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Mon thi: Toan roi rac
Ma moén hoc: MAT3500 S6 tin chi: 4 Pésb: 1
L6p hoc phan: MAT3500 2, MAT3500 3 Nganh hoc: KHMT&TT
Thoi gian 1am bai: 120 phut (khong ké thai gian phat dé)

Chu y: Dé gom 6 cau/2 trang. Khong st dung tai liéu. Diém bai kiém tra nay chiém 70%
tong s6 diém ctia mon hoc. Can b coi thi khong giai thich gi thém.

Cau 1. (1 diém) Mot tap cac toan tir 16gic C duoc goi 1a day dii néu mdi ménh dé phirc hop
c6 mot ménh dé phic hgp tuong duong 16gic vdi n6 chi st dung céc toan tir 16gic trong C.
Pé thay C = {—, A} la mot tap cac toan tir 16gic day dd, voi hai ménh dé p, g, hay tim cac
ménh dé phitc hop chi str dung céc toan it 16gic trong C va tuong duong 1ogic véi

(@) pVq (© p—q

(b) pg (d) perg
Cau 2. (1 diém) V&i mot tap hgp A bat ky, goi P(A) la tap hop tht ca cac tip con cta A.
(a) V6i cac tap A, B bat ky, chiing minh rang P(A) N P(B) = P(ANB).
(b) Néu thay N bang U thi phét biéu & phan (a) con dung hay khong? Tai sao?

Cau 3. (2 diém)

(a) St dung Dinh ly Fermat nhoé dé tinh a; = 2322 mod 3, a, = 23*3 mod 7, va a3 =
232023 mod 11.

(b) Tim s6 nguyén x théa man 0 < x < 231 va

x=a; (mod 3) (1)
x=ap, (mod?7) 2)
x=a3 (mod 11) (3)

trong d6 ay,ap, a3 1a cac s6 dugce tinh & phan (a). St dung két qua trén va Dinh ly phan
du Trung Hoa dé tinh 232923 mod 231. (Chu y rang 231 = 3 x 7 x 11.)

Cau 4. (3 diém)
(a) C6 bao nhiéu s6 thap phan c6 8 chit s6?

(b) C6 bao nhiéu sb thap phan cé 8 chit s6 chia hét 5?



(c) C6bao nhiéu sb thap phan c6 8 chit s6 khong chia hét cho 5?

(d) C6 bao nhiéu sb thap phan c6 8 chit s6 c6 ba chir s6 dau 1a 111 hoac hai chir s6 cubi la
00?

(e) C6 bao nhiéu s6 thap phan c6 8 chit s6 ¢6 chira 111111 (chudi 6 chit s6 1 lién tiép)?
(f) C6 bao nhiéu sb thap phan c6 8 chit s6 6 it nhat hai chir s6 giong nhau?
Cau 5. (1 diém) Cho G = (V, E) 1a mot don dd thi vé hudng c6 n > 2 dinh.

(a) Ching minh rdng khong ton tai dong thoi hai dinh phan biét u, v théa man deg (1) =0
vadeg,(v) =n—1.

(b) Ching minh rang néu véimoiv € V ta 6 deg(v) > n/2 thi G 1a mot do thi lién thong.
Cau 6. (2 diém)
(a) Db thi C,, (n > 3) c6 bao nhiéu canh? D6 thi Q,, (n > 1) ¢6 bao nhiéu canh?

(b) Cho G = (V,E) 1a mot don do thi vo hudng. Ching minh rang néu G ¢6 chinh xac hai
dinh bac 1é u va v thi c6 mot duong di trong G gitta u va v.




PAI HOC QUOC GIA HA NOI
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Loi giai 1. Mot phuong an giai la sit dung bang chan tri dé dua cac biéu thic da cho vé dang tuyén
chuan tic (DNF) hoac dang hoi chuan tac (CNF) rdi ap dung luat De Morgan va cac tuong duong

16gic da biét. [1 diém]
() 0.25
pVg=-(-pA-q) luat De Morgan
(b) 0.25
p®g=(pA—q)V(-pAq) dang tuyén chuan tac
=-(=(pA—=g) A-(—pAq)) luat De Morgan
hoac
p®g=(-pV-q)A(pVyg) dang hoi chuan tac
=-(pAg) AN=(mpA—g) luat De Morgan
© 0.25
p—=qg=-pVq dang hoi chuén tac
=-(pA—q) luat De Morgan
hoac
p—=q=((pAg)V(mpAq)V(=pA—q) dang tuyén chuén tac
= (~(pAg) A= (mpAg) A=(=p A—q)) luat De Morgan




(d)

psrg=(pAg)V(=pA-q) dang tuyén chuan tac
=-(=(pAg) AN (mpA—q)) luat De Morgan

hoac

perqg=(pVq)A(-pVy) dang hoi chuén tac

“(=pAg)A=(pA—g) luat De Morgan

0.25

Loi giai 2.

[1 diém]

(a) Ta chiing minh P(A) N'P(B) € P(ANB) vaP(ANB) C P(A) N P(B).

Lay mot tap batky X € P(A)NP(B). Tacoé X € P(A) va X € P(B). Theo dinh nghia,
X C AvaX C B.Dod6, X C (AN B). Theo dinh nghia, X € P(ANB). Do dé P(A)N
P(B) C P(ANB).

Lay mot tap bat ky X € P(A N B). Theo dinh nghia, X C (AN B).Dodé, X C (ANB) C
AvaX C (ANB) C B. Theo dinhnghia, X € P(A) va X € P(B),hay X € P(A)NP(B).
Do dé P(ANB) C P(A)NP(B).

0.5

(b) Néu thay N bang U thi phat biéu & phan (a) khong dung, nghia la ton tai cac tap A, B
thoaman P(A) UP(B) # P(AU B). Dé thay diéu nay, xét cac tap A, Bthéaman A\ B #
@vaB\ A # @.DatX = AAB = (A\B)U(B\ A). Tachung minh X ¢ P(A) UP(B) va
X e P(AUB).

Do® # (B\A) C X,tac6 X € A,vadoddo X ¢ P(A).Do® # (A\B) C X, tacé
X ¢ B,vadodé X ¢ P(B). Dodé, X ¢ P(A)UP(B). Mat khac, do X = AAB C AUB,
taco X € P(AUB).

Dé chiing minh phét biéu & phan (a) khong ding khi thay N bang U, ¢6 thé 1iy vi du cu
thé cac tap A, B thoa man P(A) UP(B) # P(AUB). Viduvéi A = {1} va B = {2} thi
P(A) ={2,{1}} va P(B) = {@,{2}},do dé P(A)UP(B) = {D,{1},{2}}. Mat khac,
P(AUB) =P({1,2}) = {9, {1},{2} {1,2}}.

0.5

Loi giai 3.

[2 diém]

(a) Theo dinh ly Fermat nho, vdi p 1a so nguyén to va 4 1a so nguyén khong chia het cho
p,tacéaP~! =1 (mod p). Ap dung dinh ly Fermat nho, ta c6 232 =1 (mod 3),23° =1
(mod 7),va 23 =1 (mod 11). Do d6,

a1 = 23292 mod 3 = (23%)1%! x 23 mod 3 = [(23% mod 3)!%" x (23 mod 3)] mod 3 = 2
a; = 23%2 mod 7 = (23°)% x 23 mod 7 = [(23° mod 7)*¥” x (23 mod 7)] mod 7 = 2

= [23° mod 11] mod 11 = (23 mod 11)® mod 11 = 1

a3 = 2322 mod 11 = (23'9)22 x 23% mod 11 = [(23!° mod 11)?°? x (23 mod 11)] mod 11




cach chon a; (1,2,...,9) va 10 cach chon (0,1,2,...,9) mbi chit s6 trong tap ay, ..., as. Do
dé, c6 9 x 107 = 90000 000 sb thap phan c6 8 chit sb.

(b) Ta giai hé phuong trinh sau 1
x=2 (mod 3) (1)
x=2 (mod?7) (2)
x=1 (mod 11) (3)
(Céch 1) St dung chitng minh ctia Dinh ly phan du Trung Hoa.
batmy =3, my =7, m3 =11, vam = mympymsz =3 x 7 x 11 = 231. Ta c6

* My =m/my =7x11 =77 vay; = —1 la mét nghich dao ctia M; theo
modun my = 3.

* My = m/my =3 x11 = 33 va y, = 3 la mot nghich ddo cua M, theo
modun mp = 7.

* Mz =m/m3 =3x7 = 21vays = —1 la mét nghich dao ctia M3 theo
modun mz = 11.

Mot nghiém ctia hé phuong trinh 1a
3
X =Y ayiM; =2 x (—1) x 774+2x 3 x 3341 x (—1) x 21 = 23.
i=1
Theo Dinh ly phan du Trung Hoa, x* 1a nghiém duy nhét ctia hé phuong trinh
theo modun 231, nghia 1a, moi s6 nguyén x théa man x = x* (mod 231) déu la
nghiém ctia hé phuong trinh. Do d6, x = x* mod 231 = 23 la nghiém duy nhat
cta hé phuong trinh théa man 0 < x < 231.
(Cach 2) S dung phuong phap thay ngugc.

e Tir (1), ton tai t € Z sao cho x = 3t + 2.

e Thay vao (2), tac63t+2 =2 (mod 7), suy ra 3t = 0 (mod 7), va do d6
t =0 (mod 7). Do dé, ton tai u € Z saocho t = 7u. Suy rax = 3t +2 =
3(7u) +2=21u+2.

e Thay vao (3), tac62lu+2 =1 (mod 11), suy ra 21lu = —1 (mod 11), va
dodéu = —10 (mod 11) = 1 (mod 11). Do d6, ton tai v € Z sao cho
u=11v+1.Suyrax =21u+2=21(11v+1) + 2 = 231v + 23.

* Do d6, x = 23 1a nghiém duy nhét ctia hé phuong trinh théaman 0 < x <
231.

Theo Dinh ly phﬁm du Trung Hoa, do 232023 13 mot nghiém cta hé phuong trinh, ta c¢6
232023 = 23 (mod 231) va do d6 23292 mod 231 = 23.
Loi giai 4. Gia st a1aza3a4a5a6a7as 1a mot sd thap phan c6 8 chir sb.
(a) Goi A la tap cac so thap phan c6 8 chit s0. Pé xay dung mot phan tir thude A, c6 9 0.5




(b) Goi As 1a tap cac s6 thap phan c6 8 chir s6 chia hét cho 5. Ta dém s phan tr ctia
As. Vi x € As, do x 1a s6 thap phan c6 8 chir sb, ta c6 107 < x < 108, Két hop véi x
chia hét cho 5, ta c6 x = 107 + 5k véi sb6 nguyén k > 0 nao doé. Tu 107 < x < 108, ta c6
107 < 107 4 5k < 108, suy ra 0 < k < (108 — 107) /5 = 18 x 10°. Do d6, A5 = {107 + 5k |
0 <k < 18 x 10°}, suy ra |As| = 18 x 10 = 18000 000.

0.5

(¢) Tu cac phan (a) va (b), s6 cac s6 thap phan c6 8 chir s0 khong chia het cho 5 chinh la s6
phan tr ctia tap As = A\ As. Tacé |As| = |A| — |As| =9 x 107 — 18 x 10 = 72 x 10° =
72000 000.

0.5

(d) Goi By11 1a tap cac so thap phén c6 8 chir sO c6 ba chit so dau la 111 va Egp la tap cac so
thap phan c6 8 chit s6 ¢6 hai chit s6 cubi la 00. S6 cac s6 thap phan c6 8 chit s6 c6 ba chi
s6 dau 1a 111 hoac hai chit s6 cudi 1a 00 bang s6 phan tir ctia tap By U Ego. Theo nguyén
ly bu trt, |Bi11 U Eoo| = [Bu1| + |Eoo| — [Bui1 0 Eool- )

bé xay dung mot phan tr caa Biqi, ta chi can chon cac chit so trong tap ay, ..., as (do
ap = ap = a3 = 1), trong d6 mdi a; (4 < i < 8) 6 10 cach chon (0,...,9). Do d6
|Bi11| = 10°. Dé xay dung mot phan tir ca Eq, ta chi can chon cac chit s trong tap
ay, ..., a6 (do a; = ag = 0), trong d6 a1 ¢6 9 cach chon (1,...,9) vamodia; 2 < i < 6)co
10 cach chon. Do d6, Egg = 9 x 10°. D€ xay dung mot phan tir ctia Biy1 N Ego, ta chi can
chon cac chit s6 trong tdp ay, ..., a6 (doay = ap = a3 = 1 vaay; = ag = 0), trong do moi a;
(4 <i < 6)co 10 cach chon. Do d6, |By11 N Ego| = 10°.

Ta c6 |Blll U E00| = ‘B111| + |E00| — |B111 N E00| =10° +9 x 10° — 10% = 999 000.

0.5

(e) Ta xét cac truong hop dua trén vi tri bat dau cua day 111111 trong mot so thap phan
6 8 chix sb.

e Cacsb co dang 111111ayag. Mdi chit s6 ay va ag c6 10 cach chon (0,1, ...,9). Do do,
6 107 s6 dang nay.

e Cacsb co dang 41111111ag véi a; # 1. C6 8 cach chon a; (2,3, ...,9) va ¢6 10 cach
chon ag (0, ...,9). Do d6, ¢6 8 x 10 sb dang nay.

e Cacsbco dang 145111111 voiay # 1. C6 9 cach chona; (1, ...,9) va ¢6 9 cach chon
a3 (0,2,3,...,9). Do d6, c6 9% s6 dang nay.

Nhu vay, theo quy tac cong, c6 10 4 8 x 10 + 92 = 261 s6 thap phan c6 8 chit sb c6 chira
111111.

0.5




(f) Goi D 1a tap cac sb thap phan c6 8 chit s6 trong dé khong c6 hai chir s6 nao giong
nhau. Két hop véi phén (a), s6 cac sb thap phan c6 8 chu sb trong do co it nhat hai chit s6
gibng nhau 1a s6 phan tir cta tap D = A\ D. Dé xay dung mot phan t thude D:

e ¢69cachchonay (1,2,...,9),

* ting voi moi cach chon ay, c6 9 cach chon ay tur tap {0,...,9} — a3,

* Ung voi moi cach chon aq,az, ¢6 8 cach chon as tir tap {0,...,9} — {ay, a2},

e ung voi moi cach chon ay, a3, a3, ¢6 7 cach chon ay tir tap {0,...,9} — {ay, a2, a3},

. ...

* Ung vdi moi cdch chon ay, . .., a7, c6 3 cach chon ag ti tap {0,...,9} — {ay,...,a7}.

Do d6, D] = 9x9x8x7x6x5x4x3 = 1632960. Suy ra |D| = |A| — |D| =
90000 000 — 1632960 = 88367 040.

0.5

Loi giai 5.

[1 diém]

(a) Gia str ton tai hai dinh phan biét u, v trong G thoa man deg (1) = 0 va deg;(v) =
n —1 > 0. Do bac ctia u bang 0, u khong lién ké vé6i bat ky dinh nao khéc trong n — 1 dinh
con lai. Do d6, v6i moi dinh w # u, ta c6 deg;(w) < n — 2. Diéu nay mau thuan vdi gia
thiét deg-(v) =n—1>n—2.

0.5

(b) Gia st G khong la do thi lién thong, nghia la, ton tai hai dinh u, v € V sao cho khong
c6 duodng di gitta u va v trong G. Goi H = (Vy,Ey) va K = (Vk, Ex) 1an lugt 1a cac
thanh phan lién thong cta G chia u va v. Ta ¢6 degy (w) = degs(w) voi moi w € Vy
va degy(w) = deg;(w) véi moi w € Vk. Do d6, degy,(u) > n/2 va degy(v) > n/2.
Suy ra |Vy| > n/2+1va |Vk| > n/2+ 1. Do H va K la cac thanh phan lién thong cta
G, Vi va Vi la cac tap con khong giao nhau ctia Vva Vg U Vg C V. Do d6, n = |V| >
V| + |Vk| > 2(n/2 +1) = n + 2. Day la mot mau thuan.

Mot cach chung minh khac la nhu sau. Ta ching minh v6i moi cap dinh u,v € V, ton tai
mot dudng di gitra u va v trong G. V&i mot dinh w € V bat ky, goi N[w] la tap chia w va
cac dinh lién ké véi w trong G. Theo gia thiét [N[w]| > /2 + 1. Véi moi cdp dinh u,v € V,
taco |[N[u]| > n/2+1va|N[v]| > n/2+1.Dodé, [N[u]| + |N[v]| > n+2 > n. Matkhdc,
do N[u]UN[v] C V,tacén = |V| > |[N[u]UN][v]| = |N[u]| + |N[v]| — I[N[u] " N[v]| >
n+2— |N[u] N N[v]|. Do d6, N[u] N N[v] # @. Néu u € N[u] "\ N[o] thi u va v la hai
dinh lién ké nhau, va do d6 canh uv 1a mét duong di gitra u va v trong G. Nguoc lai, néu
u ¢ N[u] N N[o] thi ta cting c6 v ¢ N[u] N N|[v] va do d6 ton tai mot dinh w khac véi ca u
va v théa man w € N[u] N N[v]. Do d6, cac canh uw va wov tao thanh mét duong di gitra
u va v trong G.

0.5

Loi giai 6.

[2 diém]

(a) Mdi dinh trong do thi C, ¢ bac 2, do d6 tong bac cua tat ca cac dinh trong C, 1a 2n.
Theo Dinh ly bat tay, s6 canh ctia C, 1a2n/2 = n.

Theo dinh nghia, mdi dinh trong Q, ing vdi mot chudi nhi phan do dai n. Do d6, Q, ¢
2" dinh. Mbi dinh trong dd thi Q, c6 bac 1, do d6 téng bac cua tat ca cc dinh trong Q,
1a n2". Theo Dinh Iy bét tay, s6 canh ctia C,, 1a n2" /2 = n2"~1.

7




(b) Gia st khong c6 duong di nao gitta u va v trong G. Do do, u va v khong thudc cung 1
mot thanh phan lién thong ctia G. Goi H = (Vy, Ey) va K = (Vk, Ex) lan lugt 1a cac
thanh phan lién thong ctia G chia u va v. Do u # v, H va K 1a hai d0 thi phan biét. Do H
1a mot thanh phan lién thong ctia G, véi moi w € Vg, ta c6 degy, (w) = deg(w). Do d6,
v6i moi dinh w # u trong H, deg,;(w) la chan, va deg,,(u) 1a1é. Suy ra },,cy,, deg (w)
phai 1a mot s6 1é. Diéu nay mau thudn véi Dinh ly bat tay. Do do, ton tai mot duong di
trong G gitta u va v.

Ha No&i, ngay 22 thang 05 nam 2023
NGUCI LAM DAP AN
(ky va ghi 16 ho tén)

Hoang Anh Duc




