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L1 NOI DAU

Nhirng nam trudc khi lap trinh VieTeX t6i toan dung C/C++ thu
thap tai liéu nhiéu nhung khong c6 thoi gian dé viét lai. Nay mudn
viét lai thi stc khoe khong on dinh. Toi da ¢b géng gom lai thanh
cac tap lap trinh theo cha dé. Noi dung moi thuat toan bat dau tu ly
thuyét dén 1ap trinh bang C/C++.

Cudn sach viét ra khong danh riéng cho cac ban hoc tin hoc,
ma cac ba hoc toan, thay cd gido, cac ban thich tim hiéu vé thuat
toan. Cling nhu t6i bat dau c6 biét gi vé lap trinh dau, ty hoc va
cham chi la thanh cong thoi. Toi dung trinh bién dich Dev-C++:
https:/ /www.bloodshed.net/

Hién nay Dev-C++ cai tién rdt nhiéu va chay t6t véi moi truong uni-
code. Nhiing vi du trong tai liéu cac ban chép thang vao soan thao
va bién dich khong can cau hinh trinh bién dich.

Toi da lam cac quyén sach:

1. Thuat toan va sb hoc.

2. Thuat toan va du liéu.

3. Thuat toan xap xép

4. Thuat toan tim kiém

5. Thuéat toan do thi,

6. Thuat toan quay lui

7. Thuat toan chia dé tri

8. Thuéat toan dong

9. Thuat toan tham

10. Thuat toan nén

11. M6t s6 dé thi Olympic Tin hoc.

Cudn sach danh cho hoc sinh phé théng yéu toan, hoc sinh kha
gidi mon toan, cac thay co gido, sinh vién dai hoc nganh toan, nganh
tin hoc va nhitng ngudi yéu thich Toan - Tin. Trong bién soan khong
thé tranh khdi sai s6t va nham 1an mong ban doc cho y kién.

Ha Noi, ngay 25 thang 2 nam 2022
Nguyén Hiru Dién



NHUNG KY HIEU

Trong cudn sach nay ta dung nhirng ki hiéu véi cac y nghia xac
dinh trong bang dudi day:
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7.1. GiGi thiéu

Nguodn gbc ctia y tudng chia bai toan phtic tap thanh nhiéu bai
toan don gian hon, dé tan cong riéng 1é hon va giai phap ctia n6 cho
phép dé dang xay dung gidi phap cho van dé ban dau, da trd lai
rat xa xua. N6 dat dén dinh cao trong thoi ky Dé ché La Ma, noi da
hinh thanh va thic ddy "Chia ré va Chinh phuc" nhu mét nguyén
tac co ban trong chinh sach déi ngoai ctia minh déi véi cac bd toc
lang giéng ctia dé ché. Trén thuc té, ngudi La Ma hoan toan khong
phai 1a ngudi kham phé ra nguyén tac, va né la trong tadm ctia su
banh trudng cta bat ky dé ché vi dai nao trudc va sau thoi La Ma.

Lam thé nao 1a moi thi trong lap trinh? Viéc 4p dung phuong
phép dién ra trong ba budc. Dau tién, bai toan ban dau dugc chia
thanh nhiéu bai todn con, thuong la hai (chia). N6 sau dé giai quyét
tiing ngudi trong s ho riéng biét. Trong budc thit ba, dya trén cac
gidi phap ctia cac bai todn con, mot gidi phap cta bai todn ban dau
(chinh) duoc xay dung.

Tat nhién, nguyén tac nay khong phai la phé bién va viéc ap
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7.2. Tim phan it Ion nhat thirk 561

dung né khong phai la kha thi va thich hop trong moi cong viéc.
Céc ly do tai sao khong thé ap dung phuong phap nay c6 thé khac
nhau. Vi du: bai toan c6 thé khong cho phép chia nho cac bai toan
con thich hgp c6 thé duoc giai quyét riéng 1é. Co thé giai phap cia
cac bai toan phu riéng 1é khong tao thuan lgi dang ké cho giai phap
ctia bai toan ban dau hodc tham chi khong lién quan gi dén né. Mac
du y tudng ctia phuong phéap nay rat don gian, nhung viéc 4p dung
no, cing nhu xac dinh khi nao né ¢6 thé dugc dp dung, 1a mot mon
nghé thuat ma ban dé dang nam viung nhat dua trén cac vi du cu
thé.

7.2. Tim phan t&f 16n nhit thi k

Mot trong nhiing thuat toan dau tién duoc gidi thiéu cho lap
trinh vién moi la tim phan t t6i da cia mot mang. Day 1a mot thuat
toan kha don gian yéu cau so sanh n — 1:

Chuang trinh 7.1. Tim phan tit 16n nhat trong (701maximum.c)
int findMax(int m[], unsigned n) /* Tim phan ttt lén nhat */
{ unsigned i;

int max;

for (max=ml[0],i =1; i <n; i++)

if (mli] > max) /**/
max = mli];
return max;

}

Chung ta c6 thé cai thién két qua nay khong? Khong kho dé
thuyét phuc rang thuat toan dugc dé xuat vé mat ly thuyét thuc
hién s phép so sanh phan t t6i thiéu. Diéu sau rat dé nhan thay
néu ching ta nghi vé cac yéu t6 1a nhitng ngudi tham gia vao mot
giai dau loai truc tiép. That vay, dé xac dinh nguoi théng cudc, moi
ngudi tham gia, trir chinh xac mot (ngudi thang cudc), phai thua it
nhat mot 1an dé bi loai.

Tir d6 c6 thé dé dang thay rang s6 cudc hop can thiét 1a n — 1.
Ngoai s6 lugng phép so sanh, mot tinh ndng quan trong ctia bt ky
thuat toan nao nhu vay 1a s6 1an gan gia tri. Tir ma ctia doan chuong
trinh dugc dé xuat, c6 thé thay ngay rang s6 lugng bai tap khong
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562 Chuong 7. Thudt toan chia dé tri

vuot qua s6 lugng phép so sanh. Tuy nhién, khong qua rd rang con
s6 trung binh ctia cac vu bién tht la bao nhiéu. Chung ta dé ngudi
doc chiing t6 rang né c6 bac 1a @(logyn).

Hay tudng tugng mot chuong trinh dé hinh dung mot tap hop
cdc ddu cham trén man hinh may tinh. Vi s6 lugng va vi tri ctia cac
chdm c6 thé rat khac nhau, chuong trinh sé can chia ty 1é toa do
ctia chung theo mot cach nao d6 dé ching trong dep trén man hinh.
Man hinh c6 dang hinh chit nhat nén sée rat tién loi khi “dong” cac
diém lai trong mot hinh ch nhat phu hgp, tir d6 tinh ra ti 1é tuong
ung. RO rang la hinh chit nhét nay dugc xac dinh bdi cac toa do x va
y 16n nhat va nhé nhat. G day nay sinh dong thoi bai toan tim phan
tr t0i thiéu va t6i da.

Bai todn méi cling c6 mot phuong phap giai tuyén tinh. Can so
sanh 2n — 1 dé tim ra phén t 16n nhat va sau d6/trudc va nho nhat
mot cach doc 1ap theo thuat toan trén (Khi tim kiém phan t& nho
nhat, chi can xoay dau so sanh theo thit ty duge danh dau bf?mg /
* /). Tuy nhién, gidi phap nay la khong tdi uu, vi trong qua trinh
tim kiém gia trj t6i thiéu, cac ty 1é da biét thu dugc trong tim kiém
gia tri toi da khong dugc tinh dén.

Dudi day, chung ta sé trinh bay mot thuat toan khac, trong
truong hop xau nhat, ching ta sé khong can nhiéu hon [37/2] phép
so sanh. Chuing ta sé xem xét cac phan tf theo ting cap: dau tién
chiing ta sé so sanh hai phan ti vdi nhau, sau d6 phan tit 16n hon
v6i muc t6i da hién tai va phan tir nh6 hon véi muc tdi thiéu hién
tai, thuc hién ba so sanh cho méi cip phan t.

Tim dong thdi max va min trong 701maximum.c

void findMinMax(int *min, int *max, const int m[], const
unsigned n)
/*Tim déng thoi max va min*/
{ unsignedi, n2;
for (*min = *max =m[n2 =n/2],i =0; 1 <n2; i++)
if (ml[i] > m[n-i-1]) {
if (m[i] > *max) *max = ml[i];
if (m[n-i-1] < *min) *min = m[n-i-1];
}
else {
if (m[n-i-1] > *max) *max = m[n-i-1];
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7.2. Tim phan it Ion nhat thirk 563

if (m[i] < *min) *min = ml[i];
}
}

Moi thit nhu thé nao néu chiing ta dang tim kiém phan ti 16n
thit hai? RO rang, ching ta c6 thé tan dung cting mot chién lugc, stra
d6i chitc nang mot cach thich hgp dé duy tri khong chi mot, ma ca
hai gid tri tot nhat. Y tudng rat don gian: chiing ta sé so sanh phan
tr tiép theo v6i phan tir 1on thit hai hién tai va chi khi phan t 16n
hon dugc tim thay, ching ta sé thuc hién kiém tra b6 sung xem phan
tir d6 khong 16n hon phan tr 16n nhat hién tai hay chua:

Tim phan ti max thi hai trong 701maximum.c

void swap(int *ell, int *el2) /* Hoéan déi gia tri */
{ int tmp = *ell; *ell = *el2; *el2 = tmp; }

int findSecondMax(int m[], unsigned n)
{ int x,y;

unsigned i;

x =ml[0]; y = m[1];

if (y > x) swap(&x,&y);

for (i =2; i <n; i++)

if (mli] >y)
if ((y =mlil) > x) swap(&x,&y);
returny;

}

Hay thir udc tinh do phuc tap ctia thuat toan. Khong kho dé thay
rang truong hop xau nhat 1a mang nghich dao, trong dé hai phép so
sanh dugc thuc hién trén méi (1 — 2) 1an 1ap cta chu ky. Thém phép
so sanh trudc chu ky, véi téng s6 phép so sanh can thiét, ching ta
nhan duoc 2n — 3.

Bay git ching ta hay xem xét van dé tong quat hon 1a im phan
tik nhé nhat thit k cia mot tap hop n phan tir da cho. Bai toan duoc
xem xét tuong duong véi viéc tim phan tit (n — k + 1) 16n nhat. Hon
nita, néu ching ta c6 mot thuat toan giai quyét van dé ban dau, dao
nguoc cac so sanh < (hodc <) va > (hodc >), véi nhiing stra déi toi
thiéu, chung ta c6 thé tim thiy phan tr 16n nhat thi k.

Mot giai phap nhé cho van deé la sap xép hoan chinh tap hop,
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564 Chuong 7. Thudt toan chia dé tri

két qua 1a phan t thu k sé chiém vi tri thit k. Nhuge diém chinh
cua phuong phap nay la, bat ké gia tri ctia k 1a bao nhiéu, né yéu
cau mot s6 phep s0 sanh bac n.log,n. Tat nhién, chung ta co thé
gidm con s6 nay xudéng ©(n + k.log,n), chi sap xép k phan ti dau
tién bang cach sap xép theo hinh chép (viéc xay dung kim tu thap
can thoi gian theo thit ty ctia @(n) va sap xép theo hinh chép c6
do phuc tap ©(n.log2n) ca trong truong hop trung binh va trong
truong hop xau nhét, xem ??). Phat trién thém y tudng, ching ta
thu duge d¢ phiic tap O(min +(n + k. logzn n+(n—k+1). log,n ))
That vay, néu k > [n/2], ching ta co thé dao ngugc hudng sap xép
theo thit tu gidm dan. Tuy nhién, néu k du gan véi n/2, thuat toan
két qua ro rang sé khong hiéu qua, vi né sé dan dén viéc sap xép
hoan toan k hodc (n — k + 1) phan titf cia mang, diéu nay sé dan
dén mot lugng 1on thong tin khong can thiét.

Chuang trinh 7.2. Tim phan tit thit k (702heap.c)

#include <stdio.h>

#include <stdlib.h>

#define MAX 100

int m[MAX];

const unsigned n = 100; /* SO phan tit trong mang */

const unsigned k = 10; /* Sb thu tu ctia phan tir duge tim kiém */

void init (int m[], unsigned n) /* Khdi tao véi s ngau nhién */
{ unsigned i;
for (i =0; i <n; i++)
mli] = rand() % (2*n + 1);
}

void siftMin(int 1,int r) /* Sang loc phan ti tir dinh tu thap*/
{ inti,j;
int x;
i=1;
j=14+1+1;
x = mlil;
while (j <=71) {
if (j <r)
if (ml[j] > mlj+1])
j++;
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7.2. Tim phan tir I6n nhat thirk 565

if (x <= mljl)
break;
mli] = mljl;
i=j;
j=j*2+1;
}
mli] = x;

}

voidsiftMax(int I,int r) /* Sang loc phan ti tir dinh tu thap */
{ inti,j;
int x;
i=1;j=1i+i+1; x=mlil;
while (j <=71) {
if (j <1)
if (m[j] <mlj+1]) j++;
if (x >=mljl)
break;
ml[i] = m[j];
i=j;
j=j2+1;
}
mli] = x;

}

void heapFindK(unsigned k) /* Tim phén tar tha k tu tu thap*/
{ int1,r;
char useMax;
if (useMax = (k > n/2))
k=n-k-1;
l1=n/2; r=n-1;
/* Xay dung tu thap */
while (I-- > 0)
if (useMax) siftMax(l,r); else siftMin(l,r);
/* (k-1)-boi lan boé phan tir nhd nhat */
for (r = (int)n-1; r >= (int)(n-k); r--) {
m[0] = m[r];
if (useMax) siftMax(0,r); else siftMin(0,r);
}
}
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566 Chuong 7. Thudt toan chia dé tri

void print(int m[], unsigned n) /* biéu dién mang 1én man hinh */
{ unsigned i;
for (i =0; i <n; i++)
printf£("%8d", ml[il);
}

int main() {
init (m,n);
printf("Mang trudc khi tim:"); print(m,n);
printf("\nTim phan ti thi k: k=%u", k);
heapFindK(k);
printf("\nPhan tr tha k la: %d", m[0]);
return O;

Trong mot s6 diéu kién rang buéc manh hon, ching ta c6 thé dé
dang thu dugc cac thuat toan tuyén tinh thdm chi. Vi duy, bé“mg cach
stt dung y tudng ctia thuét toan dém (xem 3.2.2.), Chiing ta c6 thé
tim s6 1an xuat hién ¢ j cho mdi khoa j trong sb cac gia tri cho phép
ctia cac khoéa. Gid st rang cac khoa la cac s6 nguyén trong khoang
[I,7]. Sau d6 ta c6 thé tinh téng lién tiép c;, ¢;1q, 149, .. cho dén khi
dat dugc chi s6 j ma téng ctia 1an dau tién tré nén 16n hon hodc bang
k. Phan tr & gitra bat budc sé c6 gia tri 1a j. Tuy nhién, mot lugng 16n
thong tin du thira lai tich Ity va do tuyén tinh cta thuat toan phu
thudc rat nhiéu vao su phan bb ctia cac gia tri khoa.

Méc du thoat nhin diéu nay khong ro rang, nhung y tudng sap
xép nhanh (xem 3.1.6.) D€ chia mot mang phan ving cung cAp mot
thuat toan hiéu qua dé giai quyét van dé. Day 1a mot thuat toan chia
dé tri dugc dé xuat bdi Hoor, tac gia clia sip xép nhanh (cting dua
trén phép chia dé trj).

Mang dugc chia thanh hai phan véi bién trai I = 0, bién phair =
n — 1 va x = m[k] nhu mot phan t ngan cach (ching ta gia st rang
mang dugc 1ap chi muc tir 0 dén 1 — 1). Sau khi chia theo thuat toan
sap xép nhanh cho cac chi sb i va j, cic bat dang thirc duge thda
man:

m[h] < x,choh <i
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7.2. Tim phan tir I6n nhat thirk 567

m[h] > x,choh > j

i>]

Ba truong hop c6 thé xay ra:

* i < k. Sau d6 x chia mang cho it hon yéu cau. Viéc tach nén
dugce tiép tuc bifmg cach dat ! = i. (xem Hinh 7.2)

| = ] = |
f & ¥ 7
! ii k ¥

Hinh 7.1. Mang trong truong hoi i < k

e j > k. Sau d6 x chia mang theo ty 1é 16n hon gia tri dugc tim.
Viéc tach nén dugc tiép tuc bang cach dat r = j. (xem Hinh 2?)

Hinh 7.2. Mang trong truong hoi j > k

* j <k <i.Sau do6 x chia mang thanh cac ty 1é bat budc va do dé
1a phan tir bat budc. That vy, tat cd cac phan tir bén trai cia né
déu nhé hon hodc bang né, va nhitng phan tir & bén phai 16n
hon hodc bang né. Qué trinh phan tach dugc két thic. (xem
Hinh 7.3)

[ = | = ]
f T f
! gk r

Hinh 7.3. Mang trong truong hoi j < k < i

Chung ta dé ngudi doc thay rang cac truong hop khac veé vi tri tuong
ho ctia i, j va k 1a khong thé. Khi dat dén truong hgp 3, phan tir thit
k sé ¢ vi tri tha k trong mang.

Chuang trinh 7.3. Tim phan ti thit k (703midelem.c)
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void find(int m[],unsigned n,unsigned k) /*Tim phén tr tha k */
{ inti,j,l,r;
int x;
1=0;r=n-1;
while(l <r) {
x=mlkl;i=1; j =r1;
for(;;) {
while (x > m[i]) i++;
while (x < ml[jl) j--;
if (i >j)
break;
swap(m +i, m +j);
i++;
j=-s
}
if (j < (int)k)
1 =1i;
if ((int)k < i)

r=j;

Thuét todn dugc mo ta yéu cau mot s6 phép so sanh theo bac ctia
2n, trong truong hgp & mébi budc, phan hoach chira phan tir thit k bi
gidm di mot nira. Chat lugng nay xac dinh né hiéu qua hon nhitng
chat luong dugc dé xuat & trén, dua trén cach sép xép hinh chop,
yéu cau mot s6 so sanh veé thi ty cia @(min(n + klogyn,n + (n —
k+1)).log,n)), ca trong trudng hop xau nhat va trong truong hop
tot nhat. That khong may, trong truong hgp xau nhat, khi tai moi
budc dién tich chi gidm di 1, d6 phtic tap ctia n6 sé ¢6 bac 1a ©(n?).
Do d6, ké thira nhugc diém chinh ctia sap xép Hoor nhanh, méc du
n6i chung la rat tot, thuat toan dugc mo ta t6 ra cuc ky kém hiéu
qua trong truong hgp xau nhat.

Chung ta sé dé xudt mot thuat toan dé quy khac, 1an nay dya
trén phan loai Hoor nhanh vdi cac dic diém tuong ty. Chung ta sé
chia ddi véi mot s6 phan tir x, bat ké phan tit nao (m[r] duge chon
trong chuong trinh bén dudi) va dé né roi xubng vi tri mid tir dau
méng hodc dén vi tri p tir dau trong téng s6 ¢ phan dang dugc xem
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xét. Néu k < p, thi ching ta nén tim phan ti thi k trong phan hoach
bén tri (1, mid). Néu khong, ching ta nén tim phan t (k — p) trong
phéan ving bén phai (mid + 1,). Qua trinh tiép tuc dé quy cho dén
khi dat dugc mot phan ving chita mot phan tir (cu thé 1a cac tim
kiém):

Chuong trinh 7.4. Tim theo Hoor (704midel2.c)

unsigned partition(unsigned L, unsigned r) /* Phan chia theo Lomuto
*/
{ int i;
unsigned j;
int x;
i=1-1; x =m[r];
for(j =1; j <=1; j++)
if (m[j] <=x) {
i++;
swap(m+i,m+j);
}
if (i == (int)r) /* Tat cA <= x. Thu hep khu vuc véi 1. */
i--;
returni;

}

unsigned find(int 1, int r, unsigned k) /* T theo Hoor */
{ unsigned mid, p;

if (I ==r) returnl;

mid = partition(l,1);

p=mid-1 +1;

returnk < p ? find(1,mid,k) : find(mid+1,r,k-p);
}

Thuéat toan dugc mo ta c6 cung hanh vi véi thuat toan trudc: rat
tot trong truong hogp chung va cuc ky kém hiéu qua trong truong
hop xau nhat. Hanh vi xau cta ca hai thuat toan 1a do cach ching
ta chon phan tir x. Sé la t6t néu chon x dé chia dién tich thanh hai
phan gan nhu bang nhau, tic 1a. cAng gan phan ti gitra cang tét.

Lam thé nao dé chon mot x nhu vay? Chiing ta sé xem xét thuat
toan dugc dé xuat boi Bloom, Floyd, Pratt, Rivest va Tarjan. Hay suy
nghi theo cam tinh. Gia st ching ta biét mot thuét toan tuyén tinh
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dé tim phan tr thi k v6i 28n phép so sanh. Véi n < 55, khong khé
dé xdc dinh mot thuét toan cu thé nhu vay. Vi du, phuong phap
bong bong (xem 3.1.4.) Yéu cau n(n — 1) /2 trong s6 phép so sanh
dé sdp xép mang hoan chinh va déi véi n < 55, ap dung béat dang
thic 28n > n(n —1)/2 . Gia st rang phép so sanh 28t la du cho
t < n.Chung ta chia mang thanh [n/7] mang con, m01 mang chia
7 phan tir va néu can ching ta bo sung mang con cudi ciing bang
—oo (chia), sau d6 chung ta sap xép hoan chinh tirng mang con. Néu
chung ta str dung phuong phap bong béng, ching ta sé can khong
qua 7(7 — 1) /2 = 21 phép so sanh. Nhu vay, tong s6 phép so sanh
can thiét khong vuot qua 21(n/7) = 3n. Sau day 1a mot ing dung
dé quy cta thuat toan lua chon cho 1/7 bang dugc sap xép dé tim
gia tri trung binh cda cac phuong tién (quy tac). Diéu nay yéu cau
28(n/7) = 4n phép so sanh.

Thudt todn tim gid tri trung binh ciia cdc trung binh

1. Chia cac phan tir thanh cac nhém 7. Hay ky hiéu ching bang
Si,v6ii =1,2,...,[n/7]. Nhém thit hai c6 thé chira it hon 7 phan tur.

2. Chiing ta sap xép hoan toan méi nhém S; va do d6 ching ta
tim thay trung vi ctia né m;.

3. Chung ta tim trung vi M ctia cac trung binh m; bang cach tham
chiéu dé quy dén cung mot thuat toan.

Chung ta sé mo ta thuat toan trén ky hon moét chut voi ma gia.
Chung ta sé xem xét rang chung ta c6 partition(), bdi mot phan
tar x cho trudc chia mang L[] thanh ba vung: bén trdi L1[], trong
d6 cac phan tir nho hon x, trung binh L2[], trong d6 ching bang x
va L3[], trong d6 chung 16n hon x

Chia thanh phan

unsigned select(int L[], /* Mang */
unsigned k) /* Danh s6 phan tr tim duoc*/
{ n =length(L); /* S6 lugng phan t trong L[] */
if (n<=7) {
bubbleSort(L,n);
return L[k];

/* Chia L thanh n/7 nhém S[i] véi danh s6 7 phan t */
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split(L, S ={S[i] | i =1,2,...,n/7});
for (i =0; i <n/7; i++)

x[i] = select(S[il,3); /* Phan tir trung binh la thi ba */
M =select({x[i] | i=1,2,...,n/7}, n/14);

partition (L,L1,L2,13);

if (k <=length(L1)) then
return select(L1,k);
else if (k > length(L1) + length(L2)) then
return select(L3,k-length(L1)-length(L2));
else return M;

L - 3 —l-llp—l—D—i-
- PO
i

B it T T p——
i
i
i

Hinh 7.4. Chon diém trung vi

Trung vi dugc chon cta cac phuong tién x di gan véi phan tu
trung binh, vi co it nhat 212/7 nhd hon x va it nhat 2n/7 16n hon
x phan tir (xem Hinh 7.4). Cho dén nay, ching ta da st dung 3n
so sanh dé sap xép cac bang, 4n khac - dé tim gia tri trung binh,
n so sanh - dé chia bang theo phuong phap Hoor va khong qua
28(5n/7) - so sanh cho ung dung dé quy cta thuat toan cho mdi
viung tuan hoan dé quy gidm it nhat 212/7 phan t). Cudi cing, hoa
ra 1a ching ta cAn khong qua 281 phép so sanh. D6 1a, thuat toan
ctia chung ta 1a tuyén tinh. Tat nhién, 28 la mot hang s6 di nghiém
trong, khac xa vdi 2, trong truong hop tdi uu cta cac thuat toan
trudc d6. Hon nita, d6i véi n < 16384, thuat toan dugc dé xuat thuc
hién nhiéu phép so sanh hon l1a sdp xép hinh chép hoan chinh cta
maéng. Tuy nhién, tai n > 16384, thuat toan hoat dong du t6t trong
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ca truong hgp chung va truong hop xau nhat. Ngoai ra, diém sb
28n c6 thé dé dang duoc ha thép hon ntra, vi du nhu xuéng con
15n. Bloom, Floyd, Pratt, Rivest va Tarjan quan ly d€ gidm n6 xubéng
391/72 =~ 5,4306.n. Schonhager, Patterson va Pipenger ghi dugc 3n,
va Dor va Zwick da tim cach cai thién s6 diém d6 1én 2,95n so vdi
cac phép so sanh! [Dor, Zwick-1996]

Bai tap

> 7.1. Hay thuc hién mot chuong trinh tim phan ti 16n nhat thi k,
dua trén viéc sap xép bang cach dém.

> 7.2. Hay chiing minh rang trong thuat todn tim phan tir 16n nhat
thit k dya trén phép tach, twong tu nhu trong sap xép nhanh, khéng
c6 vi tri twong hd nao khac ctia cac bién i, j va k, ngoai trir cac vi tri
dugc chi ra trong Hinh 7.2, ?? va 7.3.

> 7.3. Hay so sanh hai bién thé dugc dé xuat cta thuat toan tim phan
tr 16n nhét thit k, dua trén phan tach, twong tu nhu sap xép nhanh.

> 7.4. C6 nén mong dgi mot cai tién trong viéc chia cac phan t
thanh cac nhém 5 khi tim gia tri trung binh ctia cac trung vi khong?
Va 3? S6 lan so sanh du kién trong méi trudng hgp 1a bao nhiéu?
Xac dinh s6 phan ti toi vu trong mot nhom.

> 7.5. Hay thuc hién thuat toan tim trung vi ctia cac trung vi.

7.3. Phan t& tri

Dinh nghia 7.1. Gia st 1a mot da tap hop n phan tir (tic 1a mot tap
hop trong d6 su 1dp lai ctia cac phan tir dugc phép). Ching ta sé néi
rang mot phan ti cta tap hop la phan tir trdi néu né xuét hién nhiéu
hon n/2 1an.

Do d6, da tap hop {2,3,3,1,3} c6 3 1a phan t troi, con da tap
hop {1,1,2,3} khong c6 phan tir troi.

RO rang, theo dinh nghia trén, mot tap hgp nhiéu khong thé c6
hai yéu t6 phan tir troi. Dudi day, chiing ta sé xem xét mot sd cach
khac nhau dé tim ra nguyén nhan phan i trdi va ching ta sé trinh
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bay tap hgp nhiéu chiéu véi mang mot chiéu. Trir khi ching ta da
tuyén bb ro6 rang khéc, chiing ta sé khong gia dinh bat ky loai phan
tir cu thé nao, cing nhu sy ton tai ctia mot thi ty (mot phan hoac
toan bo) trong loai nay, it hon nhiéu la mot thit tu ctia cac phan ti
trong mang. Trong cac chuong trinh bén dudi, chung ta sé st dung
macro CDataType, ma chung ta sé dinh nghia la char. Tinh doc lap
ctia thuat toan char c6 thé duge kiém tra bang cach thay ddi macro,
vi du thanh int hodc float.

Thuat toan dau tién c6 thé xuat hién trong tam tri ngudi doc la
xem qua cac phan tif ciia mang va véi mdi phan tir dé kiém tra xem
n6 c6 xdy ra nhiéu hon 7/2 lan hay khong. Trong cach trién khai
duoc dé xuat, ham findMajority() dugc tim thay dudi dang mot
tham s6 mang, kich thudc va dia chi ctia n6 dé luu cadc majorant,
trong truong hop c6 mot tham s trong mang (ham tac dung phu).
Ham tra vé gia tri 1 néu tim thay truong hgp phan t troi va 0 - néu
khong. Viéc tim s6 1an gap cia mot phan tir trong mot mang dugc
phan tach trong ham count(), ma chung ta sé st dung bén dudi
cho cac thuat toan khac. Trong trudong hop phat hién sém phan ti
troi, cong viéc tiép theo sé duge chdm dut ngay lap tic.

Chuang trinh 7.5. Tim phan t troi 1(705majorl.c)

#include <stdio.h>
#define CDataType char

unsigned count(CDataType ml[], unsigned size, CDataType candidate)
{ unsigned cnt, i;
for (i =cnt =0; i < size; i++)
if (m[i] == candidate)
cnt++;
return cnt;

}

char findMajority(CDataType m[],unsigned size,CDataType *majority
)
{ unsignedi, size2 = size / 2;
for (i =0; i < size; i++)
if (count(m, size, mli]) > size2) {
*majority = ml[il;
return 1;
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}
return (;
}
int main() {
CDataType majority;
if (findMajority("AAACCBBCCCBCC", 13, &majority))
printf("Phan t trdi 1a: %c\n", majority);
else
printf("Khong c6 ph?m tir troi\n'");
return 0;

}

RO rang, do phuc tap ctia thuat toan duge dé xuat 1a ©(n?), vi
mdi phan tif trong s6 7 phan ti duge kiém tra 1a phan t troi, va
kiém tra yéu cau mét 1an vuogt qua khac. Chiing ta c6 thé "lira" va
giam cac 1an kiém tra ma khong can thay déi dang ké thuat toan. Vi
muc dich nay, can luru ¥ rang tai méi 1an goi sau, ham count () thuc
hién ngay cang nhiéu cong viéc thira hon, di qua tat ca cac mang.
Khong khé dé nhan thay rang viéc dém c6 thé dé dang bo sét cac
phan tr & bén trai ctia phan t hién tai. That vay, theo cach nay,
chiing ta c6 thé b6 15 cac lan gap ctia phan tir dugc thi nghiém. Tuy
nhién, trong trudong hop do, no sé khong phai la phan t troi, bdi
vi trong mot s6 budc trude do, chuing ta 1é ra da xem xét né va tur
chéi né. Lap luan tuong tu cho phép ching ta hoan thanh viéc xac
minh (1/2) phan t cia mang. That vy, n6 1a phan t cudi cung &
bén phai ma cé du phan tir khac, c6 kha nang ngang hang vdi no,
nhiing phan t c6 thé khién chinh né trd thanh phan t troi.

Chuong trinh 7.6. Tim phan tir tréi cai tién 2(706major2.c)

char findMajority(CDataType m[],unsigned size,CDataType *majority
)
{ unsignedi, j, cnt, size2 = size / 2;
for (i =0; i <=size / 2; i++) {
for (cnt =0, j =1i; j < size; j++)
if (ml[i] == ml[jl) cnt++;
if (ent > size2) {
*majority = mlil;
return 1;

}
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}

return (;

}

That khong may, bat chap nhirng cdi tién dugc thuc hién, ca &
gitra va trong truong hop xau nhat, khi n/2 + 1 phan t& déu tién
khac véi nhau, do pht’rc tap van la ©(n?). Chuing ta c6 thé cb gang
han ché hon nita cac yéu to dugc xem xét trong qua trinh dém. Y
tudng 1a ngiing dém ngay khi thay 16 rang s6 lugng phan tir con
lai khong dd dé 1am cho phan tir duge dé cap trd thanh truong hop
phan tr troi, ngay ca khi tat ca chiing déu trung khdp vdi no.

Chuong trinh 7.7. Tim phan ti tréi cai tién 3(707major3.c)
char findMajority(CDataType m[],unsigned size,CDataType *majority
)
{ unsignedi, j, cnt, size2 = size / 2;
for (i =0; i <=size / 2; i++) {
for (ent =0, j =1i; j <size; j++)

if (ent + size - j <=size2)
break;

else if (ml[i] == mlj])
cnt++;

if (ent > size2) {
*majority = mlil;
return 1;
}
}
return (;

}

Tuy nhién, lgi ich ctia "cai tién" nay trong truong hgp chung la
kha dang ngd, vi né yéu cau bé sung: mot phép cong, mot phép
trir va mot phép so sanh § médi budc ctia s6 dém. C6 nghia 13, trong
truong hop xau nhat, quyét dinh nay t6i té hon quyét dinh trudc.
Maic du dé phiic tap tiém can cta no lai 1a @(n?).

Chung ta sé khong nghlen ctru sau hon theo hu’dng nay, vi co
nhiéu thuat toan hiéu qua hon. Hay xem diéu gi sé xay ra néu chung
ta 1am suy yéu cac han ché nghiém ngit dugc 4p dat ngay tir dau va
cho phép loai yéu t6 ma mot quy dinh hoan chinh dugc xac dinh.
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Trong trudng hop nay, ching ta c6 thé sap xép cac phan tit cia mang
va kiém tra xem phan ti § gitra cia n6 c6 phai la trudng hgp phan
tﬁ’ troi hay khong. Chl’mg ta nhan dugc thuat toan sau (Bang chfmg
rang néu chung ta sap xép mang, phan tr & gitta ctia n6 sé bi chiém
bdi phan tir phan ti troi, néu cd, ching ta dé né cho ngudi doc nhu
mot bai tap nhe.)

Chuong trinh 7.8. Tim phan tir troi cai tién 4(708major4.c)

char findMajority(CDataType m[],unsigned size,CDataType *majority
)
{ heapSort(m, size); /* hoac mergeSort(m,size); */
if (count(m, size, mlsize / 2]) > size2) {
*majority = m[size / 2];
return1;
}
return O;

}

Bdi vi viéc kiém tra xem mot phan tif c6 phai 1a phan t troi hay
khong 1a tuyén tinh, d6 phitc tap cta thuat toan bi chi phéi bsi do
phtic tap ctia sap xép. Néu chung ta sit dung mot thuat toan nhu
sap xép theo hinh chép (xem ??) Hodc sdp xép hgp nhat (xem 7.5.
Bén dudi), c6 do phuc tap dam bao O(n.log,n) trong truong hop
xau nhat, ching ta nhan dugc do phic tap tong thé 1a thuat toan
@(n.log,n). Chung ta sé luu y rang viéc phan loai nhanh Hoor sé
khong hiéu qua véi ching ta. Mac du trong truong hop trung binh,
n6 c6 do phuc tap la ©(n.log,n) va chia ra tir 2 dén 3 lan, trong
truong hop xau nhat thi do phic tap ctia n6 1la ©(n?).

Tuy nhién, dé tim phan tir & gitta (va 16n nhat tha k) cia mot
mang, khong can thiét phai sap xép né. Nhd lai rang thuat toan ctia
Bloom, Floyd, Pratt, Rivest va Tarjan tim phan ti trung binh ctia d6
phtc tap tuyén tinh @(n), tao ra 5,43n — 163 phép so sanh, n > 32
(xem?7.2)

Chuong trinh 7.9. Tim phan ti troi cai tién 5(709major5.c)

char findMajority(CDataType m[],unsigned size,CDataType *majority

)
{ CDataType med;

med = findMedian(m, size);
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if (count(m, size, med) > size2) {
*majority = med;
return 1;

}

return (;

}

Do d6, ching ta da thu dugc moét thuat toan tuyén tinh dé tim
mot truong hop phan t troi, nhung véi gia thiét b6 sung rang c6
mot tha tu tuyen tinh gitra cac phan ti. Hay xem nhing gi chung
ta sé nhan dugc néu ching ta tir bo thi ty, nhung yeu cau so luong
cac gid tri khac nhau c6 thé c6 ctia cac phan tir cila mang phai dugc
biét trudc va la mot sé6 du nho.

Trong trudng hgp nay, ching ta lai c6 thé nhan dugc mot thuat
toan tuyén tinh. Vé ban chét, y tudng cta thuat toan dém dugc st
dung (xem ??). V&i mot lan di qua cac phan tir ciia mang 1a s6 cudc
hop ctia tat ca cac ting vién cho truong hop phan ti troi. Tiép theo la
xem qua cac gia tri c6 thé c6 clia cdc tng vién va kiém tra tirng gia tri
xem no c6 xay ra ding hon 7/2 1an hay khong. Diéu nay xdy ra véi
thoi gian ©(k), khong phu thudc vao sb lugng phan ti trong mang
ma chi dya trén s6 lugng cac gia tri khac nhau ctia k ma ching c6
thé chip nhan. Do d6, véi tong do phic tap cua thuat toan, ching
ta nhan dugc ©(n + k). Vi cac gid tri danho cta k (vidu k < n) ta
c6 O(n).

Chuang trinh 7.10. Tim phan t troi cai tién 6 (710majoré.c)

#define MAX_NUM 127
CDataType cntMAX_NUM + 1];
char findMajority(CDataType m[],unsigned size,CDataType *majority
)
{ unsignedi, j, size2 = size / 2;
/* Khdi tao */
for (i =0; i < MAX_NUM,;i++)

cnt[i] =0;

/* dém */

for (j =0; j <size; j++)
cent[m[jl]++;

/*Kiém tra troi*/
for (i =0; i < MAX_NUM,;i++)
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if (ent[i] > size2) {
*majority = i;
return 1;

}

return 0;

}

Tuy nhién, chiing ta hay quay lai diéu kién ban dau, trong dé
chuing ta khong thé dua vao sic Iénh cing nhu mot s6 lugng nhod
cac gid tri c6 thé c6 ctia cac phan tir da biét trudc, va cd gang thuc
hién chién lugc chia dé tri. Chia mang thanh hai phﬁm gan nhu bang
nhau (trong truong hop s6 phan tr 1é thi mot phan sé c6 thém mot
phan tr). Y tudng co ban 1a néu x la diéu kién phan tl troi cua
mang dau ra, thi né sé 1a diéu kién phan t troi ctia it nhat mot
trong hai phan. Tir day ta dé dang c6 dugc thuat toan dé quy tuong
ting. Chung ta chia mang thanh hai phan gan nhu bang nhau va tim
kinh gidi trén méi phan. C6 ba trudng hop:

1) Cé hai mang con déu khong c6 yéu t6 phan tir troi. Khi d6 sé
khong c6 mang dau ra.

2) Mot mang con c6 phan t trdi x va mang con lai thi khong.
Kiém tra xem x c6 phai 1a phan t troi cia mang dau ra hay khong.

3) Ca hai mang con déu c6 cac dai lugng x va y, c6 thé khac nhau.
Ca x va y déu dugc kiém tra. (Néu x la mot truong hop phan t troi,
thi bai kiém tra y c6 thé bi bd qua.)

Thuat toan tuong tu dugc 4p dung mot cach dé quy dé tim diéu
phan t trdi cta tirng mang con va qua trinh két thic khi dén mot
méng c6 mot phan ti, trong truong hop dé phan tit nay la truong
hop phan tr trdi. Qua trinh c6 thé két thic sém hon (vi du: véi hai
yéu t6) vi ly do hiéu qua, nhung chiing ta sé khong xem xét ky luong
theo huéng nay. Chung ta sé luu y rang viéc duy tri cac gidi han bén
trai va bén phai yéu cau mot sy thay ddi nho trong cac tham sb cia
ca hai ham; 1énh goi ban dau dugc thuc hién véi bién bén trai cia
mang dugc coi 1a 0 va bén phdi - size - 1

Chuong trinh 7.11. Tim phan t trdi cai tién 7 (711major7.c)

unsigned count(CDataType m[], unsigned left,
unsigned right, CDataType candidate)
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{ unsigned cnt;
for (ent = 0; left <=right; left++)
if (m[left] == candidate)
cnt++;
return cnt;

}

char findMajority(CDataType m[], unsigned left,
unsigned right, CDataType *majority)
{ unsigned mid;
if (left ==right) {
*majority = m[left];
return 1;
}
mid = (left + right) / 2;
if (findMajority(m, left, mid, majority))
if (count(m, left, right, *majority) > (right - left + 1)/2)
return 1;
if (findMajority(m, mid + 1, right, majority))
if (count(m, left, right, *majority) > (right - left + 1)/2)
return 1;
return 0;

}

Chung ta da dat dugc nhiing gi? Trong truong hop tong quat, &
moi muc dé quy, chiing ta ¢6 hai phép nghich luu dé quy vdi mang,
vdi it phan tir hon mot nira. Day 1a phan tach. Két hop cac két qua
ctia hai phép nghich luu dé quy (phan quy tac) yéu cau cac phép
so sanh 0, n hodc 2n, tuong ung cho cac truong hop 1), 2) va 3).
Trong trudng hop gidi han ctia mot phan t, ching ta c6 do phtc
tap khong d6i ma khong can so sanh. Néu ching ta biéu thi s6 lugng
phép so sanh dugc thuc hién cho mot mang n phan t bang T(n),
trong trudng hgp xau nhét, chiing ta thu dugc cac phu thuoc 1ap lai
sau:

T(1)=0

T(n)=Tn/2)+2n

St dung dinh ly co ban (xem 1.4.10) ching ta thu dugc rang
T(n) € ©(nlog,n). Ching ta khong thé dat dugc két qua tét hon
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sa0? Hoa ra 1a chiing ta c6 thé dé dang thu dugc do phiic tap tuyén
tinh cta thuat toan, luu y rang néu mang c6 mét truong hop phan
tlr troi, thi cac cau lénh sau 1a hop 1é:

Ménh dé 7.1. Néu mdng cé mot phin tir phdn tir tréi va chiing ta logi bé
hai phan ti khdc nhaw, phan tir dic biét ciia mdng mdi sé tring vdi phan
tr géc.

Ménh dé 7.2. Néu tit cd cdc phan tir trong mét mang gip nhau thanh
tirng cip, thi néu chiing ta gitr mot dai dién va logi bé cdi kia cho mdi cip,
thi phan tit phan i trdi ciia mdng mdi sé tring véi phan it phan tir tri
clia mdng ban dau.

Chuang minh cho nhitng nhan dinh trén la nhe va chung ta xin
dé lai cho ban doc. Chung ta sé luu y rang khi x6a hai phan tir khéc
nhau kh6i mot mang ma khéng cé chirc ndng phan ti trdi, ching ta
c6 thé nhan dugc mot mang c6 chic nang phan tir troi. Vi du: néu
chung ta loai bo 3 va 4 (khac nhau) khéi mang {1,1,2,3,4}) (khong
chita phan tir troi), chiing ta nhan duge mang {1,1,2}, trong d6 1 1a
phan t{ troi.

Hay thtt don gidn héa diéu kién mot 1an nita bang cach yéu cau:
1) mang dugc ddm bao chira mot diéu kién phan tir troi va 2) cho
phép thay d6i mang dé sau khi chuong trinh két thic, n6 (gan nhu
chac chan) khéc véi ban dau. Hay gid sit mot chiit rang mang c6
mot s6 phan tir chan. Hay thi lai dé 4p dung chién lugc La M3, chia
méng thanh hai phan bang nhau: phan 1 - cac phan t c6 vi tri 1é
va phan 2 - cdc phan t ctia vi tri chan. Tuy nhién, thay vi tim kiém
diém phan tir trdi trong mbi chiing, 1an nay ching ta sé so sanh céc
yéu t6 theo tirng cap: mot yéu t6 tir bd phan nay va yéu t6 kia tir bo
phén kia. Chung ta xem xét mot cap cu thé (cac phan tu lién tiép).
Néu hai yéu t6 khac nhau, chiing ta loai trir chiing khoi viéc xem
xét thém va néu ching bang nhau - ching ta gir nguyén moét yéu
to. Ap dung diéu nay cho tat ca cac cdp, ching ta nhan dugc mot
méang mdi c6 nhiéu nhat /2 phan ti. Chién luge tuong tu ciing
dugc dp dung cho anh ta, vi qua trinh nay tiép tuc cho dén khi thu
dugc mot mang c6 mot phan tir: phan tir phan tix troi (ching ta nhéac
ban rang chuing ta gia dinh rang chac chan c6 mot phan tit troi).
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Su cb xay ra v6i mot s6 phan tir 18, trong d6 mot trong cac phan
tr sé khong thé duge dua vao mot cdp. Vi yéu t6 nay co thé quan
trong va xac dinh yéu t6 phan tr trdi, chiing ta sé khong mudn viit
b6 né. (Vi du: AA BB A). Mat khac, chiing ta khong muén luén git
no, vi bang cach dé chiing ta c6 thé pha hiy tinh chat phan tir troi
(Vidu: AA B).

Mot gidi phap kha thi la gitt nguyén, giam trong luong va chi
tinh dén néu trong mang mdi khong c6 né thi khong thé xac dinh
duogc truong hop phén t troi. Chung ta nhdan dugc mot thuat toan
c6 do phuc tap tuyén tinh, bdi vi & mbi budc s6 luong phan tir gidm
it nhat mot nira. Néu ching ta biéu thi sO lugng phép so sanh dugc
thyc hién cho mot mang n phan tit bang T(n), trong truong hop xau
nhét, chting ta thu dugc cac phu thuoc lap lai sau:

T(1)=0

T(n)=T(n/2)+n/2

Str dung dinh ly co ban (xem 1.4.10.) Ta thu dugc T(n) € O(n).
Viéc thuc hién chuong trinh duge dé xut khong st dung mot mang
b6 sung, nhung & mbi budc sao chép lién tiép mot dai dién ctia cac
phan t ctia cac cdp c6 cting phan tir § dau cing mot mang. Dé dang
nhan thay rang diéu nay khong hé nguy hiém, vi viéc sao chép dién
ra “sau lung”. That khong may, diéu nay pha hiiy mang ban dau,
lam mét di co hdi ctia ching ta dé kiém tra xem phan tir dugc tim
thay c6 thuc su la mot nguyén nhan phan tir trdi hay khong.

Chuong trinh 7.12. Tim phan ti trdi cai tién 8 (712major8.c)

void findMajority(CDataType m[],unsigned size,CDataType *majority
)
{ unsignedi, curCnt;
char part = 0;
do {
for (curCnt=0, i =1; i <size; i +=2)
if (m[i- 1] ==mlil)
m[curCnt++] = mlil;
if (i ==size) {
m[curCnt++] = ml[i - 1];
part =1;
}
else if (part)
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m[curCnt] = m[size - 2];
else if (m[size - 2] ==ml[size - 1])
m[curCnt] = m[size - 2];
else
curCnt--;
size = curCnt;
} while (size > 1);
*majority = m[0];

}

Mot kha nang khac 1a Iuu phan tir cudi ciing ctia mang vdi mot
s0 phan tir 1é trong mot bién riéng biét dic biét. Néu trong budc
tiép theo, mang c6 mot sb phan t 18, chiing ta sé hily né bang cach
viét phan tr cudi cing méi ctia mang 1én trén né. Tai mot thoi diém,
méng khong c6 phan tif ndo va ting ctt vién cho truong hop phan tir
troi sé nam trong bién dic biét. Diéu nay c6 hiéu qua khong? Sang
budc tiép theo, chiing ta sé chi mat di phan tir majorant néu trong
méang mdi c6 diing mot nira s6 phan i bang v6i phan it majorant
va phan tir danh riéng cda ching ta nhat thiét phai bang phan
majorant (chiing ta biét rang chac chan c6 mot phan tir phan tir troi
trong mang). Trong mbi budc tiép theo, it nhat mot nira s6 phan tir
sé bang v6i phan tir troi, vi vay néu tai mot thoi diém ching ta thay
minh c6 mot s6 phan tir 1¢, phan tir con lai sé lai phai bang phan t
troi, diéu d6 c6 nghia 1a ching ta c6 thé loai bd gia tri ¢t mot cach
an toan. Sau khi cac phan tir ctia mang hét, kinh gidi sé ndm trong
bién dac biét. SO phan ti lai gidm it nhat mot nita § méi budc, tic la
ching ta c6 d6 phtic tap tuyén tinh.

Chuong trinh 7.13. Tim phan t troi cai tién 9 (713major9.c)

void findMajority(CDataType m[],unsigned size,CDataType *majority
)
{ unsignedi, curCnt;
do {
for (curCnt=0, i =1; i <size; i +=2)
if (mli - 1] ==mlil)
m[curCnt++] = m[i];
if (size & 1)
*majority = m[size - 1];
size = curCnt;
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} while (size > 0);

}

Chting ta khong thé loai b6 sy can thiét cia mot yéu t6 bS sung?
Hay nghi xem khi nao chiing ta can xem xét yéu t6 cudi cing. Khong
khé dé coi rang né sé khong can thiét néu s6 phan tr trong mang
mdi la s6 18, vi trong truong hop doé khong thé c6 hai tng ctr vién
cho trudong hop phan ti troi. Tuy nhién, néu con s6 nay 1a s6 chan,
thi c6 thé khong xac dinh duoc diéu kién phén tu tréi (tace la cac
phan tir chira hai gid tri duge phan bd bang nhau), dé 1a 1y do tai
sao anh ta sé xac dinh diéu kién phﬁm tw tri. Vi vay: trong truong
hgp mot s6 phan ti 1¢, phan ti cudi cung chi dugc thém vao cudi
mang mdi néu néu khong thi s6 phan tir cia né sé trg thanh s chan.
Do d6, khi chiing ta dén mot mang c6 s6 phan tir 16, chuing ta sé luu
trit mot s6 16 cho dén khi chi con lai mot phan tir duy nhét trong do:
majorant. Thudt toan dugc mo ta la mot bién thé don gian cta thuat
toan trudc va do phitc tap ctia né lai 1a tuyén tinh: Néu can, phan ti
cudi cling cia mang sé tiép nhan cac chitc ndng ctia bién dac biét tir
thuat toan trudc do.

Chuang trinh 7.14. Tim phan t troi ci tién 10 (714major10.c)

void findMajority(CDataType m[],unsigned size,CDataType *majority
)
{ unsignedi, curCnt;
do {
for (curCnt=0, i =1; i <size; i +=2)
if (mli- 1] == ml[i])
m[curCnt++] = m[i];
if (!(curCnt & 1))
m[curCnt++] = m[size - 1];
size = curCnt;
} while (size > 1);
*majority = m[0];

}

Mot cach khéc c6 thé (nhung phiic tap hon khong can thiét) dé
giai bai todn vé s6 phan tr 1é 1a lién két mot bo dém véi mbi phan
t, cho biét n6 thuc su dai dién cho bao nhiéu phan tir. Ban dau,
cdc bd dém ctia tat cd cac phan tir dugc khdi tao bang 1. Khi so sanh
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hai phan tom[i-1] vam[i], v6i cdc bo dém 1an luot 1a cnt[i-1] va
cnt[i], chung ta c6 hai lya chon:

1.m[i-1] == m[i]

Chiing ta ltu mét ban sao cta phan t, véi b dém cnt [i-1] +
cnt [1i].

2.m[i-1] != m[i]

2.1.cnt[i-1] == cnt[i]

Chting ta loai b6 ca hai yéu to.

22.cnt[i-1] <cnt[i]

Taluum[i] v6ibo dém cnt[i] - cnt[i-1].

23.cnt[i-1]> cnt[i]

Taluum[i-1] véibd dém cnt[i-1] - cnt[i].

Bay gid ching ta ludn c6 thé luu phan tir cudi cing trong truong
hop mot s6 phan tir 18. Di véi truong hop 1a s6 chan thi tat nhién
ching ta sé khong gitr lai, vi n6 sé dugc gdp thanh ting cap. Dé
dang nhan thay rang thuat todn két qua lai la tuyén tinh va & méi
budc, diéu kién phan tir trdi dugc gitt nguyén. Sau day 1a mot vi du
trién khai:

Chuang trinh 7.15. Tim phan t trdi cdi tién 11 (715majorl11.c)

void findMajority(CDataType m[],unsigned size,CDataType *majority
)
{ unsignedi, curCnt;
unsigned *cnt = (unsigned *) malloc(size * sizeof(*cnt));
for (i =0; i <size; i++)cnt[i] =1;
do {
for (curCnt=0, i =1; i <size; i +=2) {
if (mfi- 1] ==ml[i]) {
cnt[curCnt] = ent[i - 1] + ent[i];
m[curCnt++] = ml[il;
}
elseif (ent[i] > ent[i - 1]) {
cnt[curCnt] = ent[i] - ent[i - 1];
m[curCnt++] = m[i];
}
elseif (ent[i] < ent[i - 1]) {
cnt[curCnt] = ent[i - 1] - ent[i];
m[curCnt++] = ml[i - 1];

}
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}
if (size & 1) {
cnt[curCnt] = ent[i - 1];
m[curCnt++] = ml[i - 1];
}
size = curCnt;
} while (size > 1);
free (cnt);
*majority = m[0];

}

Mot giai phap thay thé dé giai quyét van dé thoi gian ©(n) 1a su
dung mot ngan xép (xem ??). Lan nay chung ta sé loai bd yéu cau
maéng phai chita cay kinh gidi. Ching ta bat dau véi mot ngan xép
trong, trong d6 phan tir dau tién ciia mang nhap vao & dau. Sau do,
& mbi budc cia mang, phan t tiép theo duogc trich xuét va so sanh
v6i phan tir & trén ciing ctia ngan xép. Néu cac phan tir gidng nhau,
phan i m&i sé di vao ngan xép. Néu khong, phan tif trén cting ngan
xép bi loai trir, diéu nay thuc té c6 nghia la tir chdi ca hai phan t.
Trong trudng hgp ngén xép trong, phan ti tiép theo sé nhap vao
dé. Qua trinh tiép tuc cho dén khi hét cac phan tir ctia mang. Néu
c6 diéu gi phan t trdi, né & trén ciing ctia ngan xép. That vay, cac
phan tr bi pha hiy dong thoi theo ting cap, va chi khi chiing khdc
nhau. Do d6, khong thé hiy phan tr trdi vi khong cé di cac phan
tir khong phai phan i troi trong mang. That vay, theo dinh nghia,
diéu kién phan tr troi hoan toan bang hon mot nira sd phan tr.

Tuy nhién, mang c6 thé khong chira phan it phan i trdi va van
c6 mot phan tir & dau ngén xép, vi du:

"ABC" (ngdn xép: @)
"BC" (ngan xép: A)
"C" (ngan xép: @)

" "(Ngan xép: C)

Diéu nay yéu cau mot dudng truyén bd sung qua mang dé kiém
tra xem phan tir ¢6 thyc sy la vat phan ti troi hay khong. Luu y
rang trong trudng hop nay, diéu nay c6 thé xay ra vi mang ban déu
khong bi pha huy, nhung dleu nay gay ton kém bd nhé ngan xép
b6 sung. Luu y rang ngan xép c6 thé chira nhiéu hon mot phan t.
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Trong trudng hgp nay, tat ca cac phan tir trong né sé c6 cuing gia tri,
theo ly luan & trén. Sau day la mot vi du trién khai thuat toan:

Chuong trinh 7.16. Tim phan tir tri cai tién 12 (716major12.c)
/* Bién, Ham va dinh nghia ngan xép*/
#define STACK_SIZE 100
CDataType stack|STACK_SIZE];
unsigned stindex;
void stackInit (void) { stindex =0; }
void stackPush(CDataType elem) { stack[stindex++] = elem; }
CDataType stackPop(void) { return stack|[--stIndex]; }
CDataType stackTop(void) { return stack[stIndex - 1]; }
char stackIsEmpty(void) { return 0 == stIndex; }

char findMajority(CDataType m[],unsigned size,CDataType *majority
)
{ unsignedi, cnt;
stackInit ();
for (stackPush(m[0]),i =1; i < size; i++) {
if (stackIsEmpty())
stackPush(mli]);
else if (stackTop() == ml[i])
stackPush(ml[i]);
else
stackPop();
}
if (stackIsEmpty()) return 0;
for (*majority = stackPop(), i =cnt =0; i < size; i++)
if (m[i] == *majority)
cnt++;
return(cnt > size / 2);

}

Chiing ta c6 thuc su can mét ngan xép khong? Khong khé dé
thdy rang trong thuat toan dé xuat ngin xép ludn chita cac phan
ttr c6 cung gla tri. That vay, néu phan tr hién tai khéac véi phan tir &
trén cling cia ngan xép (gia s ngan xép khong trong), thi n6 khong
thé dugc thém vao, ma thay vao d6, phan tir & trén ciing ctia ngan
xép sé htiy 1an nhau. Nhung sau d6 ching ta c6 thé loai bd ngan xép
va thay thé né béng mot cap bién nhu: (phﬁn tt hién tai, bo dém).
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Luc dau, tng ctt vién c6 gia tri khong xac dinh va bo dém c6 gia tri
bang 0. Thuat toan chuyén tuan ty qua cac phan tit ciia mang va &
moi bude thuc hién kiém tra va cac hanh dong lién quan sau:

1) Néu bd dém 1a 0, phan tt hién tai tré thanh mot ting clr vién va
bd dém trd thanh 1.

2) Néu bd dém khac 0:

2.1) Néu ting ct vién pht hgp véi phan tr hién tai, bd dém sé ting
lén 1.

2.2) Néu khac, bo dém giam di 1.

Qua trinh tiép tuc cho dén khi hét cac phan tir cia mang. Néu
cubi cing bo dém trg thanh 0, mang chic chan khong chita phan tr
troi. Tuy nhién, néu né khac 0, diéu d6 khong c6 nghia 1a tng vién
d6 nhét thiét phai la mot trudng hgp phan t troi va can duge kiém
tra tuong tng. Mat khac, néu mang c6 diéu kién phan t troi, thi
diéu nay nhéat thiét phai 1a ing ct vién.

Sau day la moét vi du vé viéc 4p dung thuat todn cho mot chubi
cu thé c6 chia diéu kién kho hiéu.

AAACCBBCCCBCC
N
?:0
AAACCBBCCCBCC
N
A:l
AAACCBBCCCBCC
N
A:2
AAACCBBCCCBCC
N
A:3
AAACCBBCCCBCC
N
A:2
AAACCBBCCCBCC
N
A:l
AAACCBBCCCBCC

N

?:0
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AAACCBBCCCBCC
N
B:1
AAACCBBCCCBCC
N
?:0
AAACCBBCCCBCC
N
C:1
AAACCBBCCCBCC
N
C:2
AAACCBBCCCBCC
N
C:1
AAACCBBCCCBCC
N
C:2
AAACCBBCCCBCC

N

C:3

Trong trudng hop clia ching ta, diéu kién phan ti tréi 1a C va
thuat toan xac dinh chinh xac anh ta 1a mét tng ctt vién. Luu y rang
néu chiing ta thay thé, vi du: C dau tién bang A, thuat toan sé lai
chi ra C 1a tng ctr vién cho truong hgp phan t trdi, nhung trong
truong hop nay don gian la khong c6 truong hop phan i troi. D6
13, can phai c6 mot cudc kiém tra cudi cting tiéu chuan dé dam bao
rang ung vién dugc dé ci trén thyc té 1a mot truong hop phan ti
troi. Sau day la mot vi du trién khai:

Chuang trinh 7.17. Tim phan t trdi ci tién 13 (717major13.c)

char FindMajority(CDataType m[],unsigned size,CDataType *
majority)
{ unsigned cnt, i;
for (i =ent =0; i < size; i++) {

if (0 ==cnt) {
*majority = mlil;
cnt =1;

}
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else if (m[i] == *majority) cnt++;
else cnt--;
}
if (ent > 0) {
for (i =cnt =0; i < size; i++)
if (m[i] == *majority)
cnt++;
return(cnt > size / 2);
}
return (;

}

Luu y rang thuét toan nay, khong giéng nhu mot s thuat toan
trude, stt dung bo nhd bd sung khong déi (cho hai bién) va khong
thay d6i mang. Mac du né c6 thé duoc coi 1a mot bién thé cua cai
trudc, nhung ching ta sé c6 gang giai thich va bién minh cho n6 tir
mot quan diém khac.

Gia st thuat todn da bat dau va dat dén mot vi tri. Ching ta
c6 thé gia dinh rang anh ta da chia cac phan tir duge kiém tra cta
mang thanh hai khu viyrc. Mot khu viyc chita cac phan tir duge nhém
theo cap, vi vy cac thanh vién ctia méi cgp la khac nhau. Céc yéu
t6 khac bang nhau va ngang bang véi ting vién chuyén nganh. C6
thé dé dang nhan thiy rang néu mang chira diéu kién phan tu troi,
thi dai dién ctia n6é chac chan sé roi vao nhém thi hai. That vay,
diéu nguoc lai 1a khong thé, vi khong c6 da cac yéu td khac ngoai
yéu to phan tir troi dé két doi vdi anh ta, vi vay tat ca cac cudc hop
ctia phan t trdi déu roi vao nhom dau tién. Tuy nhién, néu mang
khong c6 phan tr trdi, ¢ thé nhém thit hai van bao gom phan tir
ung vién (vi du: ABC, C sé la mét ung vién). D6 1a ly do tai sao &
day ciing can c6 16i di b6 sung quen thudc qua khdi nti. Néu nhém
thit hai trd nén trong rong, thi khong c6 gi ddm bao ve phan tu troi
trong mang. Chuing ta sé luu y rang mac dt mot sd thuat todn tuyén
tinh da dugc xem xét, nhung cac hang sb6 &n khong duge quén. Vi
du: thuat toan thi hai tét hon thuét toan ctia Bloom, Floyd, Pratt,
Rivest va Tarjan dé tim gia tri trung binh, hoat dong dudi nhiing
rang budc chat ché hon. That vay, & day s6 phép so sanh la 2n, trong
khi trong thudt toan cua Bloom, Floyd, Pratt, Rivest va Tarjan la
543n — 163,n > 32. Mubn vay chiing ta phai thém n — 1 phép so
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sanh dé kiém tra xem trung vi c6 phai la phan ti trdi, trong do
ching ta nhan dugc 6,43n — 164, n > 32 (xem 7.1.)

Bai tap

> 7.6. Chitng minh rang néu mot mang c6 chita phan tr troi dugce
sap xep, thi phan ti & gitta ctia n6 bi chiem bdi phan ti troi.

> 7.7. Chiing minh rang néu x 1a truong hop phan t troi ctia mot
méng va mang dugc chia thanh hai phan gan nhu bang nhau thi x
la truong hgp phan tl troi ctia it nhat mot phan trong s6 ching.

> 7.8. Chiing minh rang néu mang m[] c6 mot gia tri phan t trdi,
thi néu cac phan ti m[i] va m[j] khac nhau va bi loai bo, thi gia
tri phan t trdi cia mang mdi sé trung vdi gia tri phan tir trdi cta
mang cu.

> 7.9. Ching minh rang néu mot mang c6 mot phan ti phan tr trdi,
thi néu tit ca cdc phan tir trong mang gdp nhau thanh ting cap va
néu mot dai dién dugc gitr lai béng cach loai bo céi kia cho moi cap
thi phan t&r phan t trdi ciia mang mdi sé trung vdi phan tir phan t
troi cia mang ca.

7.4. Hdp nhit cac mang da sip xép

Cho hai day da sdp xép A va B la cadc mién con ctia mang a[].
bai toan 1a két hgp ching theo mot cach thich hgp dé chudi két qua
C cling dugc sap xép. Thoat nhin, c6 vé nhu diéu nay c6 thé dugc
thuc hién ngay tai ch, tic la truc tiép trong mang a[]. Ching ta dé
ngudi doc ty thay rang diéu nay khong dé dang nhu vay. Trén thuc
té, mot phuong phap nhu vay ¢6 ton tai, nhung né kha phic tap va
doi héi sy chu y dac biét va n6 luc thém. Thay vao d6, & day chiing
ta sé dé xuat thuat toan cd dién v6i mot mang bd sung b[], trong d6
cac phan t ctia a[] ban dau dugc sao chép, sau d6 hai phan ving
hop nhéat thanh mot al].

Trudc tién, chiing ta hdy xem xét truong hop tong quat hon ctia
viéc hgp nhat hai mang da sap xép a[] va b[] (v6i n va m phan ti
tuong ng) thanh mot mang dugc sap xép méi c[]1. Diéu nay c6 thé
dugc thyc hién nhu sau: Ching ta khdi tao 3 chi muc: mot cho moi
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mang. Ta so sanh cac phén t dau tién cta hai mang a[] vab[] roi
chuyén phﬁm nho hon thanh c[], sau d¢ tang cac chi s6 cua c[] va
méng chita phan tir nho hon. Trong budc tiép theo, ching ta lai so
sanh cac phan tir tuong ing cta hai mang va sao chép mang nho
hon trong c[], ting cac chi sb tuong ting. Qua trinh két thic khi
mot trong cac mang bi can kiét, sau d6 cac phan tir khac ctia mang
chua duge xtr ly sé dugce sao chép vao c[]. Sau day la moét vi du
trién khai thuat todn dugc mo ta (hai vong 1dp while cudi ctiing c6
thé dugc thay thé bang memcpy O):

Thay vong lap chu ky 16ng nhau

i=j=k=0;
while (i <n &&j<m)

clk++] = (alil <bljl) ? ali++]: blj++];
if (i ==n)

while(j < m)

clk++] =blj++];

else

while(i < n) c[k++] = a[i++];

Chting ta c6 thé c¢6 gang t6i ru héa phan doan chuong trinh trén
béng cach gidm s6 lugng so sanh dugc thuc hién trong chu ky trong
while dau tién. Diéu nay co thé dat duogc vdi su trg gidp cta bd gidi
han (phan tir dirg bd sung o) trong méang dau ra a[] va b[], do
d6 khong thé di qua cac canh cta ching. Bat 1gi ctia viée trién khai
1a cac so sanh du thira dugce thyc hién khi cac phan tir ctia a[] hodc
b[] da can kiét

i =j =k =0; a[m] =b[n] = INFINITY; mn =m +n;
while (k < mn)
clk++] = (alil <bljl) ? ali++]: blj++];

Thuat toan m&i nhat thiét yéu cau chinh xac n + m phép so sanh,
trong khi thuat toan dau tién yéu cau it hon néu sit dung ham
memcpy (). Trén thuc té, ham memcpy ) cung dugc trién khai noi bd
thong qua mot vong 1ap duoc lién két vdi cac phép so sanh c6 lién
quan, nhung viéc trién khai n6 kha hiéu qua, vi vay c6 1é tily chon
sau 1a phtt hgp hon (tuy nhién, c6 mét so sanh bs sung va mot s6 bo
suu tap o day):
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Stra d6i ham memcpy()

i=j=k=0;
while (i <n &&j<m)
clk++] = (alil <bljl) ? ali++]: blj++];

if (i ==n)
memcpy(c+k,b+j,m-j);
else

memcpy(c+k,a+in-i);

Thuat todn dugc mo t& dugc trién khai tét nhat bang cach su
dung cau truc du liéu dong, vi viéc chuyén mot phan tr tir A hodc
B sang C duoc thuc hién don gian bang cach chuyén huéng con trd,
titc 1a khong can thém bo nhd cho C va khi hét cac phan tir ctia mot
chudi, cac phan tif cia phan tir kia duge ddn mot cach tim thuong
vao cudi C. Tuy nhién, moi thit khong qua ryc rd, vi cac con trd yéu
cau thém bd nhd va két qua la hoat dong cua thuat toan A va B bi
pha huy.

Thuét toan trén c6 thé dugc tong quéat hoa cho bat ky s6 luong
trinh ty ndo, moi chudi duy tri con tré chi muc ctia riéng n6 véi mot
chtic ndng tuong ty nhu i va j cda viéc trién khai § trén. Chuong
trinh dugc dé xuat dudi day la t6i thiéu vé sbd luong so sanh duoc
thuc hién. Cac chudi dugc gitt & trang thai tinh (trong mang) va ban
than cac mang dugc t6 chitc trong mot danh sach tuyén tinh dong.
Tai mdi budc, cdc phan ti hién tai ctia mang dugc so sanh va phan
tr t6i thi€u dugc xac dinh. Sau d6 hién thi va tat. Néu mot mang
tré nén trong, nd ngay lap tic bi loai khoi danh sach cdc mang va
khong tham gia vao cac phép so sanh sau. Lan nay ching ta sé lam
viéc véi cac phan tir ctia kiéu struct CElem va ching ta sé so sanh
cac khoa key.

Chuong trinh 7.18. Tron hai mang thu tu lam moét (718mergearr.c)

#include <stdlib.h>
#include <stdio.h>
#include <time.h>
#define MAX 12
#define ARRAYS 6
struct CElem {

int key;
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/* mot sb dir liéu khac*/

};

struct CList {
unsigned len, point;
struct CElem data[MAX];
struct CList *next;

};

/* Dién nhitng gia tri nguyén ngau nhién */
struct CList *init (unsigned mod)
{ struct CList *head, *p;
unsignedi, j;
srand(time(NULL));
for (head =NULL,i=0;i < ARRAYS;i++) {
p = (struct CList *) malloc(sizeof(struct CList));
p->len = MAX;
p->point = 0;
p->data[0].key = (rand() % mod);
for (j =1; j <MAX;j++)
/* Tao mot chudi duge sap xép*/
p->datalj].key = p->datalj-1].key + (rand() % mod);
p->next = head;
head = p;
}
return head;

}

void merge(struct CList *head)
{ struct CList *p, *q, *pMin;
struct CElem k1, k2;
inti;
printf("\n");
p = (struct CList *) malloc(sizeof(struct CList));
p->next = head;
head = p;
for (i =0; i < MAX*ARRAYS;i++){
p = head; pMin = head;
while (NULL != p->next) {
k1 = p->next->datal[p->next->point];
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k2 = pMin->next->data[pMin->next->point];
if (kl.key < k2.key)
pMin = p;

p = p->next;

}

print£("%8d", pMin->next->data[pMin->next->point].key);

if (pMin->next->len-1 == pMin->next->point) {
q = pMin->next;
pMin->next = pMin->next->next;
free(q);

}

else
pMin->next->point++;

}
}

void print(struct CList *head)
{ unsigned i;
for (; NULL != head; head = head->next) {
for (i =0; i < MAX;i++)
printf("%6d", head->datalil.key);
printf('"\n");
}
printf("\n");
}

int main()

{ struct CList *head;
head = init (500);
printf("\nMang trudc khi sap xép:\n");
print(head);
printf£("Két qua két hop:");
merge(head);
return O;

RO rang, ham merge () thuc hién n + m s6 phép so sanh (m va n
la d6 dai ctia ca hai day). Tai cac gia tri gan nhau ctia m va n, diéu
nay la tét. Néu m = n trong truong hop tong quat, ching ta sé can
2n — 1 phép so sanh. Nhung diéu gi xdy ra & m = 1? Trong truong
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hop nay, stt dung tim kiém nhi phin (xem 2?) Dé tim vi tri can chén
By, chiing ta c6 thé giai quyét van dé hiéu qua hon nhiéu - phép so
sanh log,n sé la du thay vi®(n + 1).

Bai todn ma chdng ta sé tu dat ra 1a tan dung t6i da ca hai thuat
toan: cu thé 1a hgp nhat don gian va tim kiém nhi phan, bién dich
mot thuat toan hoat dong khong té hon chung, tim = 1 hoat dong
gidong nhu tim kiém nhi phan va tai m = n - nhu mot sy hgp nhat
don gian.

| ,Hl,{!_‘.._-[f-il,ﬁl'ﬁ il r-.,{f'.‘,f,l'ﬁ,ﬂ vy ] ) 2,6 3.0 |-i|._|f-|I 15 | 6.7, | h,{f.'-.l._lf-l']l;;l
b bz ha

Hinh 7.5. Hop nhat nhi phan ctia cac mang da sap xép.

Lan nay C sé phat trién qua lai - gibng nhu mot ngan xép. Dé
xac dinh, gia sit n > m va chia A thanh m 4 1 nhém (day con) véi
s6 phan tir xap xi bang nhau. Ta so sanh By, v6i phan tif cudi cting
Ay cia nhém &p chét trong A. Néu By, nho hon Ay, thi ta c6 thé
chuyén A; sang C, cling vdi tht cA cdc phan tir & bén phai ctia Ay,
nghia 13, toan bd nhém cubi cting. Néu khong (B, > Ag) tim vi
tri chén tuong ing ctia By, bang tim kiém nhi phan, sau d6 chuyén
sang C By, va cac phan tif cia A & bén phai By,. Vi tim kiém nhi
phéan hoat dong tot nhat trén cac mang c6 kich thudc, boi cia 2, sé
t6t hon néu nhém cudi cling chira 21982/ phan ti thay vi n/m.
Qua trinh tiép tuc cho dén khi hét cdc phan tir cia mot day, trong
d6 cac phan tir ctia day kia dugc chuyén sang C. (xem Hinh 7.5)

Viéc str dung tim kiém nhi phan ngu y chac chan truy cap truc
tiép vao ting phan tr ciia mang va chac chan dan dén trién khai
tinh, nhu trong ham ting dung binaryMerge (), thuc hién hop nhat
nhi phan cdc mang theo thuat toan dugc mo ta. N6 nhan cac tham
s6 ctia hai mang da sap xép a[] va b[], cing nhu s phan t trong
mdi mang - m va n tuong tng, va trd vé mot mang c[1, chita chudi
da hop nhat:

Chuang trinh 7.19. Tron hai mang nhi phan (719binmerge.c)

int binarySearch(struct CElem m[], int left,
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int right, struct CElem elem)
{ int middle;
do {
middle = (left + right) / 2;
if (m[middle].key < elem.key)
left = middle + 1;
else
right = middle - 1;
} while (left <=right);
return right;

}

void binaryMerge(struct CElem a[], struct CElem b[],
struct CElem ¢[], int n, int m)
{ intt, t2, cind, k, j;
cind =n + m;
while (n> 0 && m > 0) {
if (m <=n){
t = (int) (log(n / m)/ log(2));
12 =1<<t; /* T2<-- 2AT */
if (blm- 1].key < aln - t2].key) {
/* Bo a[n-t2-1],...,a[n] vao day ban dau */
cind -= t2;
n -= t2;
for (j =0; j <t2; j++)
clcind +j] =aln +jl;
}
else {
k =binarySearch(a,n - t2, n - 1, b[m - 1]);
for(j =0; j <n-k-1; j++)
cleind - n+k +j +1] =alk +j +1I;
cind -=n- k- 1;
n=k+1;
c[--cind] =b[--m];
}
}
else {
t = (int) (log(m/ n) / log(2));
t2 =1 <<t; /* T2 <-- 2T */
if (a[n - 1].key < b[m - t2].key) {
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/* B6 blm-t2-1],...,b[m] vao day ban dau */
cind -= t2;
m-=t2;
for (j =0; j <t2; j++)
clcind + j] =blm +jl;
}
else {
k = binarySearch(b, m - t2, m -1, a[n - 1]);
for (j =0; j <m-k-1; j++)
cleind - m+k+j +1] =blk +j +1I;
cind -=m-k - 1;
m=k+1;
c[--cind] = a[--n];
}
}
!

if (n==0)
for (j =0; j <m;j++)
c[jl =bljl;
else

for (j =0; j <n; j++)
cljl =aljl;

Bai tap

> 7.10. Hay dé xuat va trién khai mot thuat toan dé hgp nhat hai
chudi dugc sdp xép tir mot mang tai chd, tic 1a, ma khong can st
dung mot mang b sung.

7.5. Sip xép theo hop nhét

Chting ta sé phat trién mot thuat toan dé sap xép mot mang, va
sau do6 l1a mot danh sach dugc lién két dua trén nguyén tic chia dé
tri. Ching ta sé bat dau v6i mot mang. Y tudng 1a chia n6 thanh hai
phan, dé sap xép chiing riéng biét (chia), va sau d6 hgp nhét chiing
thanh mot mang duge sap xép chung (quy tac). Viéc hgp nhat hai
phan c6 thé dugc thuc hién bang cach chuyén qua hai mang con
da dugc sap xép. Chung ta sé thuc hién phép chia & gitta mang va
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ching ta sé 4p dung dé quy cting mot thuat toan cho tirng phan.
Qua trinh két thiic khi dén mot mang con chira 0 hodc 1 phan ti.

RO rang, hop nhat nhi phan & day (xem 7.4) Khong thé cé ich gi
cho chung ta, vi ching ta hgp nhat cac phan viing véi mot s6 phan
tir bang nhau. Ching ta c6 mot mang duy nhat a[], dugc chia thanh
hai phan ma ching ta mudn hgp nhat. Chuong trinh duge dé xuat
sit dung mot stra d6i ctia phuong phap gidi han. (xem 7.4) Thuat
toan tién hanh theo hai budc. Trong budc dau tién, ndi dung cia
a[] dugc sao chép vao mang phu b[], va cac phan t cia phan thi
hai dugc sao chép theo thit tu gidm dan. Sau d6, cac phép so sanh
lién tiép bat dau tir hai dau déi dién ctia mang. Luu y rang phan tr
16n nhét sé nam & gitta mang (n6 1a phan t cubi cting trong mot
trong hai phan ving duoc sdp xép) va sé déng vai trd nhu mot rang
budc dbi vdi ca hai chi muc sau khi mot trong cac phan ving bi can
kiét. Day la cach ching ta nhan dugc chuong trinh sau:

Chudng trinh 7.20. Sap xép theo hgp nhat (720mergea.c)

#include <stdio.h>

#include <stdlib.h>

#define MAX 100

int a[MAX], /* Méang co s& cho sap xép*/
bIMAX]; /* Mang trg giup*/

const unsigned n = 100; /*S6 phan tit sap xép*/

/* Sinh ra tap vi du*/
void generate(void)
{ unsignedi;
for (i =0; i <n; i++)
ali] =rand() % 2*n +1);
}

/* In danh sach 1én man hinh*/
void printList(void)
{ unsigned i;
for (i =0; i <n; i++)
printf("%4d", alil);
}

/* Sap xép */
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void mergeSort(unsigned left, unsigned right)
{ unsignedi, j, k, mid;
if (right <= left) return; /* kiém tra xem c6 gi sap xép*/
mid = (right + left) / 2;
mergeSort(left, mid); /* Sap xép phan bén trai */
mergeSort(mid + 1, right); / *Sép xép phﬁn bén phai*/
/* Chép cac phan tir cta a[] vao mang trg gitip b[] */
for (i =mid+1; i > left; i--)
bli - 1] =a[i - 1]; /* Chiéu bén phai */
for (j =mid;j <right; j++)
blright + mid - j] =alj + 11; /* chiéu nguoc lai*/
/* Hogp hai mang vao a[] */
for (k = left; k <=right; k++)
alk] = (b[i] <bljl) ? bli++] : blj--1;
}

int main() {
generate();
print£("Trudc khi sap xép:\n");
printList ();
mergeSort(0, n-1);
printf("Sau khi sap xép:\n");
printList ();
return (;

Nhuoc diém chinh ctia viéc trién khai trén 1a viéc sao chép dir
liéu & mbi bude. Piéu nay c6 thé tranh dugc bang cach duy tri mot
s6 chitc nang hop nhéat. Y tudng la xen ké hgp nhat a[] thanh b[]
vdi hgp nhat b[] thanh a[], ciing nhu hop nhét tang dan véi hop
nhét theo thi tu giam dan. Vi du, dé c6 dugc mot day dugc sép xép
ting dan trong a[], ching ta can hgp nhét hai day ctua b[]: day dau
tién dugc sap xép theo thit ty ting dan (ky hiéu la b1[1) va day th
hai - theo thu tu giam dan (b2[ 1).. Dé c6 duoc bi[], ching ta can
hop nhét hai chubi tuong tng tir phan dau tién ctia mot a[] (dugce
sap xép theo thut ty ting dan va gidm dan, tuong tng). Dé c6 dugce
b2[], hai phan khac ctia diu a[] phai dugc hgp nhéat (lai dugc sap
xép theo thit ty gidm dan va ting dan, tuong ing), v.v. Can c6 4 ham
hop nhat khac nhau cho bon két hgp co thé co: hop nhattira[]1/b[]
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dén b[]1/a[] theo thit tu ting dan/gidm dan.

Mot cach khac (it hiéu qua hon) dé tranh sao chép di liéu la su
dung danh séch lién két. Hop nhat hai danh sach lién két da sap xép
gan gibng nhu hgp nhat hai mang da sap xép. Sau day la mét vi du
vé chitc nang thuc hién viéc sap nhap.

Chuong trinh 7.21. Stta sap xép theo hgp nhat (721mergell.c)
struct list { /* Loai danh sach lién két */
int value;
struct list *next;
} *empty; /* Phan t trong */

const unsigned long n = 100;

struct list *merge(struct list *a, struct list *b)
{ struct list *head, * tail ;
/*Gia thiét hai danh sach ctta nhat 1 phan tir */
tail = head = empty;
for (;;) {
if (a->value < b->value) {
tail ->next = a;
a = a->next;
tail = tail ->next;
if (NULL ==a){
tail ->next = b;
break;
}
}
else {
tail ->next = b;
b = b->next;
tail = tail ->next;
if (NULL ==Db) {
tail ->next = a;
break;
}
}
}
return head->next;

}
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Moi thut kho chiu hon moét chuat véi viéc chia danh sach thanh
hai danh sach con trudc khi khang cdo dé quy. Viéc thiéu quyén
truy cap truc tiép vao cac phan tir ciia mot danh sach dugc lién két
doi hoi phai c6 mot doan van 1o rang qua mot nira cac phan tir cta
né. Vi muc dich nay, nén chi dinh s6 phan tit trong phan ving dudi
dang tham s6, nhu duoc thuc hién trong ham sau.

Stra d6i ham sap xép trong 721mergell.c

struct list *mergeSort(struct list *c, unsigned long n)
{ struct list *a, *b;
unsigned long i, n2;
/* Néu danh sach chira chi 1 phan tir thi khong lam gi*/
if (n<2)
returnc;
/* Chia danh sach lam hai phén*/
for(a=c, n2=n/2,1i=2;i<=n2 i++)
c = c->next;
b = c->next;
c->next = NULL;
/* Sap xép riéng hai phan sau d6 hop */
return merge(mergeSort(a, n2), mergeSort(b, n - n2));

Str dung phuong phéap gi6i han cho phép t6i wu héa qua trinh
sap nhap. Vi muc dich nay, chiing ta sé bd chi bao tiéu chudn cubi
danh sach NULL. Thay vao d6, ching ta sé stt dung mot phan tir dac
biét z, ma con tro tiép theo sé tré dén z va value ctia né sé la gia
tri toi da cho phép dbi véi kiéu (trong truong hop nay la INFINITY).
Tét ca cac danh sach sé c6 z la phan ti cubi ciing ctia chiing.

Chung ta da dé cap & trén rang ham mergeSort () can nhan nhu
mot tham s 1a s6 luvong cac muc trong danh sach. Trong trudong hgp
chung, n6 c6 thé khong dugce biét trude. Mot giai phap kha thi sau
dé 1a tim trude s6 bang cach duyét qua danh sach va sau dé giri n6
dudi dang tham s6, nhu trén. Mot cach tiép can kha thi khac la t6
chitc mot chu trinh bao gom hai con trd: mot con di chuyén & bude 1
va con thit hai ¢ budce 2. Khi con trd thi hai dén cudi danh sach, con
tro dau tién sé trd vao gitra. Luu y rang néu dugc st dung lam dau
phan tach NULL, thuat toan nay sé khong hoat dong binh thuong,
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nhu trong trudng hop sd lugng muc chén, phan cudi ctia danh sach
sé bi bé qua. Tuy nhién, trong trudng hgp ctia ching ta, truong tiép
theo ctia z lai tro tdi z, vi vay khong c6 gi nguy hiém. Do d6, ching
ta nhan dugc phién ban sau cta chuong trinh:

Chuong trinh 7.22. Stra sép xép theo hgp nhét (722mergel2.c)

#include <stdio.h>
#include <stdlib.h>
#define INFINITY (int)((1 << (sizeof(int)*8 - 1)) - 1)
const unsigned long n = 100;
struct list { /*Loai danh sach lién két */
int value;
struct list *next;
} *z; /* pan ti trong */

/* Taora tap vi du */
struct list *generate(unsigned long n)
{ struct list *p, *q;
unsigned long i;
for(p=2z,1i=0;1<n; i++){
q = (struct list *) malloc(sizeof(struct list));
g->value = rand() % (2*n + 1);
q->next = p;
pP=9
}
return p;

}

void printList (struct list *p) /*In dah sach lén man hinh */
{ for (; p !=z; p = p->next)

printf("%4d", p->value);
}

struct list *merge(struct list *a, struct list *b)
{ struct list *c;
c =2z

/* Gia thiét hai danh sach chia it nhat 1 phan t */
do {
if (a->value < b->value) {
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c->next = a;
c =a;
a = a->next;

}

else {
c->next = b;
c =b;
b = b->next;
}

} while (c !=z);
c = z->next;
z->next =z;
returnc;

struct list *mergeSort(struct list *c)

{ struct list *a, *b;

/* Néu danh sach chita chi 1 phan tir: khong lam gi ca */

if (c->next ==2z)
returnc;

/* Danh sach chia 1am hai phan */

for (a = ¢, b = c->next->next->next; b != z; ¢ = c->next)
b = b->next->next;

b = c->next;

c->next = z;

/* Sap xép riéng ting phan sau dé hop */

return merge(mergeSort(a), mergeSort(b));

int main() {

struct list *I;

/* Khéitao z */

z = (struct list *) malloc(sizeof(struct list));
z->value = INFINITY;

z->next =z;

1 = generate(n);
print£("Trudc khi sap xép:\n");
printList (1) ;

1 = mergeSort(l); /* gid thiét danh sach chira it nhat 1 phan tu */
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printf("Sau khi sap xép:\n");
printList (1);
return 0;

}

Ai cling biét rang moi chuong trinh dé quy déu cé mot phép
13p tuong duong. Dbi véi mot s6 chuong trinh, viéc chuyén déi tir
dé quy sang lap lai rat dé dang va don gian. Ddi v6i nhitng ngudi
khéc, day c6 thé la mot bai toan kha kho khan. Mot cach tiéu chuan
dé chuyén d6i mot chuong trinh dé quy thanh mot chuong trinh
lap 1a stt dung mot ngan xep. May mén thay, mergeSort () cho phép
thuc hién 13p di 13p lai tuong ddi don gidn ma khong can ngan xép.

Phuong thic thuc hién 1§p duge dé xuat khong hoan toan tuong
duong véi phuong phap dé quy va thuc hién cadc phép chia theo
nhitng cach khac nhau. Qud trinh nay dugc diéu khién bdi vong lap
for bén ngoai. Trong budc dau tién, cac cdp phan tir c6 thi ty duge
hinh thanh, trong - phan thtt hai, trong - phan thi ba, v.v. O méi
budc tiép theo, cac cdp danh sach c6 thit tu lién tiép duge hgp nhat,
dan dén cac danh sach dugc sap xép méi c6 do dai gap doi so véi
bude trude d6. Ching ta sé gil tat cd cac danh sach phu dugc lién
két trong mot danh sach chung. Viéc sat nhap dién ra theo chu trinh
noi bd. Mot danh sach viéc todo gom cac phan tir chua xtr ly dugce
hinh thanh. Vong 1ap while ndi bo tuan tu tim kiém cac cdp danh
sach thu dugc & bude trudc, sau d6 hgp nhat ching. Danh sach két
qué dugc thém vao cudi danh sach cac phan tir da xi ly. Viéc thuyc
hién chu trinh ndi bo tiép tuc cho dén khi tat cd cdc muc trong danh
sdch nay dugc chuyén giao. [Sedgewick-1992]

Chuong trinh 7.23. Stra sép xép theo hop nhat (723mergel3.c)

struct list *mergeSort(struct list *c)
{ unsigned longi, n, n2;
struct list *a, *b, *head, *todo, *t;
head = (struct list *) malloc(sizeof(struct list));
head->next = ¢;
a=z;
for (n =1; a !=head->next;n <<=1) {
todo = head->next;
¢ = head;
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while (todo !=z) {
t = todo;
/* chia mang al] */
for(a=t, i=1;1i<n; i++)
t = t->next;
/* chia mang b[] */
b = t->next; t->next=z;
for(t =b, i =1; i <n; i++)
t = t->next;
/* hop all vabl] */
todo = t->next; t->next = z;
c->next = merge(a, b);
/* Bé qua mang da hop nhat*/
for(n2=n+n, i =1; i <=n2; i++)
C = c->next;
}
}
return head->next;

}

Hiéu qua ctia sap xép hop 1 nhét la gi? N6 chi ra rang day la mot
trong nhitng thuat toan sap xép hiéu qua nhat da biét véi do phufc
tap thoi gian trung binh dugc ddm bdo ©(n.log,n). Vé mat ly thuyét,
day la do phtc tap thuat toan tot nhat c6 thé dat duoc bévmg mot
thuat toan sdp xép phé quat (xem ??). Nhu chung ta da thay trong
doan ??, V&i cac gia dinh b6 sung cho biéu dién di liéu (nhi phan),
cac thuat toan sap xép tuyén tinh c6 thé thu dugc. Tuy nhién, ching
khong phd bién va khong thé duge sit dung dé sap xép cac s6 dau
phay dong, chang han. Diéu nay dit né bén canh hinh chép (xem ??)
Va nhanh (xem ??), C6 cung do phuc tap thoi gian trung binh. Hon
nita, twong tu nhu sap xép theo hinh chép, sdp xép hop nhéat c6
cing d6 phtc tap trong truong hogp xau nhat (véi hang sé 4n nho
hon hang s6 hinh chép).

Déng thoi, sap xép nhanh trong trudng hop xau nhat c6 do phtic
tap ®(n?), xép né trong sb cac thuat toan kém hiéu qua nhat nhu
phmmg phdp bong bong, xem 2? (Ca1 sau, nhu da dé cap, 1a co sd cta
sap xep nhanh.) Khi chung ta mudn dam bao do phu(c tap 0(n. log,n )
ké ca trong truong hgp xau nhat, ching ta c6 thé sit dung sip xép
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theo hinh chdp hodc sip xép hop nhat.

Mot nhuge diém chinh ctia sdp xép hgp nhét 1a né yéu cau bg
nhd bé sung ty 1& v6i n: cho mot mang bé sung hodc cho cac con
trd, tuong ing. Céc thir nghiém thuc nghiém cho thay rang, trong
truong hop trung binh, phan loai nhanh dap hinh chép tir 2-3 1an
(xem [Wirth-1980]). Téc d6 sap xép hop nhat chiém mot vi tri trung
gian gitra hai, d¢ la ly do tai sao n6 la mot ting ctt vién nang ky khi
toc do la quan trong trong trudng hop xau nhét, dong thai c6 kha
nang cap phat bo nhd bé sung ty 1€ véi n.

Mot wu diém chinh khéc ctia sap xép hop nhat 1a quyén truy cap
vao cdc phan tir dugc thyc hién tuan tw nghiém ngdt, d6 1a ly do tai
sao n6 phit hgp dé sap xép danh séch, tép lién tiép, v.v. Cubi ciing
nhung khong kém phan quan trong, can luu y rang viéc sap xép
theo cach hgp nhéit 1a 6n dinh, tic 1a né bao toan thu tu tuong déi
clia cac phan tr c6 khéa bang nhau. Pay 1a mot thuoc tinh quan
trong va khong danh riéng cho moi thuat todn sap xép. Vi dy, phan
loai nhanh 1a khong 6n dinh va doi hdi nhiéu né lyc dé 1am cho n6
on dinh. Mot tinh nang thi vi khac ctia sap xép bang cach hgp nhat
trong bién thé ctia nd, khi viéc hop nhat khong kiém tra xem mot
trong hai danh sach c6 bi can kiét hay khong, 1a d6 phuc tap cta né
khong phu thudc vao su sap xép so bod ctia cac phan tir ciia tap hop.
Trong phién ban c6 sy kiém tra, sac 1énh c6 dnh hudng khong dang
ké.

G1ong nhu hau hét cac phuong phap sap xép hién dai, sap xép
hop nhit hoat dong kém v@i mot so phan ta nhé. Cing nhu phan
loai nhanh, két qua t6t sé thu dugc khi két hgp vdi cac phuong phap
khac. M6t cach tiép can tiéu chuan 1a st dung sép xép chen khi s6
phan tir cta tap hop duge dé cap gidm xudng dudi 15-20 (con sb
nay la moét vi du) (xem ??).

Bai tap

B> 7.11. So sanh toc do trién khai dugc dé xuat dé sap xép bang cach
hop nhét cho: 100; 1000; 10000; 100.000 phan t.

> 7.12. Viét chuong trinh sap xép theo hgp nhét, trong d6 tap hop
dugc chia thanh:
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a) 3 tdp hgp con
b) k tap con, k > 3

> 7.13. Tinh toan muc dé phtc tap ctia cac phuong an sap nhap
khac nhau:

(a) tot nhat

b) trong trudng hgp xau nhat

Tim chudi dau vao tot nhat va kém nhat.
> 7.14. Hay trién khai mot bién thé 1ap di lap lai ca sdp xép bang
cach hgp nhét, hay stt dung mang thay vi danh sach duoc lién két.
> 7.15. Hay xac dinh bang thuc nghiém s lugng phan ti ma sap
xép chén nén duge st dung dé sap xép hop nhat.
B> 7.16. Hay so sanh thuc nghiém toc do sap xép bang cach hop nhét,
két hop véi:

(a) sap xép chén

b) phuong phap bong bong

¢) lua chon truc tiép
> 7.17. Hay thuc hién mot bién thé sap xép bang cach hgp nhét, loi

dung ctia su sap xép tu nhién c6 thé c¢6 cta cac phan tir trong tap
nguén (xem 7.4).

7.6. Nang nhanh luay thura

Trong 1.1.1. ching ta da xem xét mot cach 1ap lai don gian dé
tim x” (x - s6 thuc, n - tu nhién). C6 mot thuat toan nhanh hon
(thuc hién chia ty 1€ véi it phép nhan hon) dua trén cong thic sau
[Schwertner-1995]:

NI

=

NI X%,  v6inlasdchin
x"lx, voinlasdlé
Khong kho dé thay rang cong thirc trén dua trén phép chia dé'tri,
tuy & dang hoi la:  méi budc ta c6 hai bai todn con, nhung thuc té
chi can giai mot bai khong tam thuong (dbi voi phan chia). ). Trong
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truong hop dau tién, vi hai bai toan con triing nhau, va trong truong
hop thit hai - vi mot bai toan nho. Tuy nhién, phan dé'tri 1a ¢6 dién
va dua trén cdc gidi phap cuta hai bai todn con, mét giai phap cho
van dé ban dau sé thu duoc.

Chuang trinh 7.24. Nang nhanh lay thura (724powerc.c)

#include <stdio.h>
const double base = 3.14;
const unsigned d = 11;
double power(double x, unsigned n)
{ 1f (0 ==n) return 1;
else
if (n % 2)
return x * power(x, n - 1);
else
return power(x *x,n / 2);

}

int main() {
printf("%Ilf"%u = %lf\n", base, d, power(base, d));
return 0;

}

Chung ta sé luu y rang cong thirc trén khong cung cap sd nhan
toi thiéu dé thyc hién nang theo do. Vi du, ddi véi n = 15, cac
chuong trinh trén sé thuc hién viéc nang tuan tu nhu sau:

1) x?

2) x% = xl.x!
3) x3 = x2.x!
4) x6 = x3.x3
5) x” = x0.x1

titc 1a véi tong s6 1a 7 phép nhan. Cé cac giai phap khac, vi du:
1) x?

2) x% = xl.x!
3) 2% = x%.x!
4) x* = x3.x!
5) x” = x*.x3
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6) x8 = x7.x!
7) x1° = x8.x7

Tuy nhién, ciing c6 nhitng chubi ngan hon chi gom 6 phép nhan,
vi du:

1) xt

2) x% = xl.xl
3) x% = x%.x!
4) x° = x3.x2
5) x10 = x°.x°
6) x15 = x10 45
Nhu :

1) x1;

c6 thé thay rang day 1a nhirng hang trong d6 phan tir dau tién la
1, va mbi phan tiép theo la tong ctia hai phan trudc né. Mot loat nhu
vay duge goi la phu gia. That khong may, cach duy nhat da biét dé
tim mot chudi cong véi do dai t6i thiéu 1a can kiét hoan toan, diéu
nay khong duoc quan tam trong doan nay. [Nakov-1998]

Bai tap

> 7.18. Dé xudt mot thuat toan heuristic (xem Chuong 9) ludn tim
thdy mot day cong khong dai hon day duge dua ra bdi cong thic
trén.
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7.7. Thuat toan Strassen dé nhan nhanh céac
ma tran

Phép nhan cac ma tran 1a mot co hdi mdi dé chitng minh cac kha
nang cta nguyén ly La Ma ct. Chung ta sé nhd lai rang thuat toan
c6 dién dé nhan ma tran A = () mxn va B = (bjj)nxr bat dau truc
tiép tir dinh nghia va dugc dua ra béi cong thirc:

n
cij = ) aixby-
k=1

Trong truong hop ma tran vudng co kich thude n x n, thoi gian
tinh toan ctia ma tran C hién nhién 1a ©(n?): ta c6 n% phan t va viéc
tinh todn méi phan t can thoi gian @ (n). Tat nhién, & day, chiing ta
gia st rang phép cong va phép nhan c¢6 do phiic tap theo thai gian
khong d6i ©(1), khong phu thuoc vao .

Thuét todn nay don gidn va hién nhién dén ndi trong mot thoi
gian dai khong ai nghi rang c6 thé c6 mot thuat toan khac va khong
cb gang tim kiém né. Tuy nhién, vao cubi nhirng ndm 1960, Strassen
da dé xuat mot cai tién thd vi cho thuat toan, gidm do phuc tap
xubng log(11°8”). Khdm phd ctia dng gay ngac nhién cho gi6i khoa
hoc va dan dén phuong phdp chia dé tri rat xing dang, von cho dén
nay van bi danh gia thap nhu mot ky thuat 1ap trinh hiéu qua. Hiéu
qua to 16n ctia kham pha Strassen la do phép nhan cac ma tran, nhu
mot phép todn co ban ctia dai s6, duge dua vao nhiéu thuat toan sb.
Bat ky cai tién nao & day sé tu dong lam gidm do phiic tap tinh toan
ctia mot sb thuat toan khac.

Xét cac ma tran A va B ¢o6 kich thudc 2 x 2:

‘i1 c12) _ (411 42} (411 412

€21 €22 a1 a2 az1 a2
St dung thuat toan tiéu chuan, chung ta thu duoc:

Cl']' = ailblj + llizbz]',i =1,2 Véj =1,2

C6 thé thay rang ching ta can 8 phép nhan va 4 phép cong.
Strassen luu y rang s6 phép nhan c6 thé gidm xudng con 7 nhu
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sau (v6i P;, chiing ta c6 nghia 1a cac bién phu):

Py = (a11 + ax) (b1 + b22)
Py = (az1 + ax)b

Py = a11(b12 — bn)

Py = axn(by — b11)

Ps = (a1 + a12)bxn

Ps = (a1 — a11)(b11 + b12)
Py = (a1 — az) (b1 + ba2)
cn=P+P—P+ P
cp=P3+ D5

c1=P+ P

=P +P3—DP+ P

Tat nhién, khong c6 bita trua mién phi: s6 lugng phép cong (bao
gdm ca phép trir) tang 1én 18. Diéu nay dit ra cau hdi vé loi thé cta
phuong phép Strassen trong trudng hgp nay, do thuc té la cac bd
xt ly ¢t hon "nhan" nhiéu nhu hai (hiém khi la ba. ) phép cong /
phép trir. Tuy nhién, hau hét cac bo vi x1r Iy hién dai déu thuc hién
phép cong va phép trir & ciing mot téc do. D6 1a, phuong phap dugce
trinh bay duong nhu khong dan dén cai tién, it nhat la khong truc
tiép. Tuy nhién, Strassen luu y rang thuat toan c6 thé duoc ap dung
mot cach dé quy. Trude khi thao ludn vé cach diéu nay c6 thé xay
ra, chiing ta sé chi ra rang chudi hoat dong trén khong phai la duy
nhat. Mot kha nang hién thuc héa khac cta y tudng trong nhu thé
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nay (xem [Brassard, Bratley-1987]):

Py = (a1 + ax — ay1) (b2 — b2 + b11)
Py = a11b1y

D3 = a1

Py = (a11 — a21) (b2 — by2)

Ps = (a1 + a2) (b2 — b11)

Ps = (a12 — az +a11 — axn)bxn
P; = axn(b11 + by — b1z — by)
c1=P+DP;
co=P+ P+ P+ D

1 =Pi+P+P—P
=P+ P+ P+ D5

Tat nhién, c6 nhiing cach khac dé dat dugc hiéu qua tuong tu.
Chung ta sé khong xem xét tit ca ching, nhung ching ta van sé bi
cam do dé trich dan mot cai khéc ([Aho, Hopcroft, Ullman-1987]):

Py = (a12 — ax) (b1 + b22)
P, = (ay1 + ax) (b1 + b2)
Py = (a1 — az1)(b11 + b12)
= (a11 +a12)b2

P5 = a11(b12 — b)

Ps = axn(ba — b11)

Py = (ay + ax)bn
ci1=P+P— P+ D
C12 =Py + Ps

21 =P+ P7

=P —-P3+DP—F

Néu chung ta thay thé cac phan ti ajj, bij va cjj bang cac ma tran
c6 kich thude n X n, ching ta nhan duge mot thuat toan c6 thé nhan
cac ma tran c6 kich thudc 2n, st dung 7 thay vi 8 phép nhan cua
cac ma tran c6 kich thudc n x n. Tuy nhién, nhan hai ma tran chac
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chan 1a mot phép toan khé hon phép cong. That vay, néu st dung
cac thuat toan ¢ dién tir cac dinh nghia ctia phép cong, chiing ta
can n? téng co ban, thi d6i v6i phép nhan ching ta can n® téng co
ban cong véi n® phép nhan so cap. D6 13, luu mot phép nhan ¢ anh
hudng nghiém trong.

Nhung tai sao lai dirng & d6? Néu n 1a mot s6 chan, ching ta c6
thé 4p dung cing mot so do dé quy cho cac ma tran c6 kich thudce
(n/2) x (n/2). Trong truong hop n la lay thira cua 2, qua trinh c6
thé tiép tuc cho dén khi dat dugc ma tran c6 kich thude 2 x 2. Do
do, ching ta nhan dugc mot thuat toan dé quy, ma cay & mdi budc
c6 phan nhanh 1a 7 va duge duyét theo chiéu sau. Do phic tap T(n)
cta thuat toan dugc mo ta trong truong hgp ma tran vuéng cd n,
bac 2, dugc cho bdi su phu thudc lap lai:

T(n) =7T(n/2) +18(n/2)*,n > 2

Do d6 theo dinh ly co ban (xem 1.4.10.) Ta thu dugc T(n) €
@(n'°87). Nhung log7 = 2,81 < 3, titc la Thuat toan Strassen c6 do
phtic tap vé thdi gian tot hon so véi thuat toan c6 dién.

Diéu gi sé xay ra néu ching ta c6 ma tran vuéng nhung n khong
phai 1a Iy thira ctia 22 Mot giai phap tiéu chudn cho van dé nay la
b6 sung cac ma tran khong c6 hang va cot vao it nhat n, d6 1a liy
thira ctia 2. Ky thuat nay duge goi 1a phép cong tinh. Diéu nay c6
thé dan dén viéc tang toi da kich thudc ctiia ma tran 1én gap doi. Va
thuc hién mét phép lap khac, theo su phu thudc lap lai & trén, c6
thé tang sb 1an nhan lén t6i da 7 lan.

K& tir khi thuat toan Strassen dugc cong bd, mot s6 nd luc thanh
cong va khong thanh cong da dugc thuc hién d€ cai thién né. Diém
yéu cta thuat toan nam & dau va chiing ¢6 thé duge cing cd nhu
thé nao? Mot van dé da trd nén ro rang: viée bé sung truude ma tran
khong hiéu qua, c6 thé lam cham né t6i 7 1an. Van dé thit hai cling
da duogc giai quyét ngay tir dau: tai n = 2, chung ta thuc té c6 su suy
gidm thay vi cai thién. Va n = 3,4,... thi sao? O dau (véi n) ching
ta nén ngung ap dung dé quy thuat toan Strassen va st dung thuat
toan c6 dién & dau?

Mot gidi phap kha thi cho van dé dau tién (n khong phai 1a Iy
thita ctia 2) 1a hoan viéc thém ma tran véi s6 khong cho dén khi diéu
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nay c6 thé thuc hién duge. Tic 13, néu ban dau 7 1a chan, ching ta
c6 thé thyc hién mot phép 1ap ctia thuat toan. Néu /2 chan, ching
ta c6 thé ]am mot cai khac, va néu né 1a 1€ - ching ta sé phai b6 sung
néu can. Tuy nhién, chi bang cach bd sung ngay bay gid, ching ta
cubi cting da tiét kiém dugc viéc chén thém nhiéu sb khong. Ky
thuat nay dugc goi 1a b sung nang dong.

Méc du dan dén cai thién dang ké, nhung b sung dong khong
phéi 1a phuong phap tdi wu. Huss va Lederman stt dung mot ky
thuat khac dé xt 1y cac kich thude ky la: boc tach dong. Y tudng
la tach mot hang va moét cot. Ma tran "boc tach” thu duoc ¢ kich
thudc chan n va bude dé quy ctia Strassen c6 thé dugc 4p dung cho
no. (xem Hinh 7.6)

Hinh 7.6. Bong "bdc tach" ctia A va B.

Két qua thu dugc sau d6 phai duogc két hgp vdi ma tran két qua
C11 (xem Hinh 7.7).

C T A B +ashy A by, +ag by,

€y | €1 ay, B, +ayb, ay by, +ay,by, |
Hinh 7.7. Két quae Cla tich ctua A va B.

Van dé thu hai khong thé dugc tn cong truc tiép, vi né yéu
cau so sanh gitta toc do cta thuat toan c6 dién va tdc do ctia thuat
toan Strassen tai mot n ¢6 dinh. Diéu nay doi hoi phai tinh dén thai
gian truy cap vao cac phan tir ma tran trong ca hai phuong phép,
diéu nay phu thudc vao mdy. Mot nghién ctru ndm 1996 ctia Luoma
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7.7. Thuét toan Strassen dé nhan nhanh cdc ma tran 615

va Spider cho thay sb lugng bo nhd dém c6 tam quan trong 16n va
trong hau hét cac truong hop thuc té, thuat toan ban dau ctia Strasen
hoat dong kém hon thuat toan c6 dién. Ho dua ra y tudng vé viéc
trién khai thuét toan, trong dé cac phép tinh trung gian dugc thuc
hién ngay trudc khi chung can thiét, diéu nay ddm bao rang ching
van nam trong bd nhd cache cho dén lan st dung tiép theo.

Mot cai tién bat ngd khac ctia thuat toan 1a Vinograd. Ong da c6
gang gidm s lugng cac phép cong / trir tir 18 xudng con 15, gitr
nguyén sO phép nhan. Dé an ctia anh ta c¢6 dang:

S1=ay +axn

Sy = S17an
Sz = ay17ay
Sqg=a12"5;
Ty = bip"bny
T, = bx'Th
Ts = b2 "b12
Ty =bn"Tr
Py = a;1bny
Py = a12bx
Py =5T

Py = 5T,

Ps = S3T3

Ps = Tybp
P7 = axTy
Uy =P+ Py
U, =U; +Ps
Us; = U + Ps
=P+ P
co1 = U+ P
¢ = Uy + Ps
c1p = Uz + Py

Mot s6 nd luc khac da duogc thue hién dé giam sO luong phép nhan

Nguyén Hiru Dién https:/ /vietex.blog.fc2.com/



616 Chuong 7. Thudt toan chia dé tri

va phép cong trong so do c6 dién cda Strassen & n = 2, nhung tat
ca déu khong thanh cong. Nam 1971, Hopcroft va Kerr da ching
minh rang diéu nay la khong thé néu khong st dung phép nhan
giao hoan (phép nhan ma tran khéng giao hoan). Sau do, ngudi ta
da tim ra mot cach dé nhan ma tran 3 x 3 véi toi da 21 phép nhan,
thuat toan nay dua ra mot thuat toan c6 do phiic tap @ (n'98:21), tic
1a @(n?771244) C6 mot sb cai tién khéc véi viéc ting kich thudc ma
tran va it co hoi 4p dung thuc té hon. Vi dy, Pan da tim ra cach nhan
70 x 70 ma tran véi 143.640 phép nhan so cap (so véi 343.000, theo
thuat toan c6 dién). Sau d6, cac thuat toan tham chi con hiéu qua
hon vé mat ly thuyét va tham chi khong thé ap dung duoc trong
thuc té: @(n2°21813) - 1979, @(n>>21801) - 1980, @ (n>37°) - 1986

Bai tap

> 7.19. Thuc nghiém dé xac dinh thdi diém gian doan dé quy va ap
dung thuat toan c6 dién.

> 7.20. Hay kiém tra trinh tu do Vinograd dé xuat dé nhan nhanh
cac ma tran.

> 7.21. Hay dé xuat mot trinh ty khac dé nhan nhanh ma tran.

7.8. Nhan nhanh cac sb dai

Thuat toan c6 dién dé nhan cac sb6 dugc hoc & truong yéu cau
thoi gian cta bac ©(n?) dé nhan hai sb c6 n chir s6 (ching ta gia
dinh rdng phép cong va nhan cac sb c6 mot chir s6 dién ra trong
mot thdi gian khong déi doc lap voi ). Ching ta da qua quen voi
thuat toan nay dén ndéi hau nhu khong ai trong ching ta nghi dén
tinh hiéu qua va kha nang cai tién cta no.

Hay xem phuong phdp chia dé tri c6 thé mang lai cho ching ta
diéu gi. Gia st chiing ta mudn nhan hai s6 ¢6 n chir s6 X va Y, va
bay git chiing ta coi n 1a liy thira ctia 2 (ching ta sé hudng dan ban
cach thuc hién diéu nay sau khi truong hop nay khong xay ra). Chia
X va Y thanh hai phén A, Bva C, D, moi phén c6 n/2 chit s6 sao
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cho:

X=2"2A+B
Y =2"2C+D

Tix day cho tich XY, ching ta nhan dugc:

XY = 2" AC +2"2.(AD + BC) + BD

Nhu vay, dé tinh gia tri ctia XY theo cong thuc trén, can 4 phép
nhan cac s6 c6 /2 chir s, 3 phép cong cac sb c6 toi da n + 1 chix
s6 va hai 1an dich sang trai & n/2 vi tri (phép nhan véi 2" va 2"/2).
Néu chuing ta st dung dé quy cting mot cong thirc dé tinh cac tich
AC, AD, BC va BD, va qua trinh tiép tuc cho dén khi ching ta dat
dén truong hgp co ban ctia hai s6 c6 mot chit s, chiing ta nhan
duoc su phu thudc lap lai:

T(1) =1
T(n) =4T(n/2)+cn,n > 1van— bac2

Ap dung dinh 1y co ban (xem 1.4.10.), Chiing ta thu dugce T(n) €
©(n?), tic 1a d6 phic tap tring voi do phiic tap ctia thuat toan ban
dau, cé nghia 1a phép chia don gian khong dan dén cai tién: ching ta
cing can mot chtit thao vat. Chfmg ta héy nhd lai thuét toan Strasen
& trén (xem ??), Trong d6 sy cai tién dén tir viéc giam sd lugng phép
nhan. Hay xem liéu chuing ta c6 thé 4p dung nguyén tac tuong tu
& day khong. Néu chung ta xem xét ky hon cong thic, ching ta sé
thdy rang chiing ta khong nhat thiét phai tinh cac tich AD va BC:
tong cua ching la du. Hay xem xét cong thuc:

XY =2".AC+2"2[(A—B)(D—C)+ AC + BD] + BD

Chting ta sé khong trién khai thuat todn hoat dong, vi diéu nay
lién quan dén cac hoat dong vai "s6 dai" (tuc la khong phu hop voi
cac kiéu tiéu chuan), diéu nay sé lam 16n xon ma. (Hon nitra, mot
cach trién khai tot c6 thé sé khong st dung hé thong s6 thap phan
ma 1a hé théng s6 t6i da dya trén ldy thira cta 2, cho phép két hop
két qua ctia phép nhan hai chi 6 thanh mot tir may. Tuy nhién, diéu
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618 Chuong 7. Thudt toan chia dé tri

nay ndm ngoai pham vi ctia sy can nhac cda chiing ta.) chiing ta sé
cb gang lam 1o diéu d6 bang mot ma gid. Chung ta gia st rang X va
Y 1a cac s6 nguyén c6 dau va n 1a liy thira ctia 2. Trong trudng hop
gi¢i han n = 1, ching ta sé nhan céc s truc tiép. [Aho, Hopcroft,
Ullman - 1987]

Gia ma nhan so dai

int mult (int X, Y, n)
{

ints; / * dauhiéu ctua tich XY * /

int ml, m2, m3;/ * ba tich * /

intA,B, C, D;/ * mdétntacitaXvayY */

/ * kiém tra trudng hgp bién * /

if (1 ==n)

return (X *Y);

s = sign(X) *sign(Y);

X = abs (X);

Y = abs (Y);

A =n/2 bit bén trai cta X;

B =n/2 bit phai caaX;

C =n/2 bit bén trdi caay;

D =n/2 bit phaicua;

ml = mult (A, C, n/2);

m2 = mult (A-B, D-C, n/2); / * *** * [/

m3 = mult (B, D, n/2);

returns * (ml <<n+ (m1 + m2 + m3) << (n/2) + m3); / * *** * /|

}

Chung ta ciing c6 thé sit dung phién ban thi hai ctia cong thuc,
trong d6 cac dong duge danh dau bang / * *** * / sé duoc thay thé
bang cac dong sau:

m2 = mult(A+B,C+D,n/2); /* *** */

returns * (ml<<n + (m2-m1-m3)<<(n/2) + m3); /* *** */

Diéu gi xay ra khi n khong phai 1a iy thira ctia 2? Néu 7 chan
thi khéng c6 van dé gi ¢ bude dau tién va ching ta c6 thé chia s6
thanh hai phan c6 do dai bang nhau. Néu 11/2 chén, chiing ta c6 thé
tiép tuc nhu vay, nhung né nhu thé § mét budc nao do chiing ta sé
nhan dugce do dai 1é va diéu nay sé khong thé thuc hién dugc. Mot
gidi phap 16 rang cho van dé 1a bd sung s6 bén trai véi s6 0 & dau.
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Méc du diéu nay lam gidm hiéu qua ctia thuat todn, nhung phan
tich cho thay rang do phtic tap ctia né van 1a @ (n!°%:3).

Mot diém thu vi khéac da bi bo qua trong phan tich & trén la thuc
té 1a tong cta hai s6 ¢6 11/2 chit s6 khong nhat thiét cho mot s6 co n
chit s6, nhung c6 thé cho (1 + 1) chit s6. Khi do, tich (A + B)(C +
D), trong phién ban thit hai ctia cong thitc, ¢6 thé 1a (n + 1) - 6 dang
s0 (cac tich khac AC va BD khong c6 co hoi nhu vay.). Lay X = 9999
vaY = 9998. Ta co:

A=99, B=99, C=99vaD=098

AC =99.99 = 9801

BD =99.98 = 9702

(A+B)(C+D) = 198.197 = 39006 (nghia la 5-s chi s6)

May man thay, muc ting nhiéu nhét 1a 1 va do phtc tap cubi
cling ctia thudt todn va trong trudng hgp nay sé 1a ©(n'°823). Chung
ta sé khong phan tich chi tiét vé nhitng trudng hogp nay. Poc gia to
mo c6 thé tim thém chi tiét trong [Brassard, Bratley - 1987].

Lam gi khi ca hai s6 c6 do dai m va n, m # n? Dé xac dinh, gia
str rang m < n. Néu ching ta dién sb ngan hon bang cac s6 0 & dau,
ching ta sé nhan dugc mét thuét toan cé do phuc tap @(nl°323) SO
v6i @(mn) trong thuat toan c6 dién. Tir d6 c6 thé dé dang thay rang
thuat toan cd dién t6t hon so vdi cac cai tién & m < n(1083)-1 Mot
giai phap hay la chia cac chit s6 ctia s6 khdi c6 do dai lén hon m. Méi
khéi nay dugc nhan véi sb dau tién bang cach st dung thuat toan
cdi tién, sau d6 véi sy trg gitip ctia [n/m] cac phép cong va hiéu s6
b6 sung, két qua cudi cting sé thu duge. Do d6, tong do phiic tap
ctia thuat toan dugc stra déi 1a @ (mn1083)-1),

Cau hdi logic duge dat ra: Néu thuat todn nay thuc sy tot nhu
vay, tai sao chiing ta khong hoc né & truong? Vi hai ly do: thit nht,
n6 phtrc tap hon dé giai thich va khé ap dung hon nhiéu, dac biét
la dbi v6i nhitng con s6 dai hon. Khai niém "dé quy" 1a triru tuong
va kho hiéu. Mat khac, c6 tinh dén cac hang s6 an, chiing ta c6 thé
mong doi rang thuat toan cai tién t6t hon thuat toan ¢ dién cho cac
s6 6 it nhat 500 chir s6. Hau nhu khong ai thuc hién cac phép tinh
thu cong nhu vay & truong. ..
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620 Chuong 7. Thudt toan chia dé tri

Bai tap

> 7.22. Hay thuc hién thuat todn dugc dé xut dé nhan nhanh cac
s6 dai.

> 7.23. Hay xac dinh béng thuc nghiém, thuat toan nhan cac sb dai
tot hon thuat toan c6 dién c6 bao nhiéu chi sé.

> 7.24. Hay ci thién thuat todn nhan nhanh cac s6 dai, vi muc dich
nay, cac s6 dugc chia thanh ba thay vi hai phan. Ching t6 rang 5
(thay vi 9) phép nhan véi cac s6 c6 do dai n/3 1a dt dé tinh tich. Xac
dinh do phuc tap ctia thuat toan két qua.

> 7.25. Dya vao bai todn trudc dé ching té rang phép nhan 2k — 11a
du dé tinh tich trong truong hop ngat nhém gom k chit sb lién tiép.
Chung to rf!mg do d6 c6 su ton tai ctia thuat toan nhan cac s6 dai c6
do phuc tap ©(n*) véi moi x > 1.

7.9. Bai toan thap Ha Noi

Bai toan: Cé n s6 dia ¢6 duong kinh khac nhau va ba tru A, B, C.
Céc dia duge xau vao tru thi nhat theo thi ty gidm dan va tao
thanh mot hinh thap. (xem Hinh 7.8) Chung phai dugc chuyén tir
tru dau tién sang tru cudi cing tuan theo cac quy tac sau:

1. Mdi luot c6 thé di chuyén moét dia va dia nay phai la dau cda
mot trong cac tru.

2. Pia ¢6 dudng kinh 16n hon khong dugc xép chong 1én dia c6
duong kinh nhé hon.

Chting ta sé trinh bay bién thé dé quy c6 dién dua trén phuong
phép chia dé tri, cling nhu mot s6 giai phap 1ap thd vi nhat. Dbi véi
nhiing doc gia té ra quan tdm dén van dé nay, ching ta khuyén ban
nén lam quen véi [Banchev-1993], noi mét s6 thuat toan khac dugce
chi ra.

Thudt todn 1

Day la thuat toan c6 dién dé gidi quyét van dé. Y tudng la dé di
chuyén n dia tir cot A sang cot C, can phai di chuyén n — 1 dia tir cot
Asang cot B, sau d6 di chuyén dia c6 s6 # (1a 1én nhat trong s6 ho )
tu cot A sang cot C va cudi cung la di chuyén n — 1 dia con lai tur cOt
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A B C

Hinh 7.8. Thap Ha Noi ban dau

B sang cot C. Do do, chiing ta tu nhién gidm van dé thanh gii hai
ban sao nhé hon khéc ctia n6 (chia), c6 lién két, cfmg v6i mot phép
toan bd sung (chuyén dia 16n nhat) cho chung ta g1a1 phap mong
mudn (quy tac). Viéc trién khai thuat todn nay trong gidng nhu sau:

Chuong trinh 7.25. Bai toan thap Ha Noi (725hanoi.c)

#include <stdio.h>
const unsigned n = 4;

void diskMove(unsigned n, char a, char b)
{ print£("Di chuyén dia %u tu %c sang %c.\n", n, a, b); }

void hanoi(char a, char ¢, char b, unsigned numb)
{ if (1 == numb) diskMove(l, a, ¢);
else {
hanoi(a, b, ¢, numb - 1);
diskMove(numb, a, ¢);
hanoi(b, ¢, a, numb - 1);
}
}

int main() {
printf("S6 dia: %u\n", n);
hanoy("'A’, "C’, "B’, n);
return (;

}

Sau day la két qud mau tir viéc thuc hién chuong trinh chon = 2,3 va
4:
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S6 dia: 2

Di chuyén dia 1 tir A dén B.
Di chuyén dia 2 tit A dén C.
Di chuyén dia 1 tir B dén C.
S6 dia: 3

Di chuyén dia 1 tir A dén C.
Di chuyén dia 2 tit A dén B.
Di chuyén dia 1 tir C sang B.
Di chuyén dia 3 tir A dén C.
Di chuyén dia 1 tit B dén A.
Di chuyén dia 2 tir B dén C.
Di chuyén dia 1 tir A dén C.
Sb dia: 4

Di chuyén dia 1 tit A dén B.
Di chuyén dia 2 tir A dén C.
Di chuyén dia 1 tit B dén C.
Di chuyén dia 3 tir A dén B.
Di chuyén dia 1 tir C sang A.
Di chuyén dia 2 tuir C sang B.
Di chuyén dia 1 tir A dén B.
Di chuyén dia 4 tit A dén C.
Di chuyén dia 1 tir B dén C.
Di chuyén dia 2 tir B dén A.
Di chuyén dia 1 tir C sang A.
Di chuyén dia 3 tit B dén C.
Di chuyén dia 1 tir A dén B.
Di chuyén dia 2 tir A dén C.
Di chuyén dia 1 tit B dén C.

Dbéi véi mot bai toan nhat dinh, ¢6 nhiéu cach khac nhau dé
chuyén d6i mot giai phap dé quy thanh moét giai phap lap lai. Ching
ta sé khong tap trung vao phuong phap tiéu chuan dé chuyén déi
dé quy thanh 1dp lai bang cach sit dung ngan xép, ma sé chi xem
xét cac thuat toan du ro rang dya trén mot bd quy tac dam bao rang
c6 thé c6 mot bude di chuyén duy nhat § mdi bude. Ching ta sé dé
ngudi doc ty thdy rang tat ca cac thuat toan sau day déu xay dung
mot gidi phap gidng nhu thuat toan 1. Trén thuc té, né 1a mot phat
biéu khéc vé ciing mot y tudng.
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Thudt todn 2

Viéc xay dung gidi phap duoc xac dinh bdi cac quy tac sau:

1. Néu n 16, mdi dia c6 sb 1é luon duge chuyén sang phai va
nhiing dia c6 s6 chan luén dugc chuyén sang trai. Néu 7 chan thi -
chiéu ngugc lai.

2. Khong ¢6 hai lan chuyén dong lién tiép nao dugc thyc hién
cung mot dia.

3. Khong dat dia 16n hon trén dia nho hon.

Thudt toan 3

Quy tac:

1. Dbi véi cac 1an di chuyén s 1€, dia nhé nhat di chuyén sang
phai hodc trai, ty thudc vao viée n 1a 1€ (trai) hay chan (phai).

2. Trong truong hop chuyén dong la sb chan, chuyén dong duy
nhat c6 thé duge thuc hién trong d6 dia nho nhat khong tham gia.

3. Khong dat dia 16n hon trén dia nho hon.

Thudt todan 4

Mot trong cac cot dugc chon 1a da danh dau va huéng thay doi
cta cot duoe danh dau dugc ¢ dinh. Tai n 16, C dugc danh dau ban
dau va hudng thay déi la sang trai; ddi vdi n chan B dugc danh dau
va hudng thay déi duge dao ngugc.

1. Néu c6 cac dia trén hai tru khong duge danh dau, di chuyén
dia nho hon trong hai dia trén cling sang dia 16n hon. Néu mot trong
cac cot chua dugc danh dau trong, dia trén ctung cua cot kia sé duoc
di chuyén trén d6. Néu céi kia trong, thi bai toan da dugc giai quyét.

2. Vi tri tiép giap voi cuc duge danh diu theo hudng thay déi da
duoc cb dinh trudc duge chon dé danh dau.

Bai tap
> 7.26. Hay trién khai thuc hién cac thuat toan 2, 3 va 4.

> 7.27. Chung minh ré“mg cac thuat toan 2, 3 va 4 thuc hién cac hanh
dong tuong tu nhu thuat toan 1.
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7.10. T8 chifc gidi vb dich béng da

Mot bai toan kinh dién khac, dugce giai quyét mot cach hiéu qua
Vi sy gitip d6 ctia sy phan chia dé tri, 1a chudn bi mot ké hoach giai
déu kiéu "moi ngudi chéng lai moi ngudi”. Vi du:

Giai vo dich bong da . B Van Hoéa va Thé thao cia mot nude
ASEAN phai t6 chic moét giadi vo dich béng da véi n doi (danh s6
tir 1 dén n). Chuc vo dich phai dugc t6 chirc trong 7 vong néu n 18,
va n — 1 vong néu n 1a chn. Ct hai doi thi dau v6i nhau ding mot
1an. Tao mot chuong trinh quan ly chuong trinh ctia giai vo dich.

Két qua phai 1a mot bang gom 7 hang. S6 tir cot thit j ctia hang
thit i ctia bang c6 nghia 1a s ctia doi dau véi doi c6 s6 i trong vong
tron s6 j. (Néu doi i dau v6i doi k & vong j, diéu nay duong nhién c6
nghia la doi k dau véi ddi i trong cing mot vong.)

Néu doi thit i nghi & vong thit j, thi s thit j & hang thi i 1a 0.

Vi du: doi véi n = 3 van = 4, lich trinh tuong tng sé nhu thé
nay (doc: doi, ngang: vong):

2 30 2 3 4
1 0 3

1 4 3
01 2 41 2
3 21

Loi giai: Chung ta sé cho phép minh thay d6i mét chut hinh
dang cua két qua. Thay vi bang dugc chi dinh trong diéu kién,
chung ta sé tao mot bang khac, luon co kich thudc n x n (tham chi
dbi vdi n chan), thuoc loai "doi-nhém”", nhu trén hang thi i va cot
thit j sé 1a vong tron, trong do sé gip cac doi c6 s6 thi tu i va j
(1 < i,j < n). Ching ta dé€ viéc chuyén doi bang sang dinh dang
yéu cau trong bai toan cho ngudi doc nhu moét bai tap dé dang.

Ro rang bai toan khong cé y nghia gi 6 n = 1. Tai n = 2, dung
mot tro choi dugc choi, mat dung mot ngay: xem Bang 7.1.

Chung ta gidi thiéu ky hiéu viét tat i : j, c6 nghia la “doi ta gap
doi j” (1 < i,j < n). Trong trudong hgp bdn doi, gidi dau két thiic
sau 3 ngay. Lam thé nao dé xay dung lich trinh cudc hop phut hgp?
Chung ta co thé chia cac doi thanh cac cap, nhu trong ngay dau tién
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Poi |12
1 |0
2 [1]0

Bang 7.1. Lich thi dau cta 2 doi

1: 2 va 3: 4, vao ngay thu hai 1: 3 va 2: 4, va vao ngay thi ba - 1: 4 va
2: 3. Ta dugc Bang 7.2. Khi xem xét ki hon, ching ta nhan thay réng

Poi|1]2|3|4
1 |0[1|2]3
2 |1]0[3]|2
3 [2(3]0]1
4 |3]2]110

Bang 7.2. Lich thi ddu cta 4 doi
bang nay chira gap doi bang cho n = 2 va hai lan bang

2 3
2

Luu ¥ rang sau nay thu duoc tir

1

bang cach thém phan t 2.

Ban da biét lam thé nao chung ta co thé c6 duogc ké hoach giai
dau tuong ung cho n = 8? Sao chép bang cho n = 4 bdn lan, sau
dé6 thém tirng phan tir s6 4 vao cac bang c6 kich thude 4 bén ngoai
duong chéo chinh. (xem Bang 7.3)

Bang 7.3 dugc xac minh truyc tiép. 1a mot lich thi dau thuc sy: moi
hang va mbi cot chita mot hoan vi ctia cac s6 tir 0 dén 7 ma khong
13p lai, tic la gidi dau két thuc sau 7 ngay, v6i mdi déi thi dau ding

Nguyén Hiru Dién https:/ /vietex.blog.fc2.com/



626 Chuong 7. Thudt toan chia dé tri

Poi|1]2|3[4|5[6[7]8
1 |o|1]2|3[4|5]6]7
2 [1]o[3]2]5[4|7]6
3 [2/3]of1]6[7]4]5
4 [312]1]0|7]6|5]4
5 [4)5]6]7]0[1]2]3
6 |5/4|7]6]1]0][3]2
7 |6l7]4al5]2]3]0]1
8 |716]5]4l3][2[1]0

Bang 7.3. Lich thi dau ctia 8 d6i.

mot tran mdi ngay. Bang 1a dbi xing, tic lanéu i : j thij : i dung,
va nguoc lai (1 <i,j < n). Co cac sb khong trén duong chéo chinh,
taclai: i khong dung v6i 1 < i < n. Theo cach tuong tu, chung ta
nhan dugc bang cho n = 16,32, 64, ... va néi chung cho 7, bac chinh
xéc 1a 2. Diéu nay dé dang theo sau bang quy nap. Chiing ta dé lai
phan ching minh cho ngudi doc nhu mot bai tap dé dang. Hay suy
nghi lai. Cho n = 2 . D& c6 mét bang cho 7, chung ta can lay mot
bang cho n/2 (phép chla) sau do sao chep no6 4 1an va thém mot
hang s6 vao hai trong sb cac ban sao (quy tac). Sau day 1a mot vi du
trién khai thuat toan dugc mo ta.

Chuang trinh 7.26. Lich thi diu giai vo dich(726tourn1.c)

#include <stdio.h>
#define MAX 100
unsigned m[MAXIIMAX];

void copyMatrix(unsigned stX, unsigned stY, unsigned cnt, unsigned
add)
{ unsignedi, j;
for (i =0; i <cnt; i++)
for (j =0; j <cnt; j++)
mli + stX][j +stY] =mli + 1][j + 1] + add;
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void findSolution(unsigned n) /*Xdy dung bang*/
{ unsigned i;
m[1][1] = 0;
for(i =1; i <=n;i <<=1){
copyMatrixG +1, 1, i, i);
copyMatrix@G+1, i +1, i, 0);
copyMatrix(1,i +1, i, i);
}
}

void print(unsigned n) /* Inra két qua*/
{ unsignedi, j;
for (i =1; i <=n; i++) {
for (j =1; j <=n; j++)
printf("%3u", mlilljl);
printf("\n");
}
}

int main() {
const unsignedn = §;
findSolution(n);
print(n);
return 0;

}

That khong may, & dang nay, thuat toan khong phu hop vdi n,
khong phai 1a ldy thita ctia 2. Ching ta dé ngudi doc ¢b gang stra
d6i dé né hoat dong v6i moi 1 tu nhién. Dudi day chung ta sé xem
xét mot thuat toan khac hop 1é cho mdi .

D4i vdi n bang 1é, chiing ta sé tao ra nhu sau: Chuing ta sé khong
dién vao bang n x 1, ma 1a mot bang vdi mot cot bd sung khac, tic
lan x (n + 1). Chung ta sé dién vao cac hang, bat dau tir cot ngoai
cting bén trai va di chuyén sang bén phai. Khi chiing ta dién vao cot
(n + 1) cta hang hién tai, chiing ta sé chuyén sang hang tiép theo.
Chung ta sé bat dau dién véi gid tri 1 trong hang 1 ctia cot 1, va
ching ta sé dién vao 6 tiép theo vdi gia tri tiép theo trong khoang
[1;n]. Khi dat dén gid tri ctia 1, ching ta sé bat dau lai tir 1. BAng 7.4.
hién thi két qua tai n = 5. Tuy nhién, c6 thé thy rang ching ta c6
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thé khong dién vao cot thir (1 + 1) - né tring véi cot dau tién. (Tai
sao?)

Poi|1/2[(3|4|5]|6
1 |1]2(3]4|5]|1
2 1213|4512
3 |3/4|5]1/2]|3
4 14|15|1(2|3|4
5 |5]112(3]45

Bang 7.4. Bat dau dién lich dau cho 5 doi.

Sau khi dién xong, ching ta dat lai tat ca cac phan ti trén duong
chéo chinh ctia ma tran (xem Bang 7.5). V&i tham chi n, chung ta chi

Poi|1]2/3]/4|5]6
1 |ol2[3]4]5]1
2 [2]o0l4]5/1]2
3 [3/4]0]1/2]3
4 [4)5]/1]0|3]4
5 |5/1]2[3/0]5

Bang 7.5. Lich thi dau cua 5 doi.

c6 thé gi6i thiéu mot doi hu cAu. Tuy nhién, & day, ching ta sé ap
dung mét chién luge khac. Ching ta sé giai bai toan cho n — 1, 1a
s0 1, sau do, trong khi dat lai duong chéo chinh, ching ta sé dién
thém vao hang va cot thi n: déi tha k phai choi véi déi thu n, vi
khong c6 n nguoi di nghi.

Vi dy, dé€ 14p lich trinh cho n = 4, trudc tién chiing ta dién vao
bang cho n = 3 (xem Bang 7.6).

Sau d6, ching ta sé dat lai duong chéo chinh va dién vao
hang thit n nhu trong Bang 7.7. Sy thay déi tuong tng cia ham
findSolution() nhu sau
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Poi 1234
1 |1]2]3]1
2 23|12
3 [3/1(2]3

Bang 7.6. Bat dau dién lich hop cho 3 doi.

Poi|1]2|3|4
1 |0[2|3]1
2 |2]0[1]2
3 13[1]/0|3
4 |1]2]3]0

Bang 7.7. Lich thi dau cta 4 doi.

Chuong trinh 7.27. Stta d6i ham findSolution() (727tourn2.c)

void findSolution(unsigned n) /* Thiét 1ap bang */
{ unsigned i;
unsigned saveN = n;
if (n % 2 ==0) /* Néu n chan bai toan dua vé n-1*/
n--;
/* Dién vao bang nn - & day dam béo sb 1é. */
for (i =0; i <n®* (n+1); i++)
mli%m+1)]li/ (n+1)] =i %n+1;
/* Phuc hoi véi gia tri ctian */
n = saveN;

for (i =0; i <n; i++) {
if (n%2 == 0) /* dién vao cot va hang cudi cting s6 chan n */
ml[il[n - 1] = m[n-1][i] = mlil[il;
mlil[i] =0; /* Pudng chéo chinh dién véi 0 */
}
}

Gidi phap trén, mac du hiéu qua, nhung khong cho phép tra 16i
truc tiép cho cau hoi: Déi i va doi j gap nhau trong vong tron nao?
Diéu nay yéu cau hoan thanh day da hogc it nhat mot phan cta
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bang lién quan. Khi xem xét ky hon cac bang trén, c6 thé rut ra cac
cong thuc thich hop.

Hay c6 mot s6 nguoi tham gia chan (n = 2k). Cho nguoi tham
gia A va B c6 sb s va t khac n. Sau d6 choi trong vong tron s + t — 1
néus+t <n,vatrongs+t—nnéus-+t > n Trong mot gidi dau co
vua, ai choi v6i quan trang va ai - véi quan den ciing rat quan trong.
Mot gidi phap kha thi 1a tuan theo quy tac: ngudi choi c6 sb nho
hon sé chi choi véi ngudi quan trang néu s + ¢ 1a s6 1é. Nguoi c6 s6
n choi véi ngudi c6 s6 [ trong vong tron 2/ — 1, néu 2/ < n va trong
vong 2] — 1, khi 2] > n. Trong mét giai dau cd vua c6 s6 ngudi tham
gia tir 1 dén /2, anh ta choi v6i quan den va nhitng nguoi khac véi
quan trang. Trong trudong hgp c6 s6 lugng ngudi tham gia 1€, ching
ta thém mot nguoi tham gia hu cau va nguoi choi cting anh ta sé &
trong vong két ndi tuong tng.

Mic du so do sau phtt hop hon dé c6 duoc cau tra 1oi truc tiép
cho cau hdi "i va j dong trong vong tron nao?", Nhung né cing co
thé dugc st dung dé dién vao bang do tinh don gian ctia cong thuc.
Mot 1an nira, ching ta c6 thé tit b6 nhém hu ciu va dién truc tiép
VAo céac gia tri tuong ing ctia tru cudi cung. Day la cach ching ta
nhan dugc:

Chuang trinh 7.28. Stra d6i ham findSolution() (728tourn3.c)

void findSolution(unsigned n) /* Thiét 1ap bang */
{ unsignedi, j;
unsigned saveN = n;
if (n % 2 ==0) /* néun chan, bai toan dua vé n-1 */
n--;

/* Dién day bang cho n - day dam bao sb 1é. */
for (i =0; i <n; i++)
for (j =0; j <n; j++)
if ((mlillj]l =i +j +1) >n)
m[il[j] -=n;

/* Khoi phuc gid tri caan */
n = saveN;
for (i =0; i <n; i++){
if (n % 2==0) /* dién cot va hang cudi, s6 chdnn */
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mlil[n - 1] = m[n - 1][i] =mlillil;
mlil[i] =0; /* Pén duong chéo chinh b.’?mgO */
}
}

Ham trén khac mot chut so véi cach 1ap luan Iy thuyét béi vi chi
muc ctia mang trong C bat dau tir 0 thay vi 1.

Bai tap

> 7.28. Hay chuyen doi bang da xay dung thanh mét bang thudc
loai dugc yéu cau trong diéu kién ctia bai toan tir Giai thé thao vo
dich Viét Nam.

> 7.29. Hay chiing minh tinh ding dan cta thuat todn dau tién dé
bién soan lich thi dau cho n bac 2.

> 7.30. Hay thuc hién thuét toan thi hai dé bién soan lich thi dau,
gidi thiéu mot doi gia tudng cho n chan.

> 7.31. Hay chiing minh tinh ding dan ctia thuat toan thi hai dé
bién soan lich thi ddu cho méi # tu nhién, n # 2.

> 7.32. Hay suy ra cac cong thitc da cho dé 1ap lich thi dau co vua.

7.11. Su dich chuyén tuan hoan ctia cac phan
tr mang

Vao nhitng nam 1960, Carnigan va Plodger da gap phai van dé
chuyén vi theo chu ky cac phan tir mang khi phat trién mot trinh
soan thdo van ban cho hé thong UNIX. Kha nang tinh todn khiém
ton clia cac may tinh thoi d6 dat ra cac yéu cau nghiém ngat vé hiéu
qua cta hoat dong nay ca vé thoi gian stt dung ctia CPU va RAM
can thiét. Phién ban gbc ctia chuong trinh, dua trén cac danh sach
duoc lién két, duoc ching minh 1a khong hiéu qua va phuc tap,
tham chi con chita mot s6 16i. Sau khi xem xét ky hon ban chat cta
bai toan, ca hai da cd gang tao ra mét chuong trinh ngan, hiéu qua
ca vé thoi gian va bo nhg, sau nay duge st dung trong mot sb trinh
soan thao van ban khac.
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C6 téng cong nam thuat toan khac nhau dé giai quyét van de,
tat ca chiing sé dugc thao luan bén dudi. Hay dé chiing ta ky hiéu
méng bang m va sd phan it ctia né bang n. Lam thé nao ching ta
c6 thé thay d6i? Co hai giai phap kha don gian, méi giai phap déu
c6 nhuge diém ctia né: thir nhat 1a khong hiéu qua vé bo nhd va tha
hai 1a vé mit thoi gian.

Hay xem giai phap dau tién. Néu ching ta c6 mot lugng RAM
b6 sung nhat dinh, chung ta c6 thé thuc hién nhu sau

Thudt todn 1

1. Sao chép k phan tir dau tién cia m vao mang thdi gian x nao
do.

2. Chuyén n — k phan t con lai sang bén trdi k vi tri.

3. Sao chép cac phan tr tir x trd lai m (6 k vi tri cudi ciing).

Thuét toan trén r6 rang la khong hiéu qua vé dung lugng RAM
dugc st dung. Dong thoi, r6 rang la trong trudong hop ddc biét tai
k = 1, chiing ta c6 thé thuc hién ham shiftBy1(), ham nay sé yéu
cau bo nhd b sung lién tuc va thoi gian c¢6 bac la @(n). Chung ta
nhan dugc mot thuat toan mai:

Thudt todn 2

1. Goi k 1an shiftBy1().

That khong may, thuat toan dugc dé xuat, mac du hiéu qua trong
b6 nhg, trong trudng hop xau nhat doi héi thai gian 6 bac 1a ©(n?).

Chang Ié chuing ta khong thé tim ra mot thuat toan vira tiét kiém
thoi gian vira tiét kiém bo nhg, két hop nhitng vu diém ctia cac thuat
toan trén? N6 chi ra rang mot thuat todn nhu vay ton tai. Y tudng la
chuyén phan tir dau tién cia m[] sang mot bién tam thdi tmp, sau d6
chuyénm[k + 1] thanhm[1],m[2k + 1] thanhm[k + 1],v.v.., ldy
tat ca céac chi s6 ciia m[] modulo n. Quad trinh tiép tuc cho dén khi
dat dén m[1], trong d6 tmp dugc st dung thay thé. Trong truong
hop khong phai tat ca cac phan tir déu dung vi tri, ching ta 13p lai
quy trinh, bat dau bang m[2], v.v. Mot vi du vé trién khai y tudng
da trinh bay trong nhu thé nay (O day, cac chi muc duge thay déi vi
lap chi muc cia mang bat dau tur 0):
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Chuong trinh 7.29. Dich chuyén tuan hoan cta cic phan tr mang
(729shiftl.c)

#include <stdio.h>
#define MAX 100

struct CElem {

int data;

/* ¢6 thé thém... */
} m[MAX];

const unsigned n = 10; /* S6 phan tf trong mang */
const unsigned k = 2; /* S6 vi tri di chuyén*/

void init (void)
{ unsigned i;
for (i =0; i <n; i++)
mli].data = i;

}

unsigned gcd(unsigned x, unsigned y)
{ while (y > 0) {
unsigned tmp =y;

y=X%Yy;
X = tmp;

}

return x;

}

void shiftLeft1(unsigned k)
{ /* di chuyénm[] v6ikvi tri tir trdi, st dung mot bién phu trg*/
unsignedi, ths, next, gcdNK;
struct CElem tmp;
for (gcdNK =gcd(n, k),i =0; i < gcdNK;i++) {
ths = i; tmp = ml[ths];
next = ths + k;
if (next >=n)
next -=n;
while (next !=1) {
m[ths] = m[next];
ths = next;
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next +=k;
if (next >=n) next -=n;
}
m[ths] = tmp;
}
}

void print(void)
{ unsigned i;
for (i =0; i <n; i++)
printf("%d ", m[i]l.data);
printf("\n");
}

int main() {
init ();
shiftLeft 1(k);
print();
return O;

}

Chung ta c6 thé nhin moi thit theo mot cach khéac. Goi A 1a k
phan tr dau tién ctia m, va B la n — k con lai. Khi d6, phép di chuyén
tudn hoan cac phan tit ctia day m sang trdi tai k vi tri c6 thé coi la
mot phép bién hinh AB thanh BA. Khong gidi han cong dong ly
luan, ching ta chac chan c6 thé coi rang k < n/2, titc 1a A ngan hon
B. Ching ta chia B thanh hai phan B; va Bg, vi Bg chita k phan tur.
Nhiéu nhatla A Sau d6, su chuyén dich tuan hoan giam dén su bién
d6i AB Bg thanh By BR A. Néu chung ta hoan déi vi tri ctia A va By
(ma k trao déi 1a du cho chung ta), cac phan tir cia A sé dén vi tri
cudi cling ctia chung. N6 van la dé giai quyét van dé voi By, va By -
ca hai phan ctia B. Péi véi B, chiing ta nhan dugc mot bai toan méi,
tuong tu nhu ban dau, nhung véi kich thudc nho hon. Ching ta ¢6
thé tiép tuc quy trinh mot cach dé quy, cho dén khi giai phap cudi
cung cta nhiém vu: chia va tri. Mac du thoat nhin ¢6 vé phuc tap
nhung quy trinh dugc md ta du don gian va c6 thé duge mo ta lap
di lap lai. Grizzly va Mills cung cép nhan thuc lap di lap lai sau:
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Chuong trinh 7.30. Dich chuyén tuan hoan cta cic phan tr mang
(730shift2.c)

void swap(unsigned a, unsigned b, unsigned I)
{ /* Thay ch6 mang con m[a..a+l-1] va m[b..b+1-1] */
unsigned i;
struct CElem tmp;
for (i =0; i <1; i++){
tmp = ml[a +il;
mla+i] =ml[b +1i];
m[b +i] = tmp;
}
}

void shiftLeft2(unsigned k)

{ /* Di chuyén mang m[] bang k vi tri tir trai.
* quy trinh dé quy dugc thuc hién lap di lap lai */
unsignedi, j, p;

p=i =k;
j=n-k;
while (i I=j)

if (i >j) { swap(p-i, p, j); i -=j; }
else{ swap(p-i, p+j - i, i); j -=1; }
swap(p-i, p, i);
}

Vi vay, bay gid chiing ta c6 hai thuat toan hiéu qua veé thdi gian
va hiéu qua vé bd nhd. Chiing ta sé dé xuat mot thuat toan hiéu qua
va dic biét phuc tap khdc, cu thé 1a thuat toan duge st dung bdi
Carnigan va Plodger, dua trén nhan dang toan hoc don gian sau:

BA = (ARBR)R,

Véi AR & trén ta ky hiéu mang thu dugc tir cac phan ti ctia A, dugce
lay theo thit tu nguoc lai. Y nghia ctia BR va (ARBR)R 1a tuong tu.
Su dong nhéat & trén cho ching ta mot thuat toan cuc ky don gidn va
hiéu qua dé giai quyét van de, do la: dé c6 duge BA, ching ta can
dao nguoc A, ddo nguoc B, va sau dé dao toan b mang. Sau day 1a
hién thuc cta thuat toan duogc trinh bay:

Chuang trinh 7.31. Dich chuyén tuan hoan ctia cac phan tr mang
(731shift3.c)
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void reverse(unsigned a, unsigned b) /* Dao ngugc mang con mla..b]
*/
{ unsignedi, j, k, cnt;
struct CElem tmp;
for (ent = (b-a)/2, k=a, j=b, i=0; i <=cnt; i++, j--, k++){

tmp = m[k];
m[k] = m[jl;
m[j] = tmp;

}
}

void shiftLeft3(unsigned k)

{ /* Di chuyén mang m dén k vi tri sang trai, trong ba budc*/
reverse(0, k - 1);
reverse(k, n - 1);
reverse(0, n - 1);

}

Ba thuat toan cudi cung yéu cau bd nhé bd sung lién tuc va duoc
thuc thi trong thoi gian ©(n). Tuy nhién, & cac gia tri cao hon cta
n, ching khong tuong duong vé téc do, vi hiang sb trudc n khac
nhau. That vay, v6i ShiftLeft1() tuong dbi phuc tap, mdi phan
tir ctia mang dugc doc va ghi nhd chinh xac mot lan, trong khi véi
ShiftLeft3() cac phép toan nay dudng nhu dugc thuc hién hai lan
(xem [Bentley-1990], [Nakov-1998d]).

Bai tap

> 7.33. Hay so sanh vé mat ly thuyét thoi gian hoat dong ctia cac
ham shiftLeft1(), shiftLeft2() va shiftLeft3().

> 7.34. Hay suy ra cong thic BA = (ARBR)R,

7.12. Cau hai va bai tap

> 7.35. Sdp xép nhanh tot hon

Str dung thuat toan trung vi trung binh (xem 7.2), Sap xép lai sdp
xép nhanh (xem 3.1.6.) P& n6 ludn chay trong thoi gian @ (n.log,n).
So sanh d6 phuc tap ly thuyét va thuc nghiém véi do phuc tap cta
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phén loai hinh chép (xem 3.1.9.).

> 7.36. k-phan tir nhd nhat trong mot mdng
Hay phat trién mot thuat toan dé tim k s6 nhé nhat trong mot
mang. So sanh cac thuat toan sau:
e sap xép va hién thi k s6 dau tién
* tim phan tr x 16n nhat thit k bang thuat toan tuyén tinh (xem
7.1.), Phan chia mang phan ving trai va phai doi vdi x va sap
xép hoan chinh phan viing bén tréi
* xay dung mot kim ty thap (hang doi vu tién) va chiét xuat gap
k cia muc t6i thiéu phan tir hang dau ctia né.

> 7.37. Cip diém gan nhat

C6 n diém trong mat phang dugc cho bdi toa do ctia chiing. Tim
mot cdp diém ma khoadng cach gitta hai diém la nhé nhat. Thuat
todn cta ban cé hoat dong trong khong gian 3D khong? Va trong
n-chiéu?
> 7.38. V6 16i 6 nhiéu diém

C6 n diém trong mat phéng dugc cho bdi toa do cta chung.
Tim moét da gidc 16i c6 mot mat nho nhéat (tap 16i nhé nhat) ¢6
chta ching. Thuat toan cta ban c6 hoat dong trong khong gian
3D khong? Va trong n-chiéu?

> 7.39. Cic vi du khdc vé chia va chinh phuc
C6 dung la céc thuat toan duoc liét ké dudi day dua trén chia va
chinh phuc khong? Tai sao?

e Phan loai Hoor nhanh (xem 3.1.6.)

* phan loai theo hinh chop (xem 3.1.9.), Mot phén (tai sao?)
* sap xép bit (xem 3.2.3.), Bién thé dé quy

e tim kiém nhi phan (xem 4.3.)

e Tim kiém Fibonacci (xem 4.4.)

e tim kiém noi suy (xem 4.5.)

¢ Thuat toan Shannon-Fano (xem 10.4.1.)

e Thuat toan Huffman (xem 10.4.2.)

Nhirng thuat toan nao khac dugc coi 1a ¢6 thé dugc thém vao?
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