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Logic ménh dé
Ménh dé

Logic va Chung minh

Hoang Anh Buc

A Ménh dé

MOt ménh dé (proposition) Ia mot phat biéu duing (True) hode | T e wosers

sai (False), chir khéng thé vua dung vua sai Logio va oo todn 4 b

v Ha Ndi la th( do cla Viét Nam e

v 1=2

V' (20 4 24) 4 (20 4 24)(20 + 24) + (20 + 24) = 2024

v/ Moi s6 chan I6n hon hodc bang 4 1a t8ng cla hai sb e
nguyén to (Gia thuyét Goldbach) bttt

K May gio rdi? [Cau héi] | o

R Hay doc quyén sach nay [Ménh 1énh]

¥ Thoi tiét hém nay lanh qua [Y kién, Cam than

Xrr1=2 [Dlng/sai tuy vao z
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Logic ménh dé
Ménh dé

Logic va Chung minh
Hoang Anh Buc

Bai tap 1
CAu nao sau day la mot ménh dé?
) Trai Dat I1a m¢t hanh tinh

Ménh dé

2) 1+2
3) 1+2=3
4) Hém nay troi mua

)
)
)
5) Ban co noi t/eng Anh khéng?
6) t+y=>5
/) A ha ha ha ha
8) Hay dua cho tbi quyén sdch kia
9) RAt tot!
(10) Néu x = 3 y=4,z=>5thi z? + y* = 2*

(1
(
(
(
(
(
(
(
(
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh

m Ta thuong st dung cac chit cai p, ¢, 7, s, ... dé ky hiéu cac i Anh o0
ménh dé
m Ménh dé dung c6 gid tri chan ly dung T (True). Ménh dé
sai c6 gid tri chan Iy sai F (False) i o Ao e
m Ménh dé phic ho’p (compound proposition) dugc xay
dung bang cach t6 hap mot hoac nhiéu ménh dé théng
qua cac todn tu I6gic (logical operators). Nguoc lai, ménh
dé nguyén ti (atomic proposition) khéng thé biéu dién
dugdc qua cac ménh dé don gian hon

Phu dinh NOT —
Phép hoi AND A
Phép tuyén OR V
Phép tuyén loai XOR D
Phép kéo theo IMPLIES | —
Phép tuong duong IFF &>

m MOi quan hé gilta cac gid tri chan ly clia cac ménh dé
dugc thé hién thong qua bang chan tri (truth table)
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh
Hoang Anh Buc

Toan tl 16gic va bang chan
tri

Vidu 1
Xét cac ménh dé sau:
(1) Ha Noi la thdi 6 cda Viét Nam [Mé&nh dé nguyén t(]

(2) Ha Néi la thd d6 cua Viét Nam va Ha Néi la mét trong hai
dé thi loai dac biét cua Viét Nam [Ménh dé phuc hap]

(3) Ha Noi la thi d6 va dong thai la mét trong hai do thi loa
dac biét cua Viét Nam [Ménh dé phtic hgp]
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh
Hoang Anh Buc

Toan tl 16gic va bang chan
tri

m Phd dinh (negation) clia ménh dé p, ky hiéu —p hodc p, 1a
ménh dé “khéng phai 1a p”. Gid tri chan ly —p = T khi va
chi khip =Fva —-p=Fkhivachikhip=T

m VGip := “2 12 s6 chan” thi —p := “2 khong 1a s6 chan”

m Bang chan tri

p | —p
T F
FloT
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh
Hoang Anh Buc

m Hoi (Conjunction) cGa hai ménh dé p va g, ky hiéu p A ¢
ho&c pq, 1a ménh dé “p va ¢”. Gia trichan ly p A ¢ = T khi i sl VA Bang ohén
va chi khi ¢a p va ¢ déu nhan gid tri T, va trong cac truding
hopconlaipAg=F
m VGi p :=“21a 50 chan” va ¢ := “2 la s0 nguyén t0” thi
p A q:= “2lasbd chan va 2 la s6 nguyén t0”

m Bang chan tri

Mm-S
- T
M om >
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh
Hoang Anh Buc

m Tuyén (Disjunction/Inclusive Or) cla hai ménh dé p va g,
ky hiéu p V ¢ hodc p + ¢, 1a ménh dé “p hoac ¢”. Gia tri O
chan ly p VV ¢ = F khi va chi khi ca p va q déu nhan gia trj F,
va trong cac truong hgpconlaipvg=T
m VGi p :=“21a 0 chan” va ¢ := “2 la s0 nguyén t6” thi
pV q:= “2lasbé chan hoac 2 la s6 nguyén t6”

m Bang chan tri

L e B S
M- T A<
m— - <
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh
Hoang Anh Buc

m Tuyén loai (Exclusive Or) cla hai ménh dé p va ¢, ky hiéu
p @ ¢, la ménh dé “hodc p hodc ¢”. Giatrichanly p @ g =T ma
khi va chi khi chinh xac mot trong hai ménh dé p va g nhan 2w
giatri T, va trong cac truong hgpconlaip® g =F

m VGi p :=“21a 0 chan” va q := “2 1a s0 nguyén t0” thi
p @ q := “Hoac 2 la s6 chan hoac 2 la s6 nguyén t0, nhung
khong phai ca hai”

m Bang chan tri

Pl q|pBg
T|T| F
T|F| T
FIT ] T
FIF| F

mChuy:Khip=Tvag=Tthip+g=Tnhungp®qg=F
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh

m Ménh dé kéo theo (implication) p — q, Vv8i p, ¢ 1a hai ménh
dé cho trudc, 1a ménh dé “néu p, thi ¢”. Gia tri chan ly
p — q = F khi va chi khip = T va ¢ = F, va trong moi
trU"O’ng hdp con Ial D — q = T @ Todn tit lgic v bang chan

Hoang Anh Buc

tri

m Ta goi p 1a “gia thiét (hypothesis)” va ¢ 1a “két luan
(conclusion)”. Ta cling néi “p 1a diéu kién da (sufficient) cho
¢’ va “q |a diéu kién can (necessary) cho p”
m VGip:=“21asbchan” va ¢ := “2 12 s6 nguyén t6” thi
p — q:= “Néu 2 1a s6 chan, thi 2 1a sb nguyén t6”
m Bang chan tri

Pl q|P—g
T[T T
T|F| F
FlT| T
FIF| T

m Chu y: Gilta p va q khong nhat thiét cé quan hé nguyén
nhan-két qua. Vi du, p — g = F khong nhat thiét 1a “tU p
khong suy ra ¢" madongianchilap=Tvag=F
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Logic ménh dé

Toan tu I6gic va bang chan tri

m T p — ¢ ta c6 thé xay dung mét sb ménh dé mdi Coic va g mirh
m g — pla ménh dé dio (converse) clia p — ¢ rioang Anh Brie
m —q — —p |la ménh dé phan ddo (contrapositive) clia p — ¢
m —p — —q la ménh dé nghich ddo (inverse) clia p — g Tod e va bing chir
m Vidu vdip — ¢ := “Néu 2 13 sb chan, thi 214 s6 nguyént6”
m g — p:=“Néu 21a s6 nguyén t6, thi 2 1a sé chan”
B —¢ — —p = “Néu 2 khdng 1a sb nguyén t6, thi 2 khéng 1a s
chan”
B —p — —¢q:= “Néu 2 khdng 1a sb chan, thi 2 khéng 1a sb
nguyén to”
Bai tap 2
Xay dung bang chén tri cho cdc ménh dé trén. C6 nhén xét gi
Vvé cdc gia tri cua cac ménh dé nay?

g || ™q|P—7q|49q—=P | q—=7p | P —=7¢q
T

m T

<
F F
T T
F T
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh
Hoang Anh Buc

m Ménh dé tvong duong (bi-implication) p + ¢, vGi p, ¢ 1a hai
ménh dé cho trudc, 1a ménh dé “p khi va chi khi ¢”. Gia tri
chan ly p « ¢ = T khi va chi khi p va ¢ nhan cung gia tri,
va trong cac truong hop khac p <+ ¢ =F
m VGip:=“21as6 chin” va ¢ := “2 1a sb nguyén t6”, ta ¢
p > ¢ := “21a s6 chan khi va chi khi 2 1a s6 nguyén td”

m Bang chan tri

Pla|pg
T[T T
T|F| F
FIT| F
FIF| T
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Logic ménh dé

Toan tu I6gic va bang chan tri

m Tong két céc todn ti 1dgic da dé cap

Logic va Chung minh
Hoang Anh Buc

P q -p | P N q | D V q | pDbq — p < q tTr?én ti¥ Iagic v bang chan
T| T | F T T F T T '
TIF|IF| F | T | T F F

F| T ]| T F T T T F

FIFIT| F | F | F | T T

m Toan t& — duoc goi la mot ftodn t mét ngdi (unary operator)
m Cactoantl A, V, ®, —, <> duoc goi la cac toan tr hai ngéi
(binary operator)

m Thu tuv vu tién cla cac todn i 16gic trong mdt ménh dé
phic hgp: —, A, V, —, <. Nén st dung ngodc don “(” va “)
dé xac dinh th( ty uu tién

m —p Agnghiala (—p) A g ch& khong phai —(p A q)
mpAqg— rnghiala (pAq) — rchl khéng phaip A (g — 7)
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Logic ménh dé

Toan tu I6gic va bang chan tri

Logic va Chung minh

Vll dU 2 Hoang Anh Burc
Xay dung bang chan tri cho ménh dé (p v —¢) — ¢

D q —q D \/ —q (p \/ _'q> N q @ t'l;?éntﬂ’légicvébéngchén
T[T F T T
T|F| T T F
F| T|F F T
FlF| T T F

Vidu 3
Xay dung bang chan tri cho ménh dé (p < q) < =(p & q)

p| q| peqg| pBqg| ~(pDq) | (P& q) < ~(pDq)
T T T F T T
T| F F T F T
F| T F T F T
F| F T F T T
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Logic ménh dé

Logic va cac toan tr bit

Logic va Chung minh
Hoang Anh Buc

m M6t bit (binary digit = chir s6 nhi phan) c6 gid tri 0 hodc 1
m S{ dung bit € biéu dién gid tri chan ly: 1 cho Tva 0 cho F
m Mot chudi nhi phan dé dain 1a mét day sap thi tu
T1Zo . .. T, trong dé moi xz; 1a mot bit (1 < i < n).
m Viduy, 1001101010 la mét chudbi nhi phan dé dai 10

m Cac todn t7 bit: — (NOT), A (AND), v (OR), & (XOR)

Légic va céac toan tlr bit

rT|ly|x|xNy | xVy | xDY
11110 1 1 0
110]0 0 1 1
0] 111 0 1 1
0101 0 0 0
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Logic ménh dé

Logic va cac toan tr bit

Logic va Chung minh

Hoang Anh Buc

Tinh todn vdi chudi nhi phan: thuc hién theo ting bit ogom
mr...r, = (x_l) .. (E) tTr?an tff‘lég?ic vé,béljg .chén
B2 ... 2o AYL. - Yn = (@1 Ay1) ... (T0 Ayp) ooea e o et
Bz ..z, VYy1...Yn=(@1Vy1)...(Tn VUn) —
Br..2,DYy1...Yp = (xl D yl) e (xn D yn) fenenee

Vit

Bé.i tA p 3 Luong tur

Phu dinh vaéi lugng tu

1 O].O \/ 10001 — M(:DTS(i)thUG?lt.ngD’

M6t sO phuong phap

Léng céc luong tur

chirng minh

(a) 11010

(b)

(c) 11010 A 10001 =
(d) 11010 @ 10001 =
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Céac ménh dé tuong duong

Phan loai ménh dé

Logic va Chiing minh
m Mot hang dung (tautology) 1A mdt ménh dé phiic hap luén Hoang Anh Die
ludn duing vdi moi gid tri chan ly cla cac ménh dé thanh
phan
m Ky hiéu T
mpVp
m M6t méau thudn (contradiction) 1a mdt ménh dé phiic hop Phan loal ménn 06
ludn ludn sai véi moi gia tri chan ly clia cac ménh dé thanh
phan
m Ky hiéu F
mpA-p
m Mét tiép lién (contingency) 1a mdt ménh dé phuc hop
khong phai 1a hang dung cling khdng phai 1a mau thuan
m(pVqg) —r

Bai tap 4
X4y dung bang chan tri cho cac ménh dé vi du trén
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Céac ménh dé tuong duong

Tuong duang l6gic

m Ménh dé phiic hap p tuong duong 16gic (logically R
equivalent) véi ménh dé phiic hap ¢, ky hiéu p = ¢ hoac
p < ¢, khi va chi khi ménh dé p «» ¢ 1a mét hang duing
m Chuy: p va ¢ la twong duong l6gic khi va chi khi p va g
cung nhan mét gid tri chan ly giong nhau trong méi hang
tuong Uing cua cac bang chan tri ctia ching
Vidu 4 (15) Tuong o i
Chitng minh rang —

/\

p A q) = —pV —q (luat De Morgan)

plqg|pAg|-p|—q|-pVag | (pAg)

TI T T F | F F F

TIF| F F | T T T

FIT| F T | F T T

FIF| F TI| T T T
Baitap 5

Chung minh cdc tuong duong I6gic sau bang bang chén tri
@ p®g=@A-qV(pAg ([0O) pdg=pmVaA(pAg)



Céac ménh dé tuong duong

Tuong duang l6gic

Logic va Chung minh

Mot sb tuwong duang l6gic quan trong o o o
Tén goi Twong duong logic
Luat dong nhat pAT =p
(Identity laws) pVF =p
Luat nuot pVT=T
(Domination laws) pANF=F (5) rersaemn
Luat Oy déng pVp=np o
(ldempotent laws) PAD=Dp
Luat phu dinh kép .
(Double negation laws) ~(p)=p
Luat giao hoan p\Vqg=qVp
(Commutative laws) PpAG=qAp
Luat két hop (pVq)Vr=pV(gVr)
(Associative laws) (pAg)AT=pA(qAT)
Luat phan phoi pVgATr)=(pVg N(pVr)

(Distributive laws) | pA (qVr) = (pAq)V (p Ar)
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Céac ménh dé tuong duong

Tuaong duang l6gic

Logic va Chung minh

MGt s6 tuong dudng 16gic quan trong (tiép) Hoang Anh B
Ten goi Twong duong logic
Luat De Morgan —(pAq) =-pV q
(De Morgan’s laws) —(pVq) =-pA—q

Luat hap thu pV(pAg) =p

(Absorption laws) pAN(pVq =p (20) Tuong avong ogi
Luét phu dinh pV-p="T

(Negation laws) pA-p=F

Chu y: Trong bang céc twong duang l6gic quan trong Otrén, T
la mot ménh dé phuc hgp luén dung (hang dung) va F la moét
ménh dé phdic hgp ludn sai (mau thuan)

Bai tap 6

Chung minh cdc tuong duong I6gic quan trong néu trén bang
cdch 1ap bang chan tri
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Céac ménh dé tuong duong

Tuong du’dng l6gic

Logic va Chung minh
Hoang Anh Buc

Vidu5
Chung minh —l(p V (—|p A q)) va —p A —q la tuang duong l6gic
bang cach s dung cac tuong duong l6gic da biét

(pV-p) A(pVq)) Luétphan phoi

]
J

—(pV (=P A q))

Tuong duong légic

(
=-(TA(pVaq)) Luét phu dinh
=-((pVq) ANT) Luét giao hoan
= —(pV q) Luat dong nhat

Luat De Morgan

]

|
iS
>

J
AS

Bai tap 7
Kiém tra lai vi du trén bang cdch Iap bang chan tri
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Céac ménh dé tuong duong

Tuaong du’dng l6gic

Logic va Chung minh

m Mot sb tuong duong l6gic lién quan dén phép kéo theo Hoaing Anh B
(1) p—=qg=-pVyg
B 6) =g N—r)=p—(gAT)
(@) p—=qg=—qg—=p B
(7) (p—=>r)AN(@—=r)=({pPVe —r
(3) pVg=-p—yq B
8 (p—gVip—r)=p—(qVr)
(4) pAg=—(p— —q) 3}
( ) (9) (p _> T) \/ (q _> Ir) — (p /\ Q) _> r Tuong duong légic

—(p—q)=pA—q
m Mot sb twang duong 16gic lién quan déen phép tuong
duong
(1) perg=m— 9 N(g—p)
(2) pqg=-p< —q
B) prg=mAq)V(—pA—q)
(4) ~(p<+q) =p <+ —q

Bai tap 8
Chuing minh cdc tuong duong Iégic trén bang cdch Iap bang
chén tri hodc su dung cac tuong duong I6gic da biét
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Céac ménh dé tuong duong

Tuong du’dng l6gic

Logic va Chung minh
Hoang Anh Buc

Vidu 6
Ching minh (p A ¢) — (p V ¢) 1a mét hang dung

(pAg) = (Vg =-(pAgV(pVe Tup—=qg=-pVg
(=pV —q)V (pV¢q) LuatDe Morgan

(pV =p)V (qV —q) Luétgiao hodn, két hop
=TVvT Luat pha dinh

=T Luat nudt

Bai tap 9
Kiém tra lai vi du trén bang cédch Iap bang chén tri cho
(pAg) = (pVq)
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Céac ménh dé tuong duong

Tuong du’dn{; l6gic

Bai tap 10

Ta dinh nghia toan tu imp1 théng qua bang chan tri sau

p impl ¢
T

mmH S
m - T A<

F
F
_I_

Chung minh rang p impl ¢ = ¢ imp1 p.

52
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Ménh dé

Toan t(r ldgic va bang chan
tri

Logic va céc toan ti bit

Phan loai ménh dé
Tuong duong légic

Vi tur
Luong tu
Ph dinh vaéi lugng tir

Léng céc luong tur

Mét s6 thuat nglr

M6t sb phuong phéap
chirng minh

Vidu



Céac ménh dé tuong duong

Tuong du’dng l6gic

Logic va Chung minh
Hoang Anh Buc

Bai tap 11
Ta dinh nghia todn t imp2 théng qua bang chén tri sau
p | g | pimp2gq
T T T
T F F Tuong duong légic
F | T T
F|F F

(a) Chutng minh rang

(p imp2 ¢) A (¢ imp2 p) Z p <> ¢

(b) Chung minh rang (a) ding ngay ca khi chung ta thay doi
hang thu ba cua bang chan tri cho imp2 thanh F T F.
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Céac ménh dé tuong duong

Tuaong du’dng l6gic

m Mot tap C cdc todn t& 16gic dugc goi 1a day du (functionally L“:‘ﬂva C:“’hi:“
complete) néu moéi ménh dé phiic hgp tuong duong V6 e
mot ménh dé phiic hgp chi st dung cac toan tl trong C
m C={—,A,V}Ilamottap (cac toan tir 16gic) day du
Vidu7
Tim mdt ménh dé twang duong cla p — ¢ chi s dung cac
todn tor —, A, V (25) Tuong aveng i
O Ung v6i mdi hang cd gid tri

To’cotp—>q,tamuont|m Pl4q|P—(q

mét biéu thiic chi dung vdi L L . pPAq
cdc gid triciap vaq & T F F

hang do, va sai voi moi gia FT T pPAq
tri khac. FIFL T | pA—q

®m p — ¢ dung khi it nhat mot (pAQ)V (=pAq)V (=pA—q)
biéu thuc trén co gla tri T
Chu y: Phuong phap st dung trong vi du trén cé thé ap dung
vGi moi ménh dé phdic hap. Ménh dé thu dugc goi 1a dang
tuyén chudn tac (disjunctive normal form - DNF) 52



Céac ménh dé tuong duong

Tuong du’dng l6gic

Logic va Chung minh

m M6t tap C céc toan tl 16gic duoc goi 1a day du (functionally
complete) néu moéi ménh dé phiic hgp tuong duong V6
mot ménh dé phiic hgp chi st dung cac toan tl trong C
m C={—,A,V}Ilamottap (cac toan tir 16gic) day du
Vidu7
Tim mdt ménh dé twang duong cla p — ¢ chi s dung cac
todn tor —, A, V (25) Tuong aveng i

Hoang Anh Buc

O Ung véi moi hang cé gid tri

chotp—>q,tamuont|m plq|p—4g

mot biéu thic chi sai vdi TiT T

céc gid tricuap vaq & T |F F —p Vg
hang do, va dung vdi moi F T T

gid tri khéc. F|F T

m p — g sai khi tat c4 biéu —pV g
thuc trén co gia tri F
Chu y: Phuong phap st dung trong vi du trén cé thé ap dung
v6i moi ménh dé phdic hap. Ménh dé thu duoc goi 1a dang héi
chudn tac (conjunctive normal form - CNF) s2



Céac ménh dé tuong duong

Tuong du’dng l6gic

m “Kh(” @, —, va + bang cac tuang duong ldgic da biét
Bp—>qg=-pVg
Bpsqg=(p—q A(g—p)
Bp®g=(pA—q)V(=pAq)
m Giam “pham vi” cua cac dau phu dinh — théng qua luat De
Morgan va luat phu dinh kép
m Chuyén sang CNF hoac DNF bang cach s dung céc luat
phan phdi va két hop

Vidu 8

Tim mot ménh dé tuwong duong cla p V ¢ — = A s chi s dung
cac toan tor —, A, V

pVg—rAs=-(pVq V(rAs) Kho —
= (-pA—q)V(rAs) Luat De Morgan
=(-pV(rAs)A(—qV(rAs)) Luat phan phoi

(=pV YA (=pV ) A((~gVr)A(=gVs))  Luatphan phoi
=(—pVr)A(—pVs)A(=qVr)A(—qVs) Luat két hop

Logic va Chung minh
Hoang Anh Buc

Tuong duong légic
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Céac ménh dé tuong duong

Tuong du’dng l6gic

Logic va Chung minh

Bai tap 12

Tim ménh dé tuong duong chi st dung céc todn ti? I6gic trong
C = {—, A\, V} cua cdc ménh dé

(1) p®gq

(2) p+q

Hoang Anh Buc

Bai tap 13 (2) renaurs o
Tap cdc todn tu 16gic C sau c6 day du khéng? Vi sao?

a) C= {_'7 /\}

b) C= {_'7 \/}

c) C={A,V}

Bai tap 14

Cho p, q,r la cdc ménh dé nguyén tir. Hay st dung cdc ménh

dé trén va cdc todn t I6gic —, A,/ dé biéu dién ménh dé sau
It nhat hai trong ba ménh dé p, q,r 1a ding
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Logic vi tu
Vi tu

Logic va Chung minh

Hoang Anh Buc

A vitw

Mot vj tir (predicate) 1a mét ham ménh dé (propositional func-
tion) (tir tap cac doi tugng den tap cac ménh dé) moé ta thuée
tinh clia cac doi tugng va moi quan hé gilra ching

m Cdc bien (doi tugng) thuong duoc ky hiéu béi cac chir cai
z,Y,%,... va co thé dugc thay the bang cac gia tricu thé (=) v
t moét mién (domain) D tuong Ung cho trudc

m Cacchitin hoa P,Q, R, ... thudng dugc dung dé ky hiéu
cac ham ménh dé (vi tu)

m Voin > 1,tagoi P(xy,...,x,) la Vit (n-ngdi) ((n-place)
predicate) xac djnh trén miénD = Dy X --- x D, néu
P(ai,...,a,)la moét ménh dé vGi bd (a4, ...,a,) bat ky
trong D (a1 € Dq,...,a, € Dy)
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Logic vi tu
Vi tu

VI' du 9 Logic va Chiing minh
) ; Hoang Anh Buc
B P(x):=“zldn hon 3" (P := “Ion hon 3” va = la mot bién)
vGi z la sO ty nhién. P(x) la vi tv xac dinh trén mién D = N
B Q(z,y,2) := “z cho y diém 2" v&i z,y 1a tén riéng va z 1a s0
tw nhién. Q(z,y, z) la vi tu xac dinh trén mién
D=TxT xNtrongdoT latap cac tén riéng
m P(z) khong phdi la ménh dé nhung P(3) la ménh de.
Q(z,y,z) khdng phai la ménh dé nhung Q(Ty, Téo,10) la () wu
ménh dé
Bai tap 15
P(z) := x > 0 /4 v tir xdc dinh trén mién D = Z. Tim gia trj
chan ly cua cdc ménh dé sau
(a) P(3)V P(—1)

3) — ﬁP(—l) 52



Logic vi tu

Lugng tu

Logic va Chung minh

~ Lu’dng tw Hoang Anh Biic

Luong tir (quantifier) (vi du nhu tat cd, nhiéu, mét so, khéng
cd, v.v...) thudng dugc st dung véi vi tir dé dinh lugng (dém)
cac doi tuong (bién) “thda man” vj tor dé

m Hai luong t¥ quan trong nhat

Lvong tuw Ky hiéu
vGi moi (universal quantifier) ' Long
ton tai (existential quantifier) 3

O Va: P(z) nghia |a “vdi moi gié tri cGa = trong mién xac dinh
P(x) dung”
m Ha; P(z) nghta 1a “ton tai gid tri cla « trong mién xac dinh
D (nghia la cé thé cé mot hodc nhiéu gia tri thda man),
P(x) dung”
P(x) khéng phéi la ménh dé nhung Y P(x) va 3z P(z) 14
ménh dé
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Logic vi tu

Lugng tu “v&i moi”

Logic va Chung minh
Hoang Anh Buc

m Vo P(x): vdi moi gid tri clia 2 trong mién x&c dinh D, P(x)
dung
mVr P(x)la
m diing néu P(x) diing véi moi = trong D
m sai neu P(x) sai véi it nhat mét gia tri cia « trong D
m V6i D =Rva P(z) := “z” > 0", ménh dé vz P(x) dung
m VG D=RvaP(z):="“2"—12>0", ménh dé Vx P(x) sai
m Mot phdn vi du (counterexample) clia ménh dé Va P(z) la
mot gia tri x trong mién D sao cho P(x) sai
m Néu D = () thi ménh dé Vz P(z) ding
m Néu cé thé liét ké tat ca cac phan tl clia D, vi du nhu
T1,To,...,T,, thi Vo P(x) tuong duong légic vdi

Lugng tu

P(ZIZ‘l)/\P(CUQ)/\“'/\P(wn)
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Logic vi tu

Lugng tUr “ton tai”

Logic va Chung minh
Hoang Anh Buc

m 3z P(x): ton tai gid tri cla x trong mién xac dinh D (nghta
la cd thé cd mot hoac nhiéu gia tri thda man), P(z) dung
m dz P(x)
m diing néu P(x) ding véi it nhat mét = trong D
m sai néu P(x) sai vGi moi z trong D ‘
m V6i D =Rva P(z) := “z” = 2", ménh dé 3z P(x) dung
m VG D=7ZvaP(x):=“c* =2", ménh dé dz P(z) sai
m Néu D = () thi ménh dé 3z P(z) sai
m Néu cé thé liét ké tat ca cac phan ti cda D, vi du nhu
T1,Ts,..., Ty, thi 3z P(x) tvong duong l6gic vai

Lugng tu

P(Zb‘l)\/P(ZUQ)\/“'\/P(ZUn)
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Logic vi tu

Lugng tu

Logic va Chung minh

Vi dU 10 Hoang Anh Bic
M6 t& cau “Tat ca sinh vién trong I6p nay da hoc mén Dai S6”
bang vi tu va luong tu
m C(z) := “z d& hoc mén Dai S6”
m Néu D la tAp cdc sinh vién trong I16p nay Yz C(z)
m Néu D |14 tAp tat cd moi ngudi. Dat S(x) := “z 1a sinh vién
trong IGp nay” Vo (S(x) — C(x))
Chul y: Tai sao khong phai 1 Va: (S(x) A C(x))? O
Vidu 11
M6 t& cau “Mot so sinh vién trong I6p nay da hoc mén Pai S6”
bang vi tU va luong tu
m C(z) := “z d& hoc mén Dai S6”
m Néu D la tAp cdc sinh vién trong I16p nay 3z C ()
m Néu D |1a tap tat cd moi ngudi. Dat S(z) := “z 1a sinh vién
trong 16p nay” dz (S(z) N C(x))
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Logic vi tu

Lugng tu

Logic va Chung minh

Vi dU 12 Hoang Anh Bic
Gia sU bién z nhan gid tri t¥ mién D. Ta chiing minh
Vo (P(z) A Q(x)) = (Va P(x)) A (Yz Q(x)). Cu thé, ta chiing
minh hai diéu
(1) NéuVz (P(z) A Q(z)) dung, thi (Vx P(x)) A (Yz Q(x)) ding
m Gia sl Vz (P(z) A Q(x)) dung. Do dd, véi moi a € D,
P(a) A Q(a) dung, suy ra P(a) dung va Q(a) dung. Do P(a)
dung v&i moi a € D, Vx P(x) dung. Do Q(a) dung véi moi
a € D, Vx Q(x) dung. Do do (Vx P(z)) A (Vx Q(x)) dung Lugng i
(2) Néu (Vz P(x)) A (Vz Q(x)) dung, thi Yz (P(z) A Q(x)) ding
m Gia sl (Vz P(x)) A (V2 Q(x)) dung. Do dé (Vz P(x)) dung
va (Vx Q(x)) dung, suy ra v6i moi a € D, P(a) dung va
Q(a) dung. Nhu vay, véi moi a € D, P(a) A Q(a) dung.
Theo dinh nghia, Vx (P(x) A Q(z)) dung.

Bai tap 16
Chung minh 3z (P(z) V Q(z)) = (Fz P(x)) V (3x Q(x))
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Logic vi tu

Lugng tu

Logic va Chiing minh
m Trudc do, ta thudng phai chi rd mién xac dinh D ¢cé chira roang A e
cdc gid tri clia bién trudc khi phat biéu ménh dé vdi vi tir
va lugng tU. D€ thuan tién, cd thé chi ra D ngay trong
ménh dé
m vz > 0 P(z) nghia la “V&i moi s6 > 0, P(z) ding”. (D la
tap tat ca cac so I6n hon khong.) Thuc ra, day la cach viet
ngan gon cua ménh dé vz Q(x) trong doé
Q(z) := (z > 0) = P(x) , (2) bt
m Jz > 0 P(z) nghia la “Ton tai s0 = > 0, P(z) dung”. (D la i
tap tat ca cac so I6n hon khong.) Thuc ra, day la cach viet
ngan gon clia ménh dé 3z Q(z) trong doé
Q(x) := (x> 0) A P(x)
m Céc lugng tUr V va 3 ¢ thit tuv v tién cao hon tat ca cdc
todn tu I6gic da dé cap
m Vo P(x)V Q(z) nghiala (Vx P(x)) vV Q(x) chit khdng phai
Va (P(x) V Q(x))
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Logic vi tu

Bién tu do va bién rang budc

Logic va Chung minh
Hoang Anh Buc

m Vit P(z) c6 bién tu do (free variable) = (nghia 13, gia tri
clia = khéng xac dinh)

m Luong tU (V hodc 3) st dung véi mot vi tr cé mot hoac
nhiéu bién tv do “rang budc” nhiing bién nay, tao thanh
mot biéu thiéic cd mot hodc nhiéu bién rang buéc (bound
variable)

Vidu 13
m P(z,y) co haibién tu do: z va y
m Yz P(z,y) c6 mot bién tu do y va mét bién rang budc =

Lugng tu

m Biéu thiic khdéng cé bat ky bién tu do nao, vi du Yz P(z), 1
ménh dé

m Biéu thirc c6 mét hodc nhiéu bién tu do, vi du Va P(z, ),
khéng la ménh dé
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Logic vi tu

Phu dinh véi lugng ti

Logic va Chiing minh
m Phd dinh cda ménh dé cé lugng tu Hoang Anh Biic
m —Vr P(x) =dz-P(x)
m —dx P(x) = Vx-P(x)
m Hai tvong duong I6gic trén duoc goi la Luat De Morgan
cho luong tu (De Morgan’s Laws for Quantifiers). Ly do
cla tén goi nay 1a néu ta cd thé liét ké toan bd cac phan tl

trong mién D, vi du nhu z1, . . ., =, thi
—Vx P(ZC) = _l(P(Clﬁl) A\ P(ZEQ) JANEIIEIVAN P(iﬁn)) @ PhUi dinh véi lugng tir
=-P(x1)V-P(xs2)V---V-P(z,) LuatDe Morgan
= dx - P(x)
—dz P(z) = ~(P(x1) V P(x2) V-V P(xy))

-P(x1) N=P(x3) N--- N—=P(x,) Luat De Morgan
= Va -P(x)
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Logic vi tu

Phu dinh véi lugng ti

Logic va Chung minh
Hoang Anh Buc

Vidu 14
P(z) := “z da hoc mdn Pai S6” vdi x 1a mdt sinh vién trong I0p
nay

m Yz P(z) := “Tat cd sinh vién trong I6p nay da hoc mén Dai

S6'
m P( ) = Khong pha| tat ca sinh vién trong 16p nay da
hoc moén Pai S6” = “It nhat mét sinh vién trong IGp nay da gt
khéng hoc mén Pai S6” =: 3z —P(x) O
®m 3z P(z) := “Ton tai mét sinh vién trong I6p nay da hoc
mon Dai So6”

® —dz P(z) := "Khong thé t6n tai mot sinh vién trong Io’p nay
da hoc mén Pai S6” = “Tat ca sinh vién trong I8p nay da
khéng hoc mén Pai S6” =: Vz —P(x)
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Logic vi tu

Long céc luong tur

Logic va Chung minh

V|, du 1 5 Hoang Anh Buc
P(z,y) := “z nhd hon y” xac dinh trén mién D = Z x Z
m Jy P(z,y) := “co sO nguyén y sao cho z nhé han y” (Biéu
thire vdi 1 bien tv do—khong phai ménh dé)
m vz (3y P(z,y)) == “v6i moi s0 nguyén x c6 sO nguyén y
sao cho x nho hon y” (Biéu thic vdi 0 bién tu do—Ia ménh
dé)

Bai tap 17 ()

Chox € Zvay € Z va P(x,y) :== x <y. Xac dinh gia trj cua
cac ménh dé sau

Léng céc lugng tir
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Logic vi tu

Long céc luong tur

m Mot s6 tuong duong l6gic: Logic va Ghding minf
m VaVy P(x,y) = VyVe P(z,y) rloang Amh Bre
B dxdy P(x,y) = Jy3x P(x,y)
m D& thuan tién, cé thé ndi cac lugng tU cung loai
B VaVy P(x,y) = Va,y P(z,y)
m TrU khi tat ca cac lugng ti déu la v hodc déu 1a 3, thi tu
cac luong tu' la quan trong
m Va3dy P(z,y) khac voi Jyvz P(z,y)
m Vidy, véiz,y lacdc so nguyen ménh dé Vz3y (q; <)
duing, vi véi mbi x ta cé thé chon y = z + 1 va hién nhién
z < y. Ngugc lai, ménh dé Jyvx (x < y) sai, vi khong ton o
tai s6 nguyén 16n nhat
Bai tap 18
Cdc ménh dé sau khi nao ding va khi ndo sai?
(1) VaVy P(x,y) = VyVa P(z,y)

Léng céc lugng tir

= Jy3dx P(x,y) 2



Chung minh

Mét s6 thuat ngir

Logic va Chung minh
Hoang Anh Buc

m Chiing minh (proof): mét ly luén hgp ly chi ra tinh ding
dan cia mét ménh dé toan hoc.

m Tién dé (axiom/postulate): mdt ménh dé duoc gia thiét 1a
dung

m Dinh ly (theorem): mdt ménh dé da dugc chiéing minh 1a
dung

m Ménh dé (proposition): mot dinh ly “khéng qud quan trong”

m B0 dé (lemma): mét dinh ly nhé ¢6 thé duge st dung nhu
mo6t cong cu ho trg ching minh cac dinh ly khac I16n hon

m Hé qué (corollary): mdt dinh ly nho thu dugc bang cach (42) ot sb thust ngs
truc tiép ap dung mét dinh ly khac I6n hon

m Gia thuyét (conjecture): mdt ménh dé ma tinh ding/sai cla
no chua dugc xac dinh, nhung thuong dugc “tin la dung”
thong qua mét sé bang chung hoac qua kinh nghiém, du
doan clia moét chuyén gia
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Chung minh

Mét s6 phuong phap chiing minh

Muc tieu
[-Chl]’ng minh p dung

m Chirng minh truc tiep (direct proof)

m Chirng minh gian tiep (indirect proof): Gia thiét —p
dung, chiing minh —=p — F (phuong phap Chu'ng minh
phan chu'ng (Proof by Contradiction))

52

Logic va Chung minh
Hoang Anh Buc

Ménh dé
Toan t(r ldgic va bang chan
tri

Logic va céc toan ti bit

Phan loai ménh dé

Tuong duong l6gic

Vi tir
Luong tw
Ph dinh véi lugng tir

Long cac lugng tur

Mét s6 thuat nglr

Mét sb phuong phép
ching minh

Vidu



Chung minh

Mét s6 phuong phap chiing minh

Logic va Chung minh
Hoang Anh Buc

Muc tieu
[Chﬂ’ng minh p — ¢ dung ]

m Chirng minh hién nhién (trivial proof): Chiing minh ¢
dung ma khong can gia thiét gi khac

m Chirng minh truc tiép (direct proof): Gia thiét p dung,
ching minh ¢

m Chuwng minh gian tiep (indirect proof)
m Chirng minh phan dao (Proof by Contraposition)
(—g — —p): Gid thiét ~¢ ding, chiing minh —p (1) vt o pracna i
m Chi'ng minh phan ching (Proof by Contradiction): Gia ehing min”
thiét p A —¢ dling, va chi ra rang diéu nay dan dén mét mau
thuan (nghia 1a, chirng minh (p A =¢) — F)
m Chwng minh rong (vacuous proof): Chirng minh —p
dung ma khéng can gié thiét gi khac

52



Chung minh

Vidu

Mot sé nguyén n 1a sb chan (even) khi va chi khi n = 2k véi k |a L°iza:gc::]glh
sO nguyén nao do; n la so /é (odd) khi va chi khi n = 2k + 1 Vi
k la s6 nguyén nao dé

Dinh Iy 1
!

V&i moi sé nguyén n) n khéng thé vira chan vira 18

Ching minh phan chiing.

(1) Nhac lai: D& chiing minh p, ta chiing minh —p — F

(2) Gia sU ton tai mot s6 nguyén n vira chan vira 1é

(3) Do n chan, n = 2k véi sb nguyén k nao do

(4) Do n &, n = 2§ + 1 vGi s6 nguyén j nao dé (1) vie
(5) Dodd, 2k =2j+1,suyrak —j= 1. Ménh dé nay sai véi

N\

moi s6 nguyén k va j, day |a mét mau thuan. Ta cé diéu
phai chirng minh
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Chung minh

Vidu

Logic va Chung minh
Hoang Anh Buc

Chirng minh sau cua Dinh ly 1

(VGi moi s6 nguyén n) n khong thé vira chan vira 1é

dung hay sai? Tai sao?

Ching minh phan ching.

(1) Gia sU ton tai mot s6 nguyén n vira chan vira 1é
(2) Do n chan, n = 2k véi sb nguyén k nao do

(3) Do n I&, n = 2k + 1 vdi sb nguyén k nao dé

(4)

4) Do dod, 2k =2k + 1, suy ra 0 = 1. Ménh gé ndy sai vGi moi (46 vice
sb nguyén k, day 1a mot mau thuan. Ta cé diéu phai chiing
minh

[]
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Chung minh

Vi du

Logic va Chung minh
Hoang Anh Buc

Ménh dé

[- Di n h Iy’ 2 ;I;?én tlr 16gic va bang chan

Logic va céc toan ti bit

V&i moi sé nguyén n) Néu n 1a s6 18, thi n? cing 1a sé 1é

Phan loai ménh dé

Tuong duong l6gic

Chdng minh tryc tiép. o0

(1) Néu n 1, thi n = 2k + 1 vdi k 12 s6 nguyén nao dé Luong

(2) Do dé, n? = (2]{? + 1)2 — 4k2 + 4k +1 = 2(2]{2 + 2]€) 41 Léng céc lugng ti
(3) Do dd, n? = 25 + 1 V6i j = 2k2 + 2k |a s6 nguyén
(4)

4) Theo dinh nghia, n? 1& () view
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Chung minh

Vidu

Logic va Chung minh

'Blnh Iyr 3 Hoang Anh Buc
[( V@i moi s6 nguyén n) Néu 3n + 2 1a sé 18, thi n cling Ia sé 1é e

tri

Logic va céc toan ti bit

Ching minh phan dao.

m Nhac lai: dé chitng minh p — ¢, ta chitng minh —¢ — —p s
m (Ménh dé phan dio: Néu n chan, thi 3n + 2 clng chan) o
(1) Gia sU két luan cla dinh ly trén I sai, nghia 1a n chan o o v g
(2) Do dé n = 2k véi sb nguyén k nao dé e
(3) Suyradn+2=3(2k)+2=6k+2=23k+1)
(4) TU d6, 3n+2 = 2j V6i j = 3k + 112 s6 nguyén, va do d6 1a (=) ve

sO chan

(5) Ta da ching minh —(n le) — —=(3n + 2 le) dung, do dd
ménh dé phan dao (3n + 2 /1é) — (n Ié) cling dung
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Chung minh

Vidu

Logic va Chung minh
Hoang Anh Burc

Ménh dé

[- 'Bi n h Iy’ 4 ;I;?ém tr 16gic va bang chan

Logic va céc toan ti bit

VGi moi s6 nguyén n) Néu n vira chan vira I, thin? = n +n

Phan loai ménh dé

Tuong duong légic

Chung minh rong.

Vit
m Nhac lai: dé chiing minh p — ¢, ta chirng minh —p ma e
khong can bat cu gia thiét nao Ling ado ugng s
(1) Ménh dé “n vira chan vira 1&” sai vGi moi s6 nguyén n ot gt

M6t sb phuong phéap

(2) Ta cé diéu phai chirng minh (Tap céc gia thiét 1a rong) A
N
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Chung minh

Vidu

Logic va Chung minh
Hoang Anh Buc

A Pinh ly 5

(Vi moi s6 nguyén n) Néu n 12 tébng cua hai s6 nguyén to, thi
hoac n chan hoacn lé

Chdng minh hién nhién.
= Nhac lai: dé",chL'J’ng minh p — ¢, ta chiing minh ¢ ma

khong can bat cu gia thiét nao

(1) V6&i moi sé nguyén n, ménh dé “hodc n chan hodc n 1&”
dung

(2) Do dd, két luan clia ménh dé can chiing minh luén ding, (=) vie
bat luan gia thiét 1a ding hay sai

(3) Hién nhién 12 ménh dé can ching minh luén ding
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Chung minh

Vidu

Ching minh sau ctia ménh dé

1=2
la sai. Tai sao?
Ching minh.
Goi a, b 1a hai s6 nguyén duong bang nhau.
(1) a=1b Gia thiét
(2) a% = ab Nhan hai vé cuta (1) véi a
(3) a® —b? = ab — b Trir b2t ¢4 hai vé cla (2)
(4) (a—b)(a+b)=(a—0bb  Phan tich hai vé cla (3) thanh
nhan tu
(5) a+b=5b Chia c& hai vé cla (4) cho a — b

(6) 2b =1 Thay a bdi b trong (5) vi @ = b, va don gian hda
(7) 2=1 Chia ca hai vé cla (6) cho b

Logic va Chung minh
Hoang Anh Buc

Vidu



Chung minh

Vidu

Logic va Chung minh
Hoang Anh Buc

Ching minh sau clia ménh dé
(VGi moi s6 nguyén n) Néu n2 chan, thi n cling chan

la dung hay sai. Tai sao?

Chung minh.

(1) Ménh dé ding véi n = 0. Do dé ta chi xét n #£ 0

(2) Gia st n2 chan. Do dé n2? = 2k vdi sb nguyén k nao dé

(3) Chia ca hai vé cho n, ta cd n = (2k)/n = 2(k/n)

(4) Do dé, ton tai s6 j = k/n sao cho n = 2j

(5) Do tich clia j va mét so nguyén (2) la mét so nguyén (n),
nén j cung la s6 nguyén

(6) Do d6 n chin

Vidu
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Céc quy tac suy luan
Gidi thiéu

Logic va Chung minh
Hoang Anh Buc

m Mot 14p luan (argument) |a mot day cac phat biéu két thic
bang mot két luan o
m Mot sb dang lap luan (“hdp ly (valid) ) khong bao gid dan
tGi mot két luan sai tr cac phat biéu dung Mot s6 dang lap
luan khac (“nguy bién (fallacies)”) c6 thé dan t&i mot két
luan sai ti cac phat biéu dung
m Mot lap luan log/c (logical argument) bao gdm mdt day cac
ménh dé (co thé 1a ménh dé phtc hgp) dugc goi la cac
tién dé (premises)/cac gia thiét (hypotheses) va mdt ménh
dé duy nhat goi la két luén (conclusion)
m C4c quy tac suy ludn légic (logical rules of inference) |1a
cac phuang phap chi phu thudc vao l6gic dé suy ra mét
phat biéu méi tr mot tap hap cac phat biéu khac. (C6 thé
coi cac quy tac nay nhu la cadc mau (templates) cho viéc
xay dung cac lap luan hgp ly (valid arguments))
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Céc quy tac suy luan
Gidi thiéu

Logic va Chung minh

m M6t 1ap luan 16gic dugc goi la hop Iy (valid) néu khi moi gid Hoang Anh Biic
thiét dung thi két ludn clng ding. M6t 14p luan 16gic khéng
hop ly dugc goi la mot nguy bién (fallacy) Gisi thigu
m Mot quy tac suy luan (inference rule) |2 moét khudn mau
thiét 1ap rang néu chung ta biét mot tap cac gid thiét nao
do la dung, thi chung ta ¢4 thé suy ludn mét cach hop ly
rang mot phat biéu két luan lién quan nao dé la dung

m Moi quy tac suy lugn Iogic hop ly (valid inference rule)
tuvong ung vai mét hang dung (tautology)
m Ky hiéu . nghia la “do do”
m Hang dling (tautology) tuang ting (néu
quy tac hop ly)
Gia thiet 1 | ((Gia thiét 1)A(Gid thiét 2)A- -+ ) — (Két luan)
Gia thiet 2

Két luan
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Céc quy tac suy luan

Gidi thiéu

Logic va Chung minh
Hoang Anh Buc

Vidu 16

m MOt [ap luan l6gic
= Gia thiét 1: Néu t6i lam viéc sut ddm, thi toi mét moi
m Gia thiet 2: T6i lam viéc suot dém
m Keét luan: Do do, t6i mét moi

m Bi€u dién céc bién lagic
m p = “Toi lam viéc subt dém”
= ¢ = “Toi mét moi’

m Theo gdc nhin cla ldgic, 1ap luan trén cé thé dugc viét lai

nhu sau:

Gidi thiéu

p—q Gia thiét 1
p Gia thiet 2
q Két luan
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong légic ménh dé

Logic va Chung minh

m Quy t&c Modus Ponens (tiéng Latin clia “phuong phap Hoang Anh DU
khang dinh (method of affirming)”)

p Mét sb quy tac suy luan

p _> q trong l6gic ménh dé
q CXENEY

Modus Ponens Hang dung tuong ¢ng
m Chu y rang hang dau tién 1a hang duy nhat ma gia thiét
lubn dung

Vidu 17

p—q “Néu n chia hét cho 3,

//\ \ 2 . A 3] N 7/
Na thi n Ch,la hét cho 3 13 DUNG
D “n chia hét cho 3"

thi S q “n? chia hét cho 3" cling DUNG
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong légic ménh dé

Logic va Chung minh
Hoang Anh Buc

m Quy tac Modus Tollens (tiéng Latin cla “phuong phap ph
dinh (method of denying)”)

Mét s6 quy tac suy luan

trong légic ménh dé
—q
p—4q
—p [(~aA (= @) = -]
Modus Tollens Hang dung tuong Ung
Vidu 18
" p—q “Néu chibc nhan lam bang kim cuong,
NGy ¢ thi n6 c6 thé lam xudc dugc tam kinh” L | SN G
L g “Chiéc nhin khéng lam xuéc tAm kinh”
L

thi . —» “Chiéc nhin khéng lam bang kim cuong” (] ng DUNG
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong légic ménh dé

Logic va Chung minh

m Quy tac Cong (Addition)

Hoang Anh Buc

P
p \/ q [p _> (p \/ q) I\G/Iic;i;giz:ytéc suykluén
Quy tac Cong (Addition) Hang ding tuong tng o v e
m Quy tac Rut gon (Simplification) rong ogic vt
PAq
P

lpra) —p

Quy tac Rut gon ‘
~ (Simplification) Hang dung tuong ung
m Quy tac Hoi (Conjunction)

p
q

pPAq [((®) A () = pAg)

Quy tac Héi (Conjunction) Hang dung tuong &ng



Céc quy tac suy luan

Mot s6 quy tac suy luan trong légic ménh dé

Logic va Chung minh

Hoang Anh Buc

Vidu 19 vong e mimna |
Céc 1ap luan sau st dung cac quy tac suy luan nao?
(a) Néu cé ca nhiém COVID-19 méi, thi trudng sé ddng clra.

Trudng khong dong ctra hém nay. Do do, khdng c6 ca

nhiém COVID-19 m&i hdm nay  [Quy tac Modus Tollens]

(b) Nhiét do hién tai la dudi 0°C. Do d6, nhiét do hién tai la
dudi 0°C hoac troi dang mua [Quy tac Cong]

(c) Nhiét do hién tai la duci 0°C' va trgi dang mua. Do do,
nhiét dé hién tai la dudi 0°C [Quy tac Rut gon]
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong légic ménh dé

Logic va Chung minh

m Quy tc Tam doan ludn gia dinh (Hypothetical syllogism) Hoang Anh Bie
p—4q
q—r (&) ot i
p—r

(=) A(@@—=7) = @—1)]

Tam doan luan gia dinh ‘
(Hypothetical syllogism) Hang dung tuong Ung

Vidu 20

P q
“Néu trdi mua hém nay, thi c hl]ng ta sé khong t8 chiic tiéc nudng

hdém nay. Néu chung ta khong t6 chic tiéc nudng hom nay,q thi

hung ta sé t6 chiic tiéc nu’dng Vao ng y m ai. Do dé néu trsi mua

hom nay, thi ching ta s€ t8 chiic tiéc nuéng vao ngay mai.
P
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong légic ménh dé

Logic va Chung minh
Hoang Anh Buc

m Quy tAc Tam doan luén tuyén (Disjunctive syllogism)

Gidi thiéu
p \/ q MGt s6 quy tac suy luan
trong l6gic ménh dé
_|p Cac ching minh hinh thirc
ot s6 nguy bién phd bién
q mét s6 qiyiéc sus luan
trong l6gic vi tir
— [((>Va) A (=p)) = ¢}
Tam doan luan tuyén
(Disjunctive syllogism) Hang dung tuong Ung
Vi du 21

p q
“Vi cla téi nam trong tdi do khodc hodc n6é nam trén ban.
Vi cla toi khdng nam trong tdi 4o khoac. Do dé, nd nam

trén ban.” —p q
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong légic ménh dé

Logic va Chung minh

m Quy tac Hop gidi (Resolution)

Hoang Anh Buc

pVgq
_lp \/ r I\G/Ii;i;giétytéc suy luan
oL (Vo) A(pvr) = (gvr) |

Mét s6 nguy bién phd bién

Mét s6 quy tac suy luan

Hop giai (Resolution) Hang dung tuong Ung ong 1ogiovi 1
m Khig=r,taco

(Vo)A (-pVa) —q]

m Khir =F, ta cé Quy tac tam doan luan tuyén

[((pV o) A (=p) = g
Vi du 22
du p P
“Toi dang di trén dudng hodc trdi mua. Troi khong mua hodc
- toi dang 6 nha. Do d6, téi dang di trén dudng hodc toi
dang 6 nha.” q
r
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Céc quy tac suy luan

Cac chiing minh hinh thic

Logic va Chung minh

m Cho trudc cac tien dé (premises) p1, pa, . . ., pn. MOt chi?ng
minh hinh thie (formal proof) clia mot két ludn C' 1a mot
day cac buaoc (steps) trong dé méi budc ap dung moét quy
tac suy ludn nao do cho cac tién dé hodc cdc phat biéu da
duoc chiing minh trude dé dé suy luan ra mot phat biéu Céo chiing minh finh thit
mai dung (két luan)

m M6t chiéing minh cho thay rang néu cac tién dé 1a ding, thi
két luan 1a dung

Vi du 23

m Gia st ching ta ¢ céc tién dé sau:
m Trdi khong nang va thoi tiét lanh
m Chiing ta sé di boi chi khi trdi nang ‘
® Neéu chung ta khong di boi, thi ching ta sé di cheo xudng
m Néu chung ta di chéo xuong, chung ta sé vé den nha luc
hoang hén
m VGi céc tién dé da cho, chitng minh két luan “Chiing ta sé
vé dén nha lic hoang hén” bang cach st dung cac quy tac
Suy IUén 29

Hoang Anh Buc



Céc quy tac suy luan

Cac chiing minh hinh thic

Logic va Chung minh

m Budc 1: Xac dinh cac ménh dé Chung ta sé dung cac ky
hiéu sau:
m sunny = “Trdi nang”; cold = “Thoi tiét lanh”; swim = “Chung
ta se di boi”; canoe = “Chung ta sé di cheo xuong”;
sunset = “Chung ta sé vé dén nha luc hoang hén” Céo chiing minh hinh thic
m Buoc 2: Xac dinh lap luan (Xay dung dang cho Iap luan)
p. -sunnyAcold  Trdi khéng nang va thoi tiét
lanh
p,  Sswim — sunny  Chung ta sé di bai chi khi troi
nang
ps  —swim — canoe Néu ching ta khéng di boi, thi
chiing ta sé di chéo xudng
ps canoe — sunset Néu chung ta di chéo xudng,
ching ta sé vé dén nha Iuc
hoang hon
sunset Chulng ta sé vé dén nha llc
hoang hon

Hoang Anh Buc
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Céc quy tac suy luan

Cac chiing minh hinh thic

Logic va Chung minh
Hoang Anh Buc

m Budc 3: Xay dung chirng minh hoan chinh dua trén
cac quy tac suy luan
Buoc

Ching minh bai

1.
2.

3.
4,

o O1

o

=sunny A cold
=sunny

swim — sunny
—SWim

. O SwWim — canoe
. canoe

. canoe — sunset
. sunset

Tién dé p;

Quy tac Rut gon
Tién dé p

Modus Tollens cho 2
va 3

Tién dé ps

Modus Ponens cho
4vab

Tién dé p4

Modus Ponens cho
6va’7

p1
p2
p3
P4

Cac ching minh hinh thuc

—sunny A cold
swim — sunny
—Swim — canoe
canoe — sunset

sunset
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Céc quy tac suy luan

Mét s6 nguy bién phé bién

Logic va Chung minh

m Mot nguy bién (fallacy) la mét quy tac suy luan hodc mét phuong
phap chiing minh khéng hop ly vé mat l16gic
m Mot nguy bién c6 thé dan t6i mot két luan sai
m Nguy bién khang dinh hau kién (Fallacy of affirming the

Hoang Anh Buc

conclusion)
B p — ¢ ladung, vaq la ding. Do dé, p 1a dung (Sai. BGiviF — T (1) ot oy in 1 it
dung)
Vidu 24
m Néu David Cameron la Téng thdng Hoa Ky, thi 6ng ta it nhat 1a bén muoi
tudi ' ] (p — q)
m David Cameron it nhat la bon mudi tudi (q)
m Do do, David Cameron la Tong thong Hoa Ky (p)

m Nguy bién phu dinh gid thiét (Fallacy of denying the hypothesis)
m p — ¢ ladung, vap sai. Do do q la sai (Sai. BGi vi F — T dung)

Vidu 25
m Néu trdi mua, thi dudng lay 16i (p — q)
m Trdi khdng mua (—p)

m Do dé dudng khéng lay 16i (—q)
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong légic vi tir

Logic va Chung minh

m Quy tac Khdi tao phé quét (Universal instantiation) oang Anh B
Vo P() V6i bat ky mot phan tr

P(0) ¢ cu thé trong mién xac aaww

dlnh trong Iégicyménh é/é '

Cac ching minh hinh thirc

m Quy tac Téng quét hda phé quét (Universal generalization) Mot s6 nguy bign phd bign

P(c)
Va P(x)

Mét sb quy tic suy luan

V(jl ball‘t k}‘/ mét pl’\]é” tlj" trong 16gic vi tUr
¢ nao do trong mién xac
dinh

m Quy tac Khdi tao hién sinh (Existential instantiation)

dz P(x)
P(c)

VGi phan ti ¢ nao do
trong mién xac dinh sao
cho P(c) dung

m Quy tac T6ng quat hda hién sinh (Existential

generalization)

P(c)
dx P(x)

V6i phan ti ¢ nao do
trong mién xac dinh
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong légic vi tir

Logic va Chung minh

V|, dU 26 Hoang Anh Burc

m Ta ching minh 1ap luan sau: “M&i ngudi déu sé chét. Socrates
|a ngudi. Do d8, Socrates sé chét”
m Xac dinh cac vi tw
m M(z) = “zla nguoi” (10) v sy o s bt
m D(z) =“x sé chet” \ tong logic vitir
m S = “Socrates” — mot phan tu trong vi tru
m Xac dinh lap luan
p1 Vx(M(z) = D(z)) Mb6i ngudi déu sé chét

po M(S) Socrates la nguoi
.. D(S) Socrates sé chét
m Xay dwng chirng minh
Buoc Chirng minh bgi
1.Vz (M(z) — D(z)) Tién dé p,
2. M(S) — D(S) Quy tac Khai tao phé quat cho 1
. M(S) Tién dé p,

3
4. D(S) Modus Ponens cho 2 va 3
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong légic vi tir

Logic va Chung minh

Vi dU 27 Hoang Anh Blc

m Ly luan sau day la dung hay sai: “it nhat mot trong sé céc sinh vién
trong I6p rat thdng minh. John 13 mét sinh vién trong 16p. Do dé,
John rat théng minh”?
m Xac dinh cac vi tw
m Gia s mién xdc dinh |1 tap tat cd moi nguoi 6 nguy
m S(x) = “z la sinh vién trong 16p” e o Ly luan
m [(x) = “zrat théng minh” ]
m J = “John” — mét thanh vién trong tap tat ca moi nguoi
m Xac dinh lap luan
p1 3z (S(x) AI(z)) It nhat mot trong sb cac sinh vién trong
16p rat théng minh
P S(J) John la mét sinh vién trong I6p
I(J) John rat théng minh

m Lap luan co hop ly khdng? KHONG

m Phan vi du: Xét trudng hap cd chinh xac mét sinh vién A trong I6p rat
théng minh va A khéng phai la John, nghia la, S(A) A I(A) dung,
S(B)ANI(B)saivéimoi B# A,vaA#J

m Ap dung Quy tac Téng quat héa hién sinh cho S(A) A I(A), tién dé
p1 = 3z (S(x) N 1(z)) dung. Tién dé ps = S(J) luén ding

m Tuy nhién, do S(B) A I(B) sai v6i moi B # A va A # J, Quy tac Khéi
tao phé quat cho ta két ludn I(J) Ia sai
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong légic vi tir

Logic va Chung minh
Bé.l té.p 1 9 Hoang Anh Burc
L&p luén sau la diung hay sai: “Moi gidng vién déu ra dé bai kiém tra
khé. Téi 1a mét gidng vién. Do dd, téi ra dé bai kiém tra kho”
Bai tap 20
VGi méi 1ap luén sau, hay giai thich quy tac suy ludn nao dugc sit (18) Gt qu o sy
dung trong méi buoc

(a) Doug la mét sinh vién trong lo’p biét cdch s dung ngén ngir lap
trinh Java. M6i ngudi biét st dung ngén ngit Iap trinh Java déu cé
thé tim duoc mét cdng viéc tra luong cao. Do dé, mét sinh vién
nao do trong I6p cd thé tim duoc mét cong viéc tra luong cao

(b) Ai dé trong Idp thich xem cd voi. Méi ngudi thich xem ca voi déu
quan tdm dén van dé 6 nhiém dai duong. Do dé, tén tai mét sinh
vién trong I6p quan tam dén van dé é nhiém dai duong

(c) Mbi sinh vién trong I6p cé mét mdy tinh cd nhén. Méi ngudi ¢
mdy tinh cd nhan cd thé st dung mét trinh soan thdo van ban. Do
do, Zeke, mét sinh vién trong I0p, ¢d thé st dung mét trinh soan
thao van ban
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Céc quy tac suy luan

Mot s6 quy tac suy luan trong légic vi tir

Bai tp 21

Lap ludn sau dé chiing minh néu 3z P(x) A 3z Q(x) dung thi

dz (P(x) A Q(x)) cung dung co hop ly hay khéng?

()
Buoc Chung minh boi
1. 32 P(z) A3z Q(z) Tién dé
2.3z P(x) Quy tac Rut gon cho 1
3. P(c) Quy tac khdi tao hién sinh cho 2
4. 3z Q(z) Quy tac Rut gon cho 1
5. Q(c) Quy tac khdi tao hién sinh cho 4

6. P(c) N Q(c)
7.3z P(x) A Q(x)

Quy tac hoi cho 3va 5
Quy tac Téng quét hda hién sinh
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Hoang Anh Buc

Mbt sb quy tac suy luan
trong l6gic vi tu



Cac ky thuat chiing minh (Proof Techniques)
ban nén tranh

Logic va Chung minh
Hoang Anh Buc

{ chay

Pay la ban dich tai liéu Proof Techniques clia Dana Angluin
(SIGACT News, Winter-Spring 1983, Volume 15 #1). Ban dich
nay tuan theo mét ban sao cla tai liéu G https://mfleck.cs.
illinois.edu/proof.html. minh Proot
Moi sai sot trong ban dich nay hoan toan la do han| """
che ve kien thic clia nguwoi dich. Moi gép y xin gUi vé
hoanganhduc@hus.edu. vn.

Chirng minh bang vi du Cac tac gid dua ra chiing minh cho
n = 2 va dé nghi rang né cé chua phan I6n cac y
tudng cua chirng minh cho trudng hop tong quat.

Chitng minh bang ham doa “Tam thudng” hodc “hién nhién”.
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Cac ky thuat chiing minh (Proof Techniques)
ban nén tranh (tiép)

Logic va Chiing minh

Chiing minh bang cach liét ké tat ca moi thi Mét hodc hai sb Hoaing Anh Bifc

clia mot tap chi chi danh riéng cho ching minh

cla ban 1a mot diéu cd ich.
Chitng minh bang cach bt xén “Doc gia co thé dé dang dua

ra cac chi tiét”, “253 truding hgp con lai dugc tién

hanh tuong tu”.

. i i . ) Céc ky thuat chiing
Chung minh bang cach giau giem MGt chuoi dai cac phat biéu o an nén

lién quan dung va’hoac vo nghia vé mat cu phap. ="
Chdtng minh bang cach trich dan day uéc muén Tac gia trich

dan pht dinh, ddo, hodc tong quat clia mét dinh

ly da biét dé ho trg cho khang dinh clia minh.
Ching minh bang hé trg tai chinh Lam sao ma ba t6 chuc

chinh phd khac nhau cé thé sai dugc? Hoac theo

mot goc nhin doi 1ap: lam sao ma bat ¢ thi gi

hé trg tai chinh bdi nhitng t6 chic tam thuding

nay c6 thé dung dugc?
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Cac ky thuat chiing minh (Proof Techniques)
ban nén tranh (tiép)

Chirng minh bang dan chii Rat nhiéu ngudi tin rang diéu nay
dung: lam sao ma tat ca bon ho déu sai duoc?

Chiing minh bang kinh té thj truong Ly thuyét clia t6i la ly
thuyét duy nhat trén thi truong sé xu ly cac dir
liéu.

Chuing minh bang su hiéu biét sau sac “Téi thay Ruzena &
trong thang may va c6 ay noi rang diéu do da
duoc thi* nghiém & nhirng nam 1970 va khong
dung duogc”.

Chiring minh bang v tru Phd dinh cla ménh dé nay la khong
tudng hodc vé nghia. Pho bién cho cac chiing
minh vé sy ton tai cua Chua va cho céc chiing
minh rang may tinh khéng thé suy nghi.

Chung minh bang lién hé ca nhan “Bai toan Eight-dimensional
colored cycle stripping |a NP-day du [Karp, lién
hé ca nhan]”.
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Cac ky thuat ching
minh (Proof
Techniques) ban nén
tranh



Cac ky thuat chiing minh (Proof Techniques)
ban nén tranh (tiép)

Ch(ng minh bang cach lién hé dén cac bai néi chuyén “C mét
budi hdi thao dac biét cia NSA vé linh vuc thi
giac may tinh, Binford da chiing minh rang
SHGC khéng thé nhan biét dudc trong thdi gian
da thuce”.

Chitng minh bang cach dua vé sai bai toan “Dé thay rang bai
toan infinite-dimensional coloured cycle stripping
co thé giai dudgc, ta dua no vé bai toan halting”.

Chdng minh bang cach trich dan cac ngudn khéng truy cap dugc
Tac gid trich dan mét hé quéd don gian cdia mét
dinh ly dugc tim ra trong mét ban ghi nhé luu
hanh ndi bo cla Hiép hoi Triét hoc Slovenia nam
1883. Phuong phap nay tham chi con hiéu qua
hon néu tai liéu nay chua bao gid dugc dich tU
ban goc tiéng Iceland.

29

Logic va Chung minh
Hoang Anh Buc

Cac ky thuat ching
minh (Proof
Techniques) ban nén
tranh



Cac ky thuat chiing minh (Proof Techniques)
ban nén tranh (tiép)

Logic va Chung minh
Hoang Anh Buc

Chiing minh bang céch trich dan cac ngudn khéng ton tai
Khéng c6 diéu gi thAm chi hoi gidng vdi dinh ly
da dugc trich dan xuat hién & trong tai lieu dugc
dé cap. Tot hon 1a két hap vai phuong phap
ching minh bang cach trich dan cac nguén
khong truy cap dugc. (24) Céc Ky thuat chiing

minh (Proof

Ching minh bang cach trich dan moét tai liéu sé xuét ban Tecmiques) an
Thong thu’o’ng tac gid sé trich dan mot bai bao
sap xuat ban cla chinh minh, va tai liéu nay
thudng khong con sap xuat ban nhu Itic dau.
Chiing minh bang tinh quan trong M6t Igng 16n cac hé qua
hitu ich déu suy ra ti* ménh dé trong cau hoi.
Chirng minh bang viéc tich Ity bang chiing Viéc tim kiem lau
dai va siéng nang khong cho ta bat ky mét phan
vi du nao.
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Cac ky thuat chiing minh (Proof Techniques)
ban nén tranh (tiép)

Chitng minh bang c&c tai liéu tham khao 1an nhau Trong tai
liéu A, Dinh ly 5 dugc cho la suy ra tu Dinh ly 3
cla tai liéu B, va dinh ly nay duoc suy ra tir Hé
qua 6.2 trong tai liéu C, va hé qua nay la moét hé
qué dé dang suy ra dugc ti Dinh ly 5 cla tai liéu
A.

Chung minh bang siéu chu’ng minh Mot phuong phap duoc
dua ra dé xay dung chu’ng minh. Tinh dung dan
cua phu’dng phap nay dugc chung minh bang
bat ké mot ky thuét nao trong so cac ky thuat
nay. Su hi€u biét sau sac vé nglt nghia ngdn ngl
lap trinh sé gilp ich & day.

Chuing minh bang hinh vé Mat hinh thiic thuyét phuc hon clia
Chung minh bang vi du. Ket hgp t6t vai Ching
minh bang cach bat xén.
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Cac ky thuat chiing minh (Proof Techniques)
ban nén tranh (tiép)

Logic va Chiing minh
Chiing minh bang dd hoa hao nhoang Con duoc goi la Hoang Anh Bic
phuong phap Jabberwocky. Chi c6 mot két qua
thuc sy manh mé méi cé thé Iam nén tang cho
mét man trinh dién &m thanh va anh sang tuyét
vOi nhu vay. “San pham danh cho nhitng ngudi
khong cé bai thuyét trinh.”
@ Céc ky thuat chiing

Chung minh bang cac biéu dd dé gay nham lan hoac khong giai fl q;hpmquesgban .
Hau nhu bat ky dudng cong nao clng ¢co thé trénh
dugc tao ra dé tréng glong nhu két qua mong
mudn bang cach chuyén dbi phu hgp céc bién va
thao tac vdi cac ty Ié truc. Thuong gap trong
cOng viéc thi nghiém.

Chiing minh bang viéc khang dinh mét cach kich liét Tét nhét
|a khi cé mét loai quan hé quyén han nao dé véi
khan gia, va do dé phuong phap nay dac biét
htu ich trong mét IGp hoc.
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Cac ky thuat chu’pg minh (Proof Techniques)
ban nén tranh (tiép)

Chuing minh bang cach lap lai Ciing dugc biét den nhu la
chirng minh cla Bellman: “Diéu gi tdi ndi ba lan
la dung.”

Chiing minh bang cach kéu goi truc gidc Cac hinh vé theo
dang dam may thudng gilp ich & day.

Chuing minh bang cach vay tay mét cach manh mé Hoat dong
tot trong méi truong 16p hoc, xémina hoac hoi
thao.

Chiing minh bang céch thay doi nglr nghia Mét s6 dinh nghia
cd ban nhung bat tién dugc thay déi dé phu hop
vGi phat biéu cua két qua.

Churng minh bang ky hiéu ruom ra Tot nhat la thuc hién voi
viéc st dung it nhat bon bang chii cdi, cac ky tu
dac biét, va phién ban mdi nhat clia LaTeX.
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Cac ky thuat chiing minh (Proof Techniques)
ban nén tranh (tiép)

Chitng minh bang su triiu tugng vé nghia M6t phién ban cla
Ching minh bang ham doa. Tac giad st dung cac
thuat ngr ho&c dinh ly tU todn hoc cao cap tréng
rat 4n tuong nhung chi lién quan truc tiép dén
van dé hién tai. Mét vai tich phan & day, mét vai
day s6 chinh xac & kia, va ai sé biét liéu ban cé
thuc su co ching minh hay khéng?

Phan chitng bang cach tim ra mét qua tdo xau Mot qua tao
xau lam héng ca chum’. Trong s6 nhiéu ngudi
ung ho ly thuyet nay, chung t6i da tim thay mot
nguai ro rang la dién ro; vi vay chung ta co thé
lam mat uy tin cGa toan bo ly thuyét. (Thudng su
dung trong ngt canh chinh tri.)
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Cac ky thuat chu’pg minh (Proof Techniques)
ban nén tranh (tiép)

Logic va Chung minh
Hoang Anh Buc

Ching minh bang con duong doc tron truot Néu ching toi
chap nhan [de xuat ban dau] chung toi se pha|
chap nhan [de xuat dugc sira d6i mot chut] va
cudi clng diéu nay sé dan dén [de xuat hoan (29) Cac ky thuat chiing

minh (Proof

toan khac biét va ro rang la cé thé bj phan doil. Techmiques) ban nén
N . ~ i N i . tran
Chung minh bang “khdng phat minh 0 day” Chung t6i co kinh
nghiém lam viéc vai thiét bi nay trong nhiéu nam
0 MIT va chung t6i chua bao gio nhan ra hiéu
qua nay.

1Con sau lam rau noi canh 2



