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D6 phuece tap tinh toan

Gigi thiéu

Thuéat toan Il

m Mot thuat todn can luén xuat ra két qua dung va tot nhat 1a
cé hiéu suat cao
m Ching ta da tim hiéu mot s6 v/ du vé cac thuat toan tim o
kiem va sap xép trong bai g|ang trudc va phuong phap
cerng minh tinh ding dan cta ching dua trén bat bién
vong lap (loop invariant).
m DO phifc tap (complexity) cua mot tinh toan la mot cach do
dé “khd” cla viéc thuc hién tinh toan dé ,
m DO phuic tap theo thoi gian (time complexity): SO cac toan ti
hodc sb budc can thiét
m Do phiic tap theo bé nhd (space complexity): Sb cac bit
trong bd nhé can thiét
m Phan 16n céc thuat todn cé dd phiic tap khac nhau doi véi
cac dau vao co kich thudc khac nhau \
m Tim kiém trong mét day dai thuong ton nhiéu thoi gian hon
fim kiém trong mét day ngan
m Do do, do phuc tap tinh toan thudng duoc bi€u dién dudi
dang mét ham (function) cla kich thudc dau vao (input
Size) 53
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Do phuc tap tinh toan

Gidi thiéu

Thuéat toan Il

m Khi xét d6 phirc tap cua mét thuét toan, ta khéng quan tam Hoang Anh Bic
den so lugng chinh xac cac toan tir/bit can thiet ma chi
can mét danh gia tiém can (asymptotic estimate)

m MOt cdng cu htru ich cho viéc danh gia d6 phuc tap tinh
toan la cac ky hiéu O-I6n, Q-16n, va ©-l6n

m Chung ta sé tap trung vao do phuc tap tinh toan theo thoi
gian (time complexity) (chl yéu 1a trong truong hop xau
nhat)

m Do phiic tap trong trudng hop xau nhat (worst-case
complexity): xap xi thdi gian nhiéu nhat can dé giai quyét
cac trudng hap dau vao véi méi kich thudc dau vao

m DO phuc tap trong truong hop trung gian (average-case
complexity): xap xi thdi gian trung binh can dé gidi quyét
cac trudng hop dau vao véi méi kich thudc dau vao

m Do phiic tap trong trudng hop tot nhat (best-case
complexity): xap xi thdi gian it nhat can dé giai quyét cac
trudng hop dau vao véi méi kich thudc dau vao

Gidi thiéu
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Do phuc tap tinh toan

Gidi thiéu

Thuéat toan Il

Hoang Anh Buc

VGi cdc ham f va ¢ tv R dén R s

AC, Ve >k |f(z)] < Clg()]
mf1aQ) tuong tu “>"
3C > 0,k Ve >k |f(z)] > Clg(z)] e
= flae(g) tuong ty “=" 0

3C1, o, k Ve >k Cilg(z)] < [f(2)] < Colg(z)]
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Do phuc tap tinh toan

Chd y

Thuéat toan Il

m Ky hiéu f(n) = O(g(n)) thudng duoc st dung dé chi f(n) la
O(g(n)). |
m Ky hiéu nay khéng hoan toan chat ché vé mat toan hoc, do f(n) la
mot ham con O(g(n)) la mot tap hop cac ham ]
m f(n) = O(g(n)) trén thuc té nghia la f(n) € O(g(n)), do do co thé
Vit n = O(n?) nhung khéng nén ViétO(n2) =n
m Ban c6 thé gap biéu thiic dang “f(n) + O(g(n)) = O(h(n))”
m Dau “=" & day nghia la “C”. Cu thé, biéu thic trén can dugc hiéu la
tap hgp S gébm cac ham f(n) + g1(n) vdi g1(n) € O(g(n)) la tap con
cua tap O(h(n))
m Ban c6 thé gap biéu thiic dang “f(n) < g(n) + O(h(n)) véi moi
n > 0” hoac tuong tu
m Nghia 14 t6n tai e(n) sao cho (a) f(n) < g(n) + e(n) véi moin > 0
va (b) e(n) € O(h(n))
m M6t sb tac gia dinh nghia O-16n bang cach thay diéu kién
|f(z)| < Clg(z)| bang 0 < f(x) < C(g(x)). (Lam viéc v6i gid tri
tuyét d6i va kha nang cac ham f(z) va g(z) ¢ thé nhan gid tri &m
thuong khd han la chi lam viéc vdi cac ham nhan gia tri duong.)
bPinh nghia theo cach nay khéng hoan toan chat ché. Vi du nhu
ham log n cé thé nhan gia tri &m v&i n Nho

Hoang Anh Buc

Gi6i thidu
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Do phuc tap tinh toan

Chuy

Thuéat toan Il

Hoang Anh Buc

Gidi thiéu

m Dé don gian, ta thudng mé ta thoi gian chay cua thudt
todn theo O-I6n. Chu y rang véi nhiéu thuat toan, ta co thé
thu dugc danh gia tot han véi xap xi theo ©-16n. Tuy nhién
khéng phai ltic ndo ta ciing 1am dugc diéu nay

m Nhiéu tac gid viet “f(z) 1a O(g(x))" trong khi diéu ho thuc
sy muon thé hién la “f(z) 1a ©(g(x))”
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D6 phuece tap tinh toan

Gigi thiéu

Thuéat toan Il

Mot s6 quy tac tinh do phiic tap thuat toan theo thoi gian
m Thdi gian thuc hién cac 1énh gan (:=), tra lai (return) 1a
O(1), va gia su thai gian thuc hién cac phép toan co ban s
(cong, tru, nhén, chia, so sanh, v.v...) cing la O(1)
m Chi y rang véi phan ciing hitu han (64-bit CPU chi biéu
dién dugc t6i da cac s6 nguyén cé gia tri nhd hon 2°* dudi
dang sO nhi phan), viec cong hai so nguyen do dai n bit biéu
dién dudi dang so6 nhi phan cé dé phic tap O(n)
m Do phuc tap clia mot chudi tuan tu cac budc 1 tong cla
do phtc tap cua tirng budc
m Thoi gian thuc hién cau trdc if...then...else 1a thdi gian 16n
nhat thuc hién cac Iénh sau then hoic sau else va thoi
gian kiém tra diéu kién
m Thoi gian thyc hién vong I&p 1 tong thdi gian thirc hién
cac lan 1ap va thoi gian ki€ém tra diéu kién 1ap. Néu thoi
gian thuc hién méi lan 1ap 1a glong nhau, thi tdng thdi gian
thuc hién cdac 1an 13p 1a tich cla sb lan 1ap va thoi gian
thuc hién méi lan 1ap .

Hoang Anh Buc



Do phuc tap tinh toan

Gidi thiéu

Bang: M6t sb thuat nglr thudng dung

Do phuc tap Thuat nguw
(1) P phtc tap hang so6
(constant complexity)
b6 phuec tap l6garit
Ologn) (logarithmic complexity)
P phiic tap tuyén tinh
On) (linear complexity)
bé phuc tap nlogn
Olnlogn) | inearithmic complexity)
O(n?) b6 phuec tap da thuc
" (polynomial complexity)
N Do phuc tap ham mu
Ob"), voi b > 1 (exponential complexity)
o) bo phuec tap giai thua
" (factorial complexity)

Thuéat toan Il

Hoang Anh Buc
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Do phuc tap tinh toan

Thuat todn tim gid tri 16n nhét

Thuéat toan Il

Thuat toan 1: Tim gia tri cla phan t& 16n nhit Hoang Anh D¢

Input: a1, as, ..., a,: diy sb nguyén
Output: Gia tri cta phan ti I6n nhat trong day
1v:=a ]
2 for i :=2 ton do
3 Lif a; > v then i t
4
4 L’U = a;

5 return v ts

Vidu

T(n) = tl —|—t2 —|—t3

t1,t3,t5 12 O(1) T(n)laO(n)| [T(n)laO(n)

(xu nhat) (t6t nhat)

ty =) ty+ (#lanlap vong for) = > "¢} + (n—1)
1=2 1=2

tt = ts5 + (thoi gian kiém tra a; > v)
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Do phuc tap tinh toan

Tim kiém tuyén tinh

Thuat toan 2: Tim kiém tuyén tinh (Linear Search) Thuét toan Il
~ A N A A Hoang Anh Burc
Input: a4, ...,a,: day s6 nguyén, x: sO nguyén
Output: Chi s6 ¢ théda man x = a; hoac 0 néu x
khong cé trong day (10) viay
19:=1 3]
2 while i <n vax # a; do ,
3 | i=i+1 ti 2
4 if  <n then
5 | location =1 te
B t
6 else ’
7 | location :=0 tr
8 return location t4

Tn)=ti+ta+t3+ts [Pp)1aom)| [Tm)1aon)
t17t47té7t67t7 I\a 0(1)

(xau nhat) (tbt nhét)
to= Y ti+(thoigiankiémtrai < nvaz # a;)
{ili<nAz#a;}

ts = max{ts, t7} + (thdi gian kiém tra i < n)
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Do phuc tap tinh toan =

Tim kiém nhj phan

-
'[
o4 HOC TY NHIEN

Thuéat toan Il

Thuat toan 3: Tim kiém nhi phan (Binary Search) Hoang Anh Biic

Input: a4, ..., a,: diy sd nguyén thuc su ting, z: sb
nguyén Gi6i thigu

Output: Chi s6 ¢ théa man x = a; hodc 0 néu x vidy

| khong cé trong day -
12:=1 " Vi du

. 1
29:=n
3 while 7 < 7 do Gidi thiéu
4 m = L(Z —|— j)/2J tzaj Pa thirc dac trung

. 5 Ham sinh
5 | if x> a,, then f oy ey
6 L’L =m -+ 1 tij Dinh Iy tho
6

7 else Giéi thigu
8 L] = Vi dy

9 if x = a; then
10 | location := 1

11 else
12 | location := 0
13 return Jocation ty
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Do phuc tap tinh toan

Tim kiém nhj phan

Thuéat toan Il

Hoang Anh Buc

T(n) =11 + 1ty + 13+ 14
t1,ta te? tr, .. tip 1A O(1)

ne Y e

cap 4, 5 mdi lan 13p while

Vidu

+ (thoi gian kiém tra i < j)
ti) = max{tr,ts}
+ (thoi gian kiém tra = > a,,)
t3 = max{tg, t10}
+ (thoi gian kiém tra z = a;)
# cap ¢, 7 mbi lan 13p while 1a O(logn) (vi du n = 2%)
T(n)laO(logn)| | T(n)la O(logn)

(xau nhat) (tbt nhét)
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Do phuc tap tinh toan

Tim kiém nhj phan

Thuéat toan Il

# cap i, 7 mdi lan 1ap while 1a O(log n)
m Danh s6 céc lan |1ap while lan lugt bang 0,1,2, ..., A
m M6ihang 0,1,2,...,hliét k& cdc khodng i ...j c6 kha
nang xuat hién & 1an I&p danh so6 tuong Ung. vics
m Vong 1ap while ding 6 lan 1ap & khi moi khoang i . .. j chi
c6 mot phan tl i = j
m O mbihang k € {1,...,h}, tdng sb phan t& clia tat ca céc
khoang la < n, va c6 < 2* khoang (Hinh dudi mo ta
trwong hop n = 2")

Hoang Anh Buc

0 1...n < 20
/ \
1 L...[(1+n)/2) [(1+n)/2|+1...n < 21
/\ /\

53



Do phuc tap tinh toan

Sap xép ndi bot

Thuat toan 4: S3p xép ndi bot (Bubble Sort) Thuattoan
Input: a;, as, .. .,a,: diy sb thuc (n > 2) Floang Anh Bie
Output: D3y di cho dudc sip x&p theo thit tu ting

dan o’
1fori:=1ton—1do
2 | forj:=1ton—1:do
3 if aj > Qj41 then — t22 — U
4 Hoan d&i gi4 tri cla a; va aj1— U1
n—1
= ¢ = Z t, + (# 1an 1ap vong for ngoai) = » "t + (n — 1)
1=1

Zt’ + (#1an 1ap vong for trong) Ytj (n — 1)
T(n) la O(n?)

(xau nhat)
T(n) la O(n?)

(tbt nhét)

T4 la O( ) (’U =, Q5 = Qj41, Qj41 = U)

t) =ty + (thOi gian kiém tra a; > a; 1)
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Do phuc tap tinh toan

Sap xép chén

Thuat toan 5: Sip xép chén (Insertion Sort)

Input: ai,as, ..., a,: diy sd thuc (n > 2)
Output: D3y d3 cho duoc sip xép theo thi tu ting
dan
1 for i =2 tondo ,
2 m = a; Z2
3 | ji=i—1 i
4 WhilGjZlVE\)m<CLj do 1
5 Ajt+1 = Gy —tfl
6 J:=7—1
7 Ajy1 =M t%
mn
T(n) =ty =Y (th+t§+1ty+1t5)+ (#ap vong for)
- T(n) la O(n?)
A I n)la On
2,7
L 6, 14,187 12 0(1) ks
ji Z yiod (xau nhat)
4 — 6 I\
1<j<i—1vam< a, T'(n)la O(n)

+ (thdi gian kiém tra j > 1 va m < a;) (10tnhat)

Thuéat toan Il

Hoang Anh Buc

Vidu



Thuat toan tham lam

Gidi thiéu

Thuéat toan Il
m Cdc bai todn téi uu (optimization problems) yéu cau cuc Hoang Anh Biic
dai hda hodc cuc tiéu hda mdt s6 tham sb xét trén tap tat
ca cac dau vao cé thé
m Tim dudng di gilra hai thanh phé véi khodng cach nhdé nhat
m Tim cach m& héa cac thong diép st dung sb lugng bit nhd Okl
nhat co thé
m Mot thuat toan tham lam (greedy algorithm) thuong dugc
st dung d€ giai bai toan tbi uu: ludn chon bién phap “tot
nhat” & mbi budc dia phuong (theo mét sb tiéu chuén cuc
bd nao dad) vai hi vong sé thu dugc mét 16i gidi toi wu trén
toan cuc.
m Gidi thuat nay khong nhat thiét xuat ra mot 16i gidi toi uu cho
toan QC) bai toan, nhung trong nhiéu truong hgp cu thé nd
co thé xuat ra Igi giai t0i uu
m Sau khi md ta cu thé “lira chon t6t nhat & tiing budc”, ta co
gang chiing minh rang giai thuét nay luén cho ta mét I giai
toi vu hodc tim mét phan vi du dé chi ra diéu nguagc lai.
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Thuat toan tham lam
Lap lich

Thuéat toan Il
| Bél tOén . Hoang Anh Burc
m Input:

m MGt nhom céc bai giang vdi thoi gian bat dau va két thuc

Chi cé mét glang duaong duy nhat

Khi mét bai gidng bat dau, né tiép dién cho dén khi két thic

Khéng ¢ hai bai gidng nao duoc tién hanh & cung thoi diém. Vi dy
Ngay sau khi mot bai giang két thic, mot bai giang khac co

thé bat dau

m Output: Mot danh sach cac bai giang dai nhat cé thé

m O day, néu ta mubn ap dung giai thuat tham lam, 1am thé
nao dé “lva chon to6t nhat” 3 mdi budc clia thuat todn? NOi
cach khac, ta sé chon bai gidng nhu thé nao?

m Chon bai gidng bat dau sém nhét trong sé cac bai giang bat
dau sau cac bai giang ta vira chon trudc do?

m Chon bai gidng ngan nhat trong s6 cac bai giang bat dau
sau cac bai giang ta vira chon trudc do?

m Chon bai giang két thiic s6m nhét trong s6 cac bai giang bat
dau sau cac bai giang ta vira chon trudc do?
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Thuat toan tham lam
Lap lich

Thuéat toan Il

m Chon bai gidng bat dau sém nhat? Khong xuat ra 10i gidi
toi uu trong moi trudng hop

Hoang Anh Buc

Gidi thiéu
Bai giang 3 Vidy
Bai giang 2 Giéi thieu
: : : : @ Vi dy
Bai gidng 1
- E E E - - - - > Gidi thiéu
07:00 08:00 09:00 10:00 thdi gian Da thitc dac trung
07:30 08:30 09:30 10:30 Ham sinh
2 VA 7 pu . , Cay dé quy
m Chon bai giang ngan nhat? Khong xuat ra loi giai toi tu inh  tho
trong moi truong hop .
: : : : : : Vidy
Bai gidang 3
Bai giang 2
Bai giang 1
: : : : : : : : : -
07:00 08:00 09:00 10:00 11:00 thai gian
07:30 08:30 09:30 10:30
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Thuat toan tham lam
Lap lich

6

Thuéat toan Il

Hoang Anh Buc

Thuat toan 6: Lap lich tham lam (Greedy Scheduling)

Input: (s1,e1), (52,€2), ..., (sn, e,): thoi gian bat dau va két
thuc bai gléng bl, bg, ceey b,
Output: Danh sach bai gidng S ¢ sb bai gidng 16n nhat
trong dé khong co hai bai giang nao xung doét nhau O

Sap xép cdac bai gidng theo thi tu ting dan theo thdi gian

két thic va gan lai nhan bai giang sao cho

R N
S=10
for j .=1tondo

Vidu

if Bai gidng j khéng xung dét vdi cdc phan ti cla S
then
L S:=SU{j}

return S
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Thuat toan tham lam
Lap lich

Hoang Anh Buc

[- Dlnh |y 1 Thuét todn Il

Thudt todn 6 xuét ra mét danh sach céc bai giang toi uu
Chung minh.

m Gid st 5* 1a mot danh sach bai gidng i uu trong d6 cac () v,
bai giang z;, T2, ..., Tk AUJC sap xep theo thu ty tang dan
theo thai gian két thuc
m Gid st S la mot danh sach bai gidng xuat ra tir Thuat
toan 6 trong dé cdac bai giang y1, s, . . . , ¥}, dUJC sap xep
theo thu tu tang dan theo thai gian két thuc
m Do S* 12 t0i uu, k > &/

m Néu S = S* thi ta ¢6 diéu phai chiing minh. Ngugc lai, néu
S #£8’,goii > 11a chi so dau tién thoa man z; # y;, nghia
la

*
S = (1,2, y L1, Ty e ooy Tty e ooy T

S p— <$1’$27...7mi—1gyi7"'7yk/>
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Thuat toan tham lam
Lap lich

, . A Thuéat toan Il
ChU’ng mlnh (tlep) Hoang Anh Burc

m Do y; dugc chon bdi Thuat todn 6, y; ket thuic trudc khi z;

két thdc, nghia la né khong xung doét vdi bat ky bai giang

nao sau z; trong S*.
m Do do, day S* \ {z;} U {y;} cling la mdt day t6i uu. Ta gan vidy

S* = S5*\ {x;} U{y;} valap lai ly luan trén cho S* va S.
m Bang céch lién tuc st dung ly luan trén, ta thu dugc day

S* t6i uu co dang

*
ST = <y1,y2,---,yk’,xk’+1,---,$k>

m Do y, la bai gidng cudi cung dugc chon bdi Thuat toan 6,
cac bai giang con lai déu xung dot véi vy va cé thdi gian
két thic sau khi v, két thic. N6i cach khac, cac phan tl
Twi1,...,Ts trong S’ déu phdi bang v/, nghia 1a S la mét
day t6i uu
|:| 53



Giai va udc lugng hé thirc truy hoi

Gidi thiéu

Thuéat toan Il

Hoang Anh Buc

m Mot ¢ng dung cla viéc Giai hé thiic truy hdi ma ching ta
sé dé cap ¢ phan sau la trong viéc phan tich do phic tap
cula cac thuat toan dé quy

m Mbt s6 phuong phap giai hé thiic truy hoi

(1) Poan nghiém va chiing minh bang phuang phap quy nap
(2) S dung da thic dac trung
(3) S dung ham sinh
m Mét s6 phuong phap udc lugng hé thie truy hoi
(1) S dung cay dé quy
(2) S dung dinh ly thg (Master Theorem)

Gidi thiéu
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Gidi hé thic truy hoi

Pa thiic dac trung

Thuéat toan Il
A ) , Q Z A oo A % Hoang Anh Durc
m H¢ thuc truy hoi tuyén tinh thuan nhat bac k voi hé so g
hang (Linear homogeneous recurrence relation of degree
k with constant coefficients) la hé thirc cé dang

Ap — C1Ap—1 + Colp—2 + -+ CrQn—k,

trong d6 ¢, ca, . . ., ¢i 1a cac so thuc, ¢, # 0, van > k
m M6t day {a,} (n > 0) thda man hé thic truy hoi trén dugc
xdc dinh mét cdch duy nhat béi hé thire nay va k diéu kién
ban déU ap = C(),CLl = Cl, vy Q1 = Cr_1
m Hé thic truy hdi fr = frn_1 + fn_2 |& Mot hé thic truy hoi
tuyén tinh thuan nhat bac hai véi hé s6 hang. Day Fibonacci
{f.} dugc xac dinh bdi hé thic trén va diéu kién ban dau
fo=0,f =1
m Cac hé thic g, = ngn_1, gn = gn-1 + g>_, khong 1a hé
thire truy hdi tuyén tinh thuan nhat véi hé sé hang

ba thirc dac trung
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Gidi hé thic truy hoi

Pa thiic dac trung

Thuéat toan Il

Hoang Anh Buc

m Hé thica, = cian—_1+ -+ cran_i (ci # 0) cd hai tinh
chat quan trong
m Nghiém cla hé thic c¢é dang a,, = »" vdir # 0 1a moét hang
sO N0 do. Tw dd, ™ = cyr™ L + - .- + cpar™ . Chia hai vé
cho r™~* va chuyén vé, ta cé

o — e T — e — — e r — ¢ = 0. (24) pathicdzctnung
Pa thdrc cudi cling goi 1a da thifc dac trung (characteristic
equation) clia hé thic, va nghiém cla né goi la nghiém dac
trung (characteristic root) cia hé thirc
m Néu s, va ¢, thda man hé thuc truy hoi, thi moi t6 hop tuyén
tinh cda s, vat,, nghia la moi biéu thiic cé dang
bisn + batn VG b1, by 1 cac s6 thuc nao do, ciing thda man
hé thic truy hoi
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Gidi hé thic truy hoi

Pa thiic dac trung

Thuéat toan Il

. ’ Hoang Anh Du
- 'Dlnh |y2 oang Anh Buc

Cho cdc sb thuc cy,co. Gid sl r? — cir — ¢; €0 hai nghiém
phan biét r1 va ra. Day {a,} la nghiém cla hé thuc truy hoi
Ay, = C1Ap—_1 + C2Qp_o (N > 2) VOI diéu kién ban dau ag = C,
va a; = Cy khi va chi khi a,, = a1} + asrh vdi moin > 0,
trong do o, a» 14 cdc hang sb nao do

Pa thirc dac trung

Chung minh so lugc.

Ta can chiing minh hai diéu

(1) Néu rq, r» 1a cac nghiém cla da thic dac trung, thi
ap = 177 + Qary vGi moi n > 0, trong dé\oq, ao la cac
hang so nao dod, thoa man hé thirc truy hoi

(2) Néu {an} la ngh|em cua hé thirc truy hoi v3i cac dleu kién
ban dau ay = Cy va a; = C4, thi ton tai cac hang SO oy, (o
sao cho a,, = a7} + asry

[] =8



Gidi hé thic truy hoi

Pa thiic dac trung

Thuéat toan Il

Hoang Anh Buc

Gidi thiéu

Tuong tu, ta cé e
- Gi6i thiéu

~ Dinhly 3 Vi
Cho cdc sb thuc ey, cs, ..., cp. Gidstrk—cyrbF—t—. .. —¢j_1r— e

Ck co k nghlém phén blét 1,72, ...,Tk. Déy {an} la ngh[ém @ Pa thifc déc trung

? A s A Ham sinh
cua hé thuc truy hdia,, = c1a,_1+coa,_o+- - -+crapn_ (n > k) cay 66
voi diéu klén ban dau ag — Co, a; = Cl, vy Qp—1 = Ck—l khi R
va chi khi a,, = c1r + asrl + -+ - + agr? véi moin > 0, trong Gii hieu

Vidu

doé a1, as, . .., a 14 cdc hdng sb nao do
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Gidi hé thic truy hoi

Pa thiic dac trung

Thuéat toan Il

Tong quat cho trudng hop da thic dac trung cé nghiém boi

Hoang Anh Buc

A Dinh ly 4

Cho cdc sb thuc c1,ca, ..., cp. Gid sG r* — ¢yrb=1 — ... —

cL—1T — ¢, €O t nghiém phan biét ri,ro,...,r; VOi cac bOI

tuong L'rng mi,ma, ..., m; thoa man m; > 1 vd/ 1<i<tva

mi+---+my =k (ngh/a la, co m; nghiém co gia tri r;). Day

{an} Ia nghiém cua hé thuc truy hoi a,, = C1ap—1 + Colp—2 + ba thi do g
4+ CRUp_p (0 > k) VOI diéu kién ban dau ag = = Cp,a1 =

Cl, ceeyQp—1 = Cr_1q khi va chi khi

ml—l)

mn
an = (a1 0+arin+ -+ a1 m—1n 71

—1
+ (a0 + o1+ + Qg my 1™ )y

+oot (o +agint -+ Qg —1n

ety

Vi n > 0, trong do «; ; la cdc hang s6 voi 1 < i < t va
0<j7<m;—1
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Gidi hé thic truy hoi

Pa thiic dac trung

Thuéat toan Il

VI’ du 1 Hoang Anh Duc
Gidi hé thiic truy hoi f,, = fu—1 + fa—2 (n > 2) V6i diéu kién
bandau fo =0va f; =1

m Pa thic dac trung cla hé thic truy hoi la r2 — 2r — 1

m Da thiic ddc trung cé hai nghiém phan biét r; = 15 va

2
1—+/5
2

m Do dd, néu day {f,} 1a nghiém cua hé thic truy hoi thi (22) osiecsorn
fn = a1} + asrly vai cac hang sé aq, as nao do

m {f,} canthda man diéu kién ban dau f, =0va f; = 1.
Thay vao dang tong quéat cua f,,, ta cdé hé phuaong trinh

o —

fo=ar+a3=0

(M55 e (157)

2 2

Tl‘J’déOq:l/\/gVé.OéQZ—l/\/g 53



Gidi hé thic truy hoi

Pa thiic dac trung

’ Thuéat toan Il
Vl dU 2 Hoang Anh Burc
Gidi hé thirc truy hoi a,, = 6a,—1 — 9a,,—» VGi cac diéu kién ban
dé.UCL():lVé.al =6

m Da thic dac trung cla hé thic truy hdi 1a 2 — 6r + 9

m Da thuc dac trung c6 mot nghiém r; = 3 vdi bdi 2

m Do do, néu day {a,} 1a nghiém cla hé thiic truy hoi thi

Ap — 041707“717’ + &1,1727“717’ = 041703”’ + &1)1%3“ vai cac héng SO @ Pa thifc dc trung
1.0, 1,1 nao do
m Day {a,} cling can thda man diéu kién ban dau ao = 1 va
a; = 6. Thay vao dang tong quat cua a,,, ta cé hé phuong
trinh

ag = aq,0 =1

CL12041,0'3—|—C¥1,1°3:6

Do dé, ta co 1.0 = 1 va 1,1 = 1
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Gidi hé thic truy hoi

Pa thiic dac trung

Thuéat toan Il

VII dU 3 Hoang Anh Buc
Gidi hé thiic truy hoi a, = —3an—1 — 3an—2 — an—3 VOi cac diéu
klén ban dau ap =1, a1 = —2, va as = —1
m Da thitc dac trung cla hé thirc l1a 3 + 3r2 + 3r + 1
m Da thuc dac trung c6 mét nghiém r; = —1 vGi bbi 3
m Do do, néu {a,} 1a nghiém cla hé thic truy hoi thi
an — 051,07'? _|_ Oél,lnr? + 051,27/1/270 @ Da thirc dac trung
m Day {a,} cling can thda man diéu kién ban dau ao = 1,
a; = —2, va ay = —1. Thay vao dang tong quat cua a,,, ta
c6 hé phuong trinh

ap = a1, =1
a; = —Qo— Q11 — Q12 = —2

a2 = 10+ 2011 +4a1 2 = —1

Do do ta co 1,0 = 1, 1,1 = 3, va Q12 = —2
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Gidi hé thic truy hoi

Pa thiic dac trung

Thuéat toan Il

m Hé thifc truy hoi tuyén tinh khdng thuan nhét bac k voi hé
s6 hang (Linear nonhomogeneous recurrence relation of
degree k with constant coefficients) la hé thi’c co dang

Hoang Anh Buc

Gidi thiéu
Vidu

Ap = C1Ap—1 +C20p—2 + *++ + CkQp_k + F(n)a

Gidi thiéu

trong do c1, ca, . . ., ¢x 12 Cac sO thuc, ¢, # 0, F(n) |a mét vid
ham chi phu thudc vao » va khéng phai luén bang 0, va
n >k Gisi tieu
m Hé thuc a,, = cran—1 + c2ap—2 + -+ + cra,— . duoc goi la e
hé thitc truy héi thuan nhét tuong Ung (associated e

homogeneous recurrence relation) cua hé thic trén

Gi6i thiéu

A Pinhly 5

Néu {a(p)} la mét nghiém riéng nao do cua hé thuc a, =
C1ap_1+ C20p_2 + -+ cpa,_k + F(n) thi moi nghiém cua hé
thu'e do co dang {a%p )+ azq(v,h)}, trong do a\" 14 nghiém cua hé
thirc thudn nhat tuong Ung a, = c1an—_1+c2an_o+- -+ Crn_k
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Gidi hé thic truy hoi

Pa thiic dac trung

VGi mot s6 dang F(n), nghiém riéng cé dang dac biét

| Pinh Iy 6

Gia su {a, } thoa man hé thuc

Uy = C1Ap_1+ C2Gn_o + -+ + Ckay_§ + F(n),
trong do c1, ..., ¢ 1a cdc sé thuc, va

F(n) = (byn' +b;_1n'™' + -+ bn+by)s",

trong do bo, ...,by va s 1a cdc sb thuc. Khi s khéng phai la
nghiém cua d‘a tthc dac trung cla hé thirc thuan nhat thdng
(fng, ton tai mot nghiém riéng cé dang (pint +pi_1nt~t +- -+
pin + po)s™. Khi s 14 mét nghiém vdi bdi m cua da thic d‘éc
tring cla hé thuc thuén nhat tuong (ng, tén tai mét nghiém
riéng cd dang n (pin® + pi—1n’t + -+ pin+po)s”

53

Thuéat toan Il

Hoang Anh Buc

Pa thirc dac trung



Gidi hé thic truy hoi

Pa thiic dac trung

Thuat toan Il
Vi dU 4 Hoang Anh Biic
Gidi hé thic truy hoi a, = a,_1 +n (n > 2) vdi diéu kién ban
déu a; = 1
m Hé thdc thuan nhét tuong Ung 12 a,, = a,_1 (n > 2). Hé
thirc nay cé nghiém dac trung » = 1 va day {aq(ﬂ,,h)} VoI
a =c. (1)™ la mét day thoa man hé thire, trong do c la
hang s6 nao do
O TacéF( )=n=(1-n+0)-1". Vis=1langhiém dac
trung cla hé thic thuan nhat tuong ung vai boi 1, mot
nghiém riéng cla hé thic khédng thuan nhat da cho cé
dang ay?) = n(pin + po)1™ = pin? + pon
m Thay dang cua nghiém riéng vao hé thic da cho, ta co
n(2p1 — 1)+ (po —p1) =0,nghiala2p; — 1 =0va
po —p1=0,dod6 py =py = 1/2
m Cudi cung, hé thirc ban dau cé nghiém dang
A, = a'? + a( ) = = n(n+1)/2 + ¢. Thay vao diéu kién ban
dau a; = 1 ta dugc ¢ = 0

Pa thirc dac trung
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Gidi hé thic truy hoi

Pa thiic dac trung

Thuéat toan Il

Hoang Anh Buc

Bai tap 1
Gidi cdc hé thic truy héi vdi diéu kién ban dau sau

(1)
2

(2)
(3)
(4)

N

SRCRC

p, = 20,1 VOIn>1,a9 =3

p = D0p_1 —6a_o VOIN>2,a9=1,a; =0

ayp = 4a,_1 —4a,_o VOin > 2, a9 =6,a; = 8 (34) o3 i cc ung
Ap = —3Cp_1 — 3Ap_9 — Apn_3 VOIiNn >3,a9 =5, a; = —9,
as = 15

Qp =30p_1+2"VOin>1,a9 =1
a, =20, 1+2n°vlin>2,a1 =5

Gn = 501 — 6an_2 + 2" + 3n (GO y: Tim nghiém riéng
cO dang qn2™ + pin + pa, trong do q, p1, p2 la cac hang so)
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Gidi hé thire truy hoi

Ham sinh

Thuéat toan Il

Hoang Anh Buc

A Ham sinh

Ham sinh (generating function) G,(x) cla mét day vé han
{a,} (n > 0) dugc dinh nghia nhu sau

Gy(x) := Zana:” — g+ a1z + asx® + - +apx® + ...
n=0

Ham sinh

NoGi cach khéc, a,, 1a hé sb cla z” trong G (z)

Y tu’dng Gia su day {an} dugc dinh nghia bdi hé thirc truy hoi
va diéu kién ban dau nao dé. Trong nhiéu trudng hap, ta cé thé
tim dugc céng thuc tuong minh cho G, (x), va tu do suy ra
nghiém cla hé thdc truy hdi tuong Ung
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Gidi hé thire truy hoi

Ham sinh

Thuéat toan Il

Hoang Anh Buc

A Pinh ly 7

Cho f(z Zanx va g(x Zb z". Ta co

fz) +g(z) = Z(an + bp)z"
n;O . @ Ham sinh
F@)g(@) = 33 asbui)e
n=0 k=0

Chu y: Dinh ly trén chi diing cho céc chudi Idy thira hdi tu trong
mot khodng ndo dd, va tat ca cac chudi ching ta sé xét trong
bai gidng nay déu thda man diéu kién d6. Tuy nhién, ngay ca
khi cac chudi khong hoi tu, dinh ly trén cé thé dugc st dung
nhu la dinh nghia cho cac phép céng va nhan cac ham sinh
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Gidi hé thire truy hoi

Ham sinh

V|, du 5 Thuéat toan Il
Giai hé thitc truy hoi a,, = 3a,,_1 (n > 1) Vo diéu kién ban dau ay = 2 Hoang Anh B

Gu(z) = Z anx” = ag + Z(3an_1)x”
n=0 n=1

=24 3x i an_12" 1 =243z i amx

n=1 m=0
=2+ 32G,(x)
2
Golx) =
(z) 1—3x o
Ham sinh
Nhac lai ran n— vGi —1 1. r
irang » —— Vi —1<z<1Suyra
n=0
= 1 . , Cx A s
Dt = - VGi —1 < cx < 1 trong dé ¢ 0 1a hang sb nao dd
— CT
n=0

S dung dang thic trén, ta cé thé viét

2 - n _.n - n n
Ga(r) = T—5- =2) 3" =) (2:3")x
n=0 n=0

Suyraa, =2-3"
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Gidi hé thire truy hoi

Ham sinh

Thuéat toan Il

Vll dU 6 Hoang Anh Burc
Day Fibonacci { f,,} cho bdi hé thic f,, = fu_1 + fr_2 (n > 2)
va diéu kién ban dau fop =0va f; =1

Gp(x) =Y faz" = fot+ frx+ > (fao1 + foo2)az”
n=0 n—=2

00 00
= —I— €ZT Z fn_lxn_l + .CCQ Z Clﬁn_Q @ Ham sinh
n=2 n=2
00 00
=24z Y fmz"+2* ) fnz™ doi bien
m=1 m=0
00 o)
:x—l_fomxm"'_xQmemm fOxO:
m=0 m=0

=2+ 2Gs(x) + 2°Gy(x)
Gplz) = ——

].—33—332 53




Gidi hé thire truy hoi

Ham sinh

Thuéat toan Il

Hoang Anh Buc

Nhac lai rang ) ~c"a" = V6i —1 < cx < 1 trong dé

— 1l —cx

¢ # 0 12 hang s6 nao dé

Bai tap 2

m ViétG(z) = - =" 4 v Vdi cdc han
fx_l—x—:ﬂ_l—A:c 1 — Bz g

@ Ham sinh

s6a,b, A, B ndo dd
o Ap dung céng terc trén dé dua G ¢(x) vé dang
aZA”m”+bZB”x” Voi -1 < Az <lva—-1< Bz <1

n=0 n=0
(= Khai trién G ;(x) thanh chudi liy thira)

m U dinh nghia ham sinh, suy ra céng thu'c cho day {f..}
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Gidi hé thire truy hoi

Ham sinh

Thuéat toan Il

Hoang Anh Buc

Chiyrang tir ¥ 2" =
n=0

dao ham hai vé va doi chi sé lay tong, ta ¢

- vGi —1 < z < 1, bang céach lay
—

00 B 00 n 1
nz::lnajn 1:1%2::0(771—#1)3: = 1— 2

(40) Ham s
Bai tap 3

Gidi hé thuc truy hoi a, = 2a,—1 — an— VOin > 2 va cdc diéu

kién ban dau ay = 1, a1 = 1 bang cach st dung ham sinh

Bai tap 4 ()

Gidi hé thuc truy hoi a,, = 3a,—1 + n VOin > 1 va diéu kién ban

dau ag = 1 bang cdch st dung ham sinh
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Udc luang hé thic truy hoi

Cay dé quy

Thuat toan I
Vi dU / Hoang Anh Bic
Xét hé thirc truy hoéi T'(n) = 2T (n/2) 4+ n véi diéu kién ban dau
T(1) = 1 van = 2¥ véi s6 nguyén k > 1 nao d6. Ta vé cay dé
quy cho hé thuc nay nhu sau

T(n)
1 0 n 20 % %
T(n/2) T(n/2) +
]_ ﬁ 2 21 X E
2 2 21
Cay d
Tn/2 )/ \T(n/2) T(n/22)/ \T( T @ AR
n n n n n
Ollogn) 72| 5 > 2 7| ¥xgz
/\ /\ /\ 8 N
(1) (1) (1) +
............................................ L,"
! L 1 1 1 27 X 5L
n H_.J
1—27:L:10gn T(n)
L n
TacoT(n) = E 2" X 5 = n(logn +1) = O(nlogn)

1=0 53



Udc luang hé thic truy hoi

Cay dé quy

4 Thuat toan Il
V! dljl\ 8 ; A, L. . Hoang Anh Burc
Xet he thue truy h6i T'(n) =T (n — 1) +T'(1) + nvOin > 1 va
diéu kién ban dau 7'(1) = 1. Ta vé cay dé quy cua hé thirc nay
nhu sau

T(n—1) T(1) +

1 n—1 1 (n—1)+1

2 n—2 1 (n—2)+1 @ Cay dé quy
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Udc luang hé thic truy hoi

Dinh ly tho

Thuéat toan Il

A Dinh ly 8: Dinh ly tho (Master Theorem)

Hoang Anh Buc

Goi f 1a mét ham tang théa man hé thirc truy hoi

f(n) = af(n/b) + cn

trong dé n = b* Vdi k Ia s6 nguyén duong ndo dé, a > 1, b 14
s nguyén duong Ion hon 1, va ¢, d la cac so thu'c voi c duong

Gidi thiéu
Vidu

Gidi thiéu
Vidu

Gidi thiéu

va d khéng am. Ta co o i i
Oty néua<p op
f(n)la { O(n%logn) néua = b G ey
O(n'°&:2)  néua > b? -
Vidu9
m VGiT(n)=2T(n/2)+n,taco T(n) =0O(nlogn)
m VG T(n)=T(n/2)+n,taco T(n)=0(n)

m V&i T(n) = 3T(n/2) +n,tacd T(n) = O(n'°e3) 5




Thuat toan dé quy

Gidi thiéu

Thuéat toan Il

Hoang Anh Buc

m Dinh nghia theo dé quy khong nhitng cé thé ap dung cho
cac ham va tap hop ma con cho ca cac thuat toan
m MOt thu tuc dé quy (recursive procedure) |la mot thi tuc goi
chinh no
m MOt thuat toan dé quy (recursive algorithm) la mét thuat
todn giai mot bai todn bang cach chuyén vé viéc giai chinh
bai toan d6 nhung vai dau vao cé kich thudc nhé hon
m Ky thuat chia d‘é’ tri (divide-and-conquer technique): giai mot (#4) ciamiso
bai toan ban dau théng qua viéc chia né thanh cac bai toan
nho hon clng loai va giai chiing
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Thuat toan dé quy

Gidi thiéu

Thuéat toan Il
. ; Hoang Anh Buc
M6t thuat toan dé quy thuong cé dang nhu sau
Trudng hop co s& V6i moét s6 dau vao kich thudc nhd hodc
mot so truong hgp dac biét, thuat toan sé chora
két qua mot cach truc tiep
Dinh nghia bai todn con Trong truding hop dau vao khac véi
nhirng dau vao dinh nghta trong truong hgp co
sd, thuat toan dinh nghia mét hoac nhiéu “bai
toén con” véi cac dau vao nh6 han dugc tinh tu
dau vao ban dau
Giai bai toan con Thuét toan goi chinh n6 dé giadi cac bai toan OFi
con va luu trr cac két qua tinh toan
Xuat ra 101 gidi Sau khi gidi quyét toan bo céc bai toan con,
thuat toan xuat ra 10i giai dua trén dau vao ban
dau va cac |0i giai cla cac bai toan con
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Thuat toan dé quy

Gidi thiéu

Thuéat toan Il

Ching minh tinh diing dan cla thuat todn dé quy bang quy nap manh
m Phat biéu dieu can chiyng minh: Mot diém quan trong 1a can
chi r6 “thudt todn dung” nghia la gi
m Budc co sd: Cac trudng hop khi thuat todn cho ra két qua moét
cdch truc tiép ma khong can thédng qua goi dé quy chinh né la
cac truong hop can xét trong budc co sé
m S dung mé ta cla thuat toan dé chi ra thuat toan sé tra lai gi trong
truong hop co sd
m Chi ra rang gia tri tra lai clia thuat toan 1a ding
m Budc quy nap: Gia thiét rang thuat toan dung cho moi dau vao
kich thudc nhé hon. Chi ra rang thuat toan cling ding cho dau
vao hién tai
m Phat biéu gid thiét quy nap: Gia s{t thuat toan diing véi moi dau vao o
gilra truong hop co sé va cac dau vao co kich thudec nhd hon mot |
don vi so vdi dau vao hién tai
m M0 ta cu thé thuat todn tra lai gi véi dau vao hién tai dua trén cac
lan goi dé quy
m SU dung gid thiét quy nap dé thay méi lan goi dé quy bang dap an
chinh x&c. Chi ra rang nhitng diéu nay dan t6i dap an dung cho
truong hop hién tai
m Néu ban xét nhiéu trudng hgp trong thuat toan thi can thuc hién hai
diéu trén vai ting trudng hop mot

Hoang Anh Buc
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Thuat toan dé quy

Tinh giai thua

Thuéat toan Il

Hoang Anh Buc

VGi moi s6 nguyén khéng &m n

0l =1
nl=nx(n-1)"~ Yn>1

Thuat toan 7: Tinh n!

Input: n: s6 nguyén khéng am
Output: n!
1 procedure factorial(n): i
if n — 0 then () e
| return 1

else
L return n x factorial(n — 1)
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Thuat toan dé quy

Tinh giai thira

Thuét toan Il
Vidu 10 (Thuét toan dé quy tinh giai thua la dung) Hoang Anh Bl
Ta chiing minh tinh dung dan cda Thuat todn 7 bang quy nap
manh. Goi factorial (n) la gia tri tra lai bdi Thuét toan 7
m Ta ching minh factorial(n) = n! vdi moin > 0
m Buwoc co so: Khin =0, factorial(n) =1 = n!
m Budc quy nap: Gia st factorial (j) = j! véi moi j thda
man 0 < j < k v&i sb nguyén & > 0 ndo dé. Ta chiing minh
factorial(k + 1) = (k + 1)!. That vay, Thuat toan 7 tra lai
factorial(k + 1) = (k+ 1) x factorial (k). Theo gia thiét
quy nap, factorial (k) = k!. Do do,
factorial(k+1) = (k+1) x k! = (kK + 1)!

Vi du 11 (Thdgi gian chay cua thuat toan dé quy tinh giai
thua)

T(n)=max{O(1),T(n—1)+0(1)}+0(1)=T(n—-1)4+0O(1)

o
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Thuat toan dé quy

Tinh 0y thira

Thuéat toan Il

Hoang Anh Buc

V6i moi sb thuc a # 0 va s6 nguyén khéng am n,

Thuat toan 8: Tinh "

Input: «: s6 thuc khac 0, n: s6 nguyén khéng am
Output: a"
1 procedure power(a, n): oY
if » = 0 then -
| return 1

else
L return a x power(a, n — 1)
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Thuat toan dé quy

Tim kiém tuyén tinh

Thuéat toan Il

Thuat toan 9: Tim kiém tuyén tinh (Linear Search) Hoang Anh Difc
Input: a1, as, ..., a,: ddy s6 nguyén, i, j, z: SO nguyén,
I<i1<j<mn
OUtpUt: Néu xr € {CLi, Qiglye- - Cl,j} thi tra Ial
kedi,i+1,...,7}saocho x = a;. Ngugc lai thi
tralai 0

1 procedure LinearSearch(i, j, x):

ifa, =2z then // 0 ding vi tri? Trd lai két qui
| return
else
if : = 5 then // Khéng tim thay (30) vie
| return 0
7 else // Tim trong phan coén lai
L return LinearSearch(z + 1, 7, x)
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Thuat toan dé quy

Tim kiém nhj phan

1
2
3
4

N O O

10

11
12

Thuat toan 10: Tim kiém nhj phan (Binary Search)

Input: a;, as, ..., a,: day s6 nguyén thuc sy tang, i, j, z: sO
nguyén, 1 <i<j<n
Output: Néu T < {ai, Qiglye -y aj} thi tra lai k& € {Z,Z +1,... ,]}
sao cho = = a;,. Ngudc lai thi tra lai 0
procedure BinarySearch(i, j, x):

m = |(i+7)/2] // Di dén gitta day
if z = a,, then // bing vi tri?
. returnm
else
if z < a,, vat < m then // x & nta bén trai?

L return BinarySearch(z, m — 1, x)

else
if x > a,, vaj > m then // x 8 nlta bén phdi?
L return BinarySearch(m + 1, 7, x)

else // Khéng tim thiy
| return 0

Thuéat toan Il

Hoang Anh Buc

Vidu
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Hoang Anh Buc

Thuat toan 11: Sap xép tron (Merge Sort)

Input: L = ay,az, ..., a,: ddy sO nguyén
Output: Day s6 nguyén sap thu tu tang dan

1 procedure MergeSort (L):

2 if n > 1 then

3 m:= |n/2|

4 lezal,...,am

5 Lo = Amt1,y-.-,0n

6 L := Merge (MergeSort (L), MergeSort (Ls)) e
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Thuéat toan 12: Tron hai day sap thi tv (Merge) Hoang Anh Bijc

Input: A = (a1,...,a.4)), B = (by,...,bp|): ddy sO nguyén
sap thu tu
Output: Day cac s6 nguyén trong ca A va B sap thu tu
tang dan
procedure Merge (A, B):
if A rong then
| return B

if B rong then
| return A

iIf a1 < by then
L return (a;,Merge(as,...,a 4, B))

Vidu

else
L return (b, Merge (A, bs, ..., b|B|))
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