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Ly thuyét dé thi Il
Hoang Anh Buc



buong di Euler va Buong di Hamilton

Bay cay cau & Kdnigsberg

o Ly thuyét dé thi Ii
o 2 .."."'.#H} ? ; Hoang Anh Burc
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o A o o Sy g, Puding di Hamilton
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Do thi c6 trong sb

Thuat toan Dijkstra

DBinh nghia va khai niém
Cong thurc Euler
Binh ly Kuratowski

Gidi thiéu
Mét s6 tinh chét co ban

H‘lnh Leonhard EUIer . . | T6 mau db thj phang
1707-1783 (Wikipedia) Hinh: Ban do Konigsberg cl (Wikipedia)

Bay cay cau & Kdnigsberg
Tim mét tuyén dudng di qua moi cay cau chinh xac mét lan va
quay lai vi tri xuat phat
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buong di Euler va Buong di Hamilton

Bay cay cau & Kdnigsberg

Ly thuyét dé thi Il
Hoang Anh Birc

Puong di Euler
Puong di Hamilton

Do thi c6 trong sb
Thuat toan Dijkstra

DBinh nghia va khai niém

Cong thurc Euler
Binh ly Kuratowski

a) Ban do6 Koénigsberg ci (Wikipedia an db Kénigsberg cii don gian hda
()B" do K b (Wikipedia) (b) Ban do K b d h
Gidi thiéu
C Mot sb tinh chéat co ban
. ‘D6 thl tu,dng lj’ng T6 mau d6 thi phang
4 D m Mdi viing dat ing v&i mot
dTrJh
m MOGi cay cau noi hai vung dat
B ung véi mot canh
(c) D thi tuong (ng m Tim chu trinh don trong d6 thi

chira tat ca cac canh
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buaong di Euler va Buong di Hamilton

Puong di Euler

Ly thuyét dé thi Il

Cho db thi G = (V, E). Mét dudng di/chu trinh Euler (Eulerian
path/circuit) trong G la mét duong di/chu trinh don c6 chira moi

Hoang Anh Buc

canh cua G

Puong di Euler

Vidu 1
a b a b a b
Q C Q O
O O @ O
d c c d e d c
G G G

m (G; coO chu trinh Euler, G5 va G5 khdng co
m (5 c6 duong di Euler, G5 khdng co
Bai tap 1
Chitng minh rdng néu G = (V, E) la mét da dbé thi vé hudng
thoa man deg(u) > 2 vdimoiu € V thi G ¢6 mét chu trinh don [«



buaong di Euler va Buong di Hamilton

Puong di Euler

A Dinh ly 1

Mét da do thi vé hudng lién théng cé mét chu trinh Euler khi

va chi khi méi dinh cta dé thi cé bac chan
Ching minh.

(=) Gia sir mot da do thi vo hudng lién thong G = (V, E) ¢6
mot chu trinh Euler ey, es, ..., e, trongdd e; = v;,_12; € E
voil <i<mvazy=2x,, =u.

m Véiv=ux;(2<i<m—1):chutrinh divao v quae; vadira
qua e;+1
m Véiu=xz9=z,:chutrinh dira v quae; vatrglai v qua e,,

O
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Ly thuyét dé thi Il
Hoang Anh Buc

Pudng di Euler
Puong di Hamilton

Do thi c6 trong sb

Thuat toan Dijkstra

Dinh nghia va khai niém
Cong thurc Euler
Binh ly Kuratowski

Gidi thiéu
Mét s6 tinh chét co ban

T6 mau dd thi phang



buaong di Euler va Buong di Hamilton

Puong di Euler

Chl]’ng minh (tiép). Ly thuyét a6 thi I

. - Hoang Anh Buc
(<) Gia st moi dinh cla G déu cé bac chan. Lap lai qua trinh
chon chu trinh sau cho dén khi da chon hét cac canh g
(Thuat toan Hierholzer (1873)) S
m Xuat phat t dinh 2o = a bat ky
m Xay dung mdt dudng di don bang cach chon tuy y cac canh
ToT1, T1T2, - .., Te_12k 06 thém vao dudng di cho dén khi
khong chon duoc ntra
m Do bac cla méi dinh 1a chan, véi méi dinh z;, ta ludn co thé
di vao tir canh x;_1z; va di ra tt canh x;x;,1. Do bac cla a
cling phai 1a chan, canh cubi cung dugc chon sé cé dang ya

m B4 di cac canh da chon va ¢, 0

cac dinh khong ké véi cac
canh con lai l

Culi cung, ghép céac chu trinh ¢ 4 o )
trén thanh mot chu trinh Euler. f
(Thuat toan chay trong thoi gian ¢ ’

O(IE1))




buaong di Euler va Buong di Hamilton

Puong di Euler

V|, du 2 Ly thuyét db thi I
N ] N 2 . Hoang Anh Burc
Tim chu trinh Euler trong do thi sau

Puong di Euler

m Bat dau tU =y = a, chon tly y cac canh zgz1, 2129, . . .,
TrL_1Tk, Tra. Vidu: ae,ef, fi,17, 7h, hg, gd, db, ba
m Bo di cac canh da chon va cac dinh a, j
m Bat dau tU ¢ = ¢, chon tuy y cac canh zoz1, x129, . . .,
X112y, xrc. Vi du: eb, be, ei, ih, hk, kg, gf, fd,dc
m BO di cac canh da chon va cac dinh ¢6 1ap con lai
m Ghép hai chu trinh da chon thanh moét chu trinh Euler:
W ae,ei,th, hk, kg, gf, fd,dc,cb,be,ef, fi,15,7h, hg, gd, db, ba
W ae,ef, fd,dc,cb,be,er,ih, hk, kg, qgf, fi,19,7h, hg, gd, db, ba
m ... 4




buaong di Euler va Buong di Hamilton

Puong di Euler

Ly thuyét dé thi Il
Hoang Anh Buc
Bai tap 2
Tim chu trinh Euler trong do thj sau. (5 outmg v
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buaong di Euler va Buong di Hamilton

Puong di Euler

A Dinh Iy 2

Mot da do thi vé hudng lién théng G ¢é dudng di Euler nhung
khéng co chu trinh Euler khi va chi khi co dung hai dinh cua
G ¢o bac le.

Chung minh.
(=) Gia st G c6 dudng di Euler nhung khong cé chu trinh
Euler
m Hai dinh & hai dau mdt clia duong di c6 bac 1é
m Cac dinh con lai c6 bac chan
(<) Gia s G c6 chinh xac hai dinh bac 1é u, v
m Tim chu trinh Euler cla do thi G + wv

m X6a canh wv trong chu trinh dé thu dugc dudng di Euler
trong G
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Ly thuyét dé thi Il
Hoang Anh Buc

Pudng di Euler



buaong di Euler va Buong di Hamilton

Trd choi “Vong quanh thé giGi” (1857)

Hinh: Sir William Rowan ,
Hamilton 1805—-1865 Hinh: Tro choi “VYong quanh thé gidi”
(Wikipedia) (Wikipedia)

Tro chaoi “Vong quanh thé gidi”

Mbi dinh trong 20 dinh cla khdi 12 mat dai dién cho mét thanh
phd. Tim dudng di xuat phat tir mét dinh doc theo cac canh
cla khoi, ghé thdm méi dinh con lai mét 1an, va quay lai vj tri
ban dau
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Ly thuyét dé thi Il
Hoang Anh Buc

Puong di Euler
Buong di Hamilton

Do thi c6 trong sb

Thuat toan Dijkstra

DBinh nghia va khai niém
Cong thurc Euler
Binh ly Kuratowski

Gidi thiéu
Mét s6 tinh chét co ban

T6 mau dd thi phang



buong di Euler va Buong di Hamilton

Trd chai “Vong quanh thé gi6i” (1857)

Ly thuyét dé thi Il
Hoang Anh Buc

Puong di Euler
Puong di Hamilton

Do thi c6 trong sb

Thuat toan Dijkstra

DBinh nghia va khai niém
Cong thurc Euler
Binh ly Kuratowski

Gidi thiéu

Mét s6 tinh chét co ban

T6 mau dd thi phang

(a) Trd chai “Vong quanh thé gi6i” (b) DO thi dang clu véi khbi 12 mét
(Wikipedia) (Wikipedia)
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buaong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét dé thi Il

Cho G = (V, E) la mét db thj vd huéng
m M6t duong di Hamilton trong G la mét duong di don
L0, X1, .., Tn_1, 2, thoa man diéu kién
V ={xg,21,...,xp}vVax; 2, VOi0<i<j<n
m Mot chu trinh Hamilton trong G la mét chu trinh don
T0, 1, Tn1,Tn, To thda man diéu kién xg, 21, Tp_1, T, 12
moét duong di Hamilton

Hoang Anh Buc

Puong di Hamilton

Bai tap 3
Cdc db thi sau c6 chu trinh/dudng di Hamilton khéng?
G4 Go G
a b a b a b g
O T
O—O0—C_C—=0
e c d c d c e f



buaong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét dé thi Il

m Chua cd diéu kién can va di dé kiém tra xem mot do thi
c6 chu trinh Hamilton hay khéng
m M6t so tinh chat c6 thé dugc st dung dé chi ra mot do thi
khéng co chu trinh Hamilton Butng di Hamiton
m DO thi ¢d chira dinh bac 1 khéng cé chu trinh Hamilton
m Néu dinh v cla do thi G ¢6 bac 2 thi hai canh ké vdiv thuéc
moi chu trinh Hamilton cla G (néu cd)

m MOt chu trinh Hamilton khéng chiia mét chu trinh con nao
co soO dinh nho hon no

a d e a d

O O O

Hoang Anh Buc

O O
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buaong di Euler va Buong di Hamilton

Puong di Hamilton

Bél tép 4 Ly thuyét dé thi Il

~ - A A A . ‘ N » , - N Hoang Anh Burc
Hay cho vi du vé mot do thi ma chu trinh Euler cua no cung la
chu trinh Hamilton

Béi té.p 5 @ Pudng di Hamilton

Trong cdc do thi sau, dé thi ndo cd chu trinh Hamilton? Tai sao?

¢ G 3 J 45



buaong di Euler va Buong di Hamilton

Pudng di Hamilton

Ly thuyét dé thi Il

A Dinh ly 3: Dinh ly Dirac

Hoang Anh Buc

Néu G = (V, E) la mét don do thj vé hudng gom n dinh (n > 3)
théa méan diéu kién béc cua moi dinh trong G Idn hon hodc
bang n/2 thi G co mét chu trinh Hamilton
Bai tdp 6 ((x) Ching minh Binh ly Dirac)
(a) Dé thay Dinh ly dung vdin = 3. Gid stn > 4
(b) G phai lién théng (Tai sao?)
() Goi P = wg,v1,...,v la dudng di don c6 db dai Ién nhat
trongG (0 <k <n-—1).
m Moi dinh ké vdi v hodc vy, déu phéi thudc P (Tai sao?)
m Do deg(vr) > n/2, cO it nhatn/2 canh phén biét v,v;+1 cua
P théa man v,vy, € E. Tuong ty, do deg(vo) > n/2, ¢O it
nhat n/2 canh phén bigt vjv; 1 cua P thoa man vov41 € E

m Do P co it han n canh, ton tai mét canh v,v,11 thda man
déng thoi hai diéu kién trén: v,vy, € E vavovg41 € B

(d) P chua tat ca cac dinh cia G (Tai sao?)

Buong di Hamilton

45



buaong di Euler va Buong di Hamilton

Pudng di Hamilton

Ly thuyét dé thi Il
Hoang Anh Buc

A Dinh Iy 4: Dinh ly Ore

Néu G = (V, E) la mét don do thj vé hudng gom n dinh (n > 3) (12) ongamion
thoa man diéu kién deg(u) + deg(v) > n vdi moi cap dinh u, v
khéng ké nhau trong G thi G ¢co mét chu trinh Hamilton

Bai tap 7
Chung minh Binh ly Dirac (Pinh ly 3) bang cdch st dung Dinh
ly Ore

Bai tap 8
Cho G = (Vl U VQ,E) la mét dé thl ha/phén vOi ‘Vl‘ = ’VQ’ =N

(n > 2). Chifng minh rdng néu deg(v) > n/2 véi moi dinh
veV=V,UV;ythi G co mét chu trinh Hamilton
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buaong di Euler va Buong di Hamilton

Puong di Hamilton

Ly thuyét dé thi Il
Hoang Anh Buc

Bai tap 9
V@i méi db thi sau, hdy xac dinh

(i) ¢d thé s dung Pinh ly Dirac dé chitng minh do thi cé chu
trinh Hamilton khéng?

(i) c6 thé st dung Dinh ly Ore dé chiing minh dé thi ¢ chu
trinh Hamilton khéng?

(ili) db thi cd chu trinh Hamilton khéng?

(a) (b) (c) (d)

Puong di Hamilton

45



Bai toan dudting di ngan nhat

Pé thi ¢ trong sb

m M6t do thi co trong sé (weighted graph) G = (V, E, w) gdm
tap dinh V, tAp canh E, va mdt ham w : E — R gan moi
canh (cung) e € E bdi mét so thuc w(e) goi la trong s6
(weight) cua canh (cung) e

m Trong bai gidng, chiing ta chi xét cac do thi cé trong s6
duong, nghiala, w : B — R™

66%

Atlanta

Los Angeles

Miami
Hinh: D6 thi c6 trong s0 mo ta gid vé clia cac chuyén bay gitta mot so
thanh pho & My (tt [Rosen 2012], Chuang 10)

Ly thuyét dé thi Il
Hoang Anh Buc

@ DA thi cé trong s6

45



Bai toan dudting di ngan nhat

Pé thi ¢ trong sb

Ly thuyét dé thi Il
Hoang Anh Buc

Cho G = (V, E,w) 1a don d6 thi c6 trong so6
m MGt duding di tir u dén v qua cac canh (cung) e, ea, ..., en  f oo
co chiéu dai (length) c(u,v) = >, w(e;)
m Khodng cdch (distance) gilta hai dinh u, v, ky hiéu (12) smicsronoss.
da(u,v), 14 chiéu dai nhd nhat cla mot du’dng di tir u dén v

Dinh nghia va khai niém

QO ’ N - < A Cong thuc Euler

) Bal toan dU’dng dl ngan nhat Dinhgly Kuratowski
m Input: Don db thi v hudng G = (V, E,w) trong d6 wane
V={vg=a,vi,...,v, =2}, w:[V]? = R U{oc} Vi T mau 0 th phing

w(v;,v;) = 00 NeU vv; ¢ E
m Output: Khoang céach dg(a, 2)

45



Bai toan duoting di ngan nhat

Thuat toan Dijkstra

- Bai toan duwong di ngan nhat

m Input: Don db thi vé hudng G = (V, E, w) trong dé
V=_{vw=auv1,...,0n =2}, w: [V]? — RT U {oo} VO
w(v;, v;) = 00 NeU v;v; ¢ E

m Output: Khoang cach dg(a, 2)

Y twéng: Tim dudng di ngan nhat tU « t6i cac dinh ké tiép cho
dén khi dat dén z. Chu y rang vdi cac dinh a, b, ¢, do dai duong
di ngan nhat tir a dén c di qua dinh b ké vdi c bang khoang
cdch gitta a va b cdng véi trong s6 canh ndi b va c

dg(a, b)

O~/ VOO0

a b C

Ly thuyét dé thi Il
Hoang Anh Buc

Puong di Euler
Puong di Hamilton

Do thi c6 trong sb

@ Thuat toan Dijkstra

45

DBinh nghia va khai niém
Cong thurc Euler
Binh ly Kuratowski

Gidi thiéu
Mét s6 tinh chét co ban

T6 mau dd thi phang



Bai toan duoting di ngan nhat

Thuat toan Dijkstra

A Thuat toan Dijkstra

m Khdi tao: Gan nhan L(a) := 0, L(v;) := oo v&i moi v; # a,
va lay mot tap S := 0.
m Trong khi z ¢ S, 1ap lai cac budc sau:
m Goi u 1a dinh khong thudc S véi L(v) nhd nhat. Thém «

vao S.
m V&i moi dinh v khéng thudc S

m Néu L(v) + w(u,v) < L(v) thi gan L(v) := L(u) + w(u, v)
(Slra d6i nhan clia cac dinh khéng thudc S)
m Cuoi cling, L(z) la d6 dai dudng di ngan nhat (khoang
cach) tu a dén z.

45
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Bai toan duoting di ngan nhat

Thuat toan Dijkstra

Ly thuyét dé thi Il
Hoang Anh Buc

Vidu 3
S& dung thuat todn Dijkstra dé tim khoang cach gilta hai dinh a
va z trong dé thi sau

Thuat toan Dijkstra
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Bai toan duoting di ngan nhat

Thuat toan Dijkstra

Ly thuyét dé thi Il
Hoang Anh Buc

Puong di Euler

Puong di Hamilton

Do thi c6 trong sb
Thuat toan Dijkstra

Dinh nghia va khai niém
Cong thurc Euler
Binh ly Kuratowski

Gidi thiéu
Mét s6 tinh chét co ban

T6 mau dd thi phang



Bai toan duoting di ngan nhat

Thuat toan Dijkstra

Ly thuyét dé thi Il
Hoang Anh Buc

o 2a)
Bai tap 10
Ap dung thudt todn Dijkstra dé tim khodng cdch tir a dén =
trong moi do thi sau

45



Bai toan duoting di ngan nhat

Thuat toan Dijkstra

Ly thuyét dé thi Il

m Tinh dung dan cula thuat toan Dijkstra c6 thé dugc chiing
minh bang cach su dung bat bién vong lap. Cu thé, trudc
mdi lan 1ap, ham L va tap S thda man céc tinh chat sau:

(1) V&imoiv € S, L(v) lakhoang cachtir a dénv

(2) Véimoiv € V — S, L(v) la dé dai duong di ngan nhat t a
den v chi qua cac dinh thuéc S U {v}

(3) Voi moiu € S vaveV — S, L(u) < L(U) Thuét toan Dijkstra

m Théng thuong, thuat toan Dijkstra chay trong thai gian
O(n?), véin = |V|

m V6i cAu tric dir liéu “déng Fibonacci” (Fibonacci Heap),
thuat toan Dijkstra c6 thé duoc 1ap trinh dé chay trong tho
gian O(m + nlog n), v6in = |V|va m = |E|. Hiéu qua cla
cach 1ap trinh nay dugc thé hién khi chay vdi cac “d6 thi
thua” (sparse graph) cuc 16n (cac dd thi cd m rat nho so
vGi n?)

m Thuat todn Dijkstra cling c6 thé dugc 1ap trinh dé xuat ra
mot dudng di ngan nhat t&¥ « dén méi dinh khac trong do
thi -

Hoang Anh Buc



Do thi phang

Pinh nghia va khai niém

Ly thuyét dé thi Il

m M6t db thj v hudng duodc goi la do thi phang (planar
graph) néu né cé thé dugc vé trén méat phang sao cho
khong cé hai canh nao cat nhau (6 mot diém khong phai 1a
dau mut cda canh).

m Hinh vé nhu thé dugc goi 1A mét biéu dién phang (planar
representation) cla db thi.

Hoang Anh Buc

Vidu 4
@ Binh nghia va khai niém
U1 U2
K,
U3 U4
U1 U2
Vs U
@3
(%] v

V4 U3

45
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04 HOC TY NHIEN

Do thi phang 0

Pinh nghia va khai niém

2
-
%

Ly thuyét dé thi Il
Hoang Anh Buc

Puong di Euler
Puong di Hamilton

Bai tap 11
Tim mét biéu dién phang cua cdc dé thi phang sau 08 o8 ong

Thuat toan Dijkstra

® ®
Dinh nghia va khai niém
Cong thurc Euler

Binh ly Kuratowski

o Gidi thieu
Mét s6 tinh chét co ban

G1 Gg G3 T6 mau db thj phang

45



Do thi phang

Pinh nghia va khai niém

V|, du 5 Ly thuyét dé thi Il
. n N A . 2 Hoang Anh Burc
K3 3 khong la do thi phang

vl v2 'U3 Puong di Euler

Puong di Hamilton

Do thi c6 trong sb

Thuat toan Dijkstra

Ta chiing minh khang dinh trén bang phan chiing. Gia st K 5 (L) oo i

N A . 2 Dinh ly Kuratowski
la do thi phang

Uy Us Vg

Ry

m Trong bét ky biéu dién phang vs
nao cua Ks 3 ta co vy va v,
deu phai luén noi vdi v, va vs
Cac dinh nay chia mat phang
thanh hai mién R4 va Rs.

m Dinh v3 thudc R; hoac R»

m Vi tri cua Vg ?

Gidi thiéu
Mét s6 tinh chét co ban
T6 mau dd thi phang

45




Do thi phang

Céng thic Euler

m Biéu dién phang cla mét dd thi phang G = (V, E) chia mat
phang thanh cac mién (region), k& ca mién vé han
(unbounded region)

m Hai diém bat ky trong cung mét mién ¢é thé duagc nbi véi
nhau bang mot nét lien ma khéng cat bat ky canh nao

m Bac (degree) cia mdt mién £, ky hiéu deg(f), 1a s6 canh
cla G trén bién cla f

Vidu 6 (22)

Biéu dién phang cla K,
m chia mat phang thanh 4
mién f1, fa, f3, va fi; va

B deg(f1) = deg(f2) =
deg(fs) = deg(fs) =3

B Chuy: > e rotac deg(f) < 2|E| (MGi canh thudc toi da
hai mién)

fa

f2

45
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Puong di Euler
Puong di Hamilton

Do thi c6 trong sb

Thuat toan Dijkstra

DBinh nghia va khai niém
Cong thic Euler
Binh ly Kuratowski

Gidi thiéu
Mét s6 tinh chét co ban
T6 mau dd thi phang



Do thi phang

Céng thirc Euler

Ly thuyét dé thi Il

~ 'Blnh Iy, 5: C(A)ng thl:l’C EUIer Hoang Anh Durc

Gia st G la mgt don do thi phang va lién théng gém m canh,
n dinh, var mién. Tacon —m +r = 2

Chung minh.

m Xay dung day dd thi G1,Gs, ..., G =G
m Chon mdt canh bat ky cla G 1am G4
m G, dugc tao thanh tir G,_; bang cach thém mot canh bat ky (s0) cong thie evier
lién thudc véi mét dinh clla G;—1 (i € {2,3,...,m})
m Goi n;, m;, r; lan luot 12 s6 dinh, canh, va mién cla mét
bi€u dién phang cla G;
m CoOng thuc Euler dung véi moi G;
mTacon,—mi+r=2—-14+1=2
m Gia sl cong thic Euler dung vdi G, téc la n; — mi +7; = 2
Goi ai+1bi41 la canh thém vao G; dé tao thanh Git1- Co hai
kha nang:
m mot trong hai dinh a;41 1, b; 11 khéng thuéc G; 4
m ci ;i1 va bi_|_1 thUéC Gi_1
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Do thi phang

Céng thirc Euler

Ly thuyét dé thi Il

Hoang Anh Buc

A Hé qua 6

Gid st G la mot do thi phang lién théng gom m canh van dinh
(n > 3). Khi do, m < 3n — 6. Thém vao do, néum = 3n — 6 thi
moi mién cua G ¢o chinh xdc 3 canh trén bién.

Chung minh.

m Nhan xét rang méi mién cla G ¢6 it nhat 3 canh trén bién,
dodd ) deg(f) > 3r. Matkhac, ta ciing c6
mién f cla G
Y deg(f) < 2m. Suyra3r < 2m.

mién f cla G

Cong thirc Euler

m Ap dung cong thiic Euler, ta cé
2=n—m+r<n-—m+2m/3,suyram < 3n — 6.
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Do thi phang

Céng thirc Euler

Ly thuyét dé thi Il
Hoang Anh Buc

Bai tap 12

Gid str G la mét do thj don phang va lién théng gom 20 dinh,
moi dinh cd bdc 3. Mot biéu dién phang cta G chia mat phang
thanh bao nhiéu mién?

Béi té.p 13 Cong thirc Euler
Chi’ng minh K khéng la dé thi phang

Bai tap 14

Ching minh rdng néu G la mét don do thi phang va lién théng

thi G ¢6 mét dinh cé bac nho hon hoac bang 5
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Do thi phang

Dinh Iy Kuratowski

m Cho db thi G. Mt phép phan chia (subdivision) mdt canh e
cla G dugc thuc hién bang cach thay thé e bang mot
duong di don

m Hai do thi G, va G- dugc goi l1a déng phéi (homeomorphic)
néu chung duoc xay dung tir cung mot do thi thdng qua
mot day cac phép phan chia

Vidu7

A Dinh ly 7: Dinh ly Kuratowski

G la do thi phang khi va chi khi né khéng chita bat ky db thi
nao d'éng phél VO Ks hOéC K3,3
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Puong di Euler
Puong di Hamilton

Do thi c6 trong sb

Thuat toan Dijkstra

Dinh nghia va khai niém
Cong thurc Euler
Dinh ly Kuratowski

Gidi thiéu
Mét s6 tinh chét co ban

T6 mau dd thi phang



Do thi phang

Dinh Iy Kuratowski

Ly thuyét dé thi Il

Bé.' té.p 1 5 Hoang Anh Buc
St dung Binh ly Kuratowski, hdy chiing minh dé thi sau khéng
la do thi phang
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T6 mau do thi

Gidi thiéu

Cho don db thi vé huéng G = (V, E) g
m 76 mau mot dd thj don la sy gan mau cho cac dinh cla doé g
thi sao cho khéng cé hai dinh lién ké dugc gan cung mét
mau. Cu thé, véi cac “mau” 1,2, ..., k, mot cdch té6 mau
cac dinh (vertex k-coloring) cla G 1a mét ham
f:V—=1{1,2,...,k} thébaman f(u) # f(v) véi moi
u,v € Vvliuv e FE

My L

d

h

() e
9 /
m Sac s6 (chromatic number) cla G, ky hiéu x(G), la sb t6i
thiéu cac mau can thiét dé t6 mau G s



T6 mau do thi

Gidi thiéu

Ghi chép s6m nhat vé bai toan t6 mau db thj cé I 14 vao nam 1852 Ly thuyét do thi I
khi Francis Guthrie (1831-1899), Itic d6 |a mét sinh vién & Pai hoc Floang Anh Bric
Cao dang London (University College London), t& mau mot ban dé

cac quan cla Anh va nhan ra 1a cd 1é chi can bon mau dé t6 mau ban

dd sao cho hai quan lién ké nhau cé mau khac nhau

Hinh: [Lewis 20211, Hinh 1.7 45


https://en.wikipedia.org/wiki/University_College_London

T6 mau do thi

Gidi thiéu

Ly thuyét dé thi Il

m Phdng doan clia Guthrie dugc cho la phat biéu dau tién ctia Dinh
ly bon mau (Four Color Theorem)

Hoang Anh Buc

[ Pinh ly 8: Pinh Iy bon mau

Vi moi dé thi phang G, ta luén cd x(G) < 4

m Nam 1879, Kempe dé xuat méot chirng minh cho Binh Iy bdn mau.
Khodng 10 nam sau dd, Heawood chi ra 16i sai trong chithg minh
clia Kempe va chinh sita lai chiing minh cia Kempe dé chi ra
rang nam mau la di dé t6 mau béat ky do thi phang nao

m Nam 1976, Kenneth Appel and Wolfgang Haken (Pai hoc lllinois)
[Appel and Haken 1977]; [Appel, Haken, and Koch 1977] ching Gisi thigu
minh dinh ly bdn mau bang cach gia s néu Dinh ly bon mau la
sai thi sé c6 mot phan vi du thuéc mét trong 1936 loai khac nhau,
va chi ra rang khéng c6 loai ndo dan dén phan vi du. Cac trudng
hap nay dugc phan tich can than nhd may tinh

m Robertson, Sanders, Seymour, va Thomas [Robertson, Sanders,
Seymour, and Thomas 1997] dua ra mot chitrng minh dan gian
hon véi 633 loai can kiém tra
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T6 mau do thi

Mot sb tinh chat co ban

Ly thuyét dé thi Il

m Dé chira x(G) = k vdi db thi G nao dd, ta can:
m Chi ra mot cach t6 mau cac dinh cla G bang k mau.
m Chira réng khong thé dung it hon & mau dé t6 mau cac
dlnh cua G.
m Mot s6 nhan xét
(1) Moi do thi G gdm n dinh c6 thé duogc t6 mau bang » mau
(2) x(Kn) =mn (Taisao?)
(3) Taky hiéu w(G) la so nguyén duong Ion nhat r > 1 thda
man K, |a d6 thi con cla G. V6i moi db thi G, ta co
w(G) < x(G). Thong thuong, w(G) # x(G)
(4) x(Cp) =2néun>4chanva x(C,) =3néun>3I&(Tai
SaO?) . R @ M6t s6 tinh chét co ban
(5) G la do thi hai phan khi va chi khi x(G) = 2 (Tai sao?)
m Chua biét c6 ton tai hay khéng mét thuat toan chay trong
thoi gian da thirc dé xac dinh xem mot do thi G c6 thé
duoc t6 mau bang 3 mau hay khéng

Bai tap 16
Tinh x(Wh), Xx(Km.n), va x(Qn)

Hoang Anh Buc
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T6 mau do thi

Mot sb tinh chat co ban

Goi A(G) la bac I6n nhéat cua céc dinh cta do thi G Ly thuyét 66 th I
. ’ Hoang Anh Burc
~ Dinhly 9

Cho G = (V,E) la don do thi vé hudng cé n dinh. Ta cd
X(G) < A(G) +1

Ching minh.
Mot thuat toan tham lam dé t& mau cac dinh cla G bang
A(G)+1mau {1,...,A(G) + 1} la nhu sau:
1. Gan nhan vy, vs, ..., v, cho cac dinh cua G mot cach tuy y
2. V@i i tir 1 dén n, t6 mau dinh v; bang mau nhd nhat trong ©
sO cac mau chua dugc t6 cho bat ky dinh nao trong N (v;)
Ta chiing minh rang Budc 2 cua thuat toan luén thuc hién duoc
vOi A(G) + 1 mau. Théat vay, dinh v; ¢6 toi da A(G) dinh ké Vi
no, do d6 s0 mau toi da su dung dé t6 mau cac dinh trong
N(v;) la A(G), nghia la ludn co it nhat mét trong s A(G) + 1
mau khéng duoc g&’ dung cho bat ky dinh nao ké vai v;, va ta
co thé t6 mau v; bang mau nho nhat trong sO cd&c mau nay 0O (s

Mot sb tinh chéat co ban



T6 mau do thi

Mot sb tinh chat co ban

Bai tap 17
St dung thudt todan & Pinh ly 9 dé té mau cac dé thi sau

Trén thuc té, vdi phan 16n cac do thi, chi can A(G) mau 1a du
{ Binh Iy 10: Pinh 1y Brook

Néu G khéng phai l1a mét chu trinh do dai Ié hodc mét do thi

day du thi x(G) < A(G)

J
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T6 mau do thi
T6 mau do thi phang

86 dé 11 Ly thuyét dod th,i I
. ) Hoang Anh Buc
Moi don do thj phang va lién théng G gobm n dinh c¢6 mét cdch sap thit tu
cdc dinh vy, vs, . .., v, sao cho moi dinh ké vdi toi da 5 dinh di‘ng trudc no
Chung minh.

Ta chiing minh bang quy nap theo n.
m Budc co s@: V3i n < 6, bat ké thi tu sap xép cac dinh nao déu thoa
man B6 dé
m Budc quy nap:
m Gia st B6 dé dung véi moi 6 < n < k, trong dé k > 6 1a mdt sb nguyén
nao dé. Ta chirng minh B8 dé dung véi n = k + 1.
m That vay, gia st G |a do thi bat ky gom & + 1 dinh. TU Bai tap 14, ton tai
mot dinh v cla G théa man deg(v) < 5.
m DO thi G — v: @ T6 mau dé thi phing
m cO t6i da 5 thanh phan lién thong G1, Ga, ..., Gs
B moi G; con; < kdinh (1 <14 <5)
Bvan,+- ---+ns==%

m TU gid thiét quy nap, ton tai mét thit tu vy, . .., v, cac dinh clla G — v thda
man Bo dé.

m Datvr 1 =v,tacd v, ..., vk, vker 1@ MOt th tu cac dinh clia G thoa man
B6 dé
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T6 mau do thi
T6 mau do thi phang

Hoang Anh Buc

Dinh |y 12 Ly thuyét db thi I
[Mgi do thi phang G ¢6 x(G) < 6

Chung minh.
Ta chi ra mét cach t6 mau don do thi phang va lién théng G
bang 6 mau
1. Tim thit tu cac dinh v1,vs, ..., v, cla G théa man BS dé
11: moi dinh c6 t6i da 5 dinh ké ding trude nd
2. Ap dung thuat toan tham lam & Dinh Iy 9 véi th tv dinh
tim duoc 0 Budc 1
Chu y rang (12) o mauet nipin
m Khuyén va canh song song (néu cd) khong anh hudng gi
dén qua trinh t6 mau
m Néu do thi phang da cho khong lién thong, ta ¢ thé ap

dung qua trinh t&6 mau riéng biét cho tirng thanh phan lién
thong
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T6 mau do thi
T6 mau do thi phang

Bél tép 18 Ly thuyét dé thi Il

Str dung thudt todn & Binh ly 12 dé t6 mau céc do thi phang
sau bang 6 mau {1,2,3,4,5,6}

Néu cd thé, hdy tim mét cach t6 mau cdc dé thi trén bang 5

mau hoac it hon

Bai tap 19

Chitng minh Binh Iy 12 bang phuong phdp quy nap. (Goii y:

Xem lai chi'ng minh B6 dé 11) i



Tai liéu tham khao

Ly thuyét dé thi Il
Hoang Anh Buc
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Puong di Euler
Puong di Hamilton
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