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Logic ménh dé
Ménh dé

Logic va Chung minh

Hoang Anh Burc

A Ménh dé

A 00 S o , . 2 , o Ménh dé
Mot ménh de (proposition) la mot phat bieu dung (True) hoac Ton o9 v g iy
sai (False), chu khong thé vua dung vua sali Logic va oo todn b
v/ Ha Noi 1a th( d6 cla Viét Nam
Tuong duong l6gic
vV 1=2
Vit
vV 9348 473463 +53 443433423 — 13 =2023
z I , o L N 2 o . 7 Phl] dinh véi lugng tlr
v Moi s6 chan Ion hon hoac bang 4 la tdbng cua hai so Léng oée lugng i
nguyén to (Gia thuyét Goldbach) SR
K May gio rdi?

Vidu

R Hay doc quyén sach nay
X Mau xanh 12 t6t nhat
Xrt+1=2
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Logic ménh dé
Ménh dé

Logic va Ching minh
Hoang Anh Burc

Bai tap 1
Céu nao sau day la mét ménh dé?
1) Trdi Pat la mét hanh tinh

Ménh dé

2) 142
3) 1+2=3
4) H6ém nay troi mua

)
)
)
5) Liéu c6 s6 nguyén 4m = nao théa man z2 = 2z ?
6) t+y=>5
/) A ha ha ha ha
8) Xem cubi trang nay
) Rat tot!
) N Ux—Sy—4z—5thlx2+y — 22

AN TN N N N — i _

(10
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh

m Ta thuong st dung cac chit cai p, ¢, 7, s, ... dé ky hiéu cac i Anh o0
ménh dé
m Ménh dé dung c6 gid tri chan ly dung T (True). Ménh dé
sai c6 gid ri chan Iy sai F (False) i o Ao e
m Ménh dé phic ho’p (compound proposition) dugc xay
dung bang cach t6 hap mot hoac nhiéu ménh dé théng
qua cac todn tu I6gic (logical operators). Nguoc lai, ménh
dé nguyén ti (atomic proposition) khéng thé biéu dién
dugdc qua cac ménh dé don gian hon

Phu dinh NOT —
Phép hoi AND A
Phép tuyén OR V
Phép tuyén loai XOR D
Phép kéo theo IMPLIES | —
Phép tuong duong IFF &>

m MOi quan hé gilta cac gid tri chan ly clia cac ménh dé
dugc thé hién thong qua bang chan tri (truth table)
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh
Hoang Anh Buc

Toan tl 16gic va bang chan
tri

m Phd dinh (negation) clia ménh dé p, ky hiéu —p hodc p, 1a
ménh dé “khéng phai 1a p”. Gid tri chan ly —p = T khi va
chi khip =Fva-p=Fkhivachikhip=T

m VGip := “2 12 s6 chan” thi —p := “2 khong 1a s6 chan”

m Bang chan tri

p | —p
T F
FloT
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh
Hoang Anh Buc

m Hoi (Conjunction) cGa hai ménh dé p va g, ky hiéu p A ¢
ho&c pq, 1a ménh dé “p va ¢”. Gia trichan ly p A ¢ = T khi i sl VA Bang ohén
va chi khi ¢a p va ¢ déu nhan gid tri T, va trong cac truding
hopconlaipAg=F
m VGi p :=“21a 50 chan” va ¢ := “2 la s0 nguyén t0” thi
p A q:= “2lasbd chan va 2 la s6 nguyén t0”

m Bang chan tri

Mm-S
- T
M om >
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh
Hoang Anh Buc

m Tuyén (Disjunction/Inclusive Or) cla hai ménh dé p va g,
ky hiéu p V ¢ hodc p + ¢, 1a ménh dé “p hoac ¢”. Gia tri e VA b chér
chan ly p VV ¢ = F khi va chi khi ca p va q déu nhan gia trj F,
va trong cac truong hgpconlaipvg=T
m VGi p :=“21a 0 chan” va ¢ := “2 la s0 nguyén t6” thi
pV q:= “2lasbé chan hoac 2 la s6 nguyén t6”

m Bang chan tri

L e B S
M- T A<
m— - <
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh
Hoang Anh Buc

m Tuyén loai (Exclusive Or) cla hai ménh dé p va ¢, ky hiéu
p @ ¢, la ménh dé “hodc p hodc ¢”. Giatrichanly p @ g =T ma
khi va chi khi chinh x4c mot trong hai ménh dé p va ¢ nhan () fnts e it
giatri T, va trong cac truong hgpconlaip® g =F
m VGi p :=“21a 0 chan” va q := “2 1a s0 nguyén t0” thi
p @ q := “Hoac 2 la s6 chan hoac 2 la s6 nguyén t0, nhung
khong phai ca hai”

m Bang chan tri

Pl q|pBg
T|T| F
T|F| T
FIT ] T
FIF| F

mChuy:Khip=Tvag=Tthip+g=Tnhungp®qg=F
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Ching minh
N Hoang Anh Burc
m Ménh dé keo theo (implication) p — q, v0i p, g la hai ménh
dé cho trude, 1a ménh dé “néu p, thi ¢”. Gid tri chan ly
p — q = F khiva chi khip = T va ¢ = F, va trong moi Todn ! logc va béng ohan
truong hgpconlaip - ¢g=T
m Ta goi p 1a “gia thiét (hypothesis)” va ¢ 12 “két luan
(conclusion)”. Ta cling néi “p 1a diéu kién da (sufficient) cho
¢ va “q 1a diéu kién can (necessary) cho p”
m V&ip:=“21asbchan” va q := “2 1a s6 nguyén t6” thi
p — ¢ := “Néu 2 1a s6 chan, thi 2 1a sb nguyén t6”

m Bang chan tri

Plqa|p—q
T[T T
T|F| F
FIT| T
FIF| T
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Logic ménh dé

Toan tu I6gic va bang chan tri

m T p — ¢ ta ¢ thé xay dung mét sb ménh dé mai Coic va g mirh
m g — pla ménh dé dio (converse) clia p — ¢ rioang Anh Brie
m —q — —pla ménh dé phan ddo (contrapositive) clia p — ¢
m —p — —qla ménh dé nghich déo (inverse)clap —q (i) Tanwisgiorssingcrn
m Viduvdip — g :=“Néu 2 1a so chan, thi 2 1a s6 nguyén t0” §
m g — p:=“Néu 2 1a s6 nguyén t6, thi 2 1a sé chan”
B —¢ — —p = “Néu 2 khdng 1a sb nguyén t6, thi 2 khéng 1a s
chan”
B —p — —¢q:= “Néu 2 khdng 1a sb chan, thi 2 khéng 1a sb
nguyén to”
Bai tap 2
Xay dung bang chén tri cho cdc ménh dé trén. C6 nhén xét gi
Vvé cdc gia tri cua cac ménh dé nay?

g || ™q|P—7q|49q—=P | q—=7p | P —=7¢q
T

m T

<
F F
T T
F T
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh
Hoang Anh Buc

m Ménh dé tvong duong (bi-implication) p + ¢, vGi p, ¢ 1a hai
ménh dé cho trudc, 1a ménh dé “p khi va chi khi ¢”. Gia tri
chan ly p « ¢ = T khi va chi khi p va ¢ nhan cung gia tri,
va trong cac truong hop khac p <+ ¢ =F
m VGip:=“21as6 chin” va ¢ := “2 1a sb nguyén t6”, ta ¢
p > ¢ := “21a s6 chan khi va chi khi 2 1a s6 nguyén td”

m Bang chan tri

Pla|pg
T[T T
T|F| F
FIT| F
FIF| T
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh
Hoang Anh Buc

m Tong ket cdc toan t& 16gic da dé cap Ton g v ing i
Plaqg | P |pPANg|pPVq | PDg|P—=>q|Prg
T|T]| F T T F T T
TIF|F| F | T | T F F
F| T | T F T T T F
FIF|T| F | F | F T T

m Th{ tv vu tién cla cac toan ti 16gic trong mdt ménh dé
phic hop: -, A, V, —, <. Nén st dung ngoac don “(” va “)”
dé xac dinh th( ty uu tién

m —p Aqnghiala(—p) A g chi khong phai —(p A q)
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh

V|, du 1 Hoang Anh D¢
Xay dung bang chan tri cho ménh dé (p v —¢) — ¢

D q —q D \/ —q (p \/ _'q> N q t'l;?antu’loglcvabang chan
T|T| F T T
T|F| T T F
F| T|F F T
FIF| T T F

Vidu 2
Xay dung bang chan tri cho ménh dé (p < q) < =(p & q)

p| q| peqg| pBqg| ~(pDq) | (P& q) < ~(pDq)
T T T F T T
T| F F T F T
F| T F T F T
F| F T F T T
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Logic ménh dé

Logic va cac toan tr bit

Logic va Chung minh
Hoang Anh Buc

m M6t bit (binary digit = chir s6 nhi phan) c6 gid tri 0 hodc 1
m S{ dung bit dé bi€u dién gid tri chan Iy: 1 cho Tva 0 cho F (5 [y cemin
m Mot chudi nhi phan do dain la mot day sap thir tv
T1Zo . .. T, trong dé moi xz; 1a mot bit (1 < i < n).
m Viduy, 1001101010 la mét chudbi nhi phan dé dai 10
m Cdc todn t bit: — (NOT), A (AND), v (OR), & (XOR)

rT|ly|x|xNy | xVy | xDY
11110 1 1 0
110]0 0 1 1
0] 111 0 1 1
0101 0 0 0
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Logic ménh dé

Logic va cac toan tr bit

Logic va Chung minh

Hoang Anh Buc

Tinh toan vai chubi nhi phan: thyc hién theo tirng bit ogom
mr...r, = (x_l) .. (E) tTr?an tff‘lég?ic vé,béljg .chén
B2 ... 2o AYL. - Yn = (@1 Ay1) ... (T0 Ayp) oo eRetoan
B2 .. 2, VY- Yn=(x1 VY1) ..(Tn Vyn) Si—
mr...2,DY...Yp = (xl D yl) e (xn D yn) e

Vit

Bé.i tA p 3 Luong tur

Phu dinh vaéi lugng tu

1 O].O \/ 10001 — M(:DTS(i)thUG?lt.ngD’

M6t sO phuong phap

Léng céc luong tur

chirng minh

(a) 11010

(b)

(c) 11010 A 10001 =
(d) 11010 @ 10001 =
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Céac ménh dé tuong duong

Phan loai ménh dé

Logic va Chiing minh
m Mot hang dung (tautology) 1A mdt ménh dé phiic hap luén Hoang Anh Die
ludn duing vdi moi gid tri chan ly cla cac ménh dé thanh
phan
m Ky hiéu T
mpVp
m M6t mau thudn (contradiction) 1a mot ménh dé phiic hgp  (te) pranseaimenn s
ludn ludn sai véi moi gia tri chan ly clia cac ménh dé thanh
phan
m Ky hiéu F
mpA-p
m Mét tiép lién (contingency) 1a mdt ménh dé phuc hop
khong phai 1a hang dung cling khdng phai 1a mau thuan
m(pVqg) —r

Bai tap 4
X4y dung bang chan tri cho cac ménh dé vi du trén
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Céac ménh dé tuong duong

Tuong duang l6gic

m Ménh dé phuc hop p tuong duong I6gic (logically
equivalent) véi ménh dé phiic hap ¢, ky hiéu p = ¢ hoac
p < ¢, khi va chi khi ménh dé p «» ¢ 1a mét hang duing

m Chuy: p va ¢ la twong duong l6gic khi va chi khi p va g
cung nhan mét gid tri chan ly giong nhau trong méi hang
tuong Uing cua cac bang chan tri ctia ching

Vidu 3

Chitng minh rang —

/\

p A q) = —pV —q (luat De Morgan)

plqg|pAg|-p|—q|-pVag | (pAg)

TI T T F | F F F

TIF| F F | T T T

FIT| F T | F T T

FIF| F TI| T T T
Baitap 5

Chung minh cdc tuong duong I6gic sau bang bang chén tri
BpDg=(pPA-qV(pAg mpdg=(pPVeA(pAg)

48

Logic va Chung minh
Hoang Anh Buc

Tuong duong légic



Céac ménh dé tuong duong

Tuong duang l6gic

Logic va Chung minh

Mot sb tuwong duang l6gic quan trong o o o
Tén goi Twong duong logic
Luat dong nhat pAT =p
(Identity laws) pVF =p
Luat nuot pVT=T
(Domination laws) pANF=F () romgmemoe
Luat Iijdéng pVp=np o
(ldempotent laws) PAD=Dp
Luat phu dinh kép .
(Double negation laws) ~(p)=p
Luat giao hoan p\Vqg=qVp
(Commutative laws) PpAG=qAp
Luat két hop (pVq)Vr=pV(gVr)
(Associative laws) (pAg)AT=pA(qAT)
Luat phan phoi pVgATr)=(pVg N(pVr)

(Distributive laws) | pA (qVr) = (pAq)V (p Ar)

48



Céac ménh dé tuong duong

Tuaong duang l6gic

Logic va Chung minh

MGt s6 tuong dudng 16gic quan trong (tiép) Hoang Anh B
Ten goi Twong duong logic
Luat De Morgan —(pAq) =-pV q
(De Morgan’s laws) —(pVq) =-pA—q

Luat hap thu pV(pAg) =p

(Absorption laws) pAN(pVq =p (19) Tuong avong ogi
Luét phu dinh pV-p="T

(Negation laws) pA-p=F

Chu y: Trong bang céc twong duang l6gic quan trong Otrén, T
la mot ménh dé phuc hgp luén dung (hang dung) va F la moét
ménh dé phdic hgp ludn sai (mau thuan)

Bai tap 6

Chung minh cdc tuong duong I6gic quan trong néu trén bang
cdch 1ap bang chan tri
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Céac ménh dé tuong duong

Tuong du’dng l6gic

Logic va Chung minh
Hoang Anh Buc

Vidu 4
Chung minh —l(p V (—|p A q)) va —p A —q la tuang duong l6gic
bang cach s dung cac tuong duong l6gic da biét

(pV-p) A(pVq)) Luétphan phoi

]
J

—(pV (=P A q))

( @ Tuong duong légic
=-(TA(pVQq)) Luat phud dinh
=-((pVq) ANT) Luét giao hoan
= —(pV q) Luat dong nhat

Luat De Morgan

]

|
iS
>

J
AS

Bai tap 7
Kiém tra lai vi du trén bang cdch Iap bang chan tri
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Céac ménh dé tuong duong

Tuaong du’dng l6gic

Logic va Chung minh

m Mot sO tvong duong l0gic lien quan déen phep keo theo Hoang Anh Diic
mp—qg=-pVg
B(p—ogAp@P—r1)=p—(gAT)
_ B (por)A(g—=r)=(@Ve =T
mpVg=-p—q B
B(p—>qgVPe—r)=p—(qVr)
BpAg=-—(p— q) -
] (p_> T) \/ (q — Ir) — (p/\Q) — T Tuaong duang 16gic

m-(p—>q) =pA—gq
m Mot sb twang duong 16gic lién quan déen phép tuong
duong
mpqg=@p—q) N(g—Dp)
B p&qg=-pe g
mpqg=(pAq)V(-pA—q)
B (perq)=pe g

Bai tap 8
Chuing minh cdc tuong duong Iégic trén bang cdch Iap bang
chén tri hodc su dung cac tuong duong I6gic da biét
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Céac ménh dé tuong duong

Tuong du’dng l6gic

Logic va Chung minh
Hoang Anh Buc

Vidu5
Ching minh (p A ¢) — (p V ¢) 1a mét hang dung

(pAg) = (Vg =-(pAgV(pVe Tup—=qg=-pVg
(=pV —q)V (pV¢q) LuatDe Morgan

(pV =p)V (qV —q) Luétgiao hodn, két hop
=TVvT Luat pha dinh

=T Luat nudt

Bai tap 9
Kiém tra lai vi du trén bang cédch Iap bang chén tri cho
(pAg) = (pVq)
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Céac ménh dé tuong duong

Tuaong du’dng l6gic

m Mot tap C cdc todn t& 16gic dugc goi 1a day du (functionally L°$:°‘Vé‘ C:“’hi:“
complete) néu moéi ménh dé phiic hgp tuong duong V6 e
mot ménh dé phiic hgp chi st dung cac toan t trong C
m C={—,A,V}Ilamottap (cac toan tir 16gic) day du
Vidu6
Tim mdt ménh dé twang duong cla p — ¢ chi s dung cac
todn tlr -, A, V
O Ung v6i mdi hang cd gid tri

Tuong duong légic

To’cotp—>q,tamuont|m Pl4q|P—(q

mét biéu thiic chi dung vdi L L . pPAq
cdc gid triciap vaq & T F F

hang do, va sai voi moi gia FT T pPAq
tri khac. FIFL T | pA—q

®m p — ¢ dung khi it nhat mot (pAQ)V (=pAq)V (=pA—q)
biéu thuc trén co gla tri T
Chu y: Phuong phap st dung trong vi du trén cé thé ap dung
vGi moi ménh dé phdic hap. Ménh dé thu dugc goi 1a dang
tuyén chudn tac (disjunctive normal form - DNF) 1



Céac ménh dé tuong duong

Tuong du’dng l6gic

Logic va Chung minh

m M6t tap C céc toan tl 16gic duoc goi 1a day du (functionally
complete) néu moéi ménh dé phiic hgp tuong duong V6
mot ménh dé phiic hgp chi st dung cac toan t trong C
m C={—,A,V}Ilamottap (cac toan tir 16gic) day du
Vidu6
Tim mdt ménh dé twang duong cla p — ¢ chi s dung cac
toan t —, A, V g aong i

Hoang Anh Buc

O Ung véi moi hang cé gid tri

chotp—>q,tamuont|m plq|p—4g

mot biéu thic chi sai vdi TiT T

céc gid tricuap vaq & T |F F —p Vg
hang do, va dung vdi moi F T T

gid tri khéc. F|F T

m p — g sai khi tat c4 biéu —pV g
thuc trén co gia tri F
Chu y: Phuong phap st dung trong vi du trén cé thé ap dung
v6i moi ménh dé phdic hap. Ménh dé thu duoc goi 1a dang héi
chudn tac (conjunctive normal form - CNF) 1



Céac ménh dé tuong duong

Tuong du’dng l6gic

Logic va Chung minh
Hoang Anh Buc

Bai tap 10

Tim ménh dé tuong duong chi sit dung céc toan ti I6gic trong
C = {—,A,V} cua cdc ménh dé

(1) p® g

(2) p+ g

Bai tap 11

Tap cdc todn t 16gic C sau c6 day du khéng? Vi sao?
a) C={-,A}
b) C = {—,V}
c) C={A,V}

48



Logic vi tu
Vi tu

f

Vi tir

Mot vi tu (predicate) la mGt ham ménh dé (propositional func-
tion) (tir tap cac doi tugng den tap cac ménh dé) moé ta thuée
tinh clia cac doi twvong va moi quan hé gilra ching

m Cdc bien (doi tuong) thuong duoc ky hiéu béi cac chir cai
x,y, 2, ... va co thé dugc thay thé bang cac gia tri cu thé
t moét mién (domain) D tuong Ung cho trudc

m Cacchitin hoa P,Q, R, ... thudng dugc dung dé ky hiéu
cac ham ménh dé (vi tu)

m Voin > 1,tagoi P(xy,...,x,) la Vit (n-ngdi) ((n-place)
predicate) xac dinh trén miénD = Dy X --- x D, néu
P(ai,...,a,)la moét ménh dé vGi bd (a4, ...,a,) bat ky
trong D (a1 € Dq,...,a, € D,)

Logic va Chung minh
Hoang Anh Buc

48



Logic vi tu
Vi tu

VI' du 7 Logic va Chiing minh
) ; Hoang Anh Buc
B P(x):=“zldn hon 3" (P := “Ion hon 3” va = la mot bién)
vGi z la sO ty nhién. P(x) la vi tv xac dinh trén mién D = N
B Q(z,y,2) := “z cho y diém 2" v&i z,y 1a tén riéng va z 1a s0
tw nhién. Q(z,y, z) la vi tu xac dinh trén mién
D=TxT xNtrongdoT latap cac tén riéng
m P(z) khong phdi la ménh dé nhung P(3) la ménh de.
Q(z,y,z) khdng phai la ménh dé nhung Q(Ty, Téo,10) la () vu
ménh dé
Bai tap 12
P(z) := x > 0 /4 v tir xdc dinh trén mién D = Z. Tim gia trj
chan ly cua cdc ménh dé sau
(a) P(3)V P(—1)

3) — ﬁP(—l) 48



Logic vi tu

Lugng tu

Logic va Chung minh

~ Lu,dng tl‘.l’ Hoang Anh Buc

Luong tir (quantifier) (vi du nhu tat cd, nhiéu, mét so, khéng
co, v.v...) thuong dugc sU dung vdi vi tt dé dinh lvong (dem)
cac doi tuong (bién) “thda man” vi tu dé

m Hai luong t¥ quan trong nhat

Lwong tuv Ky hiéu
vGi moi (universal quantifier) v -
ton tai (existential quantifier) 3

O Va: P(z) nghia la “vdi moi gié tri cGa = trong mién xac dinh

P(x) dung”

m Hx P(z) nghta 1a “ton tai gid tri cla « trong mién xac dinh
D (nghia la cé thé cé mot hodc nhiéu gia tri thda man),
P(x) dung”

P(x) khéng phai la ménh dé nhung Yz P(x) va 3z P(z) 14
ménh dé

48



Logic vi tu

Lugng tu “v&i moi”

Logic va Chung minh
Hoang Anh Buc

m Vo P(x): vdi moi gid tri clia 2 trong mién x&c dinh D, P(x)
dung
mVr P(x)la
m diing néu P(x) diing véi moi = trong D
m sai neu P(x) sai véi it nhat mét gia tri cia « trong D
m V6i D =Rva P(z) := “z” > 0", ménh dé vz P(x) dung
m VG D=RvaP(z):="“2"—12>0", ménh dé Vx P(x) sai
m Mot phdn vi du (counterexample) clia ménh dé vz P(z) |a (5) Lot
mot gia tri x trong mién D sao cho P(x) sai
m Néu D = () thi ménh dé Vz P(z) ding
m Néu cé thé liét ké tat ca cac phan ti cda D, vi du nhu
T1,To,...,T,, thi Vo P(x) tuong duong légic vdi

P(ZIZ‘l)/\P(CUQ)/\“'/\P(wn)
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Logic vi tu

Lugng tUr “ton tai”

Logic va Chung minh
Hoang Anh Buc

m 3z P(x): ton tai gid tri cla x trong mién xac dinh D (nghta
la cd thé cd mot hoac nhiéu gia tri thda man), P(z) dung
m dz P(x)
m diing néu P(x) ding véi it nhat mét = trong D
m sai néu P(x) sai vGi moi z trong D ‘
m V6i D =Rva P(z) := “z” = 2", ménh dé 3z P(x) dung
m VG D=7ZvaP(x):=“c* =2", ménh dé dz P(z) sai
m Néu D = () thi ménh dé 3z P(z) sai
m Néu cé thé liét ké tat ca cac phan ti cda D, vi du nhu
T1,Ts,..., Ty, thi 3z P(x) tvong duong l6gic vai

P(Zb‘l)\/P(ZUQ)\/“'\/P(xn)
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Logic vi tu

Lugng tu

Logic va Chung minh

Vi dU 8 Hoang Anh Biic
M6 t& cau “Tat ca sinh vién trong I6p nay da hoc mén Dai S6”
bang vi tu va luong tu
m C(z) := “z d& hoc mén Dai S6”
m Néu D la tAp cdc sinh vién trong I16p nay Yz C(z)
m Néu D |14 tAp tat cd moi ngudi. Dat S(x) := “z 1a sinh vién
trong IGp nay” Vo (S(x) — C(x))
Chul y: Tai sao khong phai 1 Va: (S(x) A C(x))? O
Vidu9
M6 t& cau “Mot so sinh vién trong I6p nay da hoc mén Pai S6”
bang vi tU va luong tu
m C(z) := “z d& hoc mén Dai S6”
m Néu D la tAp cdc sinh vién trong I16p nay 3z C ()
m Néu D |1a tap tat cd moi ngudi. Dat S(z) := “z 1a sinh vién
trong 16p nay” dz (S(z) N C(x))
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Logic vi tu

Lugng tu

Logic va Chung minh

Vi dU 10 Hoang Anh Dic
Gia sU bién z nhan gid tri t¥ mién D. Ta chiing minh
Vo (P(z) A Q(x)) = (Va P(x)) A (Yz Q(x)). Cu thé, ta chiing
minh hai diéu
(1) NéuVz (P(z) A Q(z)) dung, thi (Vx P(x)) A (Yz Q(x)) ding
m Gia sl Vz (P(z) A Q(x)) dung. Do dd, véi moi a € D,
P(a) A Q(a) dung, suy ra P(a) dung va Q(a) dung. Do P(a)
dung v&i moi a € D, Vx P(x) dung. Do Q(a) dung véi moi
a € D, Vx Q(x) dung. Do do (Vx P(z)) A (Vx Q(x)) dung Lugng i
(2) Néu (Vz P(x)) A (Vz Q(x)) dung, thi Yz (P(z) A Q(x)) ding
m Gia sl (Vz P(x)) A (V2 Q(x)) dung. Do dé (Vz P(x)) dung
va (Vx Q(x)) dung, suy ra v6i moi a € D, P(a) dung va
Q(a) dung. Nhu vay, véi moi a € D, P(a) A Q(a) dung.
Theo dinh nghia, Vx (P(x) A Q(z)) dung.

Bai tap 13
Chung minh 3z (P(z) V Q(z)) = (Fz P(x)) V (3x Q(x))
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Logic vi tu

Lugng tu

Logic va Chiing minh
m Trudc do, ta thudng phai chi rd mién xac dinh D ¢cé chira roang A e
cdc gid tri clia bién trudc khi phat biéu ménh dé vdi vi tir
va lugng tU. D€ thuan tién, cd thé chi ra D ngay trong
ménh dé
m vz > 0 P(z) nghia la “V&i moi s6 > 0, P(z) ding”. (D la
tap tat ca cac so I6n hon khong.) Thuc ra, day la cach viet
ngan gon cua ménh dé vz Q(x) trong doé
Q(z) := (z > 0) = P(x) , |
m 3z > 0 P(x) nghia la “Ton tai so = > 0, P(x) ding”. (D la e
tap tat ca cac so I6n hon khong.) Thuc ra, day la cach viet
ngan gon clia ménh dé 3z Q(z) trong doé
Q(x) := (x> 0) A P(x)
m Céc lugng tUr V va 3 ¢ thit tuv v tién cao hon tat ca cdc
todn tu I6gic da dé cap
m Vo P(x)V Q(z) nghiala (Vx P(x)) vV Q(x) chit khdng phai
Va (P(x) V Q(x))
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Logic vi tu

Bién tu do va bién rang budc

Logic va Chung minh
Hoang Anh Buc

m Vit P(z) c6 bién tu do (free variable) = (nghia 13, gia tri
clia = khéng xac dinh)

m Luong tU (V hodc 3) st dung véi mot vi tr cé mot hoac
nhiéu bién tv do “rang budc” nhiing bién nay, tao thanh
mot biéu thiéic cd mot hodc nhiéu bién rang buéc (bound
variable)

Vidu 11
m P(z,y) co haibién tu do: z va y
m Yz P(z,y) c6 mot bién tu do y va mét bién rang budc =

Lugng tu

m Biéu thiic khdéng cé bat ky bién tu do nao, vi du Yz P(z), 1
ménh dé

m Biéu thirc c6 mét hodc nhiéu bién tu do, vi du Va P(z, ),
khéng la ménh dé
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Logic vi tu

Phu dinh véi lugng ti

Logic va Chiing minh
m Phd dinh cda ménh dé cé lugng tu Hoang Anh Biic
m —Vr P(x) =dz-P(x)
m —dx P(x) = Vx-P(x)
m Hai tvong duong I6gic trén duoc goi la Luat De Morgan
cho luong tu (De Morgan’s Laws for Quantifiers). Ly do
cla tén goi nay 1a néu ta cd thé liét ké toan bd cac phan tl

trong mién D, vi du nhu z1, . . ., =, thi
—Vx P(ZC) = _l(P(Clﬁl) A\ P(ZEQ) JANEIIEIVAN P(iﬁn)) @ PhUi dinh véi lugng tir
=-P(x1)V-P(xs2)V---V-P(z,) LuatDe Morgan
= dx - P(x)
—dz P(z) = ~(P(x1) V P(x2) V-V P(xy))

-P(x1) N=P(x3) N--- N—=P(x,) Luat De Morgan
= Va -P(x)
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Logic vi tu

Phu dinh véi lugng ti

Vidu 12
P(z) := “z da hoc mdn Pai S6” vdi x 1a mdt sinh vién trong I0p
nay

m Yz P(z) := “Tat cd sinh vién trong I6p nay da hoc mén Dai

36”
m P( ) = Khong pha| tat ca sinh vién trong 16p nay da
hoc moén Pai S6” = “It nhat mét sinh vién trong IGp nay da

khéng hoc mén Pai S6” =: 3z —P(x)

®m 3z P(z) := “Ton tai mét sinh vién trong I6p nay da hoc
mon Dai So6”

® —dz P(z) := "Khong thé t6n tai mot sinh vién trong Io’p nay

da hoc mén Pai S6” = “Tat ca sinh vién trong I8p nay da
khéng hoc mén Pai S6” =: Vz —P(x)
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Logic va Chung minh
Hoang Anh Buc

Phi dinh véi lugng tir



Logic vi tu

Long céc luong tur

Logic va Chung minh

V|, du 1 3 Hoang Anh Buc
P(z,y) := “z nhd hon y” xac dinh trén mién D = Z x Z
m Jy P(z,y) := “co sO nguyén y sao cho z nhé han y” (Biéu
thire vdi 1 bien tv do—khong phai ménh dé)
m vz (3y P(z,y)) == “v6i moi s0 nguyén x c6 sO nguyén y
sao cho x nho hon y” (Biéu thic vdi 0 bién tu do—Ia ménh
dé)

Bai tap 14 ©

Chox € Zvay € Z va P(x,y) :== x <y. Xac dinh gia trj cua
cac ménh dé sau

Léng céc lugng tir
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Logic vi tu

Long céc luong tur

m Mot s6 tuong duong l6gic: Logic va Ghding minf
m VaVy P(x,y) = VyVe P(z,y) rloang Amh Bre
B dxdy P(x,y) = Jy3x P(x,y)
m D& thuan tién, cé thé ndi cac lugng tU cung loai
B VaVy P(x,y) = Vz,y P(x,y)
m TrU khi tat ca cac lugng ti déu la v hodc déu 1a 3, thi tu
cac luong tu' la quan trong
m Va3dy P(z,y) khac voi Jyvz P(z,y)
m Vidy, véiz,y lacdc so nguyen ménh dé Vz3y (q; <)
duing, vi véi mbi x ta cé thé chon y = z + 1 va hién nhién
x < y. Nguagc lai, ménh dé 3yVz (z < y) sai, vi khéng ton
tai s6 nguyén I6n nhét
Bai tap 15
Cdc ménh dé sau khi nao ding va khi ndo sai?
(1) VaVy P(x,y) = VyVa P(z,y)

Léng céc lugng tir

= Jy3dx P(x,y) 8



Chung minh

Mét s6 thuat ngir

Logic va Chung minh
Hoang Anh Buc

m Chiing minh (proof): mét ly luén hgp ly chi ra tinh ding
dan cia mét ménh dé toan hoc.

m Tién dé (axiom/postulate): mdt ménh dé duoc gia thiét 1a
dung

m Dinh ly (theorem): mdt ménh dé da dugc chiéing minh 1a
dung

m Ménh dé (proposition): mot dinh ly “khéng qud quan trong”

m B0 dé (lemma): mét dinh ly nhé ¢6 thé duge st dung nhu
mo6t cong cu ho trg ching minh cac dinh ly khac I16n hon

m Hé qué (corollary): mdt dinh ly nho thu dugc bang cach (38 ot sb thust ngs
truc tiép ap dung mét dinh ly khac I6n hon

m Gia thuyét (conjecture): mdt ménh dé ma tinh ding/sai cla
no chua dugc xac dinh, nhung thuong dugc “tin la dung”
thong qua mét sé bang chung hoac qua kinh nghiém, du
doan clia moét chuyén gia
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Chung minh

Mét s6 phuong phap chiing minh

Logic va Chung minh
Hoang Anh Buc

Ménh dé
Toan t(r ldgic va bang chan
tri

Logic va céc toan ti bit

Muc tieu
[‘Chljl’ng m|nh p dl]ng ] Phan loai ménh dé

Tuong duong l6gic

m Chirng minh truc tiép (direct proof) v

m Chng minh gian tiep (indirect proof): Gia thiét —p Epdcinrhfi_luc:_gw
dung, chiing minh —p — F (phuong phap Chitng minh g o uone
phan chiing (Proof by Contradiction)) A
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Chung minh

Mét s6 phuong phap chiing minh

Logic va Chung minh

Hoang Anh Buc

Muc tieu
[Cht]’ng minh p — ¢ dung ]

m Chirng minh hién nhién (trivial proof): Chitng minh ¢
dung ma khong can gia thiét gi khac
m Chirng minh truc tiep (direct proof): Gia thiét p dung,
ching minh ¢
m Ching minh gian tiep (indirect proof)
m Chirng minh phan dao (Proof by Contraposition)
(-g — —p): Gia thiet —¢ dung, chirng minh —p s |
= Ching minh phan chirng (Proof by Contradiction): Gia (10) orss pnange
thiet p A g dlng, va chi ra rang diéu nay dan den mot mau
thuan (nghia la, chitng minh (p A =q¢) — F)
m Chirng minh rong (vacuous proof): Chiing minh —p
dung ma khong can gia thiét gi khac
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Chung minh

Vidu

Logic va Chung minh

Mot sO nguyen n 1a so chan (even) khi va chi khi n = 2k vdi k la
sO nguyen nao do; n 12 sé /é (odd) khi va chi khi n = 2k + 1 vdi
k la s6 nguyén nao dé

Hoang Anh Buc

Dinh Iy 1
[( VGi moi s6 nguyén n) n khéng thé vira chan vira Ié

Ching minh phan ching.
m Nhac lai: D& chiéing minh p, ta chiing minh —p — F
m Gia s( ton tai mot s6 nguyén n vira chan via 1é
m Do n chan, n = 2k véi sd nguyén k nao do
m Don 1&, n=2j+ 1 védisd nguyén j ndo do o’
mDodo,2k=2j+1,suyrak—j= % Ménh dé nay sai voi

moi sO nguyén k& va j, day 1a mot mau thuan. Ta cé diéu
phai chirng minh



Chung minh

Vidu

Pinh ly 2
[-(Vc?i moi s6 nguyén n) Néu n 13 s6 18, thi n? ciing 1a sé 1é

Chung minh tryc tiép.
m Néu n 1&, thi n = 2k + 1 vé6i k 12 s6 nguyén nao dé
m Dodd, n? = (2k +1)2 = 4k% + 4k + 1 = 2(2k* + 2k) + 1
m Do dd, n? = 2j + 1 v6i j = 2k2 + 2k la s6 nguyén
m Theo dinh nghia, n? 1é

Logic va Chung minh
Hoang Anh Buc

Ménh dé
Toan t(r ldgic va bang chan
tri

Logic va céc toan ti bit

Phan loai ménh dé

Tuong duong l6gic

Vi tir
Luong tw
Ph dinh véi lugng tir

Long cac lugng tur

Mét s6 thuat nglr

M6t sb phuong phéap
ching minh

(&) vio
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Chung minh

Vidu

Logic va Chung minh

-B|nh Iy’ 3 Hoang Anh Buc
[(Vdi moi s6 nguyén n) Néu 3n + 2 1a sé 18, thi n cling 1a sé 1é
Toan t(r ldgic va bang chan

tri
Logic va céc toan ti bit

Ching minh phan dao.

m Nhac lai: dé chiéing minh p — ¢, ta chiing minh —q — —p e
m (Ménh dé phan ddo: Néu n chan, thi 3n + 2 cing chan) :

m Gia s{ két luan cdia dinh Iy trén 14 sai, nghia Ia  chan
m Do dé n = 2k vGi s6 nguyén k nao dé el
m Suyrasn+2=3(2k)+2=6k+2=2(3k+1)

M6t sb phuong phéap

m Tir d6, 3n +2 = 2j V6i j = 3k + 1 la s0 nguyén, va do dé la ol
sO chan

m Ta da chiing minh —(n le) — —(3n + 2 lg) dung, do do
ménh dé phan dao (3n + 2 1) — (n Ié) cling duing
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Chung minh

Vidu

Logic va Chung minh
Hoang Anh Buc

Ménh dé

[- Bi n h Iy’ 4 Toan t(r ldgic va bang chan

Lt!Sgic va cac toan ti bit
VGi moi so nguyén n) Néu n vira chan vira 18, thin? = n +n ]

Phan loai ménh dé

Tuong duong l6gic

Chung minh réng.

9 . ~ s . s . \ Vit
m Nhac lai: dé chung minh p — ¢, ta chung minh —=p ma Lugng t
A A A ’ . 2 « A N Ph dinh vaéi lugng tir
Khong can bat cu gia thiet nao Léng o uong ts
m Ménh dé “n vira chan vira 18” sai véi moi s6 nguyén n
m Ta c6 diéu phai chifng minh (Tap cac gia thiét 1a réng) g i PP

@ Vidu
[]
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Chung minh

Vidu

Logic va Chung minh
Hoang Anh Buc

A Dinhly 5

(V&i moi s6 nguyén n) Néu n 1a téng cla hai s6 nguyén o, thi
hoac n chan hoac n lé

Chdng minh hién nhién.

= Nhac lai: dé",chL'J’ng minh p — ¢, ta chiing minh ¢ ma
khong can bat cu gia thiét nao

m V& moi sb nguyén n, ménh dé “hoac n chan hoic n 1&”
dung

m Do dd, két luan clia ménh dé can chitng minh ludn diing, ) e
bat luan gia thiét la dung hay sai

m Hién nhién Ia ménh dé can chiing minh luén dung
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Chung minh

Vidu

Logic va Chung minh
Hoang Anh Buc

Chiing minh sau cua Dinh ly 1
(VGi moi s6 nguyén n) n khong thé vira chan vira 1é

dung hay sai? Tai sao?

Ching minh phan chung.
m Gia sU ton tai mot s6 nguyén n vira chan vua 1é
m Do n chan, n = 2k véi sd nguyén k nao dé
m Do n &, n = 2k + 1 vdi s6 nguyén k nao dé

m Do dd, 2k = 2k + 1, suy ra 0 = 1. Ménh dé nay sai v8i moi () us
sO nguyén k, day la moét méau thuan. Ta co diéu phai chirng
minh
[]
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Chung minh

Vidu

Ching minh sau clia ménh dé

1=2
la sai. Tai sao?
Chung minh.
Goi a, b 1a hai s6 nguyén duong bang nhau.
(1) a=b Gia thiét
(2) a2 = ab Nhan hai vé cla (1) véi a
(3) a® —b? = ab — b? Trir b2 tU ¢4 hai vé cla (2)
(4) (a—b)(a+b)=(a—0bb  Phan tich hai vé cla (3) thanh
nhan tU

(5) a+b=5b Chia c& hai vé cla (4) cho a — b
(6) 2b =b Thay a bdi b trong (5) vi a = b, va dan gian hoa
(7) 2=1 Chia c& hai vé cla (6) cho b

—

Logic va Chung minh
Hoang Anh Buc

o
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Chung minh

Vidu

Logic va Chung minh
Hoang Anh Buc

Chdng minh sau clia ménh dé

(VGi moi s6 nguyén n) Néu n2 chan, thi n cling chan

la dung hay sai. Tai sao?

Chung minh.
m Ménh dé ding véi n = 0. Do dé ta chi xétn #£ 0
m Gia s n? chan. Do dé n? = 2k véi s6 nguyén & nao do
m Chia ¢4 hai vé cho n, ta c6 n = (2k)/n = 2(k/n)
m Do d6, ton tai s6 j = k/n sao cho n = 2j
m Do tich clia j va mét so nguyén (2) la mét s6 nguyén (n), (12) vie
nén j cung la sé nguyén
m Do do n chan
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