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C4c nguyén ly dém co ban

Quy tac song anh

Céc phuong phap dém
Hoang Anh Buc

m Quy tac song dnh (The Bijection Rule): Néu f : A — B la Quy o song
mot song anh, trong dé A va B la cac tap httu han, thi

Al =B
Vidu 1
m Chotaphop U = {uy,ug,...,un}

m Moi tap con A C U dugc bleu dién bang chudi nhi phan
X122 ...T, trongdo z; =1 néuu, € Avaz; = 0 néu

m SO tap con cla U bang vdi s6 cac chubi nhi phan do dai n
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C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém

m Quy tac nhan (The Product Rule): Hoang Ann Do
m Gia si* mot cong viéc dudc chia nho ra thanh n giai doan
lién tiép nhau
m Giai doan thr 1 ¢6 my céch thuc hién g R Qe
B V&i moi cach thyuc hién giai doan thit 1, cd mo cach thuc hién

giai doan thu 2

Vi moi cach thuc hién céac giai doan thi 1 va 2, ¢ ms cach
thuc hién giai doan thu 3
Véi moi cach thuc hién cac giaidoantht 1,2,...,n — 1, ¢

my, cach thuc hién giai doan thu n

m Comims...m, cach thuc hién cong viéc

m Quy tac céng (The Sum Rule):
m CO n bién phap khac nhau dé thuc hién mét cong viéc
m Cach thuc hién bién phap thu 4 lubn lubn khac cach thuc
hién bién phap tht jvéimoii £ jval <i,j<n
m Néu bién phdp th( i c6 m; cach thuc hién (1 < i < n) thi ta
cd m1 + mao + - - - + m,, cach thuc hién cong viéc
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C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céac phuong phap dém
Hoang Anh Buc

Cac quy tac dém ca ban c6 thé dugc biéu dién theo ngdn ngilr

tép hdp Qﬂuytéc nhan va Quy tac
m Quy tac nhén (The Product Rule): Cho céc tap hitu han '
A1, As, ... Ay trong do |A;| =m; vBi 1 <i<n.Taco
‘Al XAQ Xoeee XAn‘ = ‘A1‘|A2“An‘ =MmMmi1Mms...My

m Quy tac coéng (The Sum Rule): Cho céc tap hitu han dbi
mot roi nhau Ay, As, ..., An, (A; N A; = 0 v8i moi i # 7,
1<i,j<n)val|d;]=m;Vvl8il<i<n.Taco

‘A1UA2U° . UAn’ = ’A]_“"’AQ‘—" . —I—‘An‘ = mi+mo—+---+my
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C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém
Hoang Anh Buc

Vi du 2 (Quy tac nhan)
Cé bao nhiéu chubi nhi phan dé dai 77
m Gid st chubi x = 125 . .. z7 la mOt chubi nhi phan dé dai 7
m Dé xay dung z, ta lan luot chon gia tri cho z1, 2, . . ., 7
m c0 2 cach chon z: (0 hoac 1)
m vd@i moi gia tri cla z1, ¢o 2 cach chon z2 (0 hodc 1)
: le moi gid tri cla z1, . .., zs, O 2 cdch chon =~ (0 hodc 1)

m Do dd c6 27 chubi nhi phan do dai 7
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C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém
Hoang Anh Buc

Vi du 3 (Quy tac nhan)
Tap hop n phan ti S = {z1, z2, ..., z,} c6 bao nhiéu tap con?
m Mot tap con cla S cé thé dugc xay dung thdng qua n O
budc lién tiep
m chon x; hoac khéng chon
m chon x5 hoac khéng chon

...
m chon z,, hoac khéng chon

m Mdi budc co thé dugc thuc hién bang 2 cach
m Do do co 2" tdp con cla S

Bai tap 1
CG bao nhiéu ham f : A — B vdi A va B lan lugt la cdc tap
hiu han gébm m va n phan tu'?

74



C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém
Hoang Anh Buc

Vi du 4 (Quy tac cong)

Mot sinh vién cé thé chon mot bai thuc hanh may tinh tUr mét
trong ba danh sach tuang ¢ng co 23, 15, va 19 bai. Gia thiét
rang khéng c6 hai bai nao giong nhau. C6 bao nhiéu céch
chon bai thuc hanh?

m C6 23 cach chon bai thuc hanh ti danh sach thi nhat
m Co 15 cach chon bai thuc hanh tu danh sach thi hai
m Co 19 cach chon bai thuc hanh tu danh sach thi ba

m Do khong cé hai bai ndo gidbng nhau, s6 cach chon bai
thuc hanh 12 23 + 15 + 19 = 57

Quy tac nhan va Quy tac
cong
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C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céac phuong phap dém

Vi du 5 (Quy tac cong) g A i
C4 bao nhiéu chudi nhi phan do dai 7 ¢6 chinh xac hai s6 1?
m Trong mdt chudi nhi phan z1z, . .. z7 dd dai 7 cé chinh xac
hai s0 1 cong
m Ocacvitriivajnaodovdil<i<j<T xi=ux;=1
m Ocacvitrik ¢ {i,j}, zx =0

Z1 ) x3 X4 X Zg X7

O10ff1 101 ]0]O0

i j
m Ung v&i mdi vi tri i cla sb 1 dau tién, cd 7 — i vi tri j c6 thé
cho s6 1 thu hai

mVdii=1,¢c07—1=6Iuachonchoj
V6ii=2,¢c67—2=>5Iluachoncho j

|

H ...

O V(jiz':7,c§7—7:plu’achoqchoj

m Theo quy tac cdng, so cac chudi nhi phan do dai 7 co chinh
xdchaisb 112> (T—i)=>" i=6(6+1)/2=21 .



C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém

VI’ du 6 Hoang Anh Duc
Gid sif tén cac bien trong mét ngdn ngit 1ap trinh chi cé thé la
mot chir céi viet hoa hoac mét chir cai viet hoa theo sau boi
mot chir s0. Gia st ta st dung bang chii cai tieng Anh va céc Quy e i va Quy te
chi so trong hé thap phan. Co tat ca bao nhiéu tén bién trong
ngbn ngu 1ap trinh nay?
m M0t tén bién c6 dang = hodc za v6iz € {A, B, ..., Z} va
aec{0,1,...,9}
m Néu tén bién cé dang z, ¢ 26 cach chon gia tri cla «
m Néu tén bién cd dang z«, ¢ 26 cach chon gid tri clia z, va
(rng vGi mai gia tri cla « ¢6 10 cach chon gia tri cua .
Theo quy tac nhan, c6 26 x 10 = 260 tén bieén c6 dang z«
m Theo quy tac cong

sO t&n bién = s6 tén bién dang = + s6 tén bién dang z«
= 260 + 2060 = 286
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C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

) Céac phuong phap dém
V| du 7 Hoang Anh Buc
Céc dich vu rit gon dudng dan (URL-shortening service) nhu bit.ly
hay tinyurl.com cho phép ngudi dung thu gon mét duting dan dai
thanh mét day cac ky tu ngan hon rat nhiéu. Vi du duting dan t6i bai (10) e o
giang nay trén trang web mon hoc https://hoanganhduc.github.io/ cong
teaching/VNU-HUS/2024/MAT3500/Lectures/Counting.pdf sau khi
rut gon théng qua bit.ly la https://bit.1y/3U4FW1V
Gia sUr cac dudng dan sau khi rit gon gém ¢ https://bit.1ly/ kém
theo mot chudi 7 ky tu, mbi ky tu chi c6 thé la mét chir s6 thap phan,
mot chi¥ cdi viét hoa, hodc mét chii cai viét thudng trong bang chii cai
tiéng Anh. C6 tat ca bao nhiéu dudng dan rat gon?

m Mbi dudng dan tuong ¢ng véi mot chudi ky tu =12 . . . 27 trong dé

r; €C={0,....,.9}U{A,....Z}U{a,...,2}, 1 <i<7
m G0 |C] cach chon gia tri cho
m VGi moi gia tri cla x1, ¢6 |C| cach chon gid tri cho z-
...
m VGi moi gia tri cla z1, . .., x¢, ¢O |C| céch chon gid tri cho x7
m Theo quy tac nhan, cé
IC|7 = (10 + 26 + 26)7 = 627 = 3521 614 606 208 dudng dan rut
gon
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C4c nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém
Bé.l té.p 2 Hoang Anh Bic
Pia chi kiém soat truy cap phuong tién truyén théng (MAC
(media access control) address), hay con goi la dia chi MAC, la
mét dinh danh duy nhat duoc gan cho mét card mang (network Quy thonhén v Quy te
adapter), vi du nhu card mang co day (ethernet card) hoac
card mang khéng day (wireless card). Dia chi nay gém mét day
sdu cdp cdc chit sé thap luc phan (nghia la cdc ch sé 0, 1, 2,
3,4,56,7,8 9 A B, C,D,E,F). Vidu, F7:DE:A1:B6:C4:33
la mét dia chi MAC. (Céc cap so thudng dugc phan tdch bdi
d4u hai chdm.) CG6 tat ca bao nhiéu dia chi MAC?
Bai tap 3
Theo quy dinh cua B6 Thong Tin & Truyen Thong Viet Nam, tat
ca cdc so thué bao dién thoai di dong can co 10 chu so tfrong
dé ba chir sé dau tién dai biéu cho nha mang cung cap dich
vu. Vi du, nha mang Viettel hién tai s& hitu 12 dau sé di déng:
086, 096 — 098, va 032 — 039. Viettel cd thé cung cap tbi da
bao nhiéu sé dién thoai di déng? 5



C4c nguyén ly dém cao ban
Nguyén ly bu tru

Céc phuong phap dém

m Nguyén ly bu trtt (Inclusion-Exclusion Principle): (hay Quy
tac trir (The Subtraction Rule))
m CO6 hai bién phap khac nhau dé thuc hién mot cong viéc
m Bién phap thi nhat c6 m cach thuc hién
m Bién phap tht hai ¢é n cach thuc hién
m CO k cach thuc hién dong thdi hai bién phap
m S6 cach thuc hién céng viec la m +n — k
m Nguyén ly bu tri (Inclusion-Exclusion Principle): Cho cac
tap httu han A, B trong dé |[A| = mva |B| =n. Ta cd

AU B|=|A|+ |B| — |AN B|

5y |

Hoang Anh Buc

Nguyén ly bu trir



C4c nguyén ly dém cao ban
Nguyén ly bu tru

Céc phuong phap dém
VI, du 8 Hoang Anh Burc
C4 bao nhiéu chudi nhi phan do dai 8 bat dau véi 1 hoac két
thuc véi 007
m Goi A latap cac chudi nhi phan do dai 8 co dang 1x; ... xg Nguyen 1 bi
(bat dau vadi 1) va B la tap cac chudi nhi phan d6 dai 8 co
m Tap cac chubi nhi phan do dai 8 bat dau vai 1 hodc két
thucvéi00la AU B
m Theo nguyénly butru, |[AU B| = |A| + |B| — |AN B|
m |A|: SO chudi nhi phan d6 dai 8 ¢ dang 1z, ... zs 1a 27
®m | B|: SO chudi nhj phan dé dai 8 c6 dang z1 2 . .. 2600 1a 2°
m |A N BJ|: SO chubi nhi phéan dd dai 8 co dang 1x: ... z600 la
25
S6 chubi nhi phan dd dai 8 bat dau vai 1 hoac ket thuc véi
00la|AUB|=2"+2°%—-2°=160
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C4c nguyén ly dém cao ban
Nguyén ly bu tru

) Céc phuong phap dém
Vl du 9 Hoang Anh Burc
O ngan hang X, khach hang co the st dung ma PIN (Personal
Identification Number) gdm 4 chi¥ s6 thap phan dé truy cap tai khoan
tU may rut tién tv déng thong qua thé rut tién. Ngan hang X dac biét
yéu cau cac ma PIN khong thé bat dau hoac két thic véi ba chir s6 (o)
lién tiép gidng nhau (vi du, day 7770 hodc 0111 1a khéng hop 18). C6
tat cd bao nhiéu day PIN khéng hap &7

m Goi S 1a tAp hap tat ca cac day PIN bat dau véi ba chir s6 giong
nhau va E la tap hop tat ca cac day PIN ket thiic véi ba chi s
gidng nhau. Tap hop cac day PIN khéng hop léla SU E

m Theo nguyénly bu tru, |[SU E| = |S| + |E| —|SN E|

m |S|: S6 day PIN c6 dang zxxy VOi x Y € {0,...,9}1a 10* (c6 10
cach chon x, va u’ng véi moi gia tri clia = ¢o 10 cach chon y)

m |E|: SO day PIN c6 dang zyyy Vi x .y €{0,...,9} 12102 (c6 10
cach chon z, va Ung vdi moi gia tri cla x co 10 cach chon y)

m |S N E|: Mot day PIN zyzt thudc SN E khivachikhiz =y = 2
(thudc S) va y = z = ¢ (thudc E), nghia 1a = = y = z = t. M6i day
thudc S N E do dé co dang zxxx va cé 10 day dang nay (c6 10 cach
chon x)

m S6 day PIN khéng hop & 12 |[S U E| = 10 + 102 — 10 = 190

Nguyén ly bu trir
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C4c nguyén ly dém cao ban
Nguyén ly bu tru

Céc phuong phap dém

V|, du 1 O Hoang Anh Burc
Cé bao nhiéu chudi nhi phan dé dai 10 c¢6 chita 00000 hodc 111117

m Goi A la tap céc chudi nhi phan dé dai 10 cé chira 00000 va B 1a
tap cac chudi nhi phan do dai 10 c6 chira 11111. AU B la tap
chudi nhi phan doé dai 10 cd chia 00000 hodc 11111 Nauyén 1 b

m Theo nguyénly bu trt, |[AU B| = |A| + |B| — |AN B

m Trudc tién, ta tinh |A|. Cac chudi nhi phan dé dai 10 ¢6 chira 00000
thUC)C mét trong cac dang 00000xgx78c9210, 100000X7L8L 92710,
I 1000003381'93310, 5\13151321000001'93310, 513151329331,000(\)03310, Vé.
x1 222324100000 (lan luot ng vai cac vi tri bat dau day 00000)

m Co 25 ChU6i dang 00000xsx7x8T9T10
m VGi mdi dang con lai, cé 2* chudi
m Dodd|A]|=2°+5-2*

m Tuong tu, |B| =2° 4 524

m Tap AN B cé chinh xac hai phan tdr: 0000011111 va 1111100000

m Dodd, [AUB|=2(2°+5-2%) —2 =222
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C4c nguyén ly dém cao ban
Nguyén ly bu tru

Céc phuong phap dém

Bé.l tép 4 Hoang Anh Buc
C6 bao nhiéu chudi nhi phdn dé dai 7 bat dau vdi 00 hodc két

thuc voi 1117

Mot chudi doi xiing la mot chudi ky tu ma khi viét nguoc lai tr

phai sang trai thi chudi khéng thay do6i. C6 bao nhiéu chudi nhj
phan doé dai n la chudi doi xung?

Bai tap 6

C6 bao nhiéu s6 nguyén duong nhé hon hodc bang 1000 thda
man

Nguyén ly bu trir

74



C4c nguyén ly dém cao ban
Nguyén ly bu tru

Céc phuong phap dém
Hoang Anh Buc

Bai tap 7

CG tat cd bao nhiéu sé nguyén khéng vuot qua 1000 /a binh
phuong hoac Idp phu'ong cua mét so nguyén duong?

Bai tap 8 (x)

CG6 bao nhiéu chudi nhi phdn dé dai 8 cé chita 000 hodc 111172
(Pap an: 147)

Nguyén ly bu trir
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C4c nguyén ly dém co ban

Quy tac chia

Céac phuong phap dém

m Quy tac chia (The Division Rule): Hoang Anh Biic
m MGt cong viéc c6 thé duoc thuc hién bang n cach
m V3i mdi cach thuc hién w, ¢6 chinh xac d trong n cach thuc
hién tuong dudng/cung loai voi no
m SO cach khac nhau dé thuc hién céng viéc la n/d
m Quy tac chia (The Division Rule): Néu A |1a hap cla m tap
con d6i mot khéng giao nhau, méi tap con ¢ d phan tu,
thi m = |A|/d
m Quy tac chia (The Division Rule): Néu B |a mét tap hiiu
han va ham f : A — B gan chinh xac k phan tf cla A cho
mdi phan ti cla B, thi |A| = k - | B|

Vidu 11
m Trong mot dan cliu, ngudi ta dém dugc n = 280 chan cliu

m Moi con cliu w ¢6 chinh xac d = 4 chan
m S6 con cliu trong dan ctiu 1a n/d = 280/4 = 70
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C4c nguyén ly dém co ban

Quy tac chia

V|' dU 12 Céac phuong phap dém
C4 bao nhiéu cach khac nhau dé sap xép cac sb 1,1, 27? rosne AT Bee
m DAu tién, gid st hai s6 1 1a phan biét: 1, va 1,
m Cé 3! cach sap xép 3 sb phan biét
m Tuy nhién, khi coi 1, va 1, 1a cung mét s0 1, v&i moi cach  (is) awiicona

sap xép cac sb 1, 1,2, ¢d chinh xdc 2 trong 3! cdch “ciing
loai”, vi du
m VGi cach sap xép 1, 1, 2, ¢6 hai cach sap xép tuang duong
14 (La, 15, 2) va (15, 14, 2)
m Do d0, s6 cach sap xép khac nhau cla day 1,1,2 1a
31/2 = 3

1a71672 ]-ba 1&72 17172

1o, 2,1y 15,21, 1,2,1

27 1a7 1b 27 167 1a 27 17 1
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C4c nguyén ly dém co ban
Quy tac chia

Céc phuong phap dém
Hoang Anh Buc

Vidu 13
Quy t&c song anh
C6 bao nhiéu cach khac nhau dée sap xep 4 ngudi ngoi quanh Qo tho i v Cuy e
cong
mOot ban tron? Biét rang hai cach sap xep la gibng nhau néeu Nauyen 1 bi i
moi ngu'oi co nQuoi ng01 bén trai giong nhau va ngudi ngoi bén auyech
pha/ giong nhau trong ca hai cdch sap xép. Vi du, hai cach sap
xép sau la giong nhau
nl TL3 ,(\ji;i ;Zigng thiic t6 hop
n4 TLQ E 77/2 n4 Tam giac Pascal

Binh Iy nhi thire
Nguyén ly bu trlf t6ng quat

ns ni
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C4c nguyén ly dém co ban

Quy tac chia

Céac phuong phap dém
Hoang Anh Buc

m Néu khéng cd diéu kién gi thi c6 tat cd 4! cach sap xép

m Chu y rang hai cach sap xép la giong nhau néu khi ta xoay
ban sao cho n; nam & trén dinh thi ching giong nhau

m Do d6, véi méi cdch sap xép 4 ngudi quanh ban tron, cd Quy o i
chinh xac 4 trong 4! cach sap xép “cung loai”

m Theo quy tac chia, s6 cach khac nhau dé xép 4 ngudi
quanh bantronla4!/4 =6

1 (4% n3 no
anQ n3©nl n2©n4 anB
ns n2 ny T4
Hinh: Bon cach sap xép gibng nhau
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C4c nguyén ly dem co ban =

Quy tac chia

Q4 HOC T NHIEN

K’

Céc phuaong phap dém

Hoang Anh Birc
Ty T ns ny ) Ty Ty ns
Cac nguyén ly dém co
ban

Quy tac song anh

Quy tac nhan va Quy tac
cong

Nguyén ly bu trir

@ Quy tic chia

Nguyén ly chudng bd
cau

Hgén vi, Chinh hop,
T6 hop

Gidi thiéu

M6t sb dang thirc t6 hop

Tam giac Pascal va
Dinh ly nhi thic

Tam giac Pascal

Dinh ly nhi thic

Nguyén ly bu trir t6ng quat

Chinh hop va t6 hop
suy rong

Ham sinh

Mot sé vi du khdac




C4c nguyén ly dém co ban
Quy tac chia

Céc phuong phap dém
Bé.l tép 9 Hoang Anh Biic
Gia su hai cach sap xep 4 nguoi quanh mét ban tron la gibng
nhau khi m01 ngu’d/ co hai ngudi ngoi canh gibng nhau trong ca
hai cdch sap xép khong quan tam la ngbi bén tr,a/ hay bén phai,
vi du nhu' hai cach sap xép trong hinh sau la giong nhau voi gia (=) e
thiét hién tai

ni ni

ny no

U Ty

ns ns

nhung khéng giong nhau vdi gid thiét trong Vi du 13. Trong
tr’ong hop nay, co bao nhiéu cach khac nhau dé sap xép 4
nguoi quanh mét ban tron?
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C4c nguyén ly dém co ban

Quy tac chia

Céc phuong phap dém
Hoang Anh Buc

Bai tap 10
Gia thiét rang hai cach sap xép la giong nhau néu moi NQUOT CO (o) au eens
nguoi ngoi bén trai va nguoi ngoi bén phai giong nhau trong
moi cach sap xép
(a) CG bao nhiéu cdch khdc nhau dé sap xép 5 ban nam va s
ban nir ngéi quanh mot ban tron?
(b) C6 bao nhiéu céch khdc nhau dé sap xép 5 ban nam va 5
ban nu ngbi guanh mét ban tron sao cho nam va nu' ngoi
xen ké nhau?

74



Nguyén ly chudng b cau

Céac phuong phap dém

m Nguyén ly chuéng bé cau (The Pigeonhole Principle) (hay
Nguyén ly Dirichlet (The Dirichlet Drawer Principle)): Néu k
|2 mot s6 nguyén duong va cé k + 1 con chim bd cau hoac
nhiéu hon dugc dat trong k& chudng bo cau, thi co it nhat
mot chudng ¢ hai con chim bé cau hoac nhidu hon

m Nguyén ly chubng bé cau (The Pigeonhole Principle): Néu
mét ham f : A — B anh xa mét tap hiru han A vdi Nauyén  chuéng bo
|A| > k 4 1 dén mot tap hitu han B v6i |B| = k, thi f
khong 1a mot don anh (Nhac lai: f 13 don anh khi va chi
khi v6i moi 1,2 € A, néu 1 # zo thi f(x1) # f(x2))

Hoang Anh Buc

- Cach ap dung nguyén ly chuong bo cau

m Xac dinh xem cai gi dai dién cho “b6 cau (pigeon)”

m Xac dinh xem cai gi dai dién cho “chudng bd cau
(pigeonhole)”

m X4c dinh cach “bd cau” dugc chia vao cac “chudng bo

cau 2




Nguyén ly chudng b cau

Céac phuong phap dém
Hoang Anh Buc

Vidu 14
Trong mot nhdm bat ky cé 367 ngudi, ludn cé hai ngudi trong
nhdom co cung ngay sinh
m C4 tat ca 366 ngay sinh nhat (= “chudng bb cau”) va 367
ngudi (= “bd cau”), do dé cd it nhat hai ngudi c6 cling g'guuvén  chuéng b6
ngay sinh nhat

Vidu 15
Gia s mot ky thi tinh cac diém sb tir 0 dén 100, va moi diém sb
déu 1a s6 nguyén. Can bao nhiéu sinh vién tham gia ky thi dé
chac chan cé hai sinh vién cé cung diém s6?
m Cé tat ca 101 diém sbé (= “chudng”). Can it nhat 102 sinh
vién (= “bd cau”) dé chac chan cé hai sinh vién co cling
diém sbé
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Nguyén ly chudng b cau

m Nguyén ly chuéng bo cau téng quat (The Generalized Céc phuiang phép dém
Pigeonhole Principle): Néu N con chim bd ciu dugc dat Hoang Arh fc
vao k chudng bd cau, vdi k 1a s6 nguyén duong nao do, thi
ton tai mot chudng c6 it nhat [N/k] con

Vidu 16

m C6 N = 280 sinh vién (= “b0 cau”) trong mot I6p hoc. Mot e g b
nam co k = 52 tuan (= “chudng”). Do dé c6 mdt tuan ma it cau
nhat [280/52] = [5.38] = 6 sinh vién ¢4 ngay sinh nhat
trong tuan do

m Gid tri I6n nhat cla d 1a bao nhiéu dé chac chan rang phat
biéu “Trong tat ca 145 sinh vién, cd it nhat d sinh vién sinh
ra vao cung mot thang”?

Trong 145 sinh vién (= “bd cau”), ¢ it nhat [145/12] = 13

sinh vién sinh ra vao cung mét thang (= “chudng”). Thém

vao dé, phat biéu vdi d > 14 khéng ding khi cé 13 sinh

vién sinh ra vao cung mét thang va céc thang con lai moi
thang cé 12 sinh vién sinh vao thang dé. Do dé d = 13 la

gid tri 16n nhat thda man dé bai 7



Nguyén ly chudng b cau

Céac phuong phap dém
Hoang Anh Buc

Vidu 17
Chung minh rang trong mot tap n + 1 sO nguyen duong bat ky

nho han hodc bang 2n, ton tai mét so 1a udc clia mot s6 khac
trong tap do

m Viét cac sb trong n + 1 s6 nguyén duong (28)Nguyen Iy chudng bd
a1,as, ..., an, anst duGi dang tich cia mét 10y thira cla 2
va mot s nguyen duong lé, nghia I3, a; = 2%i ¢; trong do
b; > 0va ¢; < 2n (= “bd cau”) 1a mét s6 nguyén duong 1€,
voil <i<n-+1

m Co t6i da n s6 nguyén duong 1é (= “chudng”) nhé hon 2n.
Do dd, theo nguyén ly chudng bd cau, ¢é hai sob ¢;, c; thoa
mancz—cj,vdllgz 1<n-+1

| Suy ra, a; = Qbi(},; va a; = 20; Cj- Do dé, néu b; < bj thi
a; ‘ a; va nguoc lai thi a; ‘ a;
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Nguyén ly chudng b cau

VI' du 18 Céc phuong phap dém
D A Y A n P A , A - A Hoang Anh Burc

Moi day so gom n? + 1 s0 thuc phan biét c6 mot day con gobm n + 1

phan ti va la day thuc su tang hodc thuc su giam

m Goiday ay,as,...,a,241 & MOt dy gobm n? + 1 s6 thuc phan biét.
VGi mbi k e {1,2,...,n%+ 1}, goi (i, di) 1a mot cap sb tuong Uing
Vi ay, (= “bd cau”), trong d6 i, 14 do dai cla day thuc su tdng dai
nhat bat dau tif ax, va di la d6 dai cla day thuc sy gidm dai nhat  (zs)nguyen iy chusng b
bat dau tu A cau
m Gia st khong cé day thuc su tang hodc thuc su giam nao co
n + 1 phan t, nghia la, 1 < iy, d;, < n. Do d6, cé t6i da n? cap
(i, di) phan biét (= “chudng”)
m Theo nguyén ly chudng bd cau, ton tai s, t € {1,2,...,n* + 1}
thda man (i,, ds) = (ir, d;). Khdng mat tinh téng quat, gia st s < ¢
m Do cdc phan tlf trong day déu phan biét, ta c6 a, < a; hoac
ar < Qg
m Néu a, <a ta c6 thé xay dyng mot day con thuc sy tang bat dau
tU as gom ts+1=14+1 phan tor bang cach lay a, va day thuc su
tang bat dau tU a: ¢6 i; phan ti. Diéu ndy mau thuan vdi dinh nghia
cua ¢
m Tuong tu vlias > a:
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Nguyén ly chudng b cau

Céc phuong phap dém
Hoang Anh Buc

Bai tap 11
Gid st mét ngdn tu chi cé hai loai tit mau den va trang, moi
loai ¢o 12 chiéc. Mét ngudi lay tat trong ngan tu mét cach ngau
nhién trong bong toi
(a) Can lay bao nhiéu chiéc tat dé chac chan cd hai chiéc AT
. . P A . . guyen ly chudng bé
cung mau? bon chiéc cung mau?
(b) Can lay bao nhiéu chiéc tat dé chac chan cé mot déi mau
den?
(c) Néu cd thém 12 chiéc tat mau ndu nita trong ngdn ta thi
can lay bao nhiéu chiéc tat dé chac chan co hai chiéc
cung mau?

Bai tap 12
Chung minh rang trong mgt nhom n s6 nguyén bat ky, cd hai
SO nguyén co cung s6 adu khi chia chon — 1
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Nguyén ly chudng b cau

Céac phuong phap dém
Hoang Anh Buc

Bai tap 13 (%)

Chi’ng minh rang vdi bat ky cdch xép 5 ban nam va 5 ban nir

ngoi quanh mét ban tron, luén tim duoc mét ban (o thé la nam (gwen chuingbs
hodc nit) ngbi gitra hai ban nam ( Goi y: Chljng minh bang

phuong phap phan chljng Gid st ¢6 cdch xép théa man diéu

kién khong co ban nao ngoi g/u’a hai ban nam. Néu chia nhém

cdc ban nam thi mbi nhém ¢ toi da bao nhiéu thanh vién?

Gilra cdc nhém nay can sap xép toi thiéu bao nhiéu ban nir dé

khéng cé ban nao ngéi giita hai ban nam?)
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Nguyén ly chudng b cau

Céac phuong phap dém

Bé.l tép 14 Hoang Anh Durc

(a) Cerng minh rang néu 7 s6 nguyén dugc chon tu tap
{1,2,...,10} thi co it nhat hai cap trong s6 céc so duoc
chc_)n cG téng bang 11. Néu ta chon 6 s6 nguyén thay vi 7
thi két ludn trén con ding khéng’P e
guyén ly chuéng bé

(b) Can chon ra it nhét bao nhiéu so twtap {1,2,3,4,5 6} dé cau
chac chan rang trong tap cdc s6 da chon co ha/ s6 ¢O téng
bang 7?

Bai tap 15 (x)
Ching minh rang trong mgt nhom n nguoi (n > 2) co it nhat
hai nguoi co cung s6 nguoi quen biét trong nhom

Bai tap 16
Chung minh rang trong mot nhom 6 nguoi bét ky, luén co it
nhat ba nguoi déi mét biét nhau hoac déi mot khéng biét nhau
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Hodn vi, Chinh hop, To hop

Gidi thiéu

m MGt hodn vi (permutation) clia mét tap S gom céc phan tir - " o o
phan biét 12 mét day sap thu tu (ordered sequence) chira e
mai phan t trong S chinh xac mot lan

m Tap S = {1, 2,3} co tat ca sau hoan vi: (1,2, 3), (1, 3, 2),
(2,1,3),(2,3,1), (3,1,2), (3,2,1)

m MOt chinh hgp chap r (r-permutation) cia moét tap S la
mot day sap thu ty » phan t( phan biét cla S, trong dé r 1a
mot s6 nguyen thbGaman 0 <r < |S]

m Tap S c6 tat cd sau chinh hop chap 2: (1,2), (2,1), (1, 3), e
(3,1), (2,3), (3,2) '

m Ky hiéu P(n,r) hodc P! |a sé chinh hop chép r clua (mét

tap) n phan tl

A Dinh ly 1

V@i moi s6 nguyén n > 1 va moi s6 nguyén r théa man
0<r<n

n!
P’ =
" (n—r)!
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Hodn vi, Chinh hop, To hop

Gidi thiéu

Céac phuong phap dém

Ching minh Binh ly 1. Hoang Anh D
D& xay dung mét chinh hop chap r clia mét tap S gom n phan
tr, ta thuc hién mot day » budc chon cac phan ti phan biét
trong S dé xép vao r vi tri:
m Chon phan t& xép vao vi tri thi 1: ¢é n cach chon
m Vi vj tri th& nhat da dudc xac dinh, chon phan ti xép vao
vi tri th 2: c6 n — 1 cach chon
m Vi hai vi tri dau da dugc xac dinh, chon phan t& xép vao () aaes
vi tri thu 3: c6 n — 2 cach chon
m...
m V&ir — 1 vi tri dau da dugc xac dinh, chon phan t&f xép vao
vi tri tht »: cd n — r + 1 cach chon
Theo quy tac nhan, cé tat ca

ne(n—1)-(n—2) . (n—r+1)= —"

' chinh hgp chép r

(n—r)!
cua mét tap n phan tu. O



Hodn vi, Chinh hop, To hop

Gidi thiéu

Céac phuong phap dém

Vll dU 1 9 Hoang Anh Burc
C6 bao nhiéu hoan vi cua cac chir cai ABCDEFGH c6 chia
chubi ky tu lién tiép ABC?
m S0 hodn vi c6 chira chubi ky tw ABC bang véi s6 hoan vi
cua tdp gom sau phan tit: ABC, D, E, F, G, H
m Do do,dap anla 6! =720

VII du 20 Gidi thiéu
Gid st ban can dén 8 dia diém khac nhau trong mét thanh pho
nao d6. Ban bat budc phai xuat phat tir mét dia diém dinh san,
nhung co thé chon lan lugt cac dia diém con lai theo thu ty bat
ky. Co bao nhiéu thu tu ban cd thé chon dé dén cac dia diém
nay?

m Dia diém dau tién la c6 dinh, con 7 dia diém con lai cd thé

dugc sap thu tu tuy y
m Do do, dap anla 7! = 5040
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Hodn vi, Chinh hop, To hop

Gidi thiéu

Céc phuong phap dém
Vll dU 21 Hoang Anh Burc
Co bao nhiéu cach khac nhau de sap xep 4 NQUOi ngm quanh mot
ban tron? Blet rang hai cach sap xep |a giong nhau néu moi ngu’dl
c6 nguai ngm bén trai glong nhau va ngudi ngdi bén phai gidng
nhau trong ca hai cach sap Xép.

m Giaslta muon sap Xep n;, na, n3,nq quanh ban tron
m DéE NQUOi ngdi bén trai ludn gidng nhau va nguoi ngdi bén phal
ludn giong nhau trong ca hai cach sap xép, cach duy nhat dé
thu duogc mét cach sap xep tir mot cach khac giéng nd 1a xoay () ey
ban theo chleu Kim ddng hd hodc ngugc chiéu kim dong hd.
m Do d0, dé sap xép ni, na, ns, ny quanh ban tron:
m CO dinh vi tri cla n1: cé 1 cach (Chon ny G bat ky vi tri nao déu
giong nhau, do néu c6 mét cach sap xep giong cach ban sl
dung nhung vi tri clia n1 khéng gibng, ta cé thé xoay ban dé vi
tri cla n1 giong nhau trong ca hai cach sap xep)
m Sap xép n2,ns, ng VAo cac vitri con lai: cé 3! = 6 cach
mTomlai,dagpanlal-3'=6
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Hodn vi, Chinh hop, To hop

Gidi thiéu

Céac phuong phap dém
Hoang Anh Buc

m Mot 16 hop chdp r (r-combination) clia mot tap hap S 1a
mot day khéng sap thi tv » phan ti phan biét cla S, trong
d6 r 1a mot s6 nguyén théa man 0 < r < |S|. Néi cach
khac, mot t6 hgp chap » cla S cling la mot tap con r phan
tU cua S

m Tap S = {1,2,3} cé ba té hgp chap 2: {1,2}, {2, 3}, {1, 3}

m Ky hiéu C(n,r), C7, hodc (") (doc la “n chon r”) 1a s0 t6

hop chap r cla (mét tdp) n phan tl

Gidi thiéu

A Dinh Iy 2

Vi moi s6 nguyén n > 1 va moi sé nguyén r théa man

0<r<n
n!

C) =

n

rl(n —r)!
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Hodn vi, Chinh hop, To hop

Gidi thiéu

Céac phuong phap dém
Hoang Anh Buc

Chung minh Dinh ly 2.
PE xay dung mot td hap chap r clia mot tap S gdbm n phan ti:
m DAu tién, ta gia thiét rang th( tv cac phan tl 1a quan trong,
va xay dung mot chinh hop chap r clia S: ¢ P’ cach
m Theo dinh nghia, trong mai t6 hop chap r cla S, thir tu
gilra cac phan ti la khong quan trong. Néi cach khac, moi
t6 hop chép r cla S (ing v6i chinh xac P = r! chinh hop () came.
chép r ¢ chira cung céc phan ti va chi khac nhau bgi thi
tu sap xep cac phan tu
m Theo quy tac chia, s6 t6 hop chap r clia S la

T
Py n!

C, = —
P rln—r)!
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Hodn vi, Chinh hop, To hop

Gidi thiéu

VI' du 22 Céc phuong phap dém
: Hoang Anh Buc
Cd bao nhiéu cach chon ra 7 quan bai khac nhau tu mét b bai
52 quan?
m Thu tu lva chon cac quan bai la khdng quan trong
y ar s 52!
m Do dd, dap anla Cl, = an] — 133784560
Vi du 23
Co bao nhiéu cach chon ra 3 ban nam va 3 ban nu trong mot
nhdm gébm 10 ban nam va 7 ban nu dé dai dién tham gia mot
budi hop mat?
m Dau tién ta chon 3 ban nam t nhdm 10 ban nam, sau dé
chon 3 ban nu tv nhom 7 ban nu
m C6 C3, cach chon ra 3 ban nam, va C3 céch chon ra 3 ban
nu
m Ap dung quy tac nhan, cé tong cong
C}y - C3 =120 - 35 = 4200 céach

Gidi thiéu
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Hodn vi, Chinh hop, To hop

Mbt s6 dang thirc t& hop

Céac phuong phap dém

Hoang Anh Buc

A Dinh ly 3

VGi cdc sb nguyén n,r thda man0 < r < n, ta cd e
Quy tic nhan va Quy tac
cbng
Cn=Cn S

Ching minh.

m Gid sif A la tap cac tap con r phan tlr va B 1a tap céc tap A
con n — r phan tl* ca mot tap » phan t& X. Ham He e
f: A= Bchobdi f(A) =X\ Avdi A c Alambtsong inh y
anh. S

Nguyén ly bu trlf t6ng quat

mDodo,Cr =Cr "

Bai tap 17
Chifng minh Dinh ly 3 bang céng thic da biét.
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Hodn vi, Chinh hop, To hop

Mbt s6 dang thirc t& hop

Céac phuong phap dém
Hoang Anh Buc

Quy tac song anh

Ta cé thé chiing minh hai vé& clla mdt dang thirc bang cach chi g
ra ching dém cuing mét doi tuong thong qua cdc phuong phap I e
khac nhau. Phuong phap chirng minh nay goi la phuong phap

dém bang hai cdch (double counting proof)

Trong vi du tiép theo, v6in, k > 2 van > k + 2, ta minh hoa

7 n A N ’ s . Gidi thiéu
phuong phap neu tren bang cach chung minh (1) Wit 55 cng o 16 hop
k k—2 k—1 k
Cn - CTL—2 — 20’”—2 —I_ C’I’L—2 Tam giac Pascal
Dinh Iy nhj thiic

Nguyén ly bu trlf t6ng quat
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Hodn vi, Chinh hop, To hop

Mbt s6 dang thirc t& hop

Vi du 24 (Bém bang hai cach) cAepeng pndp i
Giastun,k>2van > k+2.Cobao nhiéu cach chon k& sO nguyén g
tuw tap {1,2,...,n} sao cho 1 va 2 khéng déng thoi dugc chon?
m Cach1:
m Co CF tap con k phan t& va khéng cé han ché gi
m C6 CF~2 tap con k phan t&t ¢6 chita dong thdi ca 1 va 2
m Cbdinh 1va 2, chon k — 2 phan tl con lai tvr tap {3,...,n}
m Dodédapanlact — cF2
m Cach 2:
m C6 CF~1 tap con k phan t chita 1 nhung khéng chira 2 ()
m Codinh 1, chon k — 1 phan t& con lai tU tap {3,...,n}

m Tuong tu, cd C*~1 tAp con k phan t chita 2 nhung khdng chita
1
m Cé CF_, tap con k phan ti khéng chita cd 1 va 2

m Chon k phan tl tir tap {3,...,n}
m Do dé dap anla 201 +ck_,
Ta da ching minh C* — C* =2 = 2C% 1 + CF

M6t sb dang thirc t6 hop
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Hodn vi, Chinh hop, To hop

Mbt s6 dang thirc t& hop

Céac phuong phap dém
Hoang Anh Buc

Dinh Iy 4
[Gié SL’)I"n, > k Z 1_ Ta CO, C,'];j — 07];—1 —|_ CS:::II: Quy t&c song anh

Quy tic nhan va Quy tac
cong

Chirng minh. o docin
m C" 14 s6 cach chon k phan t& t tap n phan ti {1,2,...,n}
m D& chon k phan tl tir {1,2,...,n}, ta cling c6 thé:
m Chon 1, va chon k — 1 phan t( con lai tir tap {2,...,n}: ¢ (o)
C*~1 cach chon
m Khéng chon 1, va chon k phan t& t tap {2,...,n}:c6 C*_, SR
cach chon
Do dd, theo quy t&c cong, c6 C*_, + C*~1 tap con k phan
t& cla tap n phan t&
m Dodo, Ck =Ck_| +CF}

Gidi thiéu
Mét sb ding thirc t6 hap
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Hodn vi, Chinh hop, To hop

Mbt s6 dang thirc t& hop

Céac phuong phap dém
Hoang Anh Buc

Quy tac song anh

Quy tic nhan va Quy tac
cbng

Bai tap 18 v
Chifng minh Dinh ly 4 bang céng thitc da biét

Bai tap 19

Sw dung Pinh ly 4, chiing minh dang thic thu duoc tir Vi du 24 o

Mét sb ding thirc t6 hap
sau

k k—2 __ k—1 k
Cn T C’I’L—2 T QC’I’L—Z _|_ C’I’L—2 Tam giac Pascal
Pinh Iy nhi thic

Nguyén ly bu trlf t6ng quat
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Tam giac Pascal va bBinh ly nhi thic

Tam giac Pascal

Céac phuong phap dém
Hoang Anh Buc

Bat dau vdi n = 0, hang thit n cé n+ 1 phantd: C°, C, ..., C»

Tam giac Pascal

=1 Cl=4 (2=6 Ci=4 Ci=1 &
Hinh: Tam giac Pascal

Pinh Iy 3 va 4 c6 thé dugc minh hoa bang tam giac Pascal
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Tam giac Pascal va bBinh ly nhi thic

Tam giac Pascal

Céc phuong phap dém

Mot tinh chat khac cla tam gidc Pascal 1a

Hoang Anh Buc

A Pinh Iy 5

Vi moin > 0, téng cdc phan tu & hang thi n 13

zn: CF = 2n
k=0

Chung minh.
m C¥ 14 s6 céch chon tap con k phan tl tr mot tAp n phan t&
m Do do, >°1_, CF la s6 tap con clia mét tap n phan tl (16) Tani pasa
m Nhu ta da dé cap trong phan quy tac nhan, s6 tap con clia
mot tap n phan t 1a 27
Bai tap 20 -
Ching minh Binh ly 5 bang phuong phap quy nap. (Go'i y: St
dung Dinh ly 4)
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Tam giac Pascal va bBinh ly nhi thic
Dinh Iy nhi thitc

Céac phuong phap dém
Hoang Anh Buc

Bai toan: Khai trién (z + y)"

Vidu 25
(z+y)’ =1
(x+y)=1-a+1-y
(x+y)2=1-2"+2 zy+1-y°
(z+y)?=1-2°+3 -2y +3-2y*+1-9°
(z+y)t=1-2*+4 235y +6- 2% +4 -2y° +1-y* (47) oo i

Nhan xét: Cac hé s6 khi khai trién (z + y)™ (0 < n < 4) giéng
vOi cac hang tuong Ung trong tam giac Pascal
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Tam giac Pascal va bBinh ly nhi thic
Dinh Iy nhi thitc

. ’ . - . , Céc phuang phap dém
- Dinh ly 6: Dinh ly nhi thuc Hoang Anh Bic
mn
§ k_n—k_ k
(x —|_ y)n — C?’an y Quy t&c song anh
k=0 Cch)unygtélc nhan va Quy tac
Nguyén ly bu trir
f 1 Quy téc chia
Chung minh.

m D& nhan dugc mét so hang ="~ *y* trong khai trién clia
(+y)"=(=+y)(z+y)... (z +y) ta can chon chinh xac

Gidi thiéu

n—ksoxzvaksoytlnthiraso (z+y). (V& mbithira s0, [ v cwmee
chon chinh xac mét phan t&: hodc z hoac y)

m C6 C;~* cach chon chinh xdc n — k s0 « () .

m Ung véi m0| cach chon n — k sO x, ¢ chinh xac 1 cach Nguyen 1 bi i éng qust

chon k sb y tU k thira s6 (z + y) con lai
m Do dd, hé so cla " Fyk la Ccr—F = CF
Bai tap 21 -
Chitng minh Binh ly 5 bang cdch st dung Dinh ly 6
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Tam giac Pascal va bBinh ly nhi thic
Dinh Iy nhi thitc

Céac phuong phap dém

Vll dU 26 Hoang Anh Burc
Khai trién (z + 2)*
(z4+2)*=0CF -2* +CF-2° -2V +CF - 2% - 22+
+Cy -2t 2240520yt
= 2% + 823 + 2422 + 322 + 16

Vi du 27
Tinh (1.02)7 1am tron dén chit s6 thap phan thi 4

(14+0.02)" =CY- 174+ CF-1°.(0.02) + C2 - 1° - (0.0004)
+C2-1%-(0.000008) + ... (L) orety e
— 1+ 1.14 4 0.0084 4 0.00028 + . . .
~ 1.14868 ~ 1.1487

Chu y: D€ lam tron dén chit s6 thap phan thir 4, ta can tinh
toan dén chu s6 thap phan thu 5 %



Tam giac Pascal va bBinh ly nhi thic
Dinh Iy nhi thitc

<. A Céc phuong phap dém
Bal tap 22 Hoang Anh Burc
Chiing minh rang vdi moin >0, Y ~2*C} = 3"
k=0

(a) bang cdch dp dung Pinh ly nhi thic (Binh ly 6)
(b) (x) bang phuong phap dém hai lan (Goii y: C6 bao nhiéu

cach xay dung mét chudin Ky tu chi s dung cdc ky tu

A, B, C thoa man diéu kién co chinh xdcn — k ky tu A?)
Bai tap 23
Tim hé sé
(a) cuax” trong khai trién cda (1 + ) o
(b) cua z° trong khai trién cda (2 — x)?

100
? . . A? ? ]- Ve N
(c) (x) cla x* trong khai trién cla (x + —) , trong do k la
X

mot s6 nguyén
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Tam giac Pascal va binh ly nhi thuc
Nguyén ly bu trr téng quat

Céc phuong phap dém
Hoang Anh Buc

- Dinh ly 7: Nguyén ly bu trir tong quat

Véi Ca’C tép hlj’u h,an Al) A27 ) A'n/ gziiizziiﬁ]ii;h@uytéc
cbng

Nguyén ly bu trir

> Quy téc chia

(2 evna

e
k=1

k=1 M{I|IC{1,...n}A|I|=k} icl
B n = 2 (l\a/lzi;ziil;ng thiic t6 hop
A1 U As| = |Aq| + |Az| — |A1 N Ay
. n = 3 Tam giac Pascal

Pinh Iy nhi thirc
Nguyén ly bu trir tdng quét

(A1 U Ay U Az| = |Aq| + |As] + |As|
— |A1 N As| — [A3 N As| — |A1 N Ag]
-+ ‘Al ﬂAQ ﬂAg’
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Tam giac Pascal va binh ly nhi thic
Nguyén ly bu trr téng quat

Chﬂ’ng mlnh Céc phuong phap dém
Hoang Anh Buc
J A =>_ ( > (=" () A )
k=1

k=1 N {I|IC{1,....n}A|I|=k} icl
m Cho a € |J]_, Ay va gia thiét rang a xuat hién trong chinh
XéCm’[ép Aal,Aa2,...,Aam, VGi 1 <ai,a9,...,0m,m <N
m o dugc dém mot 1an G veé trai
m Cd6 bao nhiéu lan « dugc dém & vé phai?
m ¢ xuat hién trong m tap Aa,, Aa., ..., A,
B o xuat hién trong C7, tap Ao, N Aq, Vi1 <i<j<m
m a xuat hién trong C}, t4p Aa, N Aa,; N Aqg, VO Nauyen 1y bi i t6ng quét
1<i<j<k<m
O

Do d6, G vé phai, a dugc dem > (—1)*~1CF¥ lan
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Tam giac Pascal va binh ly nhi thic
Nguyén ly bu trr téng quat

Ching minh (tiép). G phong i dém

; . i . Hoang Anh Buc
m Dé ching minh vé trdi bang vé phai, ta can chi ra a cling
duoc dem mot lan & vé phai, nghia la

EE
k=1
m Theo Dinhly 6, ta cé
0= (—1+1)™
=) Cn(=pfm*
k=0
— 1 —l_ Z(_l)kc,fn Nguyén ly bu trir tdng quat
k=1
Do d6, Y (~1)*Cf, =—1.Suyra» (-1)"'Ck =1
k=1 k=1

(Chia hai vé cho —1) 5



Tam giac Pascal va binh ly nhi thic
Nguyén ly bu trr téng quat

Céc phuong phap dém

Bé.l tép 24 Hoang Anh Burc

(a) Ching minh rang véi moin >0, Y (—1)*Ck =0
k=0
(b) Chi’ng minh bang phuong phdp quy nap rang vdéi moi

m >0,y (~1)*1Ck =1. (Goiy: Ck = Ck_, + C¥7})
k=1

Bai tap 25
Chi’ng minh dang thitc Vandermonde (Vandermonde’s
Identity) sau

T

Criin =Y _ CiikCr,

k=0

@ Nguyén ly bl trir t6ng quét

trong dé m,n, r 1a cdc s6 nguyén khéng &m var < min(m,n).
(Go'i y: Co bao nhiéu cach chon ra mét ban dai dién géom r
thanh vién tu mot I6p hoc co m nam van nu'?)
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Chinh hop va t6 hop suy rong

Céc phuong phap dém
Hoang Anh Buc

m MOt chinh hop Iap chdp r (r-permutation with repet/t/on)
clia mot tap S la mot day sap thu tu r phan tU cua S trong e
dd cac phan tl cé thé 13p lai Quy téo nhan va Quy tée

cong

Nguyén ly bu trir

m MOt 16 hop 1dp chdp r cla mét tip S (r -combination with Quy the chia
repetition) clia mét tap S 1a mot day khong sap thu ty r
phan t(r cua S trong dé cac phan tr co thé 1ap lai

Binh Iy 8 f/li;i;?zl;ng thiic t6 hop
[86 chinh hop Idp chap r cia mét tap n phan t 1a n”
Tam giac Pascal
Chl:l,ng minh. El)!gnuhygnr];!tt)zircuténgquét
Cé n lua chon cho vi tri thi nhat, n lwa chon cho vi tri the hai, Chinh hop va 6 hop

suy rong

., v Iga chon cho vi tri th r. Do do co n™ cach xay dung mot
chinh hop lap chap r cia mét tap n phan tu O

74



Chinh hop va t6 hop suy rong

Hoang Anh Buc

I / Cac phuang phap dé
'D!nh Iy 9 acp ng pnap aem
[S

6 t0 hop lap chdp r cda mét tdp n phan tr la CI' )

Chung minh.

m Mdi t6 hgp 13p chap r tU tAp » phan t& ¢ thé biéu dién bang
mét day n — 1 thanh dung va r ngdi sao
m Ta dung n — 1 thanh diing dé phan cach cac ngan
m Ngan thi i chita thém mdt ngdi sao méi lan khi phan t thi
clia tAp xuat hién trong t6 hop
m Vi du, mot t6 hap I&p chap 6 cla tap 4 phan ti dugc biéu dién
bai
la mot t6 hop chira duing hai phan ti thit nhat, mét phan & tha
hai, khdng phan tl thi ba, va ba phan ti thd tv cla tap 4 phan 9 -
» Chinh hop va té hop
tu suy réng
m MOGi day n — 1 thanh ditng va r ngdi sao (ing véi mét chudi nhi
phan d6 dai n +r — 1 ¢6 chinh xac r so 1. Do do, so cac day

thanh déing va ngéisao la Cr,,_, = Cl'.;
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Chinh hop va t6 hop suy rong

VI' du 28 Céc phuong phap dém
C4 bao nhiéu cach dé 6 qua bdng vao mot tui, biét rang méi qua o AR
bdng chi cé thé cé mau do (R), xanh 14 cay (G), hodc xanh da trdi
(B)?
® 6 qua bong Ung vdi 6 ngdi sao, va 2 thanh diring phéan cach
thanh ba ngan (ng vdi cac mau do, xanh la cay, xanh da troi
m Luvachon [R, R, G, G, G, Bl Ung vGi day s | * x x | %
m Lua chon [R, B, R, R, B, R] ng vGi day * * *x || *x
m SO cach dé 6 qua bong vao tuila C5 5 | = 28

Vidu 29
Phuaong trinh z; + 25 + x5 = 11 ¢6 bao nhiéu nghiém nguyén thoa
ménxl >0, x9 ZO,Véxg ZO?
m Mai nghiém cla phuang trinh Gng véi mot cach dé 11 qua Chinh hop va t6 hop
béng vao 3 hop gan nhan z, x», x3 SN
m S6 nghiém nguyén khdong am cla phuaong trinh chinh 13 t6
hop 14p chap 11 cla tap 3 phan td: C5./, | = 78
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Chinh hop va t6 hop suy rong

Céc phuong phap dém
Hoang Anh Buc

Vidu 30

Phuong trinh a1 + z2 + 23 = 11 ¢6 bao nhiéu nghiém nguyén
thoa man Tr1 > —2, 19 > 1, va T3 > 07?
m Ta xdy dung mét phuong trinh mdi ¢é dang téng cla cdc
s6 nguyén khéng &m nhu & vi du trudc
| TaCé$1—|—220Vé£I}2—1 >0
mbatzl =z +2>0vaz, =22—-1>0
m S6 nghiém nguyén cla phuong trinh z1 + z2 + 3 = 11 thda
man z, > —2, x2 > 1, va 3 > 0 clng 1a s6 nghiém nguyén
khong am cua phuong trinh oy + 25 + 23 =11+2 -1 = 12

m SO nghiém thda man diéu kién la C3, , = 91 (s2) rinn hop va 6 hop

suy réng
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Chinh hop va t6 hop suy rong

Céc phuong phap dém

Vi dU 31 Hoang Anh Biic
Phuong trinh 1 + z2 + 23 = 11 ¢6 bao nhiéu nghiém nguyén
thbaman o < x; <2, 25 >0, x3 > 07
m Ta dém s nghiém théa man
mo >0,20>0 23>0
mo >3,20>0 23>0
S6 nghiém thda man 0 < z; < 2, 2o > 0, x5 > 0 sé [& hiéu
cla hai s6 trén
m C6 C3i,,_; = 78 nghiém nguyén thoa man x; > 0, x5 > 0,
z3 > 0. C6 C§. s, = 45 nghiém nguyén thda man z; > 3,
To > 0, 3 > 0. Do dé, két CIUé. la
Cl | —C8.,  =78—45=33

Bai tap 26
Pém sb nghiém nguyén cla 1 + x2 + x5 = 11 thda man

0<uxz; <2, 29>0, x5 >0 motcdch truc tiép bang cdch xét
tung trudng hop x4 =0, 21 =1, vax; = 2

Chinh hop va t6 hop
suy réng
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Chinh hop va t6 hop suy rong

Céc phuong phap dém

A Dinh Iy 10

Hoang Anh Buc

S6 hodn vi phén biét cda n phan ti trong do ¢d ny phan t
giong nhau thuéc loai 1, n, phan tr giong nhau thudc loai 2,
n!

..., Vany, phan t gibng nhau thuéc loai k, 12
nilng! ... nyg!

Chung minh.
m Néu coi tat ca n phan t&f déu khac nhau, cé n! hodn vi

m VGi mbi hodn vi trong n! hodn vi nay, cé thé xay dung mot
hoan vij giong né bang mét chubi k budc:
m Hoan vi n; phan tlr loai 1: ¢6 ny! cach ‘
m V&i moi cach hoan vi cac phan tl loai 1, hoan vi n. phan t
loai 2: o ny! cach (50) Chinh hop va 16 hop

suy réng

m ..
m VGi moi cach hodn vi cac phantlloai 1,. ..,k — 1, hodn vi
nx phan t loai k: co ny! cach
Theo quy tac nhan, méi hoan vi c6 nilns! . .. nk! hodn v
giong no trong so6 n! hoan vi 7%



Chinh hop va t6 hop suy rong

Céc phuong phap dém
Hoang Anh Buc

Vi du 32
C6 bao nhiéu chudi ky tu thu dugc bang cach sap xép lai thu
tu cac chu cai trong chudi SUCCESS?

m SO chudi ky tu chinh 1 sd hoan vi phan biét cla 7 ky tu,
trongddcé3kytuS,2kytuC, 1 kytuU,valkytuE
|

31211111

m Do dé két qua 1a = 420

Chinh hop va t6 hop
suy réng
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Chinh hop va t6 hop suy rong

Céac phuong phap dém

V|, du 33 Hoang Anh Duc
C4 bao nhiéu cach chia 5 quan bai cho méi ngudi trong so 4
nguoi chaoi t mot bo bai 52 quan théng thuong?
m Mbi cach chia bai (rng vGi mét chudi cac buéc
m Chia 5 quan tr 52 quan bai cho ngudi choi thi nhat: co C2,
cach
m VGi mbi bd 5 quan ma ngudi choi thi nhat cd, chia tiép 5
quan tU 47 quan con lai cho ngudi choi thi hai: c6 C%, cach
m V3i mbi cac bd 5 quan ma hai ngudi choi dau tién cd, chia
tiép 5 quan tUr 42 quan con lai cho ngudi chai thit ba: c6 C3,
cach
m V&i mbi cac bd 5 quan ma ba ngudi choi dau tién cd, chia
tiép 5 quan tir 37 quan con lai cho ngudi chai thit tu: cé C3, i hop v 1 o
cach suy rong |
52!

Z A L LA 2 5 ~5 ~5 ~5
m Theo quy tac nhan, co tat ca C5,C,C3,Cs; = 1515151321

cach chia bai
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Chinh hop va t6 hop suy rong

Céac phuong phap dém

A Dinh Iy 11

Hoang Anh Buc

Sé cach chia n vat khdc nhau vao trong k hdp sao cho cd n;

dé vat dugc dat vao hop tha'i, voii =1,2,...,k la S
n! S@unygtac nhan va Quy tac
Nguyén ly bu trir
nl'nQ' ot nki' Quy tac chia

VGi cac s6 nguyén n, nq,na, .. .,n; > 0 thda man
n =mni +ne + -+ + ng, ta dinh nghia

Gidi thiéu
M6t sb dang thirc t hop

n!
C’n17n27"'7nk -
mn

nilns! ... ng!
1 2 k Tam giac Pascal
Pinh Iy nhi thiic

~ 'Dlnh Iy’ 12: 'Blnh Iy, da thL'I’C Nguysn I bi trit t8ng quét

Chinh hop va t6 hop

Voimoin>0vak > 1 suy rong
(ZCl + _|_xk)n — Z Cghng,...,nkx?l ZUZk

0<ni,....nx<n
ni+--t+ng=n
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Ham sinh

Céc phuong phap dém
Hoang Anh Buc

~ Ham sinh

Quy tac song anh

Quy tic nhan va Quy tac

Ham sinh (generating function) G,(z) cia mot day vé han an
{an} (n > 0) dugc dinh nghia bdi G () = >~ a,a™. N6i cach wtdoans

n=0

khac, a,, 12 hé s6 cla =™ trong G, ()

Gidi thiéu

Déem bang cach s dung ham sinh

CAc bai toan lién quan dén viéc dém sb cdch chon cac phan td § oo
trong mot tap hop cd thé dudgc gidi bang cach st dung ham o
sinh thdng qua cac ly luan dé dong nhat sé cach chon n phan

1 v8i hé sé cla x™ trong ham sinh (5¢) Ham sin
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Ham sinh

Céc phuong phap dém

Vi du 34 (Pinh ly nhi thuc) Hosna Anh Bie
m Ham sinh cua day C°,C},...,C",0,0,... la
ZCk F=(142)"

m Hé sb cla =" trong G(z) 1a s6 cdch chon ra k s6 = va
n—k s6 1 tirn thira sé cua tich

I4+2)"=14+2)(1+2z)...(1+2x),

trong do vdi méi thira sé ta chon chinh xac mét phan tu:
hoac 1 hoac x
m C6CF cach chon k sO x (85)Ham sinh
m Ung v6i mbi cach chon & sb z, ¢é chinh xac 1 cach chon
n—ksod1tln—kthirasod (1+ x) con lai
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Ham sinh

V|, d U 35 Céc phuong phap dém

o Hoang Anh Durc
Phuong trinh 21 + x5 + 3 = 11 ¢6 bao nhiéu nghiém nguyén thoa
ménxl >0, xo ZO,Vé.ZEg 209
m Ta mudn xay dung mét ham sinh G(z) cho phuaong trinh sao cho
hé sb cla z'! trong G(z) la s6 nghiém théa man phuong trinh
m Motphuong dnla G(z) = (1 + o + 2% + - - + 2tl)3
m DE céd z'', ta can chon lan lugt 1, 72, va ™3 tU ba thira sé
(14+z+---+2'") cla G(z) (1 mbi thira s6, chon chinh xac mot s6
hang trong téng 1 + « + - - - + 2'!) thda man =1 + zo + z3 = 11
m Sb cach chon thoa man diéu kién trén chinh 1a hé sb6 cla z'' va
cling 1a s6 nghiém nguyén khéng am cla z1 + z2 + z3 = 11
m Tacd

Gx)=14x+ -+’

1 — g2 3
B ( | —x ) Hémsinh

— (1 - 2'2)3(1 — 2)73
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Ham sinh

Céc phuong phap dém
0 , . , B Hoang Anh Duc
Pé tim hé so cua z!'! trong Vi du 35, ta can mdt so dinh nghia
va dinh ly sau

Quy tac song anh

Quy tic nhan va Quy tac

- Hé so nhi thi'c md rong e
V6i n € R bat ky va r > 0, hé sé nhi thuc téng quat (general-
ized binomial coefficient) C dugc dinh nghia nhu sau
—1)...(n—7r+1 e
C?’I; — n(n ) '(n ) Mét s6 dang thuc t6 hgp
Tr.

Tam giac Pascal

, Binh Iy nhi thire
VI d u 36 Nguyén ly bu trif t6ng quat
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Ham sinh

Céac phuong phap dém
Hoang Anh Burc

n A Quy t&c song anh
~ Men h de 1 3 QAuz tac nhéi va Quy tac
cong
A \ A A A N Nguyén ly bu trir
Néu n la mdt s6 nguyén duong thi Quy tho ohia
T _ T T
C—n — (_1) n+r—1

Giéi thiéu

A Dinh ly 14: Dinh ly nhi thirc tong quat Mt s déng o 5 hop

VGi moin € R,

Tam giac Pascal
Pinh Iy nhi thiic

o
mn T T NQUVER IV bl tri 16 ,
p— guyen ly bu tru tong quat
(14 x) E C)x
r=0
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Ham sinh

V|, du 37 Céc phuong phap dém
N .,\ A ? . . R 2 Hoang Anh Burc
Tim hé s6 cua z!'! trong khai trién cla (1 — z)~3
m Hé sb clia z” trong khai trién cla (1 — z) 2 12

(r+2)(r+1)
2

(=1)"Cly = (=1")[(-1)" Cgy, 4| =

m Suy ra, hé s6 cla z!! trong khai trién cta (1 — )3 1a
(114 2)(11 +1)/2 = 78
Vi du 38 (Tiép tuc Vi du 35)

Tim hé sb cla z!! trong khai trién cla
G(z) =1 -2’1 —x)7?

mTaco (1—212)% =1— 3212 4 3224 — 23

m Cdach duy nhat dé thu dugc z!! la ldy 2° trong khai tri€n  (&)uem s
cua (1 — x'?)3 nhan véi z!! trong khai trién clia (1 — z)~3

m Do do, hé s6 clia z!* trong khai trién clia G(z) |a hé so clia
z! trong khai trién cua (1 — z) =3, va bang 78 (Vi du 37) 5



Ham sinh

VII du 39 Cac phuong phap dem

~ , A P A A » . Hoang Anh D&
Phuong trinh 1 + x5 4+ 23 = 6 ¢0 bao nhiéu nghiém nguyén thoa man o i
—1 <z <2val<uzy,x3<4

m Ta dinh nghia
G(z) = (z7 ' + 2" + 2t + 22 (2! + 2% + 2° + 2*)?

m SO nghiém nguyén clia phuang trinh théa man diéu kién dé ra la
hé so cua z° trong khai trién clia G(x)
m Taco
G(x) = (7t 4+ 20 + 2! + 2%) (2t + 2% + 2% + 2*)?
1
_ ?(xl +a? 4 2% 4 2t
3

— (1 +a+2°+2%)>
X

=z(l+z+2°+2°)° (70) Ham sinh
Bai tap 27
Hoan thanh Vi du 39 bang cdch tim hé sé cla x® trong khai trién cta
(142 + 22+ 23)3
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Ham sinh

Bél tép 28 Céc phuong phap dém

ﬂm hé 36 Hoang Anh Durc

(a) cda z* trong khai trién cla (1 — z) =2

(b) cua z™ trong khai trién cua (1 + x)~*

1+ x

(1 —2x)°
(Goiy: (14 x)/((1—22)%) = (1 +22)7° + z(1 + 2z)°.
Tim hé s cua x™ trong khai trién cua tirng s6 hang va
cong cdc két qua tim duoc)

Bai tap 29

St dung ham sinh dé dém sé nghiém nguyén cla

1+ x0o+x3=11thdaman0 <z, <2,x,>0,vazx; >0

Bai tap 30

St dung ham sinh dé dém sb nghiém nguyén cla

1+ xo+x3 =11 thdamanx, > —2, x5 > 1, vaxs > 0. (GOl y:

Chuyrang —2 <x1 <11,1 <25, <13,val0 < z3 <12)

(c) cla x™ trong khai trién cua

Ham sinh
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Mot s6 vi du khac

VI' du 40 Céc phuong phap dém
C6 bao nhiéu cach phan phbi 4 nhan vién khac nhau A, B, C, D vao 3 rloang Anh Brie
van phong hoan toan giong hét nhau? (Chuy la xep A, B vao phong
tht nhat va C, D vao phong thi hai hoan toan glong vOi viéc xép A, B
vao phong thu hai va C, D vao phong thu ba D/eu quan trong la A, B
cung phong va C, D cung phong.) Gia st rang moi van phong cé the
chtra dugc bat ky mét s6 lugng nhan vién nao
m Ca 4 nguoi chung mét van phong: cé C} = 1 céch
m Xép 4 ngudi vao bat ky phong ndo déu dugc
m ba + mot: c6 CF = 4 cach
m Chon 3 ngudi xép vao mot phong, ngudi con lai ty dong Xep vao
mot trong hai phong con lai, phong nao déu duogc
m hai + hai: c6 C%/2 = 3 cach
m Chon 2 ngudi dé xép vao mét phong, hai ngudi con lai tu dong vao
mot trong hai phong con lai. M6i cach chon nay co mét cach tuong
duong véi nd, vi du nhu chon A, B xép vao mot phong tuong duong
vdi chon C, D xép vao mot phong, vi déu cho két qua la
{{A, B} {C,D}}
m hai + mot + mot: co C? cach M6t s6 vi du khéc
m Chon 2 ngudi dé xép vao mot phong, hai ngudi con lai tu dong xép

vao hai phong con lai
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Mot s6 vi du khac

Céc phuong phap dém

VI, du 41 Hoang Anh Buc
C4 bao nhiéu cach dé dat 6 quyén sach hoan toan giong nhau

vao 4 hop hoan toan gidng nhau, trong dé mdi hép cé thé chira

nhiéu nhat 6 quyén sach?

m Ta liét ké cac cach sap xép bang céach liét ké s6 sach 16n
nhat trong mét hdp, theo sau bdi cac sd sach nhd hon
trong cac hdp co6 chia it nhat mot quyén sach khac, theo
th( tu gidm dan cla sb sach. Vi du, 4,1,1 mé ta cach xép
sach vao 3 hdp, mot hop cd 4 quyén, hai hop khac mébi hop
c6 1 quyén

m Céc cach sap xép la:

HE BB RN
N o B~ Ut

Mot sé vi du khac
3,1,1,1
1

74



Mot s6 vi du khac

Céc phuong phap dém
Bé,l tép 31 (*) Hoang Anh D
Alice va Bob choi tro choi sau: Bob chon 10 s6 nquyén bat ky
trong khoang tur 1 dén 40. Alice can tim hai tap s0 nguyén khac
nhau trong cdc s6 ma Bob chon, méi tap cd 3 phan t, sao cho
tong cac sO nguyén trong hai tap la bang nhau. Hay chung
minh rang Alice lubn luén thang. (Go'i y: Ap dung nguyén ly
chuéng bé céu)

Bai tap 32

Co bao nhiéu cach di tu goc
dudi cung bén trai dén goc trén
cung bén phai cua mét IuGi
kich thudc n x n? Gia su' rang
trong moi bu'dc tir mét dinh
Sa?g ,dlnll k/:?&C cua /U?’C')’I, t,?'an H]nh: MOt IuGi 4 x 4 va vi du mOt  (7s) st s vi du knac
ch/,co th? di sang ;)Aha/ nzot 56 dudng di

budc hoac di lén trén mét buoc
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