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Quy nap toan hoc
Gidi thiéu

m Quy nap toan hoc (mathematical induction) la mét ky thuat Quy nap va B¢ quy

chitrng minh cuc ky quan trong Hoang Anh Bde
m Quy nap toan hoc dugc st dung dé chiing minh cac két oy rep
qua vé nhirng dbi tuang rdi rac khac nhau oy rap o
m do phuc tap cua thuat toan AT
m tinh dung dan cla mdt s6 chuong trinh may tinh s
m cac dinh |)'/ Vé 65 thi va Cé.y Binh nghia va mét sb khi
m Ta sé gidi thiéu mot sé dang quy nap toan hoc AT
m Quy nap todn hoc yéu (Weak Mathematical Induction), hay e e
con goi 1a Nguyén ly Thi nhét cia Quy nap todn hoc (The awy

Quy nap theo cAu tric

First Principle of Mathematical Induction)
m Quy nap toan hoc manh (Strong Mathematical Induction)
hay con goi la Nguyén ly Thu hai cua Quy nap toan hoc
(The Second Principle of Mathematical Induction)
m Tinh dung dan cla phuang phap quy nap bat ngudn tur

- Tién de 1: Tinh chat sap thi tu tot

Moi tap con khac rong cla tap cdc sé nguyén duong cd
moét phan t nhé nhét
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Quy nap toan hoc
Quy nap yéu

Quy nap va bé quy
Hoang Anh Buc

4 Nguyén Iy quy nap yéu som
P& chifng minh¥n € Z+ P(n), ching ta thuc hién hai buéc ot s ening minh oy

nap sai

m Budc co sd (basis step): Chi ra ménh dé P(1) ding

m Budc quy nap (inductive step): Chiing minh ménh dé i
P(k) — P(k + 1) ding véi moi s6 nguyén duong k S

m Gia thiét P(k) ddng, chding minh P(k + 1) ding
m Gid thiét P(k) dung dudc goi la gid thiét quy nap
(inductive hypothesis hoac induction hypothesis)

Dinh nghta va mot s khai
niém

Theo ngdn ngu l6gic,

(P(1)AVE € ZT (P(k) — P(k+1))) = Vnc Z* P(n)
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Quy nap toan hoc

Gidi thiéu

Quy nap va bé quy
Hoang Anh Buc

m Chiing minh Vn € Z* P(n) bang phuong phap quy nap
(1) Budc co so: Ching minh P(1) dung
(2) Budc quy nap: Chiang minh P(k) — P(k + 1) dung v4i moi Quy nap yéu
k € Z*. Theo dinh nghia cla toan t& 16gic “—”, ta can
chling minh rang P(k + 1) khéng thé sai khi P (k) dung.
Piéu nay cé thé dugc thuc hién bang cach gid thiét Ia P (k)
diing va chirng minh rang vdi gia thiét dé P(k + 1) cing
dung.
m Chuy rang & day ta khéng gid thiét P(k) dung vdi moi
keZt.
m Sau khi hoan thanh budc ca s@ va budc quy nap:
m TU budc co sd, ta biét rang P(1) dung
m TU budc quy nap va P(1) dung, ta biét rang P(2) dung
m TU budc quy nap va P(2) dung, ta biét rang P(3) dung
O
O

Ti budc quy nap va P(n — 1) ding, ta biét rang P(n) ding
(vOi bat ky s6 nguyén duong n)
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Quy nap toan hoc

Gidi thiéu

Quy nap va bé quy
Hoang Anh Buc

Mot s6 cach minh hoa phuang phap quy nap

m Bi mat moi ngudi biét: Ta gid st moi ngudi xép thanh mét G nep o
hang dai vo tan va dugc danh s6 1,2, ... .k, ... Dé thuyét
phuc ai dé rang moi ngudi déu biét mdt bi mat, ban ¢ thé
ly luan rang

m Ngudi thi nhat biét bi mat ,
m Néu nguai thu k biét bi mat, thi anh/co ay ndi cho nguoi thut
k + 1 bi mat do

m Hiéu ung démind: Ta cd mot hang dai vé tan cac quan bai
doémind danh s6 1,2, ..., k, ... D& thuyét phuc ai dé rang
quan bai thi k sé dd, ban cé thé ly luan rang

m Quan baithtnhatdo,va ,
m Bat ké khi nao mét quan bai do, quan bai ngay tiep theo no
clng do
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Quy nap toan hoc

Tai sao Quy nap toan hoc dung?

Quy nap va bé quy
Hoang Anh Buc

Chung minh (Quy nap yéu la dung).

m Gia st P(1) dung va v6i moi k € Z*, P(k) — P(k + 1)
dung. Ta chitng minh Vn € Z™ P(n) bang phan ching

m Gid s{ ton tai n € Z* sao cho P(n) sai. Do do, tap
S={n|neZ"vaP(n)sai} CZ" latap khac rong.

m Theo Tién dé 1, S ¢ mét phan t& nhd nhat m. Do P(1)
dung, m #1vadodém > 1,suyram—1¢c Z*

mDom—1<m,m—1¢S,vadodo P(m— 1) dung

m Do P(k—1) — P(k)dung vGi moi k € Z*, ta co
P(m —1) — P(m) ding.

m Két hop véi P(m — 1) ding, ta ¢6 P(m) ding. Diéu nay
mau thuan véi dinh nghia cta m. Do d6 P(n) ding véi moi
s6 nguyén duong n

Quy nap yéu

[]
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Quy nap toan hoc

Chon budc ca so

Khi st dung quy nap toan hoc, khdng nhat thiét can bat dau vdi Q:ia:;’;:;j;y
P(1) & budc co sG

- Nguyeén ly quy nap yéu (tdng quat) giiyh
Pé chuing minhn > b P(n) vdin € Z+ vab la s6 nguyén cho s
truoc, chung ta thuc hién hai budc e
m Budc co sd (basis step): Chi ra ménh dé P(b) ding gydh nghia bing 46
m Budc quy nap (inductive step): Chiing minh ménh dé ey TR0
P(k) — P(k + 1) dung vGi moi s6 nguyén duong k > b Sy e e

Theo ngdn ngu l6gic,

(P(b) AVE € Z=° (P(k) = P(k +1))) = Vn € Z=" P(n),
trong d6 Z=% = {m | m € Z* vam > b} (chayla Z=! = Z*)
Bai tap 1
Ching minh nguyén ly quy nap yéu téng quét 1a dung. (Go'i y:
DatQ(n—b+1)=P(n). TacoVn >bP(n)=Vn>1Q(n))
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Quy nap toan hoc
Mau trinh bay chiing minh quy nap

(1) M0 ta diéu can chirng minh duéi dang “véi moi n > b,
P(n)” v@i b la s6 nguyén c6 dinh nao do
m “P(n) v6i moi s6 nguyén duong n” = chon b = 1

Quy nap va bé quy
Hoang Anh Buc

m “P(n) vGi moi s6 nguyén khéng a&m n” = chon b =0 ('s) auynepyéu

m V6i mot s0 phét bi€u, can xac dinh gia tri phii hop clia b
bang cach kiém tra gia tri chan ly cia P(n) vdi mot so gia tri
nho clia n
(2) Viét cum tU “Budc co s8.” Sau d6 chi ra P(b) 1a dung. Hay
can than chon dung gia tri cla b
(3) Viét cum ti “Budc quy nap.” va phat biéu mot cach rd rang
gia thiét quy nap dudi dang “Gia st rang P (k) ding vdi
mot s6 nguyén cb dinh k& > b nao dé”
(4) Phat biéu diéu can chirng minh véi gia thiét P(k) dung,
nghia |4, phat biéu cu thé P(k + 1)
(5) Chung minh P(k + 1) dung st dung gia thiét P( ) dung
(6) Xac dinh ro rang phan két cla budc quy nap, vi du nhu
bang cach viét “Budc quy nap dén day la hoan tat.”
(7) Sau khi hoan thanh budc co sd va budc quy nap, phat
biéu két luan “Bang phuong phap quy nap, ta da chiing
minh P(n) ding vGi moi s6 nguyén n thda man n > b.”
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Quy nap toan hoc
Chu y

Quy nap va bé quy

m Quy nap toan hoc c6 thé duge sir dung dé chiing minh Hoang Anh i
mot gia thuyet khi gia thuyet nay da dugc thanh lap (va
dung). Tuy nhién, quy nap toan hoc khéng cung cap y oy g

tuong giai thich tai sao cac dinh ly lai dung

m Viéc kiém tra phat biéu can chirng minh véi mét sé gid tri
nhé cua n trude khi di vao chirtng minh c6 thé rat hiiu ich.
Thong thudng, cac vi du nho cé thé gilp ta nhan ra cac
khia canh dé nham I1an clia phat bi€éu hodc nhan ra tai sao
phat biéu lai ding trong trudng hgp téng quat

m Thong thuong, budc chiing minh P(k + 1) véi gia thiét
P(k) la budc kho nhat trong toan bd chiing minh quy nap.
Hay chac chan rang chu’ng minh cua ban dung vdi moi
k. > b, nhat 12 vGi cac gid tri nhd cla k, tham chilacd k = b

m Néu ban khong st dung g/a thiét P(k) trong chung minh
P(k + ) thi ¢4 thé c6 diéu gi do sai, ho&c it nhat chiing
minh cua ban khong thuc su la chirng minh quy nap
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Quy nap toan hoc
Vidu

VII du 1 Quy nap va bé quy
s . 7 « A2 s ) . Hoang Anh Dic
Ta chirng minh phat biéu P(n) sau dung vGi moin € Z™ g

n

n 1
ZZ p— (n _|_ ) Q Quy nap yéu
1=1 2

m Budc co sd. P(1) ding, do vé trai bang 1 va vé phai
bang 1L — 1

m Budc quy nap. Gid st P(k) ding v6i mot s6 nguyén cb
dinh £ > 1 nao do, nghia la Z’“ ) = ’“(’“2“). Ta chung
minh P(k + 1) dung, nghia la Z’““ = UDE2) T4 ¢6

k+1

Zz—Zz—l— (k+1) tach tong

— k(k; D + (k+1) gia thiét quy nap

(Rt )(k+2)
2 35




Quy nap toan hoc

Vi du
VI’ du 2 Quy nap va bBé quy
Ta chitng minh phéat biéu P(n) sau ding véi moi n € N Hoang Anh Bitc
n ' Tn—l—l —-1 .., ) ‘ , |
» rt= — v8i s6 thuc  # 1 bat ky cho trude
r —
1=0
m Budc co sd. P(0) ding, do vé trdi bang 1 va vé phai
Y 1 1
=1
1

m Budc quy nap. Gid st P(k) ding v6i mot s6 nguyén co
dinh & > 0 nao dé6, nghia la Y% ri = ~——1 Ta chiing

minh P(k + 1) ddng, nghia 1a S5 ! i = —k:jl :

B+l koo
St =)l gt tach tong
1=0 1=0

’]"k+1 — 1 . 2 : A

— — + phl gia thiét quy nap
-
rkt2 1

r—1 35



Quy nap toan hoc

Vidu

Vidu 3
Ta chiing minh phat biéu Q(n) sau dung véi moi n € N
I'P(A)| = 2™ v6i moi tap hgp A théa man |A| = n

Budc co sé. Q(0) ding vi A = () 1a tap duy nhat thda
man |A| = 0 va ta cé vé tréi |P(0)| = |{0}| = 1 bang véi vé
phai 2° =1

Budc quy nap. Gia st Q(k) dung véi mdt s6 nguyén cb
dinh £ > 0 nao doé, nghia la |P(A)| = 2% véi moi tap hop A
thda man | A| = k. Ta chitng minh Q(k + 1) dung, nghia la
IP(B)| = 251 v6i moi tap hop B thda man |B| = k + 1.
That vay, gid st B 1a mét tap hop cé k + 1 phan t&. Goi =
|4 phan t bat ky cla B va dat C = B — {z}. Chu y rang
néu D |4 mot tap con cla B thi hodc D ciing l1a mét tap
con clia C néu z ¢ D, hodc D 13 hgp clia mot tap con cla
Cvaznéuz € D. Do dd |P(B)| = 2|P(C)|, va theo gid
thiét quy nap |P(C)| = 2*. Suy ra |P(B)| = 2 - 2k = 2k+1

35
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Hoang Anh Buc

Quy nap yéu



Quy nap toan hoc

Vidu

~ ? , 2 .o, , <. A Quy nap va bé quy
Hay su dung phuong phap quy nap de giai cac bai tap sau Hoang Anh Bifo
Bai tap 2
Chuing minh rang vdi moin € 7, ta c6 thé phd kin ban c& Quy nap s

khéng hoan chinh kich thudc 2™ x 2" vdi mgt 6 vubng bj loai bo
bang cac khoi hinh chir L nhu trong hinh du6i day sao cho
khéng co hai khoi nao chéng 1én nhau

(b)

(c)
Hinh: Pha kin cdc ban cd, vi du nhu (b) hodc (c), bang cédc khoi hinh
chiz L nhu & (a)

(Ban cd thé thi phu kin ban cd 8 x 8 &
https.//nstarr.people.amherst.edu/puzzie.html)
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Quy nap toan hoc
Vidu

Quy nap va bé quy

Hay st dung phuong phap quy nap dé giai cac bai tap sau
Bai tap 3
Chttng minh vdi moi s6 nguyén n > 0, () o

L . [1 néun chan
>

0 néun lé

Hoang Anh Buc

Bai tap 4

Chi’ng minh rang vdi moi s6 nguyénn > 4, ta c6 2™ > n?
Baitap 5

Ching minh rang véi moi s6 nguyén n “dd I6n”, ta c6 2" > n?
(Go'i y: VOi bai tdp nay, trudc tién ban can tim dugc mot so
nguyén b va chung minh bat dang thuc da cho dung voi moi
n>b)

Bai tap 6

Chuing minh rang voi moi sO nguyénn > 2, cac tdp Ay, Ao, ...,
A, thbaman A, NAsnN---NA, =4, U4, U---UA,

35



Quy nap toan hoc

Quy nap manh

A Nguyén ly quy nap manh

Dé chitng minh Vn € Z+ P(n), ching ta thuc hién hai budc
m Budc co sd (basis step): Chi ra ménh dé P(1) ding

m Budc quy nap (inductive step): Chiing minh ménh dé
(P(1)AP(2)A--- A P(k)) = P(k + 1) ding véi moi sb
nguyén duong k

m Gia thiét P(1) A P(2) A --- A P(k) dlng, chitng minh
P(k+ 1) dung

m Gid thiét P(1) A P(2) A --- A P(k) dung dudc goi la gid
thiét quy nap

Theo ngdn ngu l6gic,

k
(P()AVE € ZT (\ P(j) = P(k+1))) = Vn € Z P(n),

trong d6 \°_, P(j) = P(1) AP(2) A+ A P(k)

Quy nap va bé quy
Hoang Anh Buc

Gidi thiéu

Quy nap yéu

Quy nap manh

Mét s6 chiing minh quy
nap sai

Dinh nghta va mot s khai
niém

Ham dinh nghia bang dé
quy

Tap hap dinh nghia bang
dé quy

Quy nap theo cAu tric



Quy nap toan hoc

Quy nap manh

Tuong ty nhu voi quy nap yéu, 6 budc co sd ta khdng nhat Quy nigp v& B8 quy
thiét can bat dau tir P(1) Hoang Anh Bite
-~ Nguyén ly quy nap manh (tdng quat) -
D& chiing minh ¥n > b P(n) véin € Zt vab la s6 nguyén cho O 655 e minh oy
truoc, chung ta thuc hién hai buac nap s
m Budc co s (basis step): Chi ra ménh dé P(b) diing
m Budc quy nap (inductive step): Chitng minh ménh dé Ey d“dg”jd
(P(O) NP(b+1)A---NP(k)) — P(k + 1) ding v6i moi i

Quy nap theo cAu tric

s6 nguyén k > b

Theo ngdn ngu 16gic,
k
(P(b) AVE € ZZ° (N P(j) = P(k+1))) = Vn € 27" P(n)
j=b
Bai tap 7
Tuong tu nhu Bai tap 1, hay chung minh nguyén ly quy nap
manh trén la dung 3



Quy nap toan hoc

Quy nap manh

Thém vao do, thay vi chi chitng minh P(b) diing, ta c6 thé lam
nhiéu hon & budc co sd

- Nguyén ly quy nap manh (tong quat)

Dé chiing minh ¥n > b P(n) véin € Zt vab la s6 nguyén cho
fruoc, chung ta thuc hién hai budc
m Budc co sé (basis step): Chi ra cac ménh dé P(b),
P +1), ..., P(b+ j) dung, vGi j la mot sO nguyén
duong c6 dinh nao dé
m Budc quy nap (inductive step): Chiing minh ménh dé
(PO)ANPOB+1)A---AP(k)) — P(k+ 1) ding vGi moi
sO nguyén k > b+ j

Theo ngdn ngu 16gic,
J k
(/\ P(b+i)AVk € ZZ4 ( )\ P(i) = P(k+1))) = Vn € Z=" P(n)
1=0 1=b
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Quy nap toan hoc
Chu y

Quy nap va bé quy
Hoang Anh Buc

m Vé mat hinh thdc, quy nap manh va quy nap yeu khac
nhau & gid thiét quy nap: 0 quy nap yeu ta ch| gla thiét
P(k) diing, con & quy nap manh ta gia thiét tat ca cac () o man
ménh dé P(1), P(2), ..., P(k) déu ding

m Quy nap manh va quy nap yéu la tuvong duong vé mat
|6gic, nghia |a, quy nap yéeu dung khi va chi khi quy nap
manh clng dung

m Néu ban c6 thé truc tiep chiing minh P(k + 1) véi gid thiét
P(k) dung, nén dung quy nap yéu

m Nguoc lai, néu ban cé thé chiing minh P(k + 1) tir gia thiét
P(j) dung va8i moi j < k, nhung khong ro lam sao deé tryc
tiép ching minh P(k) — P(k + 1), nén dung quy nap
manh

35



Quy nap toan hoc
Vidu

V|, du 4 Quy nap va bé quy
i N .o , . A LA >9 Hoang Anh Burc
Cho P(n) la vi tu xac dinh trén mién Z== nhu sau

n c0 thé dugc biéu dién dudi dang tich cla cdc sé nguyén tb

Ta chitng minh Vn € Z22 P(n) bang phuong phap quy nap
manh

m Budc cd sd. P(2) dung, vi 2 c6 thé dugc biéu dién dudi
dang tich cia mét s6 nguyén to—chinh né

m Budc quy nap. Gid st P(j) ding véi moi sb nguyén j
théa man 2 < j < k véi k > 2 12 sb nguyén cb dinh nao do.
Ta chirng minh P(k + 1) dung. That vay,
m Néu k +1 14 s6 nguyén to, P(k T 1) dung do k + 1 co thé
dugc biéu dién dudi dang tich cia mét s6 nguyén té—chinh
né
m Néu k + 112 hap s6, ta ¢ thé biéu dién k& + 1 = ab vGi a, b 12
cac sO nguyén duong thdaman2 < a < b < k+ 1. Theo gid
thiét quy nap, caa va b déu co thé dugc biéu dién dudi
dang tich cla cac s6 nguyén t6, va do dd k + 1 cling thé 35



Quy nap toan hoc
Vidu

Vidu5
Cho vi tr P(n) vbin € 2212

n =4a+ 5b VOia,b € Z

Ta chiing minh Vn € Z=12 P(n) bang phuong phap quy nap
manh
m Budc co s0. Ta chiing minh P(12), P(13), P(14), P(15)
déu dung. Thatvay, 12=4-3,13=4-2+5 -1,
14=4-1+5-2,valb=5-3
m Budc quy nap. Gia st vi moi s6 nguyén co dinh k > 15
bat ky, P(m) ding véi moi s6 nguyén m théa man
12 <'m < k. Ta ching minh P(k + 1) dung. That vay, do
k >k — 3 > 12, theo gia thiét quy nap, ta c6 P(k — 3)
dung, nghia la tén tai a,b € Z* sao cho k — 3 = 4a + 5b.
Suyrak+1=(k—3)+4=4(a+1)+5b
Bai tap 8
Chuing minh vi du trén bang quy nap yéu

35
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Quy nap toan hoc

Quy nap manh

Bé] tép 9 Quy nap va bé quy

Hoang Anh Buc
Goi P(n) la vitun = 3a + 5b vdia,b € Z. Ba/tapnaymota ’
cdch chirng minh P(n) dung vdéi moi s6 nguyénn > 8 bang
phuong phap quy nap manh

(a) Dé hoan thanh budc co sd, hdy chiing minh rang cdc
ménh dé P(8), P(9), va P(10) la dung

(b) Gi4 thiét quy nap la gi?

(c) Trong budc quy nap, ban can chiing minh diéu gi?
(d)

(e)

Quy nap manh

d) Hay hoan thanh budc quy nap chon > 10
e) Gidi thich tai sao nhirng budc trén cho thay rang P(n)
dung vdi moin > 8

Bai tap 10
Chi st dung céc to tien ménh gid 20000 VND va 50000 VAND,
cac ban co thé tao thanh coc tién co nhirng gia tri nhu’ thé nao?
Hay chiring minh c4u tra I0i cua ban bang phuong phap quy
nap manh
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Quy nap toan hoc

M6t s6 chiing minh quy nap sai

Vi du 6 ([Gunderson and Rosen 2010])

. (n+3)? , . L
ChoP(n)la) i= . Ta chiing minh P(n) ding véi
1=1
moi n € Z* bang phuong phap quy nap
, \ , (1+ 3)?
m Buoc co so. P(1) dung do 5 =1

m Budc quy nap. Gid st P(k) ding v6i mot s6 nguyén cb
dinh k& > 1 nao do. Ta ching minh P(k + 1) dung. That vay

k+1 k
» i= (Zz) + (k+1)
1=1 1=1
k l 2 2 ' A
— ( 22) + (k+1) gia thiet quy nap
- (k+ %) +2(k+3) + 1 _Cau hoi
B 2 Ching minh nay sai &
(k14 3) dau?

2

Quy nap va bé quy
Hoang Anh Buc

Mét s6 chiing minh quy
nap sai

35



Quy nap toan hoc

M6t s6 chiing minh quy nap sai

Vidu 7 ([Gunderson and Rosen 2010])
D¢ chirng minh moi s6 nguyén duong déu bang nhau, budc
dau tién ta xét

P(n) := “Néun = max{a,b} Vdia,b € Z* thia = b’

Néu P(n) dung véi moi n € ZT, thi v&i moi z,y € Z*, ta chon
n = max{z,y} va theo P(n)ta c6 z = y. Do do moi sO nguyén
duong déu bang nhau. Ta chirng minh P(n) dung v&i moi
n € 7% bang phuong phdp quy nap
m Budc co s0. Vbin =1, ta cd max{a,b} =1vaa,bec ZT,
dodd a =0b=1, suy ra P(1) dung.

m Budc quy nap. Gia sit P(k) _Céu hoi

dung VOi mOt sO nguyen co dinh Chl_'fng minh néy sai &
k > 1 nao dé. Ta chiing minh dau?

P(k + 1) dung
That vy, gid s hai s6 ¢, d € Z1 théa man max{c,d} = k + 1.
Do d6, max{c — 1,d — 1} = k. Theo gia thiét quy nap,
c—1=d—-1,vadoddc=4d
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Hoang Anh Buc

Mét s6 chiing minh quy
nap sai



Quy nap toan hoc

M6t s6 chiing minh quy nap sai

Quy nap va bé quy

Vi du 8 (Tat ca ngya déu cung mau) Hoang A it
P(n) := “Béat ky n con ngua ndo déu c6 cting mau sac’
That vay, ta chitng minh P(n) bang phuong phap quy nap B
m Budc co sd. P(1) hién nhién duing. rep s
m Budc quy nap. Gia sit P(n) dung. Ta chiting minh

P(n + 1) cling dung. Gia st ¢6 n + 1 con ngua
Hy,Hs,...,Hp, Hyy1. Theo gia thlet quy nap,

Hy,H,,...,H, déu cé cung mau sac. Cing theo gia thiet
quy nap, Hz, ey Hyy Hpqa déu cé cung mau sac. Do dé,
Hi{, H,,.. Hn, H, 1 déu cb cung mau sac

~ Cau hoi Hl H2 HS H4

Chirng minh nay sai & \ )
dau?

Hinh: Chiéing minh P(4) véi gia thiét P(3) /4



https://en.wikipedia.org/wiki/All_horses_are_the_same_color

Dé quy

Pinh nghia va mét sé khai niém

Quy nap va bé quy
Hoang Anh Buc

m Trong quy nap, ta chifng minh moi phan t& ca mét tap vo
han théa man vi tU P nao do6 bang cach
m ching minh tinh dling dan clia P cho cac phan tlr I6n hon
trong tap hgp dua vao tinh ding dan cua cac phan tir nho O v ot
haon '
m Trong cac dinh nghia dé quy (recursive definition), tuong
ty, ta dinh nghia mét cau trdc (ham, vi tU, tap hop, hay mot
cau truc nao dé phic tap han) trén mét mién vo han nao
dé (mién xac dinh) bang cach
m dinh nghia cau triic clia cac phan tf I6n hon dya vao cau
tric chia cac phan tl* nhd hon
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Dé quy

Ham dinh nghia bang dé quy

Quy nap va bé quy
Hoang Anh Buc

m Ham dinh nghia bang dé quy (recursive function)
f:N — A vditap A bat ky
m Budc co sd (basis step): Dinh nghia mét sb gia tri ban dau
£(0), £(1),..., f(b) v6i sb nguyén cb dinh b > 0 nao dé
m Budc dé quy (recursive step): Dinh nghia mét quy luat dé
tim gia tri cua f(n) tr cac giatri f(n — 1), f(n —2), ...,
f(n—=25), f(n—b—1)vdimoin >b (20)

Vidu9
Pinh nghia mét day bang hé thuc truy hoi
m Day Fibonacci {f,}
m Budccoso: fo =0, fi =1
m Buoc dé quy: [, = fro1 + fn2 (n > 2)
m Day giai thua {g,}
m Buwdccoso:g =1
m Buoc de quy: g, = ng,—1 (n > 1)

Ham dinh nghia bing dé
quy
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Dé quy

Ham dinh nghia bang dé quy

Vi du 10 (Chiéng minh tinh chat cla ham s dung
dinh nghia dé quy)

C‘ho day Fibonacci { f, }. Ta chung minh f,, < 2™ vdi moin € N
bang quy nap manh

m Budccosd: fp=0<20=1vaf, =1<2'=2(stdung
cac dinh nghia & budc ca sd cua dinh nghia dé quy)

m Budc quy nap: Gia st véi moi i thbaman 1 < i < k, ta c6
fi < 2¢. Ta chi'ng minh f.; < 2F+1. That vay,
Je+1 = fr + fr—
< 2k 4 okt gia thiét quy nap
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Ham dinh nghia bing dé
quy



Dé quy

Ham dinh nghia bang dé quy

Vi du 11 (Ching minh tinh chat cia ham s dung I
dinh nghra dé quy)

Cho day Fibonacci { f,}. Ta chéfng minh f,, > a2 vdi moi s6

1++5
9

tv nhiénn > 3 va o = ~ 1.61803 bang quy nap manh

m Budc cosd:Viin=3,tacod f3 =2 > a3 2 =a. Vii
]_ —|_ \/5) 2 o @ Ham dinh nghfa bang dé
2 — quy

n:4,tacéf4:3>a4_2:a2:(

3+ /5
2
m Budc quy nap: Gia st vdi moi i thdaman 3 < i < ktaco
fi > a'=2. Taching minh f.; > o*~ 1. That vay,

Je+1 = Jx + fr—1

=a-+1~2.61803

> af 72 4 of 3 gia thiét quy nap
— a3« +1
— o302 = af ! doo’=a+1 25



Dé quy

Tap hop dinh nghia bang dé quy

Quy nap va bé quy
Hoang Anh Buc

m T4p hop dinh nghia bang dé quy (recursive set)
m Budc co sd (basis step): Dinh nghia mot tap con cac phan
tf ban dau
m Budc dé quy (recursive step): Binh nghia mét quy luat dé
fim phan t& mdi trong tap tir cac phan t( da biét la thudc tap
dé @ gaép Equinh nghia béng
m Thong thuding, véi cac tap dinh nghia bang dé quy, quy o
tac ngoai trir (exclusion rule) sau ludn dugdc ap dung: tap
hap can dinh nghia chi chira cac phan t liét ké & budc co
sG va cac phan t{ thu dudc bang cach ap dung quy tac &
budc dé quy.
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Dé quy

Tap hop dinh nghia bang dé quy

Quy nap va bé quy

VII dU 1 2 Hoang Anh Buc

m Tap S céc so nguyén duaong chia hét cho 3
m Buwdccosd:3eS
m Budcdéquy:Neuz e Svaye Sthiz+ye S
m Dautién,3 € S,sauddla3+3=6,3+6=9, v.v...

m Tap s6 ty nhién N

m Buwdccosd:0cN
m Buodc dé quy. Néu n € Nthin +1€eN @ géépqzcjpdinhnghTabing
m Tap céc chudi ky tu ©* sinh bdi bang chit céi
m Budc co sd: )\ € * () |14 chubi rong khéng chira bat ky ky
tu nao)
m Budc dé quy: Néu w € X% vaz € ¥ thi wz € &*
m VidunéuX = {0,1} thi
B )\ € ¥* (budc ca sd)
m {0,1} C ¥* (lan dau ap dung budc quy nap)
m {00,01,10,11} C X (lan thu hai ap dung budc quy nap)
B V...

m Do dd X* 13 tap tat ca cac chubi nhi phan .



Dé quy

Tap hop dinh nghia bang dé quy

Quy nap va bé quy
Hoang Anh Buc

Vidu 13

m Tap céc céng thirc duoc tao ding quy tac (well-formed
formulae) trong l6gic ménh dé

m Budc co sd: T, F, va ménh dé nguyén ti s 1a cac cong
thiic dugc tao dung quy tac w o

m Budc dé quy: Néu A va B |a cac cong thiic dugc tao ding ey
quy tac, thi (=A), (AAB), (AV B), (A — B),va (A < B)
cling thé

m Vidu, véi cdc ménh dé nguyén tl p,q, ((pV q) — (¢ AF)) 14
cong thirc dugc tao dung quy tac, con Apa, pgA, va p A g thi
khong phai (Tai sao?)
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Dé quy

Quy nap theo cau tric

Quy nap va bé quy
Hoang Anh Burc

Pé chiing minh mét tinh chat P clia cac phan ti cla mot tap .
hap dinh nghia theo dé quy, ta si dung quy nap theo cau tric cuy e
(structural induction) S

- Nguyén ly quy nap theo cau truc o i i i

Ham dinh nghia bang dé

m Budc co sd: Chiing minh rang moi phan ti dinh nghia i o ot i
trong budc ca sd cla dinh nghia dé quy déu théa man P Quy ngp theo chu o

m Budc quy nap: Chiing minh rang néu cac phan ti dugc
st dung dé xay dung phan ti* méi cla tap hagp trong
buéc dé quy déu thda man P, thi phan t méi cling thda
man P
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Dé quy

Quy nap theo cau tric

Quy nap va bé quy
Hoang Anh Buc

Vidu 14
Cho S la tap dinh nghia theo dé quy nhu sau:
m Budccoso:3cS
m Budcdéquy:Neuz e Svaye Sthiz+ye S
Ta chitng minh bang quy nap theo cau tric rang moi phan tir
cua S déu chia hét cho 3
m Budc co sd: 3 chia hét cho 3
m Buwdc quy nap: Gid sl véiz € Svay € 5, cd z va y déu
chia hét cho 3. Ta chu’ng minh n = z + y cung chia hét cho
3. That vay, do z chia hét cho 3, ta co z = 3k vOi sO nguyén

k nao do. Tuang tu, y = 35 véi sO nguyén j n,ao do. Suy ra
n=x+y=3(k+j),vado ddn cung chia hét cho 3

Quy nap theo cAu tric
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Dé quy

Quy nap theo cau tric

Quy nap va bé quy
Hoang Anh Buc

Vidu 15

Ta chiing minh bang quy nap theo cau trdc rang ‘moi cong thue
duoc tao dung quy tac trong légic ménh dé cé sé dau ngodc
don trdi “(” bang s6 dau ngodc don phai “)”

m Budc co sd: Cac ménh dé T, F, va moi ménh dé nguyén
t& s déu khdng cé cac dau ngoac don trai va phai
m Budc quy nap: Véi cong thiic A, goil4 va r4 lan luot la
sO ngodc don trai va ngoac don phai cla A. Gia sif véi cac (54) ourrapoociu i
cong thiic A, B, 14 = r4 va lg = rg. Ta chifng minh rang
diéu nay clng ding véi cac cong thiic (—A), (A A B),
(AV B), (A — B), va (A «+ B). That vay, cong thiic dau
tién cd 14 + 1 ngoac trai va r4 + 1 ngoac phai, va cac cong
thi'c saudé cod l4 + I + 1 ngoac trai va r4 + rg + 1 ngoac
phai
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Quy nap toan hoc

Tinh dung dan cGa Quy nap manh

Chung minh (Quy nap manh la dung). Quy nap va B8 auy
Hoang Anh Buc
m Gia sl P(1) ding va vdimoi k € ZT, g
(P(1)ANP(2)A--- AN P(k)) — P(k+ 1) dung. Ta chung
minh Vn € ZT P(n) bang phan chiing
m Gia s( ton tai n € Z* sao cho P(n) sai. Do dd, tap
S={n|neZ"vaP(n)sai} CZ" latap khac rong.
m Theo Tién dé 1, S c6 mét phan ti nhd nhat m. Do P(1)
dungvam € Z*t,tacém > 1,suyram—1¢cZ*
m Theo dinh nghta cla m, véi moi s6 nguyén duong
j <m —1,taco P(j)dung (néu khong thi j < m va P(j)
sai; dieu nay mau thuan vdi dinh nghia cdia m). Do d6
P(L)ANP(2)AN---ANP(m—1) dung
m Do (P(1))AP(2)A---ANP(k)) = P(k+ 1) dung v&i moi
keZ+ tacé (P(1)AP(2)A---AP(m—1)) — P(m) ding
m Két hop voi P(1) A P(2) A--- A P(m — 1) dung, ta c6 P(m)
dung. Biéu nay mau thuan véi dinh nghia cua m. Do d6
P(n) dung vdi moi s6 nguyén duong n 4

Tinh ding dan cla Quy
nap manh



Quy nap toan hoc

Quy nap manh va quy nap yéu la tuong duong

Quy nap yéu = Quy nap manh.

(1) Gia s vdi moi R(n), ta cod
(R()AVk e ZT (R(k) - R(k+1))) - VneZ" R(n)
dung, nghia Ia, quy nap yéu ding
(2) Gia sl vdivitl P(n) ta cé
P(1) AVEk € Z+ N\:_, P(j) — P(k + 1) dung, nghia I3,
budc ca sd va budc quy nap cua quy nap manh la dung.
Ta ching minh Vn € Z* P(n) dung
(3) Tadinh nghia Q(n) = A\;_, P(n) véi moin € Z*
(4) Tu (1), taco
(QAVE e ZT (Q(k) = Q(k+1))) = Vn € ZT Q(n) dung
(5) Tir (3), ta c6 Q(1) = P(1) va
Vn € ZT Q(n) =Vn € Z1 P(n)
(6) Chuy rang v6i cdc ménh dé p,gbatkyp > ¢g=p —=pAq
(Tai sao?).
(7) Do dé Q(k) — Q(k+1) = N\:_, P(k) = NF L Pk +1) =
Ni_y P(k) = Ni_y P(k)AP(k+1) = N, P(k) = P(k+1)
(8) Thay (5) va (7) vao (4), ta c6 diéu phai chéfng minh
L]

Quy nap va bé quy
Hoang Anh Buc

Quy nap manh va quy nap
yéu la tuong duong



Quy nap toan hoc

Quy nap manh va quy nap yéu la tuong duong

Quy nap va bé quy

Quy nap manh = Quy nap yéu. Hoang Anh B

(1) Gia st véi moi R(n) ta co
(R(1) AVE € ZF (N:_; R(j) = R(k+1))) = Yn € Z* R(n) |
dung, nghia 1a, quy nap manh dung o angcong
(2) Gia sl vdi vitir P(n) ta co
P(1)AVEk € ZT (P(k) — P(k + 1)) dung, nghia la, bugc co
sG va budc quy nap cla quy nap yéu ding. Ta chifng minh
Vn € ZT P(n) dung
(3) Chuy rang véi cac ménh dé p, ¢, r bat ky, néu p — ¢ ding
thi p Ar — ¢ cling dung (Tai sao?)
(4) Ap dung (1) véi P(n), ta cé
(P(1) AVE € Z+ (N\;_, P(j) = P(k+1))) = Vn € Z* P(n)
dung.
(5) Tu (2),tacd P(1) dungva vk € Z+ (P(k) — P(k + 1))
dung. Két hop véi (3), ta co
vk € Z* (\;_, P(j) — P(k + 1)) diing
(6) TU (4) va (5) ta co diéu phai chiing minh



