n nhéat chia ca a va
b. Pugc viét chinh thitc, diéu sau c6 nghia la dap ing hai diéu kién
sau:

1) d|a,d|b

2) Néu d1|a va d1|b thi d1|d

Trong dinh nghia, ching ta da stt dung ky hiéu chia hét: d|a c6
nghia 1a d chia mot s6 nguyén a khong c6 du. Hai diéu kién cta
dinh nghia cting c6 thé duoc hiéu nhu sau: M6i udc chung d; ctia a
va b chia hét va d.
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Chiing ta sé ky hiéu uéc sd chung 16n nhét ctia a va b bang
GCD(a,b) hoac don gian la (a, b).
Vidu: (12,8) = (8,12) = (8,4) = 4,(1,10) = (7,10) = 1.

Pinh nghia 1.19. Néu GCD ctia hai s6 nguyén duong bang 1 thi cac
s6 d6 duogc goi 1a nguyén to ciing nhau.

Cong thic sau day hop 1é cho udc chung 16n nhat ctia hon hai
s0:
GCD(ay,ap, ...,an) = GCD(ay, a,...,ay,-1), an)

Chung ta sé xem xét hai thuat toan dé tim GCD(a, b), dugc dat tén
theo Euclid. Dau tién trong s6 nay dugc goi la thuat toan trir Eu-
clide:

1) Néu a > b, thyc hién 4), néu khong thuc hién 2).

2) Néu a = b thi sau d6 ching ta da tim duge GCD(a, b) - day la
gid tri cia b va chung ta két thiic. Néu a # b ta thuc hién 3).

3) Gan b = b — a va quay lai budc 1).

4) Gan a = a — b va quay lai budc 1).

Chung ta sé khong di sdu vao thuat toan nay chi tiét hon, vi thuat
toan tiép theo ching ta sé xem xét 1a hiéu qua hon nhiéu. N6 dugc
goi 1a thudt todn Euclid v6i phép chia (n6 da dugc dé cap trong phan
gi6i thiéu ctia cudn sach):

Thudt todn Euclid voi phép chia

Chia s6 nguyén a cho b duoc g1 va sO6 du ry. Sau dé6 chia b cho
phén du thu duoc, roi chia rq cho phén du ry, v.v., cho dén khi phén
du bang khong:

a=q1.b+r
b=gqyr+nr
r1=4q3.r2+713

Tk—1 = Qk41-Tk + Tkt1, ViTpy1 =0

Phan du khéc khéng cudi cung r; sé 1a GCD can thiét. Thuat
toan cing c6 mot bién thé dé quy tuong tng dya trén thudc tinh
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sau cua GCD:
GCD(a,b) = GCD(b, a%b)

Chuong trinh 1.21. Tim udc s6 chung 16n nhat khong dé quy
(125gcditer.c)

#include <stdio.h>

const unsigned a = 2§;
const unsigned b = 49;

unsigned gcd(unsigned a, unsigned b)
{ unsigned swap;
while (b > 0) {
swap = b;
b=a %b;
a = swap;
}
return a;

}

int main(void) {
printf("NOD(%u,%u) = %ul\n", a, b, gcd(a, b));
return 0;

}

Chuang trinh 1.22. Tim udc s6 chung 16n nhat dé quy (126gcdrec.c)

#include <stdio.h>
const unsigned a = 28;
const unsigned b = 49;

unsigned gcd(unsigned a, unsigned b)
{ return(b==0) ? a : gcd(b, a % b);
}

int main(void) {
printf("NOD(%u,%u) = %u\n", a, b, gcd(a, b));
return 0;

}
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C6 thé thay rang ham dé quy ngan va chat ché hon rat nhiéu.
Tuy nhién, bd nhd dugce tiéu thu bdi né nhiéu hon: d6i véi mébi 1énh
goi dé quy trong ngan xép, bd nhd dugc cap phat cho cac tham s6
chinh thtc, cting nhu cho két qua dugc tra vé boi ham.

Thudt todn Euclid ndng cao

Doi khi, chémg han nhu trong s6 hoc mo-dun, thuat toan Euclide
dugc st dung dé tim hai s6 nguyén bd sung nhan x va y(x,y € Z),
sao cho:

d = GCD(a,b) = ax + by

Bai tap

>1.61. 1. Bé tim GCD cuaa: (10,5); (5.10); (15,25); (25,15);
(7,8,9); (3,6,9); (158,128,256); (64,28,72,18).
2. Viét chuong trinh rit gon phéan s6 thuong gap. Vi duy, & dau

vao 10/15 dé cung cap cho 2/3.

Ching minh rang (ay, ay, ..., an) = (41,42, ..., 8y_1), an).-

Dé thuc hién thuat toan trir Euclide.

Chiing minh rang (a,b) = (b, a%b).

Thuét toan va chuong trinh phai dugc stra di nhu thé nao dé

dbi véi cac s6 nguyén a va b da cho, ngoai GCD, tim dugc hai

thita s6 nguyén x va y(x,y € Z) ma (a,b) = ax + by?

7. Dé xuat va thuc hién mot thuat toan khac dé tim GCD, dua
trén dinh ly co ban ctia s6 hoc. D€ so sanh hiéu qua ctia n6
v6i hiéu qua ctia viéc thyc hién duge dé xuat & day tai 2; S6
5;100; 1000 s0.

8. (Bai toan Poisson vé ba binh) Cho ba binh ¢6 dung tich a,b va
¢,a,bvaclacacso tunhién, ¢ >a > b,c>a+b—1,binhI6n
nhét 1a day va hai céi con lai trong réng. Do d lit, v6i d 1a s ty
nhién va 0 < d < a. Chi cho phép cac tran nhu vay tu tau nay
sang tau khéc, trong d6 viéc d6 day t6i da va/hodc lam rong
t6i da cia mot trong cac tau dién ra.

AN

1.7.4. B6i s6 chung nhé nhit

Pinh nghia 1.20. Hai s6 nguyén a va b da cho. S6 tu nhién nho6 nhat
d(d > 0) sao cho a|d va b|d dugc goi 1a boi chung nhé nhat LCM)
ctaavab.
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Chiing ta sé danh dau it nhat boi chung ctia a va b bang
LCM(a,b) hoac don gian la [a, b].

Vidu: [6,15] = [15,6] = 30, [1,10] = 10, [5,10] = 10, [5,12] = 60.

Khi ching ta tim LCM trén nhiéu hon hai s6, ¢6 su phu thudc
tuong tu nhu trong LCM:

LCM(ay,a,...,ay) = LCM(LCM(aq,az,...,a,_1),an)

It nhat mot boi s6 chung ¢6 thé duge tim thay bang cach st dung
mobi quan hé hién c6 gitta né va LCM, dé6 la:

ab
LCM(a,b) = LCM(a,D)

Dua trén céc tinh cht trén, ching ta sé thuc hién LCM ctua n sb.
Cac s6 duge cho trong mang A[] va dugc cho cling véi s6 ctia ching,
duéi dang tham sb ctia ham dé quy lem()

Chuang trinh 1.23. Boi chung nhé nhat (127lcm.c)

#include <stdio.h>
const unsigned n = 4;
const unsigned A[]1={10, 8, 5, 9 };
unsigned gcd(unsigned a, unsigned b)
{ return(0==b) ? a : gcd(b, a % b);
}
unsigned lem(unsigned a[], unsigned n)
{ unsigned b;

if (2 ==n)
return(al0] * a[1]) / (gcd(al0], a[1]));
else {

b =lcm(a, n - 1);

return(aln- 1] * b) / (ged(aln - 11, b));
}

}

int main(void)
{ printf("%u\n", lem(A, n));
return 0;

}
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Két qua thyc hién chuong trinh:
360

Bai tap
> 1.62. D& tim: [10,15]; [15,10]; [7,8,9]; [3, 6,9]; [158, 128, 256]; [64, 28, 72, 18].

> 1.63. Chiing minh rang [ay,ay, ..., a,] = [a1, a2, ..., an_1], an)-

. b
> 1.64. Chung minh rang [a,b] = .
(a,b)
> 1.65. Deé xuat va thuc hién mot thuat toan khac dé tim NOC, dua
trén dinh ly co ban ctia s6 hoc. D€ so sanh hiéu qua ctia né véi hiéu
qua ctia viéc thuc hién duge dé xuat & day tai 2; S6 5;100; 1000 sb.

1.7.5. Tra lai gia tri tor dé quy va dung bién

Trong tat cd cac ham dé quy C dugc trinh bay cho dén nay, ching
ta chi thuc hién cac thao tac trudc 1énh goi dé quy. Tuy nhién, trong
thuc té, thuong phai thuc hién cac phép toan sau khi quay trd lai tir
dé quy.

Bai todn: In cac chit s6 ctia s6 tu nhién n, da cho trong hé ) thap
phan, tuan tu tir chir dau tién dén chir s6 cudi cing.

Viduy, véi n = 7892, ban sé can in: 7, 8,9, 2.

Van dé trong bai toan nay la xac dinh chir s6 dau tién ctia day so.
Mt khac, viéc tim chit s6 cubi cting va loai bo né c6 thé chi véi hai
phép toan: n%10 va n/10. Chung ta dua ra thuat toan sau: & moi
budc, ching ta tim chir s6 cubi cling va viét né vao mot mang so
nguyén. Sau khi viét tat cd cc chit s6 trong mang, ching ta hién thi
no theo thit tu ngugc lai:

Chuang trinh 1.24. Gia tri trd vé ctia dé quy (128print.c)

#include <stdio.h>
unsigned n = 7892;
int main(void)
{ unsigned dig[20],i, k = 0;
while (n > 0) {
diglk] =n % 10;
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n=n/ 10;

k++;

}

for (i =k; i >0; i--) printf("%u", digli-1]);
printf("\n");

return 0;

}

Str dung dé quy trong tac vu nay mot lan nita sé dan dén mot giai
phép thanh lich hon nhiéu. Chting ta sé sit dung thuoc tinh sau: dé
in 7892, ching ta can in cac chir s6 ctia 789 va sau d6 la chit s6 2.
N6i chung, dé in s6 n, chiing ta can in (dé quy!) S6 7/10 va sau dé6
1a ch s6 cudi cung 1%10. Do d6, stt dung ngan xép dé quy, ching
ta khong can phai gidi thiéu mot mang mot cach ro rang. Dya trén
két luan cubi cting, chiing ta sé bién dich ham tuong ting ctia C:

Chuang trinh 1.25. Gia tri trd vé ctia dé quy (129printrec.c)

#include <stdio.h>

unsigned n = 7892;

void printN(unsigned n)

{ if (n >=10) printN(n / 10);
printf("%u", n % 10);

}

int main() {
printN(n); printf("\n");
return 0;

}

Phan dudi cting ctia dé quy, khi chiung ta ngtrng goi dé quy, la
n < 9. Cac phép toan bién rat quan trong trong dé quy. Cho dén
nay, chi c6 cac bién-tham sb va cé thé 1a cac bién cuc bo tam thoi da
thay ddi trong phan than ciia mot ham dé quy. Cac phép toan véi
cac bién toan cuc, trudc va sau khi trd vé tir dé quy, rat quan trong
trong viéc thiét ké cac thudt toan dé quy. Chiing ta sé minh hoa su
thay thé cac bién déi sd bang cac bién toan cuc bang mot vai vi du
Tim 7! né c6 thé dugc thuc hién nhu sau bang cach thay thé déi s6
clia ham bang moét bién toan cuc i (Uu diém ctia cach trién khai dé
quy nay so véi nhitng cach dugc thao luan cho dén nay la khong c6

Nguyén Hiru Dién https:/ /vietex.blog.fc2.com/



76 Chuong 1. S6 hoc va thudt todn

b6 nhé ngan xép nao duge sit dung):

Chuang trinh 1.26. Gia tri trd vé ctia dé quy (122factrec.c)

#include <stdio.h>

const unsigned n = 6;

unsigned i;

unsigned long fact(void)

{if (i ==1) return];
return--i * fact();

}

int main(void) {
i=n+1;
printf("%u! = %lu \n", n, fact());
return 0;

}

Chiing ta sé xem xét mot vi du don gian khac: D6i véi mot sd
tu nhién n cho trudc in ra theo thit tu ting dan va gidm dan cac s6
10"(1 < k < n).Viduy, déi véin = 5, hang sé€ dugc in:

10,100, 1000, 10000, 100000, 100000, 10000, 1000, 100, 10

Chiing ta sé gidi quyét van dé mot cach dé quy theo ba cach khéc
nhau. Vi ching, ching ta sé minh hoa kha nang hoan d6i cho nhau
cua cac bien toan cuc va cac tham so bien:

Phuong an 1. TAt cd cac bién (ngoai trir dau vao n) la tham sb
cta ham dé quy:

Chuong trinh 1.27. Gia tri tra vé cta dé quy (130print1.c)
#include <stdio.h>
const unsigned n = 5;
void printRed(unsigned k, unsigned long result)
{ print£f("%lu", result);
if (k <n) printRed(k + 1, result * 10);
printf("%Ilu", result);

}

int main(void) {
printRed(1, 10);
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printf("\n");
return O;

}

Phuong an 2. Tham s6 bo dém k c6 thé duoc xuat dudi dang
bién toan cuc:

Chuong trinh 1.28. Gia tri tra vé cta dé quy (131print2.c)

#include <stdio.h>
const unsigned n = 5;
unsigned k = 0;
void printRed(unsigned long result)
{ k++;
printf("%Ilu", result);
if (k <n) printRed(result * 10);
printf("%Ilu", result);
}
int main(void) {
printRed(10);
printf("\n");
return 0;

}

Phuong an 3. Néu chung ta stra d6i két qua két qua trude va sau
cudc goi dé quy, né ciing c6 thé duge xut dudi dang bién toan cuc:

Chuang trinh 1.29. Gia tri trd vé ctia dé quy (132print3.c)

#include <stdio.h>

const unsigned n = 5;

unsigned long result = 1;

unsigned k = 0;

void printRed(void)

{ k++;
result *= 10;
printf("%Ilu", result);
if (k <n) printRed();
printf("%Ilu", result);
result /= 10;

}

int main(void) {
printRed();
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printf("\n");
return (;

}

Trong doan tiép theo, khi xem xét cc thuat toan t6 hgp co ban
(ciing nhu néi chung trong tai liéu bén dudi), ching ta sé tiép tuc
str dung dé quy trong tat ca cac giéng "ky la" ctia né.

Bai tap

> 1.66. Dé dé xuat mot ly do c6 thé cho viéc trién khai factrec.c
khéac nhau trong Borland C cho DOS va Microsoft Visual C ++ cho
Windows. Ban c¢6 thé dua ra mot lya chon "an toan" khong?

> 1.67. Dé dua ra gia dinh vé két qua ctia viéc thuc hién doan phan
doan dudi day. Ban c6 mong dgi su khac biét trong Borland C cho
DOS va Microsoft Visual C ++ cho Windows khong? Du doan cta
ban c6 khép véi két qua thuc té khong?

unsignedi=1;

printf("%u %u", ++i, i);

Va ban nghi gi vé manh vo:

unsignedi=1;
printf("%u %u", i, ++i);

> 1.68. Gia stt gia tri cia bién x sau khi thyc hién doan chuong trinh
dudi day. Ban c6 mong dgi su khac biét trong Borland C cho DOS
va Microsoft Visual C ++ cho Windows khong? Du dodn ctia ban ¢6
khop voi két qua thuc té khong?

unsignedx,a =3, b =5;

X = a+++b;

> 1.69. Duya trén két qua ctia cac tac vu trude do, dua ra cac dé xuat
dé viét ma dé di chuyén va ro rang nhat.

1.8. Thuat toan dém co s&

Nhiéu bai todn ching ta sé xem xét trong cudn sach nay lién
quan dén viéc tim ra giai phap tdi wu (cuc han). Trong nhitng tinh
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hudng nhu vay, cach tiép can phé bién l1a kham pha tat ca cac giai
phép c6 thé chap nhan dugc cho van dé va chon giai phap tdi vu
- mot hodc mot sb. Viée tao ra cac dobi tuong t6 hop (sit dung cac
thuat toan t6 hgp) tuong tng chinh xac véi luge do nay.

Tuy nhién, trong cac bai toan trong doan nay, chung ta sé khong
quan tdm dén giai phap cyc han, ma chi quan tim dén viéc tao ra
tat ca cac giai phap: tat ca cc cach c6 thé dé sap xép dbi tugng, tat
ca cac cach c6 thé dé chon dbi tugng, v.v. Vi dy, néu mot bo bai 52
14 dugc dua ra, ching ta c6 thé quan tdm dén tat ca cac cach co thé
dé chon 5 14 bai sao cho chung lién tiép va gidng nhau (theo ngon
ngl cua poker: thuan tay x0). Mot vi du khac la tinh s6 hoac tao tat
cé cac 56 dién thoai c6 sau chit s6 c6 thé c6, véi diéu kién b6 sung 1a
s0 9 khong tham gia vao ching.

Chung ta sé xem xét cac ciu hinh t6 hgp néi tiéng nhat: ca thuat
toan tao va cong thitc tim s6 ctia ching. Mac du thoat nhin, cac thuat
todn dugc xem xét khong truc tiép gidi quyét bat ky van dé thuc té
nao ngoai cac bai toan t6 hop thuan tiy, nhung ching (bao gom ca
két hop v6i cac ky thuat thuat toan khac) to ra cuc ky hitu ich trong
viéc gidi quyét mot s6 van deé toi uu hoa.

1.8.1. Hoan vi

Dinh nghia 1.21. Ta xét mot tip n phan t& A = {ay, ay, ..., a,}. Moi
tap c6 1 c6 thit tu thu duge véi cac phan tir ctia A, mdi phan tir cda
A tham gia ding mét 1an dugce goi la hodn vi.

Tap hop tat cd cac hoan vi c6 thé c6 dugc ky hiéu la Py, va sb ctia
chung 1a béi | P, |. Khong khé dé ching t6 rang |P,| = nl.

Vi dy, néu cho trudc tap hop {a,b,c} c6 3 phan t, thi tat ca cac
hoan vi c6 thé c6 (tic la tht ca n-torques c6 thit tu c6 thé cé) nhu
sau:

NN N N N
~

TR oo s

~ ~ ~ ~ ~

a ST o

— — N

N T
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DPén cubi phan nay, cac phan tir ctia tap hgp ching ta lam viéc véi sé
1a cac s6 nguyén tir 1 dén n. Diéu nay khong han ché tinh phd bién
cda cac thuat toan dugc xem xét va chung sé c6 gia tri débi véi cac
tap tuy y (bat ky tap n phan tit nao la dang cau véi tap gom n sb tu
nhién dau tién).

Sinh ra hoan vi

D€ tao ra cac hoan vi trén may tinh, ching ta sé st dung mot
thuat toan dé quy:

Thuadt toan 1:

Chung ta dat ting phan ti & vi tri dau tién theo thi tu tuyén
tinh, sau d6 & n — 1 vi tri con lai, chiing ta dat tit cA cac hoan vi c6
thé c6 ctia n — 1 con lai thanh phan. Do d6, ching ta c6 duoc so do
dé quy sau dé tao ra cac hoan vi:

/ /Dt phan ti vao vi tri i

void permute(i) {
if (i >=n) {//Tim dugc mot sap xép tuyén tinh
/Inhiing phan t va in né ra
printPerm();

} else

for (k =0; k <n; k++)
if (lused[k]){//Néu phan t k chua dung dén
used[k] = 1;//tim dugc phan tir k dé dung né
position[i] =k; // phantirctavi tri i 1a k
permute(i+1);
used[k] = 0; //bd danh dau phén tir k da dung
}

Ham permute() c6 mot tham sé duy nhét: vi tri ma chiing ta sé
"dat" mot phan ti. Voi vong 1ap bén trong, ching ta lan luot dat
tat ca cac phan tir hién khong tham gia theo thit tu vao vi tri tha
i va tiép tuc dé quy cho vi tri thi (i 4+ 1). Chung ta sé nhap mot
mang used[] dé ching ta c6 thé xac dinh xem mét phan tir c6 dugc
st dung hay khong: néu phan tir da tham gia vao hoan vi, thi used[k
] == 1 va used[k] == 0, ngugc lai (tic 1a . né sé dugc "dat"). Phan cubi
ctia dé quy & i -- n - khi d6 tAt ca cac phan tir duoc "dat" va ching
ta c6 mot hoan vi, chung ta sé in ra.
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Day la cach thuc hién day du, in tat cA n! hoan vi trén mot tap
hop c6 1 phan tir:

Chuong trinh 1.30. Tinh hoan vi (133permute.c)

#include <stdio.h>
#define MAXN 100
const unsigned n = 3;
char used[MAXN];
unsigned mp[MAXN];
void print(void)
{ unsigned i;
for (i =0; i <n; i++)printf("%u", mpli] + 1);
printf('"\n");
}
void permute(unsigned i)
{ unsignedk;
if (i >=n) { print(); return; }
for (k =0; k <n; k++) {
if (lused[k]) {
used[k] = 1; mpli] = k;
permute(i+1); //Néu c6 nghia tiép tuc sinh permute(i+1)
used[k] = 0;
}

}
}
int main(void) {
unsigned i;
for (i =0; i <n; i++)used[i] =0;
permute(0);
return O;

}

Két qud thuc hién chuong trinh:

123
132
213
231
312
321
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Hay xem binh luan & trén c6 chira if. Néu mot bai toan toi wu
dugc dua ra, 10i gidi ciia n6é duge rit gon dé tao ra cac hoan vi, ¢6
thé lam gian doan thé hé hién tai, néu chac chan rang né sé khong
dan dén mot 16i gidi toi vu. Trong tai liéu dudi day (xem Chuong 6),
ching ta sé xem xét vin dé nay mot cach chi tiét va tam thoi ching
ta s€ gioi han ban than trong moét vi du cu thé veé su gian doan nhu
vay.

Bai todn: Tim tat ca cac sd dién thoai c6 mudi chit s6 trong do
méi chit s6 tham gia ding mot lan va sao cho k; 1a chit s6 thit i cta
s6 dién thoai thi Y3 <;<19;¢ ki = 20.

RO rang la tat ca cac s6 dién thoai c6 thé dugc tao ra béng cach
hoan vi. Do d6, néu khi dit mot vai chir s6 dau tién theo tha tu
tuyén tinh, chting ta nhan thay rang téng vuogt qua 20, thi sé khong
c6 vy nghia gi khi tiép tuc tao, vi chiing ta sé khong thé nhan dugc
tong chinh xac.

Chuong trinh trén tao ra cac hoan vi theo thi tu tir vung. Diéu
nay c6 nghia la ctt hai hoan vi lién tiép (11,12, - in) va (J1, j2, s jn)
thi ton tai mot s6 k(1 < k < n) sao choip = j,,p =1,2,...,k—1va
ir < jk- Chiing ta c6 thé coi hoan vi la cac s6 trong mot hé thong s6
tuong ing: mot hoan vi l6n hon vé mat tur vung so voi hoan vi khac
néu no 16n hon duéi dang moét s0.

C6 thé thyc hién qua trinh sinh theo cach khac: thu dugc cac
hodn vi ¢ kich thudc k + 1 tir cac hodn vi ¢6 kich thudc k, stt dung
co ché dé quy. Do d6, khong can thém bo nhd cho mang used[] da
st dung. Diéu nay c6 thé duoc thuc hién, Chéng han, véi thuéat toan
dé quy sau [Nakov-1998]:

Thudt todn 2.

1) Tai n = 1, chiing ta tao ra mot hoan vi duy nhat: (1).

2) Xét mot hoan vi (py, pa, ..., px) g0m k(1 < k < n) phan tt.
Chuing ta dat phan ti (k+1) 6vitri 1,2, ..., (k + 1), tuong tng:

(Pk+1,P1, P2, -+ PE)
(P1, Prs1, P2, -+ Pi)

(P1, P2, -+ ) Phs Prg1)
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Nhu vay, 1ap lai budc 2) véi tat ca cac hodn vi clia k phan t, ta thu
duoc tht ca cac hoan vi ctia k + 1 phan tur.

Viéc trién khai dugc dé xuat dudi day 1a mot stra déi ctia Thudt
todn 2. Chung ta dé né nhu mot bai tap dé ngudi doc xem xét mdi
quan hé gitta chting, thoat nhin c6 vé khong truc tiép nhu vay.

Chuong trinh 1.31. Tinh hoan vi 2 (134permswap.c)
#include <stdio.h>
#define MAXN 100
const unsigned n = 3;
unsigned a|[MAXN];

void print(void)

{ unsigned i;
for (i =0; i <n; i++)printf("%u", alil + 1);
printf("\n");

}

void permut(unsigned k)
{ unsigned i, swap;
if (k ==0) print();
else {
permut(k - 1);
for(i =0; i <k-1; i++){
swap = alil; alil = alk-1]; alk-1] = swap;
permut(k - 1);
swap = alil; alil = alk-11; alk-1] = swap;
}
}
}

int main(void) {
unsigned i;
printf("\n\n");
for (i =0; i <n; i++)alil =1i;
permut(n);
return (;

}

Két qud thuc hién chuong trinh:
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123
213
321
231
132
312

Bai tap
> 1.70. Ching minh er\ng s6 hoan vi ciia mot tap hgp n phan tir 1a n!

> 1.71. Tim cac hoan vi cua cac phén tir cia \{a, b, ¢, d\}theo cach
thu cong, sir dung;:

a) thuat toan 1

b) thuat toan 2

So sanh céac két qua.
> 1.72. D€ chiing minh thuat toan 1 va thuat toan 2.

> 1.73. Ching t6 rang permswap.c thure sy 1a mot trién khai ctia Thudt
todn 2.

> 1.74. D€ thuc hién mot thuét toan dé tao 1ap di lap lai cac hoan vi.

1.8.2. Ma héa va giai ma

Doi khi, vi dy, khi tao cic hoan vi ngau nhién bf?mg cac thuat
toan heuristic (Chuong 9) hoac ghi nhg (Chuong 8), can phai ma
hoéa va gidi ma ré rang cac hoan vi. Piéu nay c6 nghia la tai mdi
hoan vi khac nhau, mot s6 tu nhién duy nhéat dugc so sanh dé sau
nay c6 thé tai tao duy nhét tir né. Vi du, hay xem xét cac hoan vi c6
thit tu tir vung ctia ba phan tir:

(1,2,3),(1,3,2),(2,1,3),(2,3,1),(3,1,2), (3,2,1).

Trén méi chiing, chiing ta c6 thé so sanh mét s6 ty nhién duy nhat
tir 0 dén 5. N6i chung, mbi hoan vi ciia mot tap n phan tir da cho
tuong tng véi mot sé nhi vi gitta 0 va n! — 1. Mot thuat toan dé
xac dinh no béng mot hoan vi nhat dinh (ma héa hoan vi) va phép
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toan nghich dao (giai ma) c6 thé duoc bién dich theo cac so do sau
[Shishkov-1995]:

Ma hoa

1) Cho perm[] 1a mdt mang c6 do dai n chira cac phan tif cda
hoan vi ma ta can ma hoa.

2) Cho pos = result =0, p[] 1a mot mang cé n phan ta, p[i] =
i+1,i=0,1,.,n—1.

3) Néu pos < n, thi ching ta loai trir phan t chiém vj tri thi r
trong p va gan cho r, trong d6 i 1a chi s6 ma perm[pos] == plil. Néu
khong, thuat toan két thuc va result 1a két qua bat buoc.

4) Gan result = result * (n — pos) + r.

5) pos ++ va chuyén sang 3).

Giai ma

1) ho s6 num va ching ta phai khoéi phuc lai hoan vi tir né. Goi
k =n-1, pll lamét mangnsaochopli - 1] =i,v6ii=1,2,..,n.

2) Trong khi k > 0, chung ta lap lai:

m=n-k;

perm [k] = num% m;

if (k>0) num/=m;

k--;

3) Gan k = 0. Trong khi k < n ta lap lai:

m = perm [k];
perm [k] =p [m];

néu (k <n)
for(i =m+1; i <n; i ++)p [i-1] =p [i];
k ++;

Sau day la ma nguon hoan chinh ctia chuong trinh thuc hién cac
todn t trén:
Chuang trinh 1.32. S6 chit s6 (135codeperm.c)

#include <stdio.h>
#define MAXN 100

const unsigned n = 6;
const unsigned perm[MAXN] =1{5,3,6,4,2,1 };
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const unsigned long code = 551;

unsigned long codePerm(unsigned n, unsigned perm[])
{ unsigned p[MAXN], i, pos;
unsigned long r, result;
result = 0;
for (i =0; i <n; i++)plil =1 +1;
for (pos = 0; pos <n; pos++) {
r =0;
while (perm[pos] !=plr]) r++;
result = result * (n - pos) +r;
for(i =r +1; i <n; i++)pli - 1] =plil;
}
return result;

}

void decodePerm(unsigned long num, unsigned n, unsigned perm/[])
{ unsigned longr, m, k;
unsignedi, p[MAXN];
for (i =0; i <n; i++)plil =1 +1;
k =n;
do {
m=n-k+1;
perm[k - 1] = num % m;
if (k>1) num/=m;
} while (--k > 0);
k=0;
do {
m = perm[k]; perm[k] = p[m];
if (k <n)
for (i =m+1; i <n; i++)pli - 1] =plil;
} while (++k < n);

}

int main(void) {
unsigned i;
printf("Mot to hop ma hoa nhu la %lu \n", codePerm(n, perm));
printf("Mo ma hoa cua so la %lu: ", code);
decodePerm(code, n, perm);
for (i =0; i <n; i++)printf("%u", permlil);
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printf("\n");
return (;

}

Két qud thuc hién chuong trinh:
Hoan vi da cho dugc ma hoéa la 551
Ta giai ma hoan vi tuong tng véi s6 551: 536421

Bai tap

>1.75. 1. St dung thuat toan trén, ma héa tha cong cac hoan vi:
(2,3,1,4),(5,3,2,4,1), (3,6,4,1,5,2).
2. St dung thuat toan trén, tim tht cong cac hoan vi ctia 5 phan
ta tuong ung véi ma: 3,13,27,87,119.

1.8.3. Hoan vi lap lai

Bay gio chung ta hay xem xét mot tap da thay vi tap A (nghia
1a ¢6 thé cho cac phan tr 1ap lai tham gia vao A). Lay vi dy, tap da
A ={1,1,2,3} ctia 4 phan tr. Chung ta quan tdm dén viéc tao ra tat
ca cac hodn vi c6 ldp lai. Vi vay, mot 1an nita ching ta dang tim kiém
tat cd cac n-bd c6 thit tu khac nhau dugce tao thanh bédi cac phan tir
ctia A. Luu y rang khi cac vi tri thay déi cac phan tif gidng nhau - vi
du: hai dau tién trong hoan vi (1,1, 2,3), khong méi hoan vi xay ra.
Noi chung, hai hoan vi duogc coi 1a khac nhau khi c6 mét vi tri trong
d6 cac phan tir khac nhau dugc dat.

Tap hop tat ca cac hoan vi c6 13p lai duge ky hiéu la Ptk
trong d6 s; 1a sb phan tit loai i(i = 1,2, ..., k). S tat cA cac hoan vi ¢6
lap lai dugc cho boi cong thic:

~ o s n! K
|P}’l1’ R ”| — , n = SZ" (113)
s1!sol....s! =
. < A A A D21 L~y 4!
Véis; = 2,5 = 1,53 = 11a s0 can thiet [P, | sé bang ST =

12.

Bai tap
> 1.76. Viét hoan vi céc phén twr cta tap da {1,1,2,3}.
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> 1.77. Viét chuong trinh tim tat cd cdc hoan vi c6 1ap. C6 thé s
dung viéc thuc hién hoan vi ma khong lap lai lam co s& khong?
Néu vy, nhiing thay d6i nao 1a can thiét. Néu khong - tai sao?

> 1.78. Viét chuong trinh tinh s6 hoan vi c6 lap véi cac tham sb lién
quan da cho. St dung thtra s6 hoa.

> 1.79. Dé thuc hién cac thuat toan ma hoa va giai ma hoan vi 6 lap
lai.

> 1.80. Ching minh cong thuc (1.13).

1.9. Chinh hogp
1.9.1. Cac dang chinh hgp va cach sinh ra

Céc thuat toan sau day ma ching ta sé xem xét 1a dé tao ra cac
bién thé ¢ va khong lap lai. Moi lap trinh vién phai viét cac vong
lap 16ng nhau - khi chung Ia hai, ba hoac mot s6 xac dinh trudc, that
dé dang. Tuy nhién, khi s6 ctia chting khong dugc biét trudc, vi du
bai todn chiing ta dang gidi yéu cau n chu trinh 16ng nhau, thi cach
tiép can tiéu chudn khong thé ap dung dugc. Hay xem xét doan sau:

Vi du 1.1. Chinh hgp 6 lap
Chinh hgp 6 lap

for (al =1; al <=k; al++)
for (a2 = 1; a2 <=k; a2++)
for (a3 =1; a3 <=k; a3++)

for (an = 1; an <=k; an++)
printf(" %u %u %u ... %u;", al, a2, a3, ..., an);

Két qua cta viéc thuc thi n = 2 va k = 3, tuong duong vdi 2 chu
ky long nhau cho i tir 1 dén 3, sé la:

11;12;13;,21;22;23:31;32;33;

Vi du 1.2. Chinh hgp khong lap
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Chinh hgp khong lap

for (al =1; al <=k; al++)
for (a2 = 1; a2 <=k; a2++) if (a2 !=al)
for (a3 =1; a3 <=k; a3++) if ((a3 !=al) && (a3 !=a2))

for (an = 1; an <=k; an++)
if ((an!=al)&&(an!=a2)&&(an!=a3)&&...&&(an!=an-1))
printf("%u %u %u ... %u;", al, a2, a3, ... ,an);

Két qua cho n = 2 va k = 3 bay gid sé la:

12;,13,21,23,31;32;

Su khac biét gitra hai bién thé cta thé hé la & thé hé thi hai
khong c6 s6 1ap lai.

Két qué ctia doan dau tién 1a tao ra tat ca cc bién thé vdi su lap
lai ctia 7 phan tir ctia 16p thit k va két qua ctia doan thit hai - cac
bién thé khong c6 sy lap lai cia 7 phan ti cta 16p thit k. Ching ta
sé dinh nghia cac khai niém chinh xac hon:

Cho 1a mot tap hgp A véi n phan t.

Dinh nghia 1.22. Mot bién thé c6 su 13p lai cia 7 phan tir cia hang
thit k dugc goi l1a danh sach nhiéu phan tir ¢6 k dugce tao thanh béi
cac phan tir cia A (khong nhéat thiét phai khac).

Tap hop tat ca cac bién thé c6 lap lai dugc ky hiéu la V,f va sb
phan ti ctia n6 1a n*. Chung ta dé lai phan chitng minh ctia phan
sau cho ngudi doc nhu mot bai tap dé dang.

DPinh nghia 1.23. Mot bién thé khong c6 sy lap lai ctia 7 phan ti
ctia 16p k dugc goi 1a bat ky danh sach k phan tir c6 thit tu nao dugc
tao thanh bdi cac phan tir cta A.

n!
(n—k)! |

Ta thdy ngay rang v6i k = n thi tap cac bién thién khong lap lai
trung voi tap cac hoan vi khong lap lai.

S6 lugng cac bién thé khac nhau khéng lap lai la |Vf =
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Chting ta sé tao ra tat cA cc bién thé vdi su 1ap lai trén n va k
da cho, cho tap A, bao gom céc s ty nhién tir 1 dén n. Diéu nay, tat
nhién, khong thé dugc thuc hién véi cac vong 1dp 1ong nhau, nhu
trong hai phan doan & trén. Chting ta sé tip trung vao cach tiép can
ma ching ta da st dung dé tao ra cac hoan vi. Sy khac biét sé la
chiing ta sé dit ting phan tr vao tung vi tri, chit khong phai chi
mot phan tir chua dugc stt dung cho dén nay (vi cho phép lap lai).
Diéu nay gitip loai b sy can thiét cia mot mang used[] dé danh dau
cac phan tir dugc st dung va ching ta dé dang tiép can mot chuong
trinh tuong tu nhu permute.c:

Chuong trinh 1.33. Chinh hop (136variate.c)

#include <stdio.h>

#define MAXN 100

/*chinh hop tu n lay k phan tu*/
const unsigned n = 4;

const unsigned k = 2;

int taken[MAXN];

void print(unsigned i)

{ unsigned k;
printf("(");
for (k =0; k <=i - 1; k++) printf("%u ", taken[k] + 1);
printf('")\n");

}

/*Hoi quy*/
void variate (unsigned i)
{ unsignedj;
/*Neu sai if (i>=k) thi return; o day (chi in print();
neu muon co the sinh ra tat ca do dai 1,2, ..., k, khong chi co do
dai k */
if (i >=k) { print(i); return;}
for (j =0; j <n; j++){
/* if (allowed(k)) { */
taken[i] =j;
variate (i + 1);
}
}
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int main(void) {
variate (0);
return O;

}

Két qud thuc hién chuong trinh:

11
(1 2)
(1 3)
(14)
21
(2 2)
(2 3)
(2 4)
B 1
3 2)
3 3)
(3 4)
(4 1)
(4 2)
(4 3)
(4 4)

Bai tap

> 1.81. Dé stra d6i chuong trinh trén dé tao ra cac bién thé ma khong
lap lai.
> 1.82. 2. Viét cdc bién 3 phan tr cia cdc phan tr cta tap hop
{a,b,c,d, e}

* véisu lap lai;

* khong lap lai.
> 1.83. Chitng minh rang s6 bién déi k phan ti c6 lap lai trén mot
tap hgp n phan tir 1a nk.
> 1.84. Chitng minh rang sb bién déi k phan tr khong lap lai trén
mot tap hop n phan tirlan!/ (N — k)!
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> 1.85. Dé thuc hién mot thuat toan dé tao 13p di lap lai cac bién thé
c6 / khong lap lai.

> 1.86. Dé thuc hién cac thuat toan ma héa va giai ma cac bién thé
c6 va khong co lap lai.

1.10. Téng bing khong

Bai todn. Cho cac sb aq,ay, ..., a,. Dit cac phép toan “+” va
gitta cac sO a; va a; 1, voii = 1,2,...,n — 1 sao cho ket qua sau khi
tinh biéu thitc thu duge bang 0.

Vi duy, ddi véi cac s6 tu nhién tir 1 dén 8, mot sb gidi phap kha
thi cho bai toan sau day:

£ 7

1+2+34+4-5-6—-7+8=0
1+2+3-4+5-6+7—-8=0
1+2-3+4+5+6—-7-8=0
1+2-3-4-5-6+7+8=0

Loi gidi: Ching ta sé tao ra tat ca cac loai bién thé bang cach lip
lai n — 1 phan tr cta 16p thu hai, tic 1a tat ca cac loai c6 th tu
(n — 1)-bd, bao gom 0 va 1 (twong tng voi mot dau duong va mot
d&u 4&m & phia trudc ctia s6 tuong tng). Voi méi (n — 1)-bd nhu vay,
ching ta sé kiém tra xem né c6 phai la mot nghiém ctia bai toan hay
khong, va vdi muc dich nay, chiing ta sé tinh todn gia tri ctia biéu
thitc tuong ting. Cach thuc hién day du cda gidi phap nay nhu sau,
vi dit liéu dau vao duge dit & dau dudi dang hfmg s6 - nla sb lugng
cac s6 va mang a[] chita chinh cac sé:

Chuang trinh 1.34. Tong bang 0 (137sumzero.c)

#include <stdio.h>
#include <math.h>

/* So luong so trong day */

const unsignedn =S§;

/* Day so */

intall ={1,2,3,4,5,6,7,81};
/* Tim tong */
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int sum = 0;

void checkSol(void)
{ unsigned i;
int tempSum = 0;
for (i =0; i <n; i++) tempSum += alil;
if (tempSum == sum) { /* Tim duoc nghiem => In no ra*/
for (i =0; i <n; i++)
if (a[i] > 0) printf("+%d ", alil);
else printf("%d ", alil);
printf(" = %d\n", tempSum);
}
}

void variate (unsigned i)
{if (i >=n) {
checkSol();
return;
}
ali] = abs(alil); variate(i + 1);
ali] = -abs(alil); variate(i + 1);

}

int main(void) {
variate (0);
return (;

}
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Két qud thuc hién chuong trinh:

+14+2+34+4-5-6-7+8=0
+1+2+3-4+5-6+7-8=0
+1+2-3+4+5+6-7-8=0
+14+2-3-4-5-6+7+8=0
+1-24+3-4-54+6—-7+8=0
+1-2-3+4+5-6—-7+8=0
+1-2-3+4-5+6+7-8=0
—-14+24+3-4+5-6—-7+8=0
-14+24+3-4-54+6+7-8=0
—-1+2-3+4+5-6+7-8=0
-1-2+4+3+4+5+6-7-8=0
—-1-243-4-5-6+7+8=0
—-1-2-3+4-54+6-7+8=0
-1-2-3-4+5+6+7-8=0

Bai tap

> 1.87. Dé gidi bai toan, néu trong phép cong va phép trtr, c6 thé dat
mdt dau nhan.

> 1.88. Dé xuat mot cach dé luu mot s6 phép tinh. Vi dy, khi qua
trinh tao c6 thé bi gian doan sau vi tri thi k, i. tiéu chi nao c6 thé
dam bao rang tong 0 sé khong nhan dugc, bat ké phép tinh s6 hoc
nao sé duogc dat trén n — k vi tri khac?

1.11. T8 hop

Néu cho dén nay thit tu cda cac yéu té da quan trong, thi trong
doan nay n6 sé khong con khién chiing ta quan tam ntrta. Cho mét
tap hop A ¢6 n phan tu.

Pinh nghia 1.24. Mot t6 hop khong c6 sy 13p lai cia n phan ti
thuoc 16p k dugc goi 1a tap hgp con k phan ti ctia A.

Dinh nghia 1.25. Mot t6 hop c6 sy ldp lai ctia 7 phan t cta 16p k
duoc goi la mot tap hop nhiéu phén tir c6 chua cac phﬁm tir cua A.
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Vi du: déi v6i n = 4,k = 2 cGa tdp bdn phan tu
a,b,c,d thi cac két hgp khong c6 su lap lai cua 16p thi hai la
{a,b},{a,c},{a,d},{b,c}, {b,d},{c,d} va cac két hop cé lap lai la:

{a,a},{a,b},{a,c},{a,d}, {b,b}, {b,c},{bd},{cc},{cd}, {dd}.

T6 hgp dugc sit dung rong rai trong cac bai toan téi wu hoa.
Trong tuong lai ching ta sé gap ching nhiéu lan, vi vay cac thuat
toan cho thé hé ctia chiing rat quan trong. Mot s0 bai toan lién quan
dén t6 hgp dugc dua ra trong phan 1.5.

S6 lugng cac két hgp khong c6 sy lap lai, ma ching ta da thay
cach chung ta c6 thé tinh toan bang cach tinh toan trong 1.1.5., La

ok — ok nn—1)..(n—k+1) n!
e k(k—1)..1 ~ k!(n—k)!
va cac t6 hop c6 1ap lai:
T okK(n—-1)

Viéc tao cac t6 hop khong 1ap lai sé duge thyc hién theo so do
cta thuéat toan tao hoan vi. Chung ta tuan tha no, bdi vi khi dugc
tao theo thit tu tir dién, sé cuc ky thuan tién néu ban can "cat" mot
s6 gidi phap da tao. Nhu da dé cap, su cat gidm nhu vay xay ra khi
giai quyét cac van dé thuc té, trong d6 viéc nghién ctru mot nhanh
16n ctia cac cau hinh t6 hgp c6 thé 1a vo nghia.

Chuong trinh 1.35. Tim t6 hgp (138comb.c)

#include <stdio.h>

#define MAXN 20

/*Tim tat ca cac t6 hgp ctia n phan tir cta 16p k*/

const unsigned n = 5;

const unsigned k = 3;

unsigned mp[MAXN];

void print(unsigned length)

{ unsigned i;
for (i =0; i <length; i++) printf("%u ", mplil);
printf("\n");

}

void comb(unsigned i, unsigned after)
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{ unsignedj;
if (i > k) return;
for (j = after +1; j <=n; j++) {
mpli- 1] =j;
if (i ==k) print();
comb(@i+1, j);
}
}
int main() {
printf("C(%u,%u): \n", n, k);
comb(1, 0);
return 0;

}

Két qud thuc hién chuong trinh:

WINNNR, PR R R P§
= W Wk WWwWw NN
Q1 O1 U1 = O1 U1 = O1 = W

Bai tap

> 1.89. Dé stra d6i chuong trinh trén dé né tao ra cac két hop c6 lap
lai.

> 1.90. Viét cac t6 hop 3 phan tir ctia cdc phan tir cta tap hop
{a,b,c,d,e}:

* véisu ldp lai

e khong lap lai

> 1.91. Giai thich mbi quan hé gitta s6 t6 hogp khong lap lai cia n
phan tr hang k va hé sb ctia nhi thuc.
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> 1.92. Chiing minh rang s6 t6 hgp k phan t&r khong lap lai trén mot
tap n phan ti la n!/ (k!(n — k)!).

> 1.93. Chiing minh rang s6 t6 hgp gom k phan ti c6 lap lai trén
mot tap n phan ti la (n + k — 1)!/(k!(n — 1)!). Pua ra hai ching
minh: mét dai s6 va mot t6 hop.

> 1.94. Dé thyc hién mot thuat toan dé tao lap di 1ap lai cac két hop
c6 / khong lap lai.

> 1.95. Dé thuc hién cac thuat toan ma héa va giai ma két hgp c6 /
khong lap lai.

1.12. Biéu dién s6 thanh tong

1.12.1. Tao ngit s6 dudi dang tdng cha cac sé da cho

Bai todn: Tim tat ca cac biéu dién khong c6 thit tu (phan tich) c6
thé c6 ctia n trén mot sb tu nhién n da cho dudi dang téng cac sb
tu nhién (khong nhét thiét khac nhau). Vi du, s6 5 c6 thé dugc chia
theo 7 cach sau:

5=5
5=4+1
5=3+2
5=3+1+1
5=2+2+1

5=24+1+1+1
5=1+1+1+1+1

Thuéat toan ma chung ta sé nhan ra su phan ra la dé quy:
devNum(0) = {}
devNum (n) = {k} + devNum (n-k), k=n,n- 1,..., 1.
Chting ta phai can than va tranh tao ra cac 16i 1ap di lap lai, chéng
han nhu
5=3+42
5=2+3
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Cach sau rat dé thyc hién: chung ta sé yéu cau mdi phép cong tiép
theo nho hon hoac béng lan truéc. Ham dé quy thuc hién devNum
c6 hai dbi s6: 1 (s6 break) va pos - mot bién cho biét s6 lan bi pha va
cho dén nay:

Chuang trinh 1.36. Biéu dién thanh tong s6 (139devnum.c)

#include <stdio.h>
#define MAXN 100
const unsigned n =7;
unsigned mp[MAXN + 1];
void print(unsigned length)
{ unsigned i;
for (i =1; i <length; i++)
printf("%u+", mplil);
printf("%u\n", mp[lengthl);
}
void devNum(unsigned n, unsigned pos)

{

if (0 ==n)
print(pos-1);
else {
unsigned k;
for (k =n; k>=1; k--) {
mplpos] = k;

if (mplpos] <= mplpos-1])
devNum(n-k, pos+1);
}

}
}
int main() {

mp[0] = n+1;

devNum(n, 1);

return 0;

}

Két qud thuc hién chuong trinh:
7

6+1

5+2

5+1+1
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4+3

4+2+1
4+1+1+1
3+3+1

3+2+2
3+2+1+1
3+1+1+1+1
2+2+42+1
2+2+1+1+1
2+1+1+1+1+1
1+1+1+1+1+1+1

Néu nhiém vu chi tim kiém s lan ngét khac nhau, thi (nhu véi
cac cau hinh t6 hgp khéac) khong can thiét phai tao va dém ching
hoan toan. Mot cach tiép can nhu vay sé cuc ky khong hiéu qua. Co
mot cong thirc 1ap lai cho phép tinh truc tiép con s6 nay. Trén thuc
té, nhitng thit vdi cong thic nay khong don gian nhu vay va can
phai st dung tinh nang t4i wu héa dong, vi vay chiing ta sé xem xét
n6 & phan sau, trong 8.3.6.

Bai tap

> 1.96. Dé trién khai mot thuat todn tao ngat theo thit tu tir vung.

> 1.97. D€ trién khai mot phién ban lap di lap lai cta thuat toan dé
tao ra su co.

1.12.2. Sinh ra t4t ca biéu dién mot sb nhu 13 tich cta
cac sb tu nhién

Su khac biét véi doan trudc, ca vé thuat toan va cach trién khai,
la t6i thiéu. Thay vi devNum (n-k, cnt + 1), ching ta sé goi dé quy
devNum (n/k, ent + 1), khong phai cho moi k, ma chi cho nhiing
ngudi co n%k == 0. Diéu kién dé tiép tuc phan tich (vong lap for)
séla k > 1, khong phai k > 1, tic 1a phan dudi cing cta dé quy sé
1a k == 1, khong phai k == 0 (sau nay dé dang giai thich: 0 va 1 1a
dong dang ctia cac phép todn cong va nhan). Sau day la cach trién
khai da stra déi:
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Chuong trinh 1.37. Biéu dién thanh tich s6 (140devnum?2.c)

#include <stdio.h>
#define MAXLN 20 /* Hé s6: toi da log2n (ti thiéu 2) */
const unsigned n = 50; /* Mot con s ching ta sé tach ra */
unsigned mp[MAXLN];
void print(unsigned length)
{ unsigned i;
for (i =1; i <length; i++)printf("%u * ", mplil);
printf("%d\n", mp[lengthl);
}
void devNum(unsigned n, unsigned pos) {
if (1 ==n)
print(pos-1);
else {
unsigned k;
for (k=n; k>1; k--) {
mplpos] =k;
if (mplpos] <= mpl[pos-1] && n % k == 0)
devNumi(n / k, pos+1);
}
}
}
int main() {
mp[0] =n+1;
devNum(n, 1);
return O;

}

Két qud thuc hién chuong trinh:
50
25*2
10*5
5*5%*2

Bai tap

> 1.98. Dé thuc hién mot thuat todn dé tao ra cdc ngat theo thir tu
tu vung.

> 1.99. Dé trién khai mot phién ban 1ap di 1ap lai ctia thuat toan dé
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tao ra su co.

1.12.3. Sinh ra tAt ca biéu dién mot sb nhu 13 tng cia
cac sb tu nhién

Thi vi hon 1a truong hgp chiing ta phai chia mot s6 ty nhién la
tong ctia cac s6 tu nhién da cho. Vi duy, chiing ta c6 tem buu chinh
BGN 2, 5 va 10 va chung ta phai gtri mot buu kién c6 gia tri BGN 20.
Tat ca cac kha nang (tong cong la 6) dé hinh thanh s6 tién nay la:

20 =10+10

20=10+5+5
20=10+24+2+2+2+2
20=5+5+5+5
20=5+5+2+2+2+2+2
20=2+24+2+2+24+2+2+2+2+2

Thuat toan giai bai toan nay tuong tu nhu thuat toan ngat mot s6
duéi dang tong cac sb tu nhién. Hay dé cac s chung ta c6 thé st
dung trong bang phan tich ndm trong mang given[gN]. Chting ta sé
thuc hién moét chu trinh chop =0,1, ..., gN-1, va trong 1énh goi dé
quy thay vi p, ching ta sé giam n bdi gid tri tuong ing cta given[pl:

Chuong trinh 1.38. Biéu dién thanh tich s (141devnuma3.c)

#include <stdio.h>

#define MAX_ADDS 100

/* Téng sé biéu dién*/

const unsigned n = 15;

/*Sb gia tri dong xu khac nhau */

const unsigned gN = 3;

/* Gia tri ctia dong xu */

const unsigned given[] ={2, 3, 5 };

unsigned mp[MAX_ADDS];

void print(unsigned length)

{ unsigned i;
for (i =1; i <length; i++)

printf("%u + ", mplil);

printf("%d\n", mp[lengthl]);
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}
void devNum(unsigned n, unsigned pos)
{ unsignedk, p;
for (p=gN;p>0; p--) {
k = given[p - 1];
if (n>k) {
mpl[pos] =k;
if (mpl[pos] <= mplpos - 1])
devNumi(n - k, pos + 1);
}
elseif (n ==k) {
mpl[pos] =k;
if (mplpos] <= mplpos - 1])
print(pos);
}
}
}
int main() {
mp[0l =n +1;
devNum(n, 1);
return 0;

}

Két qud thuc hién chuong trinh:
5+5+5
5+5+3+2
5+3+3+2+2
54+42+2+2+2+2
3+43+3+3+3
3+3+3+2+2+2
3+2+24+2+2+2+2

Bai tap

> 1.100. C6 thé téng quat thuat toan thanh s thuc khong? Néu
khong: tai sao? Néu c6: nhiing thay déi nao la can thiét?

> 1.101. Dé thuc hién mot thuat toan dé tao ra cac ngat tir vung.

> 1.102. Dé trién khai mot bién thé 13p di 1ap lai ctia thuat toan tao
ra su co.
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> 1.103. Dé xuat va thuc hién thuat toan ngét mot s6 dudi dang tich
ctia cac s6 da cho.

1.12.4. Phan hoach mot tap hop

Nhiém vu ching ta sé xem xét 1a tim s6 lan ngét c6 thé c6 ctia
mot tap hop, tic 1a biéu dién ctia tap hgp nhu mdt hgp cua cac tap
hgp con khong rong khong giao nhau ctia né. Vidy, déi voi tap hop
A = {1,2,3} cdc ngat sé la:

{1,2,3}
{1,2},{3}
{1,3},{2}
{1}.{2,3}
{1}, {2}, {3}

S6 Bell va Stirling

Mac du c6 mot sd cong thic truc tiép cho sb lugng cau hinh t6
hop dugc thao luan & trén, nhung & day moi thi phuc tap hon mét
chut.

S6 1an ngat cho mot tap hgp c6 n phan tit bang s6 thit  cta Bell
B (n). S6 Bell dugc dinh nghia nhu sau:

B(n) = i St(n, k),
i=0

trong d6 St(n, k) 1a s6 chubi cta loai thit hai, duge dinh nghia dé
quy nhu sau:

Stin—1,k—1)+kSt(n—1,k) vo6ik=1,2,..,n;
voin >0,k—1;
voik = 0;

0 voin = 0.

St(n, k) =

S6 Stirling dai dién cho s6 lugng biéu dién ctia mot tap hgp n phan
ti nhu mot hop ctia chinh xéc k tap hgp con khong rong ctia no.
Chiing ta c6 thé tinh toan sb Stirling theo mot sd cach. Mot 1a
st dung truc tiép dinh nghia dé quy va thuc hién mét ham dé quy
tuong tng. Tuy nhién, mot sb gia tri sé dugc tinh toan nhiéu lan,
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day la mot giai phap khong hiéu qua. Ching ta da gép phai van
dé tuong ty khi tinh toan chudi Fibonacci. Chung ta sé tim cac s6
Stirling va Bell theo cach 1ap: Dau tién chiing ta sé tim cac s6 Stirling
MIi]=St (n, i), i =0,1, ..., n. Sau d6, chung ta sé tim s6 Bell tht n
la téng ctia cac s Stirling tuong tng.

S6 Stirling xac dinh mot tam gidc tuong tu nhu tam giac Stirling
ctia Pascal. Quan sat nay truc tiép dan ching ta dén y tudng nhan
ra mot thuat toan tuong tu nhu mot thuat toan ma ching ta da su
dung cho cac hé s6 nhi thic.

1
1 1
1 3 1
1 7 6 1
1 15 25 10 1
1 31 90 65 15 1

Hinh 1.15. Tam gidc Stirling

Chuong trinh 1.39. S6 phéan hoach tap hgp (142bell.c)

#include <stdio.h>
#define MAXN 100
const unsigned long n = 10;
unsigned long M[MAXN+1];
void stirling (unsigned n)
{ unsignedi, j;
if (0 ==n) M[0] =1;
else M[0] =0;
for (i =1; i <=n; i++) {
Mli] = 1;
for (j =i-1; j >=1; j--) M[jl = j*MIjl+MlIj-1];
}
}
unsigned long bell(unsigned n)
{ unsigned i;
unsigned long result = 0;
for (i =0; i <=n; i++) result += Mli];
return result;
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}

int main() {
stirling (n);
printf("bell(%lu) = %lu\n", n, bell (n));
return 0;

}

Két qud thuc hién chuong trinh:
bell (10) = 115975

Bai tap
> 1.104. Tim s Stirling thit ndm theo cach thti cong.

> 1.105. Dé trién khai mot bién thé dé quy cta thuat todn tim s6
Stirling.

> 1.106. Tim ra cdc cong thic phadn 4anh méi quan hé gitta cac sd
trong tam giac Stirling. So sanh v6i nhiing gi trong tam giac Pascal
cta 1.1.5.

> 1.107. Viét mot chuong trinh dé tim tAt cd cac diém ngat ctia mot
tap hop da cho duéi dang hgp nhét cta cac tap hop con khong réng
cta no.

1.13. Danh gia va do phirc tap cua thuat toan

Chiing ta sé két thic chuong md dau nay véi phan gidi thiéu
ngan gon vé bd mdy toan hoc can thiét cho viéc nghién ciru day du
bat ky thuét todn may tinh nao. Chu dé danh gia va do phuc tap ctia
cac thuat todn la quan trong va khong nén bo qua. Cac chi dinh va
d&c tinh ma ching ta sé trinh bay sé dugc tim thay gan nhu lién tuc
trong tai liéu bén dudi.

Khi xem xét mot thuat todn may tinh, ching ta thuong quan tam
dén ba thudc tinh ctia né:

e don gian (va sang trong)

e tinh dung dan

e tbc do

Trong khi cai dau tién trong s6 nay c6 thé duge "do luong" bang
truc giac (va hoi cht quan), hai cai sau doi hoi phan tich chuyén

Nguyén Hiru Dién https:/ /vietex.blog.fc2.com/



106 Chuong 1. S6 hoc va thudt todn

sau hon nhiéu. Cac ky ning ching ta sé c6 dugc trong doan nay sé
cho phép chung ta xac dinh dé dang va chinh xac hiéu qua ctia mot
thuat toan, so sanh cac thuat toan, dé€ tang toc do cta chung thong
qua cac thay d6i duogc do luong va chinh xac.

Hay xem doan chuong trinh sau:

Cac dong lénh tinh toan

1) n =100;
2) sum = 0;
3) for (i =0; i <n; i++)
4) for (j =0; j <n; j++)
5) sum-++;

Chiing ta quan tAm dén viéc chuong trinh trén sé hoat dong
nhanh nhu thé nao. Nhiing gi ching ta c¢6 thé lam bang thuc
nghiém la kiém tra xem mat bao 1au d€ hoan thanh cong viéc cta
noé. D€ nghién ctru hanh vi ctia n6 mot cach tdng quét hon, ching
ta c6 thé thuc hién né cho cac gia tri khac ctia n. Bang 1.5. cho thay
moi quan hé gitra luong dir liéu dau vao va toc d6 thuec thi.

Kich thuéc dau vao | Thoi gian thuc hién
10 0,000001 giay

100 0,0001 giay

1000 0,01 giay

10000 1,071 giay

100000 106,543 giay

1000000 10663,6 giay

Bang 1.5. su phu thudc gitra kich thude dir liéu dau vao va toc do
thuc thi.

Tir Bang 1.5 ta thiy rang khi ta tang 7 lén mudi lan thi thoi gian
thuc hién cta chuong trinh tang 1én 100 lan.

Chung ta hay xem xét phan doan trén sau hon. Dong 1) va 2)
c6 mot khoi tao tinh mat mot thoi gian khong déi. Hay dé ching ta
biéu thi né bang a. Dbi vdi cachoat dong i = 0vai ++, ciing nhu ddi
vdi viéc kiém tra i <n, mot 1an nira yéu cau thoi gian khong déi (mdi
trong s6 chting dai dién cho mot s6 lugng lénh khong déi ctia bo xtr
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ly), chiing ta sé ky hiéu né bang b, ¢ , d, tuong tng. Trong dong
4) thdi gian can thiét cho cac phép toan j =0, j <nvaj ++ dugc ky
hiéulae, f, g. Cudi cung, hoat dong trén dong 5) ciing yéu cau mot
thoi gian khong doi: gia st 1a h.

Vi cac ky hiéu dugce gidi thiéu theo cach nay, khong kho dé tinh
tong thoi gian hoat dong cta chuong trinh cho mét gia tri tuy y ctia
n:

a+b+nc+nd+n(e+nf+ng+nh)=
=a+b+nc+nd+ne+nnf+nng+nnh=
=n’(f+g+h)+n(c+d+ea+b

Nhé lai rang a,b,c,d, e, f, g, h 1a cac hang sb.

Hay biéu thi:
i=f+g+x
j=c+d+e
k=a+b

(6 day i va j khong lién quan gi dén cac bién duge stt dung trong
doan trén). Do do, thuat toan dugc thuc thi trong thoi gian:

in®+jn+k

Cac hang sb i, j va k quan trong déi véi toc do cda thuat toan, nhung
khong c6 y nghia quyét dinh. Trong thuc té, khi ching ta nghién
ctru tinh hiéu qua ctia mét thuat toan, chung ta khong quan tam
dén ching. Cac hang s6 nay phu thudc chti yéu vao hiéu suat may
ctia chuong trinh ctia chuing ta, cing nhu toc d6 cia may ma né
chay.

Hon ntra, khi ching ta nghién cttu hanh vi cta thuat toan cta
minh, chiing ta c6 thé bd qua ngay ca cac don thic j.n va k va chi dé
lai mo6t don thic trong d6 n tham gia nhiéu nhat. Muc dich ctia viéc
"don gidn hoa" nay la chi d€ lai tinh ndng quan trong nhat cho mot
thuat toan nhat dinh, tic 1a chic nang ma thoi gian thyc thi phu
thudc & mirc do 16n nhat, tic 1a phat trién nhanh nhat khi luong di
liéu dau vao tang lén.
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Hay xem xét hai ham cho biét thoi gian thyc hién cta hai thuat
todan A; va Ay da cho phu thudc vao kich thuée n cta dir liéu dau
vao: f = 2.n? va g = 200.n. Dé dang nhén thdy rang mac du hé sb
ctia ¢ 16n hon rat nhiéu so vdéi cta f nhung khi n vuot qua mot gia
tri c6 dinh nao dé6 (trong trudng hgp nay la n > 100) thi thuat toan
Aj sé giai bai todn nhanh hon A;. Hon nita, n cang tang thi méi
quan hé gitra thoi gian thuc hién cua hai thuat toan cang tang theo
hudéng c6 1gi cho Ap. Vé mat tiém can, thuat todn A, nhanh hon va
do phuc tap cuano la tuyén tinh, trong khi thuat todn A; 1a bac hai.

Trong khai bao dudi day, chiing ta s€ dua trén nhitng quan sat
gan day ctia minh trén nhitng nén tang ving chac hon.

Bai tap

> 1.108. Cho ba thuat toan c6 d6 phuc 5n? — 7n + 13, 3n% 4 151 4+ 100
va 1000n. Cai nao trong sO ching nén dugc stt dung cho dir liéu dau
vao lén dén: 100; 1000; 10000; 1000000?

> 1.109. C6 thé cho da thirc 5n% — 512 + 5 xac dinh do phuc tap cda
mot thuat toan khong? Va da thirc 5n% — 512 — 52 Con —5n% — 512 +
5 thi sao?

1.13.1. Ludng dif liéu dau vao

Gia st mot bai toan trong d6 kich thudc cua dir liéu dau vao
duoc xac dinh bsi mot sb nguyén n. Hau hét tat ca cac nhiém vu
chiing ta sé xem xét c¢6 thudc tinh nay. Ching ta sé lam 16 van dé
sau bang cach xem xét mot s6 vi du:

Vi du 1.3. Mot méang c6 n phan tir dugc cho va ching ta mubn sap
xep no. Kich thudc cta dit liéu dau vao dugc xac dinh bdi so n phan
tr ctla mang.

Vi du 1.4. Hai s6 tu nhién a va b da cho, ta tim udc chung 16n nhat
caa chung. g day kich thudc cta dit liéu dau vao duge xac dinh béi
s0 lugng cac chir s6 nhi phan (bit) 16n hon trong s6 cac s6 a va b: tiic
la tur log, (max(a, b)) (. Khi chung ta giéi thiéu bo mdy nghién ciu
tinh hiéu qua cta cac thuat toan dudi day, ching ta sé thay Iy do tai
sao chung ta chon cuc dai cta hai sb.
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Vi du 1.5. M6t d6 thi dugc dua ra va chiing ta tim cay bao trim cta
no (xem 5.1.).

Trong trudong hop nay, rat thuan tién dé mo ta kich thudc cua
dau vao vdi hai tham so: so dinh va so canh cuaa do thi.

1.13.2. Ky hiéu tiém cén

Khi chung ta quan tam dén do phtc tap cia moét thuét toan,
chung ta thuong quan tam dén viéc né hoat dong nhu thé nao &
kich thudc da 16n n ctia dit liéu dau vao. Khi chinh thic ude tinh
do phuic tap ctia cac thuat toan, ching ta sé quan tdm dén hanh vi
ctia chung tai 7, 6 xu hudng dén vo cting. Chiing ta sé mé ta do
phtc tap ctia mot thudt toan véi cac ham cé dang f : IN — IN. (Nho
lai rang IN biéu thi tap cc sd ty nhién: 0,1,2,...). Doi khi ching
ta s€ lam viéc vdi cac ham dugc xac dinh trén mét tap con cua N,
chéng han chi hgp 1é véi n chin hodc tir mot gia tri nhat dinh trd di.
Chiing ta cling sé st dung cac ham thuec, vi du logn, va vé nguyén
tac, chiing ta sé ngu y han ché ctia ching déi véi IN. Céc truong hop
sau khong phai la rat "thuan tdy" theo quan diém ly thuyét, nhung
chung tiét kiém duoc rat nhiéu khé khan.

Pinh nghia 1.26. O(F(n)) = {f(n)|3c(c > 0),3Ing(c) : Yn > nyp :
0< f(n) <cF(n)}

Nghia la O(F(n)) la tap cadc ham f trong d6 c6 mot hang s6 c(c >
0) sao cho f(n) < c.F(n), voi moi gid tri dil [on cta n, tic 1a ton tai
mot hang s6 1 (c6 thé phu thudc vao c) ma bat dang thiic trén ap
dung véi moi n > ng. Do d6 O(F) xac dinh tap hop tht ca cdc ham
phat trién khong nhanh hon F.

Khi xem xét do phtic tap cua cac thuat toan, hai ky hiéu co ban
hon dugc st dung: O(F) va Q(F).

Pinh nghia 1.27. Q(F(n)) = {f(n)|3c(c > 0),Ing(c) : ¥Yn > ny :
f(n) = c.F(n) = 0}

Nghia 1a, Q(F) 1a tap cac ham f(n) ma f(n) > c.F(n) v6i moi
n > ng. Do d6 Q(F) bao gom tat ca cac ham ting khéng chdm hon F.
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Pinh nghia 1.28. O(F(n)) = {f(n)|3c1(cz > 0),Fca(ca >
0),Vng(c1,¢2) :Vn >ng:0<c1.F(n) < f(n) <c2.F(n)}

N6 dua truc tiép tir dinh nghia rang @ (F) = O(F) N Q(F). Nghia
13, ©(F) chita tat cd cac ham phat trién nhanh nhu F (1én dén mot
cap s6 nhan khong déi).

Cac ky hiéu sau it dugc st dung hon (luu y su bat déng thuc
nghiém ngat trong dinh nghia.):

Pinh nghia 1.29. o(F(n)) = {f(n)|Vc(c > 0),3np(c) :n > np:0 <
f(n) <c.F(n)}

N6 dua truc tiép tir dinh nghia rang o(F) = O(F) \ ©(F). Nghia
12 o(F) chita tht ca cac ham phdt trién chdm hon F (1én dén mot cap
s6 nhan khong déi).

Luu ¥ rang trong khi 3n? € O(n?) va 3n? € O(n®), thi 3n? €
o(n%), nhung 3n? # o(n?).

Pinh nghia 1.30. w(F(n)) = {f(n)|Vc(c > 0),3np(c) :n >n0:0 <
c.E(n) < f(n)}

N6 dura tryc tiép tir dinh nghia rang w(F) = Q(F) \ ©(F). Nghia
13, w(F) chita tat ca cac ham phit trién nhanh hon F (1én dén mot cap
s6 nhan khong déi).

Trong cac phan tiép theo, ching ta sé xem xét cac thudc tinh hiru
ich va vi du vé cach chiing ta c6 thé danh gia do phuc tap ctia mot
thuat toan trong thuc té.

Dudi day chung ta sé stt dung ky hiéu chuan dé chi ra thudc tap
"€" dé chi ra rang f € ¢(F), trong d6 ¢ 1a mot trong nhimng ham
tiém can trén. Tuy nhién, khi nao thuan tién, chiing ta sé thay bang
dAu bang. Mac du diéu nay thoat nghe c6 vé la, nhung né mang lai
cho chung ta loi thé 1a c6 thé viét cac phu thuoc lap lai cho ham tiém
can T(n) c6 dang:

T(n)=T(n—1)+0O(n)

Bai tap
> 1.110. Ching minh rang ©(F) = O(F) N (F).
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> 1.111. Chiing minh rang o(F) = O(F) \ ©(F).
> 1.112. Ching minh rang w(F) = Q(F) \ (F).

1.13.3. Tinh chét va vi du cta O(F)

Cho dén gan day, ky hiéu O(F) dugc sit dung phd bién nhat
dé danh gid do phuc tap cua cac thuat toan va chuong trinh. Gan
day, mot ude tinh chinh xac hon vé O(F) da dugc wa chudng hon,
nhung diéu nay doi hoi nd luc bé sung trong viéc phan tich cac
thuat todn va van chua phai la mot cach tiép can duoc chép nhan
rong rai. Trong cac chuong tiép theo, chiing ta thuong st dung ky
hiéu O(...) va chi trong cac truong hop déc biét - cac ky hiéu khac.

Mot sé tinh chit ciia O (F):

Tinh phan xa: f € O(f)

Tinh bac cau: f € O(g),g € O(h) = f € O(h)

Tinh d6i xting chuyén vi: f € Q(g) < ¢ € O(f)

C6 thé bd qua cac hang sb: Vi méi k > 0,k.F € O(F).

n, nang cao hon, phat trién nhanh hon: n” € O(n®), v6i 0 <

r <s.

6. Su gia tang cta tong cac ham dugc xac dinh bdi tiém can
nhanh nhét ting dan (diéu nay dugc biéu thi bang max):

f+g € O(max(f,g)),

c6 thé dugce viét nhu sau:

feo@) = f+ge0(g)

Gl LN =

hoac la:
O(c1f + c2g) € O(max(f,g)), véicy,co > 0.

7. Néu f(n) 1a da thic bac d trd xubng thi f € O(n?).
8. Tich ctia cac ham sb:

feO(F)vage O(G) = f.g € OF.G)

Ta c6 thé ching minh theo dinh nghia cac tinh chét trén:
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Dé khang dinh rang ham s6 f thudc O(g), can va da dé tim mot
sO tu nhién ny va mot héng sO duong c sao cho véi moi tu nhién
n(n > ng) thi bat phuong trinh f(n) < cg(n).

Tinh chat tiém can (gid sit ton tai gidi han):

1. lim fn) e R*= f(n) € O(g(n)),g(n) € O(f(n)).

n—veo (1)
2. Jim T8 — 0 f(n) € O(g(0)) (1) # O(F(1)),
3. Jim T3 — oo = 1) # 0(g(m) () € O (1),

Céac thudc tinh nay c6 thé dugc stt dung nhu mot cach thay thé dé
xac minh rang mot ham thudc nhém cac ham kiéu O(...).

Vi du 1.6. Xét cac ham logn va y/n. Sit dung quy tac Lopital, nhan
dugc
lim logn = lim 1/n lim 2
n—s00 \/ﬁ n—sc0 1/(2\/ﬁ) n—s00 \/ﬁ
Phuong trinh cubi cting suy ra la logn € O(y/n), nhung \/n ¢
O(logn).

0.

Vi du 1.7. Céc vi du khang dinh
e 10n € O(n); 10n € O(n2); 10n € O(n*);
e 10n € O(3n* —10n2 +7); 10n+3 € O(n);
o 4n?> —5n+2¢€ 0(n?); 4nd+5n>+5¢c0nd);
e /neO(n); logne O(y/n).

Vi du 1.8. Céc vi du phu dinh
42— 5n+2 ¢ O(n); Vit € On); logn & O(V).
Bai tap
> 1.113. Kiém tra theo dinh nghia rang 5n° — 512 +5 € Q(n?).
> 1.114. Ching minh rang v/n € Q(n%*).
> 1.115. Ching minh céc tinh chét tong quat trén ctia Q(F).

> 1.116. Chiing minh tinh chét tiém can trén cta Q(F).
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1.13.4. Tinh chit va vi du vé ©
Mot sé thudc tinh cia O(F):
Tinh phan xa: f € O(f)
Tinh bac cau: f € O(g),g € O(h)Of € O(h)
Tinh d6i xting: f € O(g) & ¢ € O(f)
C6 thé bo qua cac hang s6: Voi méi k > 0, k.F € O(F).
Sy gia tang cta tong cac ham dugc xdc dinh bdi sy phat trién
nhanh nhét cta chiing:

f+8 € max(0O(f(n)), 0(g(n))),

c6 thé duoc viét nhu sau:

feB() = f+ge0O(g)

AN

hoac la:
O(c1f(n) + cag(n)) € max(O(f(n)),0(g(n))), véicy,cx > 0.
6. Néu f(n) la da thiic bac chinh xac d thi f € ©(n?).

Dinh nghia 1.31. M6t quan hé déng thoi c6 cac thudc tinh phan xa,
dbi xing va tinh nhanh 1a quan hé tuong duong.

Chuing ta hay xdc dinh quan hé R =“thuc O(...)” dugc cho dudi
dang (f,g) € Rnéu va chikhi f € ©(g). Tit cac tinh chat ctia O(...)
va tir dinh nghia 1.3.2. theo d6 R 1la mét quan hé tuong duong.

Chitng minh cdc tinh chét trén theo dinh nghia:

Dé khang dinh rang ham sé f thuoc ©(g), cAn va da dé tim mot
s6 tu nhién n( va hai hiing s6 duong ¢ va ¢; sao cho véi moi so tu
nhién n(n > ng) thiné c6 gia tri la bat dang thic c1.¢(n) < f(n) <
cp.g(n).

. n? .
Vidu 1.9. Lay vi du ham 5 3n. Ta sé€ ching t6 rang né thudc tap
ham @(n?). Ta tim cac hang sb ¢y, ¢, va ng sao cho c;.n? < n?/2 —
3n < cp.n?(n > ngp). Chia cho n? (véi rang buodc bd sung n > 0) ta
duogc:c; <1/2—3/n < cy. Mot lua choncé thélac; = 0,c =1/2
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vany = 5. Chting ta d€ doc gia thuc hién kiém tra tuong ing. Ching
ta sé luu y rang cac gia tri ¢1, ca va ng nay khong c6 nghia la duy
nhat. Vi dy, ching ta c6 thé chon ¢; = 1/20,c, = 1 va ng = 100.
Chiing phu thudc nhiéu vao cac hé s6 ctia da thic da xét va ddi véi
da thuc khac trong truong hgp chung ching sé khac nhau dang ké.

Vi du 1.10. Xét ham s6 2n3. Ta sé ching t6 rang né khéong thuoc
tap cac ham)@(n?). That vay, néu gia sit ngugc lai thi phai ton tai
mot hang s6 ¢, sao cho 613 < cp.n%. Nhung néu chung ta chia cho
n? (v6i gidi han bd sung n > 0) hai vé ctia bat dang thiic, chiing ta
nhan duoc bat déng thuc 6n < ¢y, vado dé: n < c/6. Vivay, n6 chi
ra rang n nhé hon mot s6 hang s6. RS rang, khong thé tim thdy n
sao cho véi moi n, n > ng, n < cy/6 thoa man: bén trai ctia bat d:fmg
thitc ta c6 s6 khong giGi han & dinh va bén phai la hang sb.

Tinh chat tiém cin:

1. lim f(n) eR* = f(n) € ©(g(n)),g(n) € O(f(n)).

nveo (1)

2. Jim T8 — 0 = £() € Olg(w),g(n) ¢ O(f(n)), nghia
F(n) € olg(n)).

3. Jim T — o0 = (1) € O(g(n)), £() # O(g()), nghia
F(n) € w(g(n).

Céc thudc tinh nay c6 thé duge st dung nhu mot cach thay thé
dé xac minh rang mot ham thudc vé mot 16p ham cu thé.

Vi du 1.11. Dénh gia khang dinh.
10n € O(n); 4n*> —5n+2 ¢ O(n?);
4n®> —5n+2€ O(6n* —n+1); logyn € O(logan).

Vi du 1.12. Banh gid phu dinh.
10n ¢ ©(1); 10n & ©(n?);
4n? —5n+2¢0(n); 4n>—-5m+2¢0O(n+1).

Dinh nghia 1.32. D9 phtic tap ©(1) duge goi 1a hiang sb, @(logn) -
logarit, @(n) - tuyén tinh, @ (n?) - bic hai, ©(c") - ham mi. Khi ham f
la moét da thuc thi d6 phuc tap O(f) duoc goi la da thiic.
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Bai tap

> 1.117. Kiém tra theo dinh nghia rang 51n° — 51> +5 € @(n?).
> 1.118. Chiing minh rang /n ¢ ©(n%4%).

> 1.119. Chiing minh cac tinh chét tong quat trén ctia O(F).

> 1.120. Chiing minh tinh chét tiém can trén ctia O(F).

> 1.121. Kiém tra xem quan hé R =“c6 thudc O(...)” (dugc cho dudi
dang (f,g) € Rnéu va chikhi f € ®(g)) la quan hé tuong duong.

B> 1.122. Chi ra cac khang dinh dung:
a) 4n® + 512 +5 € Q(n*);

b) log,1 ¢ O(y/);

c) 4n® + 51 +5 € Q(7n* — 10);

d)n e Q(v/n);

e) log,n € O(v/n);

f)10n +3 € O(n);

g) 10n € O(3n* — 10n% + 7);
h)5n+1 € O(v/n).

> 1.123. Chi ra cac khang dinh ding:
a) ©(F) = O(F) N Q(F);

b) w(F) = Q(F) \ ©(F);

c) o(F) = O(F) \ ©(F);

d) O(erf + cag) = O(max(f, g));
e) f€O(g) = g < O(f);

f) f€0@) =g Qlf)

8) feQlg) &g ZO(f)

> 1.124. Chi ra cac khang dinh dung:

o) Jim T € R = £() € O(g(m),5() € O£ ()

b) fim T — 0= 7(n) € O(g(0n)),801) ¢ O(7(n));

o 1im 21 — o = £(n) ¢ O(g(n)), g(n) € O(F(n));

d) lim fn) eRY = f(n) € O(¢(n));
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o) Jim £ — 0= £() € Qg(m), g(n) # O(F(1),

1.13.5. Ham tiém can va sb thuc

Cac quan hé gitra cdc ham tiém can duogc thao luan & trén c6 cac
tinh chat gan voi cac quan hé ¢6 dién trén céc s6 thuc. Céc lién két
dugc cho trong Bang 1.6.

Tuy nhién, méi quan hé chi 1a mot phan, vi cdc ham tiém can
khong c6 mot tinh chat quan trong ctia s6 thuc: tam phan. Nghia
13, v6i moi s6 thuc a va b c6 ding mot trong cac quan hé hop 1é:
a < ba=>bvaa>b. Vidu, ddi vdi cac ham n va nltcosn khong
c6 quan hé nao trong s cac quan hé trén 1a hgp 1é. Chung ta dé lai
chiing minh ctia quan hé sau cho nguoi doc.

quan hé tiém can | quan hé s6 thuc
f€0(@g) a<b
f Q) a>b
fe0@) a=b
feo(g) a<b
f e w(d) a>b

Bang 1.6. Mbi lién hé gitta quan hé vé tiém can cua ham so va sb
thuec.

Bai tap

> 1.125. Dé dua ra mot vi du khac vé mot cap ham s6 tiém can khong
so sanh duagc.

> 1.126. Mot trong hai ham f(n) va ¢(n) c6 can thiét 1a hgp ctia hai
ham, mot trong hai ham d6 phai tuan hoan, dé f va g c6 tiém can

khong?

Tang cac ham cag ban

Cac ham sau day thuong duge st dung nhéat khi uée lugng do
phtc tap cua céac thuat toan: ¢,logn, n, nlogn, n2,n3,nk, 2" nl,n". O
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day chiing ta da sap xép chiing dé ting trudng nhanh hon. Dé ngusi
doc hiéu 16 hon ve téc d¢ tang trudng clia chiing, ching ta ap dung
Bang 1.7, Hién thi cac gid tri ctia cac ham & cac gia tri khac nhau cta
d6i s6 n ctia ching.
Truc tiép tir BAng 1.7 nguoi ta thay rang:
e Ham lay thira phat trién nhanh hon ham lay thira:
n* € O(b"), véimdi b > 1,k > 0,n - tu nhién.
e Ham s logarit ting chdm hon liy thira:
log,n € O(n*), véi mdi b > 1,k > 0,1 - tu nhién.

Ham s6 Gia tri
n=1\n=2|n=10 | n=100 | n = 1000
5 5 5 5 5 5
log,, 0 1 3,32 6,64 9,96
n 1 2 10 100 1000
nlogn 0 2 33,2 664 9966
n? 1 4 100 10000 | 10°
n3 1 8 1000 100 10°
2" 2 4 1024 1030 10300
n! 1 2 3628800 | 10157 102567
nh 1 4 1010 10200 103000

Bang 1.7. Tang mot s6 ham tiém can duoc st dung phé bién hon.

Bai tap

> 1.127. Chiing minh rang n! phat trién nhanh hon ¢, véi moi ¢ > 0.
> 1.128. Sdp xép ham ¢”,¢ > 0 theo thi tu ting dan ctia cac ham
thuong dung nhat (xem Bang 1.7).

1.13.6. Xac dinh d6 phic tap cia mot thuat toan

Chting ta sé xem xét mot sd thudc tinh co ban, véi su trg gitup
clia ching ta sé c6 thé xac dinh d¢ phiic tap ctia mot thuat toan déi
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vdi mot trién khai C nhat dinh. Chiing ta sé stt dung T(ma) dé chira
mtuc do phtc tap ctia ca mét hoat dong riéng 1é va mét doan chuong
trinh. Do6i khi, khi ma dugc ngu y, ching ta sé sit dung ky hiéu T(n)
dé chi ra rd rang rang do phuc tap 1a mot ham cta bién n. Chiing ta
sé lam viéc doc quyén véi ky hiéu O(...). Chiing ta dé nguoi doc tim
ra vi tri c6 thé thay thé O(...) bang udc lugng chinh xac hon ©(...).

Phép tinh co ban

Do phtic tap cia mot phép toan co ban la mot hang s, tic 1a
O(1). Khong dé dé dinh nghia mot phép toan co ban la gi. Trong
cac trudng hop khac nhau, chung ta sé cho phép minh thay d6i dinh
nghia. Ve nguyén tac, hoat dong co ban la hoat dong dugc thuc hién
trong mot thdi gian khong ddi, bat ké sb lugng dir liéu duge xu ly.
Cac phép toan co ban trong truong hgp chung 1, vi dy, chiém doat,
cong, nhan, v.v. Tuy nhién, khi lam viéc v6i cac s6 ¢6 100 chit sb, that
kho chap nhan phép nhan nhu mét phép toan co ban. Sé 1a khong
tot néu s dung cac ham lugng giac (sin, cos, v.v.), s6 m1, logarit
va cac ham thu vién khéc trong C, dugc tinh theo hang trong C 1a
khong tot cho cac phép toan co ban. Viéc goi mot ham nhu vay gay
ra mot chu ky dé tinh gid tri can thiét. Mt khac, cac hang nay dugc
tinh toan cho dén khi dat dugc do chinh xac nhat dinh, va s6 1an lap
dé tinh gia tri can thiét c6 thé dugc coi la doc lap véi n. Diéu nay c6
anh hudng dén viéc danh giad do phuc tap cta thuat toan hay khong
va nhu thé nao thi tiy thudc vao tirng trudng hgp va can dugc xem
xét cu thé.

Trinh tu cdc todn ti

Do phtic tap vé thoi gian ctia mot chudi cac toan tir duge xac
dinh bdi mot toan tir chdm hon. Néu toan tir sy vdi do phic tap Fy
dugc theo sau bdi toan ti s, vdi dd phitc tap F», ching ta c6 thé viét:

T(s1) € O(F,), T(s2) € O(F,) = T(s1;52) € O(max(F, F,))
Diéu nay tuong duong véi quy tac:
fi+ f2 € (max(f1, f2))

Két hop cdc todn tir
Khi mot toan tir dugc bao gom trong pham vi cia mot toan tir
khac, do phuc tap dugc tinh nhu mét tich cta do phuc tap caa
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ching, tuac la
T(s1) € O(F1),T(s2) € O(Fy) = T(s1{s2}) € O(F.F,))
Diéu nay tuong duong véi quy tac:
fi-f2 € O(f1-f2)

Cau triic ménh dé if

if (p)
sl;

else
s2;

Néu do phtc tap cta p,s; va s, la O(P),O(F;),O(F), thi do
phtic tap ctia doan dugc hién thi 1a téi da (O(P),O(F;),0,)), tic la
d6 phtic tap ctia ham phét trién nhanh nhat gitta P, F; va F,. O day
chiing ta gia st rang diéu kién p khong phai la hiang s6 Boolean, tirc
1a tiy thudc vao dau vao, né c6 thé vira ding vira sai.

T(p) € O(P),T(s1) € O(F1), T(s2) € O(R)
= T(if (p) s1; else sp) € max(O(P),O(F;),O(FR))

Chung ta sé c6 gang chiing minh tai san nay. Gia st rang diéu
kién p la dung. Khi d6 cdu triic if tuong duong vdéi day p; s1 (Luu y
réng diéu kién da duoc kiém tra.). Theo quy tac cua trinh tu, do
phtc tap trong truong hgp nay la max(O(P),O(F;)). Theo cach
tuong tu, chung ta hiéu rang do phtc tap trong truong hop p sai
1a cuc dai (O(P),O(F)). Vi khong biét trudc chudi nao trong hai
chubi sé dugc thuc thi, ching ta ¢ thé han ché muc do phuc tap
clia cdu triic if tir phia trén, gid sit trudng hgp nghiém trong hon.
Day la cach chung ta nhan duoc:

T(if (p) s1; else sp) € max(max(O(P),O(F;)), max(O(P),O(F)))
= max(0(P))),0(F),0(F2))

Theo cach tuong tu, su phiic tap ctia cac cau tric chuyén mach
duogc suy ra.
Chu trinh lap

Hay nhin vao chu ky:
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fact =1;
for (i =1; i <=n; i++)
fact *=1;

Chung ta c6 thé gid st rang phan than cta chu trinh mit mot
khoéang thdi gian ¢ khong ddi, khong phu thudc vao n. Do phuc tap
ctia todn tir vong lap for 1a O(n). Sau d6, theo quy tac thanh phan
vé do phtc tap ctia toan bo chu trinh, ching ta thu dugc O(c.n), tic
la O(n). O day chiing ta phai thém do phtic tap ctia 1an khéi tao ban
dau trude chu trinh (c6 do phirc tap O(1)), trong d6, theo quy tac
trinh ty, chiing ta nhan dugc: O(1 + n). Cubi cting, do phuc tap hoa
rala O(n).

Chu trinh 1éng nhau

sum = 0;
for (i =0; i <n; i++)
for (j =0; j <n; j++)
sum++;

Co6 thé dé dang suy ra d6 phtc tap ctia hai hoac nhiéu chu trinh
16ng nhau véi cac bd dém doc 1ap 1an nhau. Trong truong hop hai
chu trinh 10ng nhau tir doan trén, né 1a f € n.0(g), trong d6 g la do
phtc tap ctia chu trinh bén trong. Nhung ¢ € O(n), thi f € O(n.n),
ticla f € O(n?).

O day va bén dudi, chiing ta thuong khéi tao mot tong bién dac
biét bang 0, va sau d6 chung ta sé stt dung sum++ lam toan tir bén
trong nhat trong cac vong 1dp. Diéu nay cho phép ngudi doc to mo
kiém tra ly thuyét ly thuyét ctia chting ta trong thuc té. V&i muc dich
nay, chi can quan sat gia tri ctia sum sau khi thyc hién phan manh
déi véi cac gia tri khac nhau ctia 7 la du.

sum = 0;
for i =0; i <n-1; i++)
for (j =i+1; j <n; j++)
sum-++;

Trong vi du nay, trong budc dau tién cta chu ky ngoai, i = 0,
chu ky bén trong sé dugc thuc hién n — 1 lan. Trong budc thit hai,
dbi véii = 1, chu trinh bén trong sé dugc thuc hién n — 2 lan, sau
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dé1a n — 31an, v.v.,, va cudi cung, dbi véii = n — 2, no sé chi duoc
thuc hién moét lan. Ta ¢6 mot cap sO cong vdi phan tar dau tién 1,
phan tir cudi cing n — 1 va budc 1. Nhu vay sum++ sé dugc thuc

n(n—1)
2

Chuing ta gia st rang viéc thuc thi sum ++ c¢6 do phiic tap khong déi
O(1).

Vi du 1.13. Doan ma

hién lan, tic 1a d6 phuc tap ciia phan manh sé la O(n?).

sum = 0;
for (i =0; i <n*n; i++)
sum-++;

D6 phtic tap 1a O(n?). (Tai sao?)
Vi du 1.14. Doan ma

sum = 0;
for (i =0; i <n; i++)
for (j =0; j <n; j++)
if (i ==j)
for (k =0; k <n; k++)
sum++;

Cau lénh if sé dugc thyc hién 1?2 1an, nhung chi n 1an két qua kiém
tra i ==jla dung. Vi do phtic tap ctia chu trinh trong cting la tuyén
tinh nén chiing ta thu dugc téng do phtc tap O(n?). Tat nhién, wdc
luong O(n?) cling ding, nhung né khong chinh xac hon. Do phiic
tap & day la @(n?).

Vi du 1.15. Doan ma

for (i =0; i <n; i++)
for (j =0; j <n; j++)
if (i ==j)
break;

Lam thé nao né c6 thé dugce chi ra rang d6 phuc tap trong doan trén
mot 1an nita 1a O(n?) chir khong phai it hon? Luu y rang, khong
gibng nhu vi du trudc, khong c6 chu trinh tuyén tinh bé sung!

Vi du 1.16. Doan ma
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sum = 0;
for (i =1; i <=n; i++)
for (j =1; j <=i*i; j++)
sum++;

Chu trinh bén trong sé dugc thuc hién n 1an. Tir cong tiic

iiz _ nn+1)2n+1)
i=1 6

chiing ta nhan dugc rang do phtic tap cia phan manh 1a O(n?). Trén

thyc té, chung ta c6 thé quyét dinh rang d6 phuc tap ctia chu trinh

ngoai 1a O(n) va do phuc tap ctia chu trinh trong 1a O(n?), béi vi

gia tri 16n nhat ctia i 1a n. Do d6 véi i == n chiing ta c6i * i == n?

va mot 1an nira ching ta dat dén d6 phtc tap O(n3).

Vidu 1.17. Doan ma

sum = 0;
for (i =0; i <n; i++)
for (j =0; j <i*i; j++)
for (k=0; k <j*j; k++)
sum-++;

Mot 1an nita, c6 thé tinh todn dd phiic tap bang cach phan tich s6
luong hoat dong trong chu ky trong cting. Tuy nhién, trong thuc té,
c6 thé dat duge két qua tuong ty va dé dang hon nhiéu, chi sit dung
cac thudc tinh co ban cua ky hiéu O(...): Trong vi du trudc, ching
ta da tinh toan do phuc tap ctia hai chu trinh 16ng nhau bén ngoai
- O(n®). Ban than chu trinh cudi ciing ¢6 do phuc tap O(n*) - diéu
nay dé thay néu ching ta xét truong hop i = 1, thi gidi han trén cta
kla j? = i* = n* (Do phtc tap tong thé ctia phan manh la gi va tai
sao?)

D¢ phirc tap logarit
Hay xem phan doan chuong trinh:

cho(sum=0,h=1; h<n; h* =2)
tong ++;
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o) day h nhan cac gia tri 1,2,4, ..., 2k ... cho dén khi né dat dén n.
Do d6, sum ++ dugc thuc hién |log,n | 1an va do phtc tap ctia thuat
toan 1a O(logon). Luu ¥ rang do phiic tap duogc dat bdi mot logarit,
1a mot ham thuc. Nhu da luu y & trén, day khong phai 1a van dé va
chuing ta sé hiéu dugc xap xi / rang budc s6 nguyén thich hop.

Tim kiém nhi phan c6 do phuc tap thuat toan nhu vay, trong d6
& mébi budc, khoang thoi gian tim kiém dugce chia thanh hai (gan nhu)
phan bang nhau. Chting ta sé khong dé cap dén thuat toan nay, vi
ching ta sé xem xét n6 chi tiét hon trong phan sau cta cudn sach
(xem 4.3.).

Dudi day, thay vi O(log,n), ching ta sé viét O(logn). Mot mat,
b6 co sb & 16garit nhi phan 1a mot quy udc tiéu chuan. Mat khéc,
n6 khong quan trong trong ky hiéu tiém can do tinh chat (4) cta
1.1.1. d9, logarit, can bac n. Néu ching ta thich lam viéc véi co sd
khac c(c > 0,¢ # 1) thi khong c6 gi thay d6i, bdi vi log,x = log —
cx/log,2, nhung log 2 la mot hang s6 va bi bé qua trong ky hiéu
tiém can. Nhu vay O(log,n) = O(logn).

Thudt todn dé quy

Phan tich dé quy trong truong hgp tong quat la khong hé nhd.
Thong thuong, do phic tap cta thuat toan phu thudc vao kiéu
T(n) = f(T(n —1)). Dé tim ra loai phtic tap r6 rang, can phai giai
quyét sy phu thudc thudng xuyén, néi chung la khé. May man thay,
trong hau hét cac truong hop thuc té thu vi, diéu nay khong qua
khé va doi khi c6 thé dugc thuc hién bf?mg cac phuong tién khac.

Phép tinh giai thira

Hay xem xét chirc nang:

unsigned fact(unsigned n)
{if (n<?2)
returnl;
return n*fact(n-1);

}

Trong truong hop nay, dé quy tuong duong véi moét vong lap for
duy nhét, tir d6 ching ta c6 thé dé dang thu dugc O(n) vé do phic
tap.

Tinh s Fibonacci
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Tuy nhién, moi thit khong phai lic nao ciing don gian nhu vay.
Léy vi du, cac s6 Fibonacci ma ching ta da hién thi trong 1.2.2 ¢6
thé dugc tim thay cuc ky kém hiéu qua véi dé quy:

unsigned fib(unsigned n)
{
if (n<?2)
returnl;
return fib(n-1) + fib (n-2);
}

Tain = 0 van = 1, chung ta c6 do phuc tap vé thoi gian khong
déi: mot lan kiém tra co ban va trd vé mot két qua. Trong truong
hop khac, ching ta c6 kiém tra lai tuong tu, nhung lan nay dugc
theo sau bdi hai tham chiéu dé quy. N6i chung, cac cong thitc hgp
1é:

TO) =T(1) =0O(1)
Tn) =Tin- 1) + T(n- 2) + O(1), n\ge 2

Céc phu thudc trén rat giéng véi dinh nghia ctia s6 Fibonacci:

fo=fa=1
fn - fnfl +fn—2
Ngay sau d6 T(n) > f,. Tuy nhién, déi véi s6 Fibonacci, bat
: 3\"!
dang thuc co gia tri: (§> < fu <2",n > 1 (Ching minh mét
chut bang quy nap.). Do d6, n6 chi ra rang T(n) phét trién theo cAp
s6 nhan.
Tuy nhién, néu chiing ta du thao vat dé khong tinh toan lai mot

s6 thir ma chiing ta da xem xét, chuing ta c6 thé giam do phtic tap
ctia thuat toan xuéng O(n):

unsigned long fMAX] ={0,0,0,...};
unsigned long fib(unsigned n)

{

if (0 == f[n])
if (n<2)
fln] = 1;
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else
f[n] = fib(n-1) + fib(n-2);
return f[n];

Bai tap

> 1.129. Nh¢ lai rang d6i véi viéc xay dung if-then-else chung ta da
co
T(P) € O(P), T(Sl) € O(Fl), T(Sz) S O(Fz)

= T(if (p)si;else sp) € max(O(P),O(F;),O(FR)).
Tim mot biéu thitc thudc loai nay cho cong tac cau truc switch.

> 1.130. Chitng minh rang do phtc tap ctia doan chuong trinh tir Vi
du 1.13 § trén 1a O(n?).

> 1.131. Chiing minh rang dé phtic tap ctia doan chuong trinh tir Vi
du 1.15 & trén 1a ©(n?).

> 1.132. D€ dua ra udc tinh kiéu O(...) cho dd phtic tap ctia doan
chuong trinh tu Vidu 1.17.

> 1.133. C6 ding khong khi thay thé O(...) bang ©(...) trong subt
1.4.4.?

> 1.134. Chitng minh rang ddi véi cac s6 Fibonacci thi dang thic ton
tai:

3 n—1
(E) <fn<2',n>1

> 1.135. Xac dinh do phuc tap ©O(...) cua doan sau:

for (i =0; i <2*n; i++)
for (j =0; j <2*n; j++)
if (i<j) for (k =0; k <2*n; k++)
break;

> 1.136. 7. Xac dinh d6 phuc tap ©(...) cua doan sau:
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unsigned sum = 0;
for (i =0; i <n; i++)
for (j =i+1; j <i*i; j++)
sum++;

> 1.137. Xac dinh d6 phuc tap ©(...) cua doan sau:

for (i =0; i <n; i++)
for (j =0; j <n; j++)
if (i==))
for (k =0; k <n; k++)
break;

> 1.138. Xac dinh dd phuc tap ©O(...) cua doan sau:

unsigned sum = 0;
for (i =0; i <n; i++)
for (j =0; j <i*i; j++)
sum++;

> 1.139. Xac dinh d6 phuc tap ©(...) cia ham trib ():

unsigned trib(unsigned n)
{
if (n<3)
return 1;
if (n%2)==1)
return trib(n-1) + trib (n-2) + trib (n-3);
else
return trib(n / 3) + trib(n / 2);

> 1.140. Xac dinh do phuc tap ©O(...) cia ham streep():

unsigned fib(unsigned n)
{
if (n<?2)
return 1;
return fib(n-1) + fib (n-2);
}
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void streep(unsigned n) {
fib (fib (n));
}

> 1.141. Xac dinh d6 phuc tap ©O(...) cua doan sau:

intn =10;
inti;
for (i =0; i <n; (n=1)++);

1.14. Phuong trinh dac trung

Hay quay lai cac s6 Fibonacci. Lan nay chung ta sé khong tap
trung vao su phuc tap cta viéc thuc hién dé quy ngay tho cua
doan trudc, ma la giai quyét su phu thudc lap lai duoc thiét lap
bdi dinh nghia ctia s6 Fibonacci. Két qua 13, chiing ta c6 dugc cong
thitc Moavr néi tiéng. Nhung trude d6 - mot ly thuyét nho ...

1.14.1. Phudng trinh thuin nhéit tuyén tinh véi nghiém
don gian
Trong qua trinh phan tich d¢ phtc tap cta cac thuat toan may
tinh, thuong thu duoc cac phu thudc thuong xuyén cua kiéu:

ayT(n)+a1T(n—1)+---+a,T(n—k) =0 (1.14)

O day T(n) 1a mot ham chua biét. Dé ¢6 thé udce tinh do6 phiic tap ctia
thuat toan tiém can, chiing ta can tim toan bd hodc it nhat mot phan
dang 16 rang cta T(n), tic la dé giai quyét sy phu thudc thuong
xuyén. Céch tiép can tiéu chuan la gidm van dé thanh gidi mot
phuong trinh thuan nhat tuong ing. Cho T(n) = x", trong do ta
nhan dugc:

aox" +ax" " =0 (1.15)
Mot nghiém ctia phuong trinh trén, cing nhu ctia bat ky phuong
trinh thuan nhat nao, la x = 0, khéng dugc quan tam. Dé tim cac
nghiém con lai, ta chia cho x" — k (v6i x # 0) va thu dugc da thuc
bac k - da thitc dic trung ctia sy phu thudc hoéi quy ban dau:

aoxk + alxk_1 +--4a=0 (1.16)

Nguyén Hiru Dién https:/ /vietex.blog.fc2.com/



128 Chuong 1. S6 hoc va thudt todn

Phuong trinh két qua 1a mot da thitc bac k. Theo dinh ly co ban cta
dai s6, né c6 dung k can (khong nhéat thiét khac va khong nhét thiét
thuc, tic la c6 thé phirc). Hay ky hiéu ching bang a;(1 < i < k).
Sau do6 chung ta co:

0=apx" +a1x" 1+ o =ag(x —ay) (x — ap)...(x — ) (1.17)

Néu ching ta nhan phuong trinh (1.17) v6i x"7*, chiing ta nhan
duge rang cac s6 a;(1 < i < k) khong chi 1a nghiém ctia phuong
trinh (1.16) ma con cuda (1.15). Quay trd lai vi tri T(n) = x", ta thu
dugc af 1a nghiém nguyén cta su phu thudc hoi quy ban dau (1.14).
Phuong trinh (1.14) thuan nhat va c6 vé s6 nghiém. Néu cac sd
«; khac nhau, thi tap hop cac sd ol biéu dién mot hé nghiém co ban
ctia (1.14), tic 1a tat ca cac nghiém khac thu dugc dudi dang két hop
tuyén tinh ctia #/'. Nhu vay nghiém tong quat ctia (1.14) ¢6 dang:

T(n) = ciaf + cony + - - - + cpay (1.18)

g day cac hé sO ¢1,¢o, ...,y 12 cac hf?mg s6 duoc xac dinh duy nhat
bdi cac diéu kién bién. Dudi day chiing ta sé xem cach nay hoat dong
nhu thé nao trong thyc té.

Vi du 1.18. Hay xem xét cac s6 Fibonacci théa man su phu thudc
lap lai:
T(n)=T(n—1)+T(n—2)

Phuong trinh dac trung tuong ing cua loai (1.17) la:
¥ =x+1
va gbc ré ctia né la:

1++5

K12 = 5

Chting ta dang tim kiém mot giai phap thudc loai (1.18), tic la:
T(n) = c1af + conp (1.19)

Chting ta xac dinh cac hang sb c¢; va c; tir cac diéu kién bién
T(0) = 0va T(1) = 1, thay thé vao (1.19), & d6 chiing ta nhan dugc
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hé thong:

T0)=0=c1+0c
=1= C181 + Coip

chung ta rat ra:
1 1
=T
Bay gio ching ta thay thé trong (1.19) va thu dugc dang rd rang cta
T(n). Cong thic két qua duoc goi 1a cong thirc Moaver.
T(n) = —=

#((7) (5]

Cong thic trén cho thay ré rang rang s6 Fibonacci tang theo cap s6
nhan khi tdng 7. Thoat nhin, cong thitc c6 vé la - n6 chira cac s6 vo
ti. Chiing ta giao né cho ngudi doc dé ddm bao rang ching dugc
viét tit va v6i moi n tu nhién sé thu dugc cac sb6 Fibonacci tuong
ung.

1

1.14.2. Phudng trinh thuan nhit tuyén tinh véi nhiéu
nghiém

Trong truong hgp phuong trinh (1.17) c6 nhiéu nghiém, nghiém
tong quat c6 dang hoi khac so véi (1.18). Néu a la can kép thi can
do ciing sé 1a na". Luu y rang gbc nay khong thé nhan duge duéi
dang két hgp tuyén tinh ctia cac goc khdc, tic 1a né vé co ban 1a méi
va phai dugc dua vao hé thdng co ban ctia cac quyét dinh. Néu can
bac ba thi ngoai na” ta nén thém n?a™. N6i chung, trong trudng hop
mot can bac hai, cac can « sé 1a tat ca cac don thuic n°a”,0 < s < p.

Déi tén cac gbec a;(1 < i < k) dé loai bo nhiéu gbc. Goi cac
nghiém nguyén khac nhau (1.16) 1a 1, B2, ..., f1, 1 < I < k. Goi g; la
béi cua nghiém Bi;1 < j < L. Khi d6, nghiém chung cua (1.14) sé
gibng nhu sau:

1 91

T(n) =3 Y cranp (1.20)

j=1r=0
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Cac s6 Cjr+1la cac hé s6 dugc xac dinh 16 rang, nhu trén, theo gidi
han cac diéu kién.

Vi du 1.19.

3 n=20;1
T(n) =45 n=2
AT(n—1) —5T(n—2) +2T(n—3) n>2

Phuong trinh dac tinh tuong tng c6 dang:

x> = 4x* — 5x +2

Hoéc, néu chiing ta chuyén moi thit sang bén trai:
X3 —4x® +5x —2=0

Giai quyét n6, chiing ta nhan dugc:

Xxp=x=1,x3=2
Chiing ta tim kiém dang r6 rang ctia T(n) & dang (1.20):

T(n) =c11.1" + 101" +cp1.2" (1.21)

Chung ta xac dinh cac héng sO €1,1,C12 Va cp1 tit cac diéu kién
bién cho n = 0,1 va 2. Chuing ta nhan dugc hé thong:

T(O) =3=cy14+01
T(1) =3 =c11+c12+2c21
T(2) =5=rc11+2c12+4c21
o dau:
ci1=1c2=-2,001=2

Bay git chung ta thay thé trong (1.21) va nhan dugc:

T(n) =1—2n+ 2"+
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1.14.3. Phuong trinh tuyén tinh khéng thuan nhat
Trong qua trinh phan tich thuét toan thuong phai phan tich cac
phuong trinh khong thuan nhat. Hay xem xét nhiém vu sau:
Bai toan: Ham cuia C duoc dua ra:

float P(unsigned i, unsignedj)
{ if (0 ==1)
return 1.0;
elseif (0 ==j)
return 0.0;
else
returnp *P@Gi - 1, j) + (1 - p) * P(i, j - 1);

}

Chting ta mudn udc tinh d6 phtc tap vé thdi gian ctia phép nghich
dao P (n, n) dudi dang mot ham cuaa n.

Loi gidi:

Chung ta sé gidi quyét van dé téng quat hon vé udc lugng do
phtic tap ctia ham d6i v6i cac tham s6 i va j, va sau d6 ching ta sé
xem diéu gi xay ra voii = j = n.

Dé dang thay rang ham P( ) & trén tinh gid tri cia ham P(i, j) cho
bdi cac phuong trinh truy hoi:

P(0,j)=1,j=1,2,...,n
P(i,0)=0,i=1,2,...,n
P(i,j)=pPGi—-1,j)+(1—p).P(i,j—1),i>0,j>0

0 day do phtrc tap phu thudc vao hai tham s6 nén kho tinh toan,

tuy nhién c6 thé dé dang thiy rang moi thit dbi xing vdi i va j. Do
do, gia st k = i + j, chung ta thu duoc:

)ﬂ
—~

=
~—

l

2T(k—1)+d,k>1

Luu y rang & day ching ta khong c6 gang tim dang r6 rang ctia ham
P(i,j), ma d€ tim udc lugng tiém can cta viéc thyc hién chuong
trinh cia ham P(). Diéu nay cho ching ta quyén khéng di sdu qua
gia tri ctia cac hang sb ¢ va d, trit khi n6 thuc sy can thiét. Chiing ta
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sé thay bén dudi rang trong trudng hop ctia chung ta, cac gid tri cu
thé ctia chung khong lién quan.

Trudc tién, chiing ta hay xem xét mot cach don gian dé c6 dugce
phuong trinh ddc trung trong trudng hop ctia chung ta, trong do
mot hang s6 c6 lién quan dén quan hé truy hoi. Chung ta ghi lai su
phu thudc 1ap lai cho hai phan ti lién tiép ctia chubi:

T(k) =2T(k—1)+d
T(k+1)=2T(k)+d
Ching ta lay chiing ra theo nhém, trong d6 hang s6 dugc giam
xudng, va ching ta nhan dugc:

T(k+1) —T(k) =2.[T(k) — T(k —1)]
tuong duong voi:
T(k+1)—3T(k) +2T(k—1) =0.
Phuong trinh dac trung tuong tng la:
X2 —3x+2=0

hoac la

(x—1)(x—2)=0,
trong d6 ngudi ta thay truc tiép nghiém ctia phuong trinh 1a a; = 2
va ap = 1. Tic la ching ta tim kiém dang ro rang cda T (k) trong
biéu mau:

T(k) = c1af + cpal
Hoéc sau khi thay thé:

T(k) = C12k + Co

Cac hé sb ¢ va cp ¢6 thé duge tim théy bmeg cach st dung céc
gia tri ctia T(1) va T(2). Chting ta nhan dugc hé thong:
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odau:icy = (c+4d)/2;cp = —d.

Tit ¢; # 0 lap tic c6 T(k) € @(2F). (Tai sao?) Bay git chiing ta
hay quay lai tng dung k = i + j, noi ching ta nhan duge ©(2'1/).
Chung ta hay nhd lai rang ching ta mudn udc tinh d6 phtc tap cta
doan chuong trinh trong dia chi P(n,n), ticla choi = j = n. Do do
ta nhan dugc ©(22") hay cudi cung la: @(4").

Dinh ly 1.9. Xét phuong trinh khong thuan nhat:

agT(n)+aT(n—1)+---+ayT(n—k) = bynp1(n) + bonpa(n) + - - - + bs" ps(n)
(1.22)

O diy by,by,...,bs la cic hing s6 thuc khic nhau va
p1(n), p2(n),..., ps(n) la cic da thic cuia n. Goi liy thira ctia cdc
da thitc lan lugt 1a dq,dy, ..., ds. Khi d6 phuong trinh dic trung ciia su
phu thudc hoi quy (1.22) c6 dang:

(apx* + a1V ) (2 — b)) (x — by) 2 (x — be) BT =0

(1.23)
Phuong trinh két qud (1.23) duoc tiép tuc gidi nhu trong truong hop thuin
nhat.

Vi du 1.20. Xem xét su phu thudc thuong xuyén:

0 n=20
T(n) = .
2T(n—1)4+n+2" n>1

RO rang day la su phu thudc 13p lai khong dong nhat:
T(n) —2T(n—1) =n+2", (1.24)

nhu by = 1,by = 2,p1(n) = n,pa(n) =1,vadodd: dy =1,d, = 0.
Khi d6é phuong trinh ddc trung tuong ung c6 dang:

(x—2)(x —1)*(x —2) = 0.

Nghiém ctia phuong trinh la x; = x, = 1,x3 = x4 = 2. Chuing ta
tim dang tuong minh caa T(n):

T(n) =c11.1" + 101" +cp1.2" + cpp.n.2" (1.25)
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Dé tim cac hang s6, Itic nay diéu kién bién sé khong dt. Can tinh
gia tri ctia T(n) cho ba gi4 tri tiép theo. P4y la cach chiing ta c6 dugc
hé thong:

Chung ta giai n6 va nhan dugc c1; = —2,c1p = —1,c01 = 2 va
22 = 1. Bay git chung ta thay thé vao (1.25) va cho T(n) ching ta
cudi cing dén:

T(n) = —2 —n+4 2" 4 n2" (1.26)

Heé thong trén c6 bon an sd, khién né khé giai quyét (mac du
khong qua kho). Chung ta c6 thé tim cac hé s6 theo mot cach khac -
bévmg cach thay (1.25) cho (1.24), chung ta nhan dugc:

C2,22n —C1n + (2C1,2 — C1,1) =2" 4+ n. (1.27)

Can bang cac hé s trude 2" & ca hai vé ctia dang thiic, ta dugc
c22 = 1. Tuong tu, can bf?mg cac hé so6 trude n cho ta c1p, = —1.
Bay gio, biét ¢; -, tit phuong trinh cta cac s6 hang tu do, chung ta
nhan duoc ¢;1 = —2. Hc:”mg ) c12 khong thé dat duoc theo cach
nay, nhung né xay ra tryc tiép néu ching ta stt dung diéu kién bién.

Gia st rang phuong trinh ctia vi du cudi cing thu dugc la két
qua ctia viéc phan tich mot s thuat toan. Diéu ching ta quan tam
trong truong hop nay khong phai la dang r6 rang cua T(n) nhu
la mét udc lugng tiém can ctua no. Tat nhién, khi biét dang tuong
minh (1.26) cta T(n), chtiing ta ngay 1ap tic nhan dugc rang T(n) €
©(n2"). Tuy nhién, ching ta c6 thé thiét 1ap diéu nay vdi it nd luc
hon. That vay, ro rang tir (1.25) rang T(n) € O(n2"). Néu ching ta
hai 1ong véi két qua nay, ching ta c6 thé dirng lai & d6. Tuy nhién,
néu ching ta muén c6 dugc mot ude lugng c6 dang O(...), thi diéu
nay la khong du, vi hé s6 ¢ » § phia trude cia ham phét trién nhanh
nhat 72" ¢6 thé 1a 0. Nho lai rang tir (1.27) né truc tiép theo dé6
co = 1, ticla cpp # 0 va do d6 ta két luan rang T(n) € @(n2").
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Néu ¢ bang 0, ching ta sé kiém tra hé s6 ¢, 1 trudc ham phat trién
nhanh nhét tiép theo 2", v.v.

Can luu y hai diéu:

1) Khong nhat thiét phdi tim tat cd cdc hé s6. Trong truong hop cda
chiing ta, n6 du dé chi ra rang cp 5 # 0.

2) Cdc diéu kién bién khong nhat thiét phdi phit hgp. Chua 6 ndi nao
ching ta st dung diéu kién T(0) = 0, c6 nghia la két qua T(n) €
©(n2") sé hop 1é voi bat ky gia tri nao cta T(0). Tat nhién, ching ta
khong thé mong doi diéu nay xay ra vdi moi truong hgp phu thudce
loai lap lai (1.22). Nhé lai rang ¢, 1 khong thé thu dugc bang cach
can bf!mg cac hé sb trong (1.26) va do d6 phu thudc vao T(0). Va cp
c6 thé 1a hé s6 ding trudc ham phat trién nhanh nhét, trong d6 T(0)
la van dé quan trong.

Bai tap

> 1.142. Xac dinh d6 phuc tap cta mot thudt toan dugc dua ra boi
su phu thudc lap lai:

a)T(1)=1,T(n) =4T(n—1) —2n,n > 2
b)T(1) =0,T(n) =2T(n—1)+n+2n,n>2
o)T(0)=1,T(n)=2T(n—1)+n,n>1
d) T(1)=1,T(n) =2T(n—1)+3n,n>2
T(1)=2,T(2) =3,T(n) =2T(n—1) — T(n —2),n >3
1.15. Céc k§ thuat dic biét dé phan tich thujt
toan

1.15.1. Sit dung phong vii biéu

Hay xem lai doan chuong trinh sau:

unsigned sum = 0;
for (i =0; i <n; i++)
for (j =0; j <i*i; j++)
sum++;

Chting ta da xac dinh do phtic tap ctia né & trén bang cach sut
dung cac thudc tinh ctia téng. Ching ta c6 thé tiép can n6 theo cach
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khac: ching ta chon Iénh thich hgp (phong vii biéu) va theo déi s6
lan né duge thyc thi. Diéu nay gidi phong ching ta khoi lo lang
ve viéc phan tich tat cd cdc hudng dan khac khong lién quan dén
huéng dan da chon. Lam thé nao dé chon mot phong v biéu? Day
phai 1a mot 1énh duge thuc thi it nhat thuong xuyén nhu bat ky
lénh nao khac trong chuong trinh. Trong doan chuong trinh trén,
mot ung cu vién thich hop cho diéu nay la sum ++. Nhan tién, gia
tri clia tong bién sau khi thuc thi doan sé cho chung ta s6 1an thuc
thi Iénh sum ++

1.15.2. Phan tich khiu hao

Khi phan tich cac thuat todn mdy tinh, ching ta thuong kiém
tra hanh vi ctia ching trong truong hgp xau nhat hodc trung binh,
va ching ta hau nhu khéng bao gio quan tdm dén cach ching hoat
dong tot nhat. Mot ky thuat phé bién duge stit dung dé phan tich
mot thuat toan nham xac dinh do phtc tap cua noé trong truong
hop x4u nhét 1a gia dinh rdng tai mdi budc ctia nd, sy trung hop
toi té nhat c6 thé xdy ra. Diéu nay cho ching ta do phtic tap chinh
xéac O(...), nhung khong phai ltic nao cling cung cap cho ching ta
mot ude lugng chinh xac cho O(...): két qua thuong kha bi quan va
trong thuc té, thuat toan hoat dong nhanh hon nhiéu ngay ca trong
truong hop x4u nhét. Ly do 1a khong pha1 ltic nao truong hgp xau
nhét cling c6 thé xdy ra & moi budc. Diéu nay thuong doi hdi nhing
truong hop nhe hon vai lan. Do d6, do phuc tap téng thé c6 thé tot
hon déng ké so v6i du doan. Hay xem xét chitc nang sau day lam vi
du:

Chu ky 16ng nhau

void addOne(char c[], unsigned m)
{ int i;
for (i =0; 1 !=cli] &&i<m;it++)
clil =1 - clil;

Ham nhan dudi dang tham s6 mot mang c6 m phan i chira cac
so khong va don vi, va coi né nhu mot ban ghi nhi phan ctia mot so
tu nhién, chir s0 nho nhat ndm trong phan ti 0. N6 thém moét don
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vi, trong mang la ban ghi nhi phan cta s6 lugng tang 1én. Trong
truong hop tran, nhan dugce 0. Bo phuc tap ctia thuat todn 1a gi? RO
rang, truong hgp kho nhat 1a khi s6 chira m don vi (tuc 1a khi xay
ra tran), vi khi d6 tat cd cdc phan tf cia mang déu dugc chuyén
qua. Do phuc tap trong truong hop nay r6 rang la O(m) va ©(m),
tuong tng. Gia st chiing ta stt dung addOne() nhu mot bo dém va
goi n6 n lan, véi gia tri n = 2™ — 1. Tong thoi gian phuc tap 1a bao
nhiéu? Gia st  mdi budce la truong hgp xau nhat, ching ta dat dén
do phtuc tap O(n.m), tic la O(n.log,n). Day la mét danh gia dung,
nhung phan tich ky hon cho thay ching ta khong thé 1an nao tiép
can dugc mot vu an nghiém trong nhu vay. Chung ta sé luu y réng
trong qud trinh dém, ching ta nhan dugc moi s6 nhi phan trong
khoang [0;2" — 1] dtiing m6t 1an. Mot nira s6 nay la s chan va déi
vdi ching, ching ta sé chi c6 mot vong quay moi chu ky. Mot phan
tu s6 con lai (18) c6 bit 4p chot duoge dat thanh 0 va ddi véi ching,
ching ta sé c6 hai 1an quay méi chu ky. 1/8 s6 khac sé c6 0 & bit
ap chot (va 1 & hai bit cubi cing) va sé yéu cau ba lugt méi chu ky,
v.v. Va chi trong mot trudng hgp, chung ta sé ¢6 1 & tat ca cac vi tri,
tic la truong hdp cang nang thi cang it xay ra. Ching ta dé ban doc
chiing t6 rang tong s6 vong quay cta chu trinh 1a 2n — 1. M6t suy
luan kha thi khac lai dan chiing ta dén cung mot két qua tiém can la
chuing ta c6 thé dém dén n véi thai gian @(n), day 1a mot udc luong
chinh xac hon nhiéu.

1.15.3. Dinh ly co ban

Trong phan tich cac thuat toan chia d€ tri (xem Chuong 7), cac
phu thudc lap lai thuong phat sinh tty thudc vao loai:

T(n) = a.T(n/b) + c.n*

Pinh ly 1.10. Goi la sy phu thudc héi quy T(n) = a.T(n/b) + c.nk,
n>mnga>1,b>1k>0c>0mn >1viab,k,c ngylacicsd
nguyén. Gidi phdp ctia no dugc dwa ra boi cong thiic:

Q(n") a< bk
T(n) = { ©(n*logn) a = bk
Q(n'o&®) g > bk,
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Vi du 1.21. Xem xét sy phu thudc thuong xuyén:

T(1) =1
T(n) =3T(n/2)+n,n > 2.
St dung DPinh ly 1.10, ta thu dugc:a =3,b =2,c =1,k =1.Ta

c6: 3 = a > b* = 2. Do d6 ta roi vao truong hop thit ba va truc tiép
thu duge d6 phiic tap ©(n'83).

Vi du 1.22. Xem xét su phu thudc thuong xuyén:

T(1) =d
T(n) = 4T(n/2) +n*n > 2.
St dung Dinh 1y 1.10, ta dugc: a = 4,b = 2,c = 1,k = 2. Ta cé:
4 = a = b* = 22. Tir day chiing ta roi vao trudng hop thit hai va thu

dugc tryc tiép do phic tap ®(n?.log,n). Luu y rang gia tri cia d la
bao nhiéu khéng quan trong.

Vi du 1.23. Xem xét su phu thudc thuong xuyén:

T(1)

d
T(n)=2

T([v/n]) + logon,n > 2.

Ta dat m = log,n va nhan duoc:

T(2") = 2T(2"™?) +m
Bay gio chung ta dat S(m) = T(2™):
S(m) =25(m/2)+m

Bay gio ching ta c6 thé stt dung Pinh 1y 1.10: a = 2,b = 2,¢ =
1k =1.Tacé:2 = a = b¥ = 2. Ta rai vao truong hop thit hai va
nhan dugc O(m.logym). Chung ta quay lai cac gia dinh:

T(n) =T(2") = S(m) = ©(m.log,m) = O(log,n.log,(log,n))
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Bai tap

> 1.143. Xac dinh d6 phtc tap cia mot thuat todn néu duge cung
cap bdi sy phu thuodc dé quy:

a) T(1) =2,T(n) = 4T(n/3) + n'°&* n > 2.

b) T(1) = 0T (2n+1) = T(2n) = T(n) + log,n, n > 2.

c) T(1) = 4vT(n) = 2T([/n]) +log,n,n > 2.

1.15.4. Cac van dé vé ky hiéu tiém can

Mac du chung cho phép ching ta danh gid mitc do phuc tap caa
cac thuat toan va chuong trinh trén co sd ly thuyét ding dan, ching
ta nén hoi nghi ngo vé cac udc lugng tiém can. Dac diém chinh cta
ho 1a ho quan tdm dén hanh vi ctia thuét toan véi muc ting n khong
gigi han. Tuy nhién, khéng c6 s6 lugng 16n vo han trong thé gidi
méy tinh thuc. Diéu nay c6 nghia la udc lugng do ham tiém can
cung cp cho chuing ta c6 thé khong du: vi dy, vi né an cac hang
s0, hodc vi ching ta khong quan tdm dén cac gid tri 16n nhu vay
ctia 1. Gia stt ching ta mudn tinh gia tri cia mot ham, nhung chi
dbi voi cac ddi sb trong pham vi [0,65535] va ching ta c6 hai thuat
toan: tuyén tinh (2000007) va bac hai (212). Vé mat tiém can, thuat
toan tuyén tinh sé nhanh hon thuat toan bac hai. Diéu nay dung,
nhung tir mot noi nao do trd di. That khong may cho ching ta day
la n = 100000 > 65535. Vi vay, dbi vdi tat ca cac ddi sb thuc té cta
ham, thuat toan bac hai sé nhanh hon.

Trong tuong lai, chiing ta sé thuong xuyén d6i mat véi van dé
nay va hoc cach st dung né. Viduy, sép xép nhanh (xem 3.1.6.) Trong
trudng hop gitrta ¢6 do phuc tap ©(n.log,n) va sap xép chén (xem
3.1.2.) C6 ©(n?). Dbi voi cac gia tri d 16n ctia s6 phan ti dugc
s&p xép n, viéc sap xép nhanh sé nhanh hon nhiéu, nhung dbi véi
10-20 phan tt, sdp xép bang cach cheén la t6t hon. Thoat nhin, diéu
nay hau nhu khong quan trong, bdi vi véi s6 lugng phan tir nho
nhu vy, viéc sap xép nhanh van nhanh & muc chap nhan duge va
viéc stt dung tinh nang phén loai cheén 1a diéu khé chap nhan. Tuy
nhién, xem xét ky hon sé thay rfing phén loai nhanh lién tuc nhin
vao cac phan vung nho, véi khoang cach tich tu. Do d6, hai thuat
toan thuong duge két hgp dé dat duoc sy cai thién dang ké.
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Bai tap

> 1.144. Ba thuéat toan c6 do phuc tap da cho la: 5n? —7n 4+ 13,3n> +
151 + 100 va 10001. D6i voi mdi thuat toan dé xac dinh mot khoang
gia tri n ma n6 nhanh hon hai gia tri con lai.

> 1.145. Loi phé binh vé ky hiéu tiém can c6 chinh dang khong?

1.16. Cac cau hai va bai tap

1.16.1. Cac bai toan vé sb, chudi, ham

Str dung céc bai toan duge néu dudi day, ngoai trir dé giai quyét
van dé toan hoc cu thé va thir nghiém véi cac so do trién khai khac
nhau (lap lai, dé quy). Xac dinh d6 phuc tap ctuia thuat toan ctia ban
va stt dung n6 dé du doan toc do chuyén déi c6 thé xay ra dbi véi
cac dau vao khac nhau.

> 1.146. Viét chuong trinh tim tit cd cac sd bang téng céc thira s6
ctia cac chit sb ctia né.

Goi y: Diéu quan trong 1a phai thu hep pham vi (d€ tim giGi han
trén) ma tim kiém nhiing con s6 nhu vay. Vi du: khong cé y nghia
gi khi kiém tra cac s6 c6 9 chit s6 trd 1én vi 9, 9! = 3265920, ro rang
1a nho hon bat ky s6 nao c6 9 chit sb.

Dinh nghia 1.33. Hai s6 nguyén t6 p va g duoc goi la "sinh déi" néu
p = g+ 2. Ngudi ta chiing minh rang c6 vo sb cdp sb6 nguyén to
"sinh d6i". 4 dau tién trong s6 d6 1a {3,5}; {5,7}; {11,13};{17,19}.

> 1.147. Tim 1 c&p sO nguyén t6 dau tién cta cac cip sinh doi.

Dinh nghia 1.34. Téng cua day gia tri nghich dao cta cac s6 sinh
doi

§=1/3+1/5+1/5+1/7+1/11+1/13+1/17+1/19+ - --
1a mot hang s6 dugc goi 1a hang s6 Bran va xap xi bang 1,902160578.

> 1.148. Tim t6ng cac s6 nghich dao cta n s6 nguyén t6 doéi mot.
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> 1.149. Phuong trinh Diophantine ciia 2 bién
Phuong trinh ax + by = ¢ dugc cho trudc, trong dé a,b va c 1a cac
sO nguyén. Tim x va y néu ching la s6 nguyén.

Goi y: Goi d 1a wdc chung 16n nhat ctia a va b. Néu d khong chia
¢, thi khong c6 16i giai cho bai todn. Str dung thuat todn Euclid nang
cao dé tim x va y. Ban c6 thé tim thém gidi phap néu ban c6 mot giai
phép cho van dé (xo,yo) [Rakhnev, Garov, Gavrilov-1995] khéng?

> 1.150. x%y

Thuyc hién cac phép todn ctia phép chia s6 nguyén va phan du cta
phép chia s6 nguyén, chi st dung cac phép toan chuan +, -, *, /
trén cac so thuc.

> 1.151. Tich cila hai s6 nguyén to
Mot s tu nhién # da cho. Tim sb tu nhién nhé hon 71 ¢6 thé duogc
biéu dién dudi dang tich ctia hai s6 nguyén t6.

> 1.152. Tong cic s

Véi s6 tu nhién 7 tim s6 ty nhién nh6 nhat m, m > n c6 tong cac chit
s6 bang tong cac chit s6 ctia n. Cac chir s6 ctia n duge dat lam phan
tr clia mot mang va c6 thé 1én dén 2000.

> 1.153. SO lugng khong thé
n s6 nguyén da cho. D& tim mot trong s6 ching ma khong thé dugc
biéu dién bang téng ctia mot s6 nhitng s6 khac.

>1.154. n+2 =2m
Tim hop s6 1 nho nhat sao cho 11 4+ 2 = 2m, v&i m 1a s6 1é.

> 1.155. Con s6 may min

Tir danh séach 1,2,3,... mdi s6 thit hai lién tiép bi loai trit. Vay c6
1,3,5,7,.... Sau d6, moi thu ba bi loai khoi danh sach mdi nhan
duoc (1,3,7,9,13van con), v.v. In két qua sau k s6 budc.

Goi ij: St dung mot stra d6i ciia phuong phap ray.

> 1.156. Cip doi nguyén to cing nhau
n soO tu nhién da cho. Tim so cap so 16n nhat trong so cac so da cho
dé cac sb trong mdi cdp 1a nguyén tb cung nhau.
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> 1.157. Da thitc Hermitian
Viét ham tim gid tri cta da thic Hermitian Hy, (x):

L
Hi(x) = 2x;
2x.H, 1(x) —2(n —1).Hy—2(x),n > 1.

> 1.158. Sé tribonacci
S6 tribonacci dugc xac dinh bé“mg cong thuc lap lai sau:

F(n) =F(n—1)+F(n—2)+F(n—3), biét F(1) = F(2) = F(3) =1
Phan dau cta chubi Tribonacci trong nhu sau:
1,1,1,3,5,9,17, ...

DPé bién dich mot chuong trinh, cho trude n, hay tim sb thit n cta
"Tribonachi". Viét thuc hién dé quy va ldp lai tuong ting. Cai nao
trong hai cai hiéu qua hon va tai sao? B¢ phtic tap cua thuc hién dé
quy la gi? Hay tim cong thirc dé tim s6 thit n ctia "Tribonachi".

> 1.159. So Fibonacci ciia thit ty p
S6 Fibonacci ctia thit tu p dugc dinh nghia la:

fr(;P) =1;
P =00<i<p;

Nhu vay cac s6 Fibonacci thong thuong duoc dinh nghia la cac )
Fibonacci bac 1. Viét chuong trinh tim k s6 Fibonacci dau tién c6 bac
p, p va k 1a cac sb tu nhién.

> 1.160. Tong nhiing nghiém

) . no] £ A )
Viet chuong trinh tinh tong S = ). — cho so tu nhién n cho trudc.
i=1

Vi
C6 thé luu mot s6 phép tinh duge thuc hién bang cach trién khai
tam thuong khong?
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> 1.161. Chong sb dau tién
S6 chéng dau tién 1a s6 tu nhién c6 nhiéu udc hon bat ky s6 tu nhién
nao khac trudc no. 6 s6 dau tién cda loai nay la:

1: (c6 mdt udc s6 duy nhat 1)

2:(1,2)

4 C63ude (1,2, 4)

6: C6 4 udcsd (1,2, 3, 6)

12: C6 6 uécs6 (1,2, 3,4, 6,12)

24: C68udeso (1,2,3,4,6,8,12,24)

Tim 71 s6 dau tién nhu vay trén mot s6 ty nhién n cho trude. Ban
c6 thé tim thdy mdi quan hé nao gitra ching khong?
> 1.162. S6 nguyén t6 dang 4k + 3
Mot s6 ty nhién n da cho. Tim n s6 nguyén t6 dau tién c6 dang
4k 43,k € IN.

> 1.163. Coéng thirc cho n!
Nguoi ta biét rang c6 mot cong thirc dé tim sb tién:

S=1+2+43+-+n
Tuong tu, chung ta coi tich cian s6 dau tién:
P=123...n =n!

Tim cong thic dé tim n! Diéu d6 khong thuc hién tit ca n phép
nhan.

Goij: Néu ban khong thé tim ra cong thitc nhu vay trong vai gio,
t6t hon hét ban nén tir bo: Thyc té, cho dén nay van chua c6 ai thanh
cong. C6 nhitng cong thite, chang han nhu cong thirc Stirling, tim
thay n! véi mot ude lugng kha tot:

n

n! ~n"e7 "\ 2mn

Tuy nhién, lgi ich cta ching 1a ly thuyét hon 1a thuc té.
> 1.164. Cic khodng vdi tong n
V&i mot s ty nhién n da cho, hay tim khoang 4, b] sao cho téng cac
sb
a+(a+1)+(@a+2)---+0b
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bang n. Vi du, v6i n = 1986, mot sb khoang thda man la:
[160,171], [495, 498] va [661, 663).

> 1.165. Ham ¢(n)

Cho 71 1a mot s tu nhién. Theo ¢(n), chiing ta c6 nghia la s cac s6
nhé hon 7 nguyén t6 cing nhau vé6i 7. Tim ¢(n) v6i mot s6 nguyén
duong 1 cho trude. Giai thich ctia ban cho thyc té 1a véi n > 2¢(n)
ludn 1a mot s6 chan? C6 gang tim cong thite chinh xac cho ¢(n).

> 1.166. Bg ba Pythagore

Mot sb tu nhién 1 da cho. Tim tat ca cac bd ba Pitago cta cac sba,b,c

(s6 tu nhién), ¢ < n, trong d6 a? + b* = 2.
g

> 1.167. Palindrome bic
Cho 1a mot s6 tu nhién n. Palindrome bac P(n) cta n duge dinh
nghia nhu sau:

1) Néu n 1a palindrome thi P(n) = 1.
2) Néu n khong phai la palindrome, thi P(n) = 1+ P(s), vdi s 1a
tong ctia n v6i anh phan chiéu ctia né, tic la vdi n, viét qua lai.
Vi du: d¢ palindrome ctia 36 1a 2. Ddi v6i hai budc, chung ta
nhan dugc palindrome:
36 +63 =99
Tuong tu P(48) = 3:

48 +84 =132
132 + 231 = 363

Tim P(n) v&i n bat ky. Hay thir chuong trinh ctia ban vdi tat ca cac
sO tu nhién tir 1 dén 250. N6 tim théy gl cho truong hop ddc biét
P(196)?

> 1.168. B¢ tir Pythagore
Mot s6 tu nhién n da cho. Tim 7 (1 1a s6 tu nhién) cdc nhém nguyén
a,b,c,d khac nhau sao cho:

612 + b2 +C2 — dZ
Vidu: (1,2,2,3).
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> 1.169. B0 ba sé tu nhién

Mot s6 ty nhién 1 da cho. Tim 1 (1 1a s6 nguyén) cac bo ba khac nhau
clia cac s6 tu nhién a, b, c sao cho Va2 + b2, Va2 + c2, /b2 + ¢2, ciing
1a céc s6 tu nhién.

> 1.170. Tong ngin nhit ciia cdc lgp phiong

Mot s tu nhién 1 da cho. Tim biéu dién ctia n duédi dang téng cia
cac hinh lap phuong bang cach st dung sb lugng nho nhat ma cac
vat suu tam duoc. Vi du:

567 = 8% +3% + 3% 4 13(do dai 4),
nhung ciing c6 mot giai phap ngan hon:
567 = 7° + 6> +2°

> 1.171. Biéu dién 2"
Tim 7 nho nhat d€ chin chir sb dau tién cta sb 2" 1a 123454321.

> 1.172. Kim tu thdp so
Viét ham sao cho moét s6 tu nhién # cho trudc, hién thi mot hinh
chop co chiéu cao n thudc loai 1 hoic 2 (xem Hinh 1.16-1.17).

NN

W W W

B~ = =

Q1 U1 U1 U1 O

AN O O O O
N N N NN NN
o 0 O OO0 0 o o
O © O VW VW YV VW VW O
O 0 OO0 00 O o oo o
N N N N N NN
N O O O O O
Q1 U1 U1 U1 O

B~ = =
W W W

N DN

Hinh 1.16. Kim tu thap loai 1
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a oo o >
NN NN NN
Q0 00 00 00 OO0 00 00 o
Q0 00 00 OO0 OO0 00 0 0
NN NN NN

NN

W W W

= = =

Q1 O1 O1 01 O1
[©)¥e)NNe Nle)Nle)Nle)
Q1 O1 O1 U1 O1
= = s

W W W

NN

6 7 7

Hinh 1.17. Kim tu thap loai 2
> 1.173. Qudng truong

Viét mot ham, cho trudc mot s6 tu nhién 7, hién thi moét hinh vuéng
c6 chiéu cao 1 (xem Hinh1.18).

1
1 21
1 2 3 2 1
1 2 3 43 21
1 23 45 4 3 21
1 23 45 65 43 21
1 23 45 67 6 5 43 21
123 45 6 7 87 65 43 21
1 23 4567 89 87 6 5 43 21
1 23 45 6 7 87 65 43 21
1 23 45 67 65 43 21
1 23 45 6 5 43 21
1 2 3 45 43 21
1 2 3 4 3 21
1 2 3 21
1 21
1

Hinh 1.18. Quang trudng

1.16.2. Bai toan ma tran va bai toan chung

> 1.174. Hinh vuéng ma thudt
Hinh vuéng ma thuat cia hang n 1a mét bang ¢ kich thude n x n,
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trong mdi 6 c6 mot s6 tu nhién tir 1 dén n? dugce viét sao cho tong
cac s6 dugc viét trén mdi duong ngang, doc hodc dudng chéo chinh

la nhu nhau va b?mg n . Viduy, v6i n = 5, mot hinh vuéng ma

thuat kha di dugc cho trong Hinh 1.19.

17124 |1 | 8 |15
23| 5|7 |14 |16
4 |6 (132022
10112 119|221 | 3
11 118125 2 | 9

Hinh 1.19. Hinh vuéng ma thuat

Goi y: D6i v6i n 1é (n > 3), mot thuat todn kha thi dé dién 1a nhu
sau:

1) Chiing ta bat dau tir gitra dong dau tién va viét s6 1 vao do.

2) O mébi budc, ching ta di chuyén theo dudng chéo 1én trén va
sang phai va viét s6 tiép theo. Néu chiing ta "di ra ngoai" bén ngoai
bang trén, chung ta di chuyén dén hang cudi cting, va néu ching ta
"di ra ngoai" bén phai, chiing ta di chuyén dén tru dau tién ctia no.
Néu trong qud trinh di chuyén, ching ta thdy minh & trong mot 6
da dugc lap day, thi ching ta "di xuéng" 6 bén dudi né. Hinh 1.20
hién thi cich mot phan ctia dién bat dau, bat dau tu 1:

,/",)'
17| 24| 1 /3/|5
:35;/1/'?5}_
tl/a/
19

4
20 22 Pl
m/u:’ 213" |a
I -
/‘ rlflﬁ 2512 O

Hinh 1.20. Xay dung mot hinh vudng ky diéu.
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Déi véi n chan, cling c6 cac thuat todn dé thu duge mot hinh
vuong ma thuat, nhung ching phitc tap hon moét chat [Phép thuat-
1].

> 1.175. Co vua

Xac dinh s6 quan co t6i da c6 thé dat trén mot ban cd ¢6 kich thudce
m X n (n,m - cac s6 tu nhién cho trudc) dé khong c6 hai quan nao bi
tan cong. Dé giai quyét cong viéc tuong tu, néu con s6 dugce dat la:
vua; ding dau; ngya; nhan vién van phong.

> 1.176. Tir bon chit cdi

Cho trudc hai tir gdom bdn chit cai Ag va A, va mot tir dién c6 bon
chit céi A;, véii = 1,2,...,n — 1. C6 thé rit ra tir Ag tir tir A, bang
mot chudi céc tir trong tir dién khong;:

Ag— A — Ay — .. — Ay,

vl cu hai tu lién tiép A;jva Ajyq,choi=0,1,..,n -1, c6 duing moét
chit cai khdc nhau. Kiém tra quyét dinh ctia ban véi céc tit "bay" va
"voi" va mot tir dién phu hop.

> 1.177. Ma trdn chuyén doi

Mot ma trdn s6 nguyén Ay, v6i cac phan ti a;j dugc cho trude. Tim
ma tran chuyén vi ctia né A’ = {agj} ctia ma tran da cho, afj = ajj,
véil<ij<n.

1.16.3. Bai toan té hap

Trong mot s6 tac vu tiép theo, ban mudn tao cac dbi tugng c cac
thudc tinh nhat dinh, chéng han (xem Bai toan 1.43.) S6 PIN hop 1é.
Trong cac tadc vu nhu vay, khong nén tao ciu tric t6 hop tong quat
hon (cac bién thé c6 1ap lai cho vi du da chon) va sau d6 loai trir cac
dbi tugng khong hop 16, nhung nén bién dich mét luge do chi tao
cac doi tuong hop 1é.

> 1.178. So dién thoai

Nam 1930, moét nhom nghién ciru tir Phong thi nghiém Bell dugc
giao nhiém vu dé xuit cach thiét ké s6 dién thoai ciia Hoa Ky. Chiing
dugc yéu cau phai c6 gia tri it nhat cho dén cubi thé ky 20. Sau khi
udc tinh sé co bao nhiéu tru dién thoai, cac nha nghién ctru tap trung
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vao so do s6 dién thoai sau:
(a1a2a3) — b1babs — cqcacacy, trong do
a1 €{2,3,..,9}
ap € {0,1}
a3 € {0,1,...,9}
by, by €42,3,..,9}
bg, C1,C2,C3,C4 € {0, 1,..., 9}
Tim s6 dién thoai khac nhau c6 thé cé dugc tir so do trén.

> 1.179. Hinh vudng La tinh
Hinh vuéng Latinh ctia hang n la mot bang ¢6 kich thudc n sao cho:

* trong mbi 6 clia bang c6é mot s6 tu nhién tir 1 dén n.
e Cac s0 tr m6i hang va mdi cot 1a hoan vi ctia cac so tir 1 dén n.
Viduy, véi n = 4, hinh vuéng ctia Hinh1.21. la tiéng Latinh.

=R WN
N | =W

W IN| P

B~ WIN| -

Hinh 1.21. Hinh vuéng La tinh

Dé tao mot hinh vudng Latinh bdi mot sb tu nhién 1 cho trudc.

> 1.180. Tich khong d6i

2n s6 tu nhién da cho. Biét rang c6 ding m cdp sb (a;,b;) sao cho
tich a;.b; bang chinh s6 d6 (v6i i = 1,2,...,m). Tim va in ra tat cd m
cac cap s6 nhu vay.

> 1.181. An t6i tai Princess Anna

Cong chiia Anna dy dinh mdi 15 ngudi ban ctia minh di an t6i.
Trong 35 ngay, ho sé dén tham c6 ay ding 3 lan mot ngay. C6 thé
chon ba ngui dé trong méi 35 ngay, Anna an t6i vdi ba ngudi khach
khac nhau khong? Tao mot "lich trinh" kha thi.

> 1.182. Giao diém ciia cdc duong chéo trong mot n-gidc déu.
Cho sb ty nhién n,n > 2. Tim s0 giao diém cta cdc dudng chéo
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trong mot vong 1dp 1 déu. Vi dy, khong c6 dudng chéo nao trong
mot tam gidc va s6 nay bang khong. Hinh vuong c6 hai dudng chéo
va tuong ung la mot giao diém, va ddi véi mot hinh nga giac déu,
con s6 nay 1a 5.

> 1.183. Bong trong hop

2t 4+ 1 hon bi dugc cho va phai chia déu vao ba hop sao cho tong s6
bi & hai hop bat ki 16n hon s6 bi & hop thit ba. Viét mot chuong trinh
tao ra tat ca cdc phan phbi bong c6 thé c6 dé dap ting diéu kién trén.
Tim cong thitc cho s6 lugng cac phan phbi nay.

> 1.184. Chudi hat
Mot chiée vong c8 bao gdm cac hat trang va den sao cho khong c6
hai hat den lién nhau (xem Hinh1.22.).

Hinh 1.22. Vong ¢6

Néu 7 1a s6 hat den va k 1a s6 hat tréng thi s6 vong c6 khac nhau
c6 thé dugce tao thanh tir cac hat 1a bao nhiéu? Viét chuong trinh tao
t day chuyén khéac nhau, cho truéc mot s6 ty nhién ¢.

> 1.185. Chiéc cau

Viét chuong trinh chia bai soi cau: 4 ngudi choi, méi ngudi 13 14.
Triru tugng thuc té, hay viét chuong trinh cta ban theo cach sao
cho méi lan choi lién tiép, mot van bai duy nhat duoc tao ra - khong
c6 ngudi choi nao nhan dugc hai 14 bai giéng nhau.

> 1.186. Hinh vuong trong ludi

Mot luéi hinh vudng véi kich thude n x n duge dua ra. S6 6 vudng
trong ludi 1a mot ham ctia n: tic 1a téng s6 cac 6 vudng khac nhau
cO kich thudec1l x1,2x2,...,n X n?
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> 1.187. Cdc bién trong C
S6 tén bién hop 1é trong C c6 dudi k ky tu, k 1a sb tu nhién 1a bao
nhiéu?

> 1.188. S4 6 n chir s6

Tim cong thirc s6 cac s6 c6 n chix s6 (n < 11) chia hét cho k néu
khong dugc phép lap lai cac chir s6. DE dé xuat mot thuat toan dé
tao thit ty tir vung cta tat ca cac s6 nhu vay.

> 1.189. Khodng cdch giita cdc quin co

Tim cach xép 9 quan trén ban cd 8 x 8 sao cho khoang cach gitra
hai quan 1a khac nhau, hodc chimng té rang diéu nay 1a khong thé.
"Khoang cach gitra hai hinh" dé cap dén s6 lugng truong trén dudng
di ngan nhét gitra ching (khong c6 chuyén déi duong chéo).

> 1.190. MJ-hop dém

n do6i vg chong dugc dua ra. C6 bao nhiéu cach c6 thé chia ngudi
thanh tirng nhom k (k chén, k chia hét 1) sao cho trong méi nhém c6
dung k/2 ntt va k/2 nam va khong c6 ai & cung nhom véi vg/ Chéng
cua ban?

> 1.191. Mgt hacker tré

Viét chuong trinh tao sb thé tin dung hop 1é (tir mot loai thé tin
dung - VISA hoidc MasterCard). St dung mo ta sau dé biét sb thé tin
dung hop 1é:

S6 thé tin dung c6 16 chit s6 trong nhém bén chit s6. Hay kiém
tra xem thé tin dung sau c6 hop 1é khong:
4204-5876-9012-5234

1) Chung ta chuyén céc chit s6 ctia s6 va nhan dugc:
4325210967854024

2) Nhan doi cac s6 & vi tri chan va nhan dugc:
46210220186148104028

3) Néu 14y s6 suru tam 16n hon 9, ta chia ching thanh hai chi s6
riéng biét. Chuing ta thu thap céc s6 liéu thu duogc nhu sau:

446+2+14+0+2+24+0+1+8+6
+14+4+8+14+0+4+0+2+8=060. (1.28)
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4) Néu téng chia cho 10 ma khéng c6 sb du, thé tin dung van
hop 1é. Néu sb bat dau béng 4, thi loai ctia né 1a VIS A va néu né cé
tien td 51-55, thi d6 1a MasterCard.

> 1.192. 50 PIN
Dé viét mot chuong trinh tao s6 PIN hop 1é cho phu ni.

Goi y: Viéc xac nhan ma PIN duogc thuc hién theo so do sau: céc
trong s6 sau dugc so sanh trén tirg chit s6 cta chin dau tién: 2, 4,
8,5,10,9,7,3,6. Mbi chit s6 ctia ma PIN dugc nhan véi trong luong
tuong Ung va tinh téng cac san phadm thu duge. Phan con lai cho
phép chia s6 nguyén ctia tong cho 11 la mot sb kiém soat va phai
tring voi chir s6 thit mudi ciia ma PIN. Ddi v6i phan du ctia 0 hodc
10, chir s6 diéu khién phai 1a 0.

Ngoai ra, vi 6 chir s6 dau tién dai dién cho ngay sinh nén ching
phai 1a ngay hop 1é trong ndm. Vi du: ma PIN bat dau bang 810229
khong hop 1€ vi nam 1981 khong phai la nam cao.

Gidi tinh dugce xac dinh bf?mg chit s6 thit chin: néu 1a s6 chan thi
ma PIN danh cho nam gidi.

> 1.193. S6 Palindromes

S6 tir d6i xing (palindromes) c6 do dai n ky tu, bao gom cac chi
cai Latinh viét thuong 1a bao nhiéu? Viét chuong trinh tao tat ca cac
palindromes c6 d¢ dai n.
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