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Logic va Chiing minh
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Logic ménh dé
Ménh dé

Logic va Chiing minh
Hoang Anh Buic

Ménh dé

Ménh d&

Mét ménh dé (proposition) 1a mot phat biéu ding (True) hodc oin 10

sai (False), chi khong thé vira ding vira sai Logiovacéo toan 7

v Ha Nbi 1a th( d6 cGa Viét Nam .
vV 1=2
v (20 + 24) + (20 + 24)(20 + 24) + (20 + 24) = 2024 b

v/ Moi s6 chan 16n hon hodc béing 4 12 t8ng cla hai sb
nguyén t6 (Gia thuyét Goldbach) ottt

R May gio rdi? [Cau hdi] o
® Hay doc quyén sach nay [Ménh I&nh]
® Thoi tiét hom nay lanh qua [Y kién, Cam than]

Ror1=2 [Dung/sai tly vao z]
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Logic ménh dé
Ménh dé

Bai tap 1

C4u nao sau day la mét ménh dé?
) Trdi Bat la mot hanh tinh

2)

3)

4) H6ém nay troi mua

5) Ban c¢6 ndi tiéng Anh khéng?

6) t+y=>5

7) A ha ha ha ha

8) Hay dua cho téi quyén sdch kia

9)

(10)

(1
(
(
(
(
(
(
(
(

RAt tot!

Néuz =3,y=4,2=5thiz® + y* = 22

Logic va Chiing minh
Hoang Anh Buic

Ménh d&
T
t

Mot it ngit

Mot s6 phuong ph
ting mi
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Logic ménh dé

Toan tlr 16gic va bang chan tri

Logic va Chiing minh

m Ta thuong st dung céc chi cdi p, ¢, s, ... dé ky hiéu cac
ménh dé

m Ménh dé ding c6 gid tri chan ly diing T (True). Ménh dé .
sai c6 gid tri chan ly sai F (False) e 18 g i

Hoang Anh Buic

m Ménh dé phiic hop (compound proposition) dugc xay
dung bang céch t6 hop moét hodc nhiéu ménh dé thong
qua cac toan t Ibgic (logical operators). Ngugc lai, ménh
dé nguyén ti (atomic proposition) khong thé biéu dién
dudc qua cac ménh dé don gian hon o

Pha dinh NOT o iotiang

Phép hoi AND A
Phép tuyén OR v lf‘l‘ .
Phép tuyén loai XOR P
Phép kéo theo IMPLIES | —
Phép tuong duong IFF TS
m Mbi quan hé gilta cac gid tri chan ly clia cac ménh dé

duoc thé hién thong qua bang chén tri (truth table)
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Logic ménh dé

Toan tlr 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Buic

Vidu 1 e
Xét cac ménh dé sau:
(1) Ha Néi la th( d6 cla Viét Nam [Ménh dé nguyén ti]
(2) Ha Noi la thd d6 clia Viét Nam va Ha Noi la mét trong hai
dé thi loai dac biét clia Viét Nam [Ménh dé phtic hop] 1 o
(3) Ha Noi la thii d6 va dong thai la mot trong hai d6 thi loai B
dac biét clia Viét Nam [Ménh dé phiic hgp] | oo

Mot s6 phuong ph
ting mi
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Logic ménh dé

Toan tlr 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Buic

m Phl dinh (negation) cia ménh dé p, ky hiéu —p hodc p, 1a S
ménh dé “khdng phai 1a p”. Gia tri chan Iy —p = T khi va
chikhip=Fva-p=Fkhivachikhip=T A

m Vi p := “2 12 sb chan” thi —p := “2 khong 1a s6 chan” ‘

m Bang chan trj

p|p Cing e
T F
F T Mét wat ‘\‘
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Logic ménh dé

Toan tlr 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Buic

m Hoi (Conjunction) ctia hai ménh dé p va ¢, ky hiéu p A ¢ .
hodc pq, 1a ménh dé “p va ¢”. Gia tri chan lypAg=Tkhi fydn iloge v bing chan
va chi khi c& p va ¢ déu nhan gid tri T, va trong céc truong e
hgpconlaipAg=F

m VGip :=“21as6 chan” va q := “2 1a s nguyén 16" thi o
pAq:="“2lasdchanva 2 laso nguyén to”

m Bang chan trj

mmH s
e B e | S
m ™ T >
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Logic ménh dé

Toan tlr 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Buic

m Tuyén (Disjunction/Inclusive Or) clia hai ménh dé p va q, Monn
ky hiéu p v ¢ hodc p + ¢, la ménh dé “p hodc ¢". Gia tri :
chan ly p \V ¢ = F khi va chi khi ¢ p va ¢ déu nhan gia tri F, e
va trong cac truong hgpconlaipvg=T
m VGip :=“21as6 chan” va q := “2 1a s nguyén 16 thi S
pV q:=“2laséchan hodc 2 la s0 nguyén t6”

m Bang chan trj ot

mmH s
e B e | S
<
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Logic ménh dé

Toan tlr 16gic va bang chan tri

Logic va Chiing minh
R Hoang Anh Buic
m Tuyén loai (Exclusive Or) clia hai ménh dé p va ¢, ky hiéu
p @ q, la ménh dé *hodc p hodc ¢”. Gid trichanly po g =T Mo
khi va chi khi chinh xac mot trong hai ménh dé p va g nhan 7« "
gia tri T, va trong céc truong hgp con laip & ¢ = F
m Vi p :=“2 12 sb chan” va ¢ := “2 1a sb nguyén t&” thi
p ® q := “Hodc 2 la sb chan hodc 2 14 s6 nguyén t6, nhung P s
khong phai ca hai”

m Béang chan tri o

mm -
m - TR
_|

B Chuy:Khip=Tvag=Tthip+gq=Tnhungp®q=F
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Logic ménh dé

Toan tlr 16gic va bang chan tri

Logic va Chiing minh

m Ménh dé kéo theo (implication) p — ¢, v&i p, ¢ 1a hai ménh
dé cho trudc, 1a ménh dé “néu p, thi ¢”. Gia tri chan ly
p — q = F khiva chi khi p = T va ¢ = F, va trong moi
trU’(\jng hdp con |al p—rq= T 0 Todn ti 1ogic va bang chan
m Ta goi p 1a “gia thiét (hypothesis)” va ¢ 1a “két luan Logiova o toin
(conclusion)”. Ta ciing ndi “p 1a diéu kién dt (sufficient) cho
¢" va “q 1a didu kién can (necessary) cho p” S
m V6ip :=“21a s6 chan” va ¢ := “2 la sb nguyén t6” thi na déeng &
p — q:=“Néu 2 1a sb chin, thi 2 1 sb nguyén t”
m Bang chan tri it

Hoang Anh Buic

plalp—a :
T[T T S
T|F| F s oo
FIT| T ‘
FIF| T

m Chu y: Gilta p va q khdng nhét thiét c quan hé nguyén
nhan-két qua. Vi du, p — ¢ = F khdng nhat thiét 1a “ti p
khéng suy ra ¢” madon gidnchilap=Tvag=F
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Logic ménh dé

Toan tlr 16gic va bang chan tri

Logic va Chiing minh

m TV p — ¢ ta c6 thé xay dung mot sb ménh dé méi
m ¢ — pla ménh dé do (converse) cliap — q
m —q — —p |a ménh dé phan dio (contrapositive) clia p — q ,
m —p — —q la ménh dé nghich ddo (inverse)cliap —q L
m Vidu v6ip — ¢ :=“Néu 2 1a sb chln, thi 2 1a s6 nguyén t6” .
m ¢ — p:=“Néu 2 1a sb nguyén t6, thi 2 1a sb ch&n”
m —¢ — —p:= “Néu 2 khong 1a s6 nguyén t6, thi 2 khong 1a s6 -
ché&n”
B —p — —q := “Néu 2 khong 1a s6 chan, thi 2 khong 12 s6
nguyén t6” "
Bai tap 2 .
Xay dng bang chan tri cho cdc ménh dé trén. C6 nhan xét gi "
vé cdc gid tri cua cdc ménh dé nay? Wot oo pn

Hoang Anh Buic

P 4|\ P—=q|g—=p | gq=>P | P~ g
T

m TS
m - T

F
T
T
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Logic ménh dé

Toan tlr 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Buic

m Ménh dé tuong duong (bi-implication) p <+ ¢, V6i p, ¢ 1a hai Mernh
ménh dé cho trudc, la ménh dé “p khi va chi khi ¢”. Gia tri e 18 g i
chan ly p <+ ¢ = T khi va chi khi p va ¢ nhan cung gia tri, faeee
va trong cac truong hop khdc p <» ¢ = F
m VGip :=“21as6 chan” va q := “21a sb nguyén t6”, ta c6 oo
p <> q := “2 12 6 chan khi va chi khi 2 la s6 nguyén t6”
m Bang chan trj

Pl q|peg Leng
T[T T

T|F F o
FIT F
FI|F T
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Logic ménh dé

Toan tlr 16gic va bang chan tri

Logic va Chiing minh
Hoang Anh Buic

m T6ng két cac todn tlr 16gic da dé cap

pla|l-p|pAg|pVva|lp®qa|p—q|peqg }:;n
TIT|F | T T F T T S
TIF|F F T T F F

FITI| T F T T T F ‘
FIF| T F F F T T auerg

m Todn t* - dudc goi la mét todn i mét ngdi (unary operator)
m Cactoantl A, V,®, —, <+ dudc goi la cac todn i hai ngdi i inh 61 o
(binary operator) e
m Thi tu vu tién cla cac toan tl 16gic trong mét ménh dé e
phitc hop: —, A, V, —, <+. Nén st dung ngoac don “(” va “)” o
dé xac dinh thit ty uu tién
m —p A g nghia la (—p) A g chd khéng phadi —(p A q)
m pAg— rnghiala (pAq) — rcht khong phdip A (g — 7)

52



Logic ménh dé

Toan tlr 16gic va bang chan tri

Logic va Chiing minh

Vl’ dU 2 Hoang Anh Buic
Xay dung bang chan tri cho ménh dé (p vV —¢) — ¢

P q —q p Vi —q (p Vi _‘q) N q Q ;?a'n (1 16gic va bang chan
T T F T T e
T F| T T F
FI| T| F F T
FI F| T T F
Vidu 3 Léng cicluong
Xay dung bang chan tri cho ménh dé (p < ¢) < ~(p @ q) oo gt s
Pl gl peog| pdg| ~(pdg) | (P g < (pdg)
T[T T F T T
T| F F T F T
Fl T F T F T
F| F T F T T
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Logic ménh dé

Logic va cac toan tl bit

Logic va Chiing minh
Hoang Anh Buic

m Mot bit (binary digit = chii s6 nhj phan) cé gid tri 0 hodc 1 e
m Sit dung bit dé bidu dién gia tri chan Iy: 1 cho Tva0cho F A
m M6t chudi nhj phan dé dain 1a mot day sap thit ty
1Ty ... T, trong dé moi z; la mét bit (1 < i < n).
m Viduy, 1001101010 la mét chudi nhi phan dé dai 10
m Céc fodn tt bit: ~ (NOT), A (AND), v (OR), @ (XOR)

T |y |T|xNy | xzVy | 2Dy ‘
1{10 1 1 0

1{ojo}| o 1 1 Wasbanu
ol1|{1] o 1 1
01011 0 0 0

52



Logic ménh dé

Logic va cac toan tu bit

Logic va Chiing minh
Hoang Anh Buic

Tinh todn véi chudi nhi phan: thuc hién theo tiing bit
BT T, = (7). (T0)
B ...y Ay Yn = (@1 Ay1) .o (T AYn)

B2 ... 2y VYL Y= (@1 VY1) ... (Tn V yn) Phn oal ménh
B2 .. 2, By Yn=(1DY1) ... (Tn DYn) o
Baitap 3 SRR
(a) 11010 = A
(b) 11010 v 10001 =
(c) 11010 A 10001 = o

(d) 11010 @ 10001 =
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Céc ménh dé tuong duong

Phan loai ménh dé

Logic va Chiing minh
m Mot hang diing (tautology) 1a moét ménh dé phiic hgp ludn Hoang Anh Bic
ludn diing v6i moi gid tri chan ly cia cac ménh dé thanh
phan o
m Ky hiéu T ‘
mpV-p
m Mot mau thuén (contradiction) 1a mdt ménh dé phiic hop Phan oai ménh dé
ludn ludn sai véi moi gid tri chan Iy clia cac ménh dé thanh
phan
m Ky hiéu F 1 annt
B pA-p o
m M6t tiép lién (contingency) la mot ménh dé phuic hop o bt
khong phai la hang dung ciing khdng phai la mau thuin Sl
m(pVg) —r

Bai tap 4
Xay dung bang chan tri cho cdc ménh dé vi du trén
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Céac ménh dé tuaong duang

Tuong duong l6gic

Logic va Chiing minh

m Ménh dé phtic hop p tong duang Ibgic (logically i oo
equivalent) véi ménh dé phuic hop g, ky hiéu p = ¢ hoac
p < ¢, khi va chi khi ménh dé p < ¢ 1a mét hang dung
m Chu y: p va ¢ 1a tuong duang légic khi va chi khi p va g
clng nhan mét gia tri chan ly giébng nhau trong méi hang
tuong Uing cla cac bang chan tri clia chiing

Vl’ du 4 @ Tudng dudng lgic
Chitng minh rang —(p A ¢) = —p V ¢ (luat De Morgan)

plalphg] | -q| pVog| -(pAq)
TIT[ T F | F F F
TIF| F F T T T
FIT| F | T|F T T
FIF| F | T | T T T

Baitap 5
Chuing minh céc tuong duong l6gic sau bdng bang chan tri
@ peg=@A-q)V(pAqg) () p&g={pVdAr-(prg



Céac ménh dé tuaong duang

Tuong duong l6gic

Logic va Chiing minh

Mét sb tuong duong l6gic quan trong Hoing Arh B
Ten goi Tuong duong logic
Luat dong nhat pAT=p i
(Identity laws) pVF=p Lo
Luat nubt pvT=T
(Domination laws) pAF=F (%) remarm o
Luat Ity dang pVp=p v
(Idempotent laws) PApP=Dp no!
Luat pha dinh kép _ o
(Double negation laws) “p) = “
Luat giao hodn pPVg=qVp s i
(Commutative laws) PAG=qADp i
Luat két hop (pVa)Vr=pV(gVr)
(Associative laws) (pA@Q)AT=pA(gAT)
Luat phan phéi pVigAT)=@VOA(PVT)

(Distributive laws) pA(qVr) ; (pAQV(pAT)
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Céac ménh dé tuaong duang

Tuong duong l6gic

Logic va Chiing minh

Mét sb tuong duong légic quan trong (tiép) Hoang Anh Dife

Tén goi Tuong duong l6gic
Luat De Morgan =(pAgq)=-pV g
(De Morgan's laws) | —(pV¢q) =-pA—q

Luat hap thu pV(pAg) =p

(Absorption laws) pA(pVqg =p (20) Tuong aveng g
Luat pha dinh pV-p=T

(Negation laws) pA-p=F

Chu y: Trong bang céc tuong duong logic quan trong & trén, T
la mét ménh dé phdrc hgp ludn ding (hang ding) va F la mot
ménh dé phtic hgp ludn sai (mau thuan)

Baitap 6
Chuing minh céc tuong duong légic quan trong néu trén bang
cdch Idp bang chan tri
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Céac ménh dé tuaong duang

Tuong duong l6gic

Logic va Chiing minh
Hoang Anh Buic

Vidub

Chirng minh —(p v (—\p A q)) va —p A —q la tuong duang l6gic Toan 109
bang cach s dung cac tuong duong 1dgic da biét Lagiova cé

“(pV (=pAq)=-((pV-p)A(pVq) Luatphan phoi
=~(TA(pVa) Luat ph( dinh
=-((pVqg)AT) Luat giao hodn .
=-(pVva) Luat ddng nhét ot
=-pA—g Luat De Morgan o

Mot s6 phuong ph
ting mi

Baitap 7
Kiém tra lai vi du trén bang cdch Iap bang chan tri
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Céac ménh dé tuaong duang

Tuong duong l6gic

m M6t s6 tuong duong lbgic lién quan dén phép kéo theo

w 6 (p=A(p—=>r)=p—(gAT)
@ p—q=—qg—-p B
7 (p=>r)A(g—=r)=pmVg —r
@) pvg=-p—q B
@8 p—=aVvV—r)=p—(qVr)
4) pAg=-(p— —q) _
- 9 or)Vig—=r)=@Ag —r
6) ~p—a)=pA—g
m Mot sO twang duong logic lién quan dén phép tuong

duong

M peg=@—9An(@—>p)

(@) perg=-por g

@) perg=(@AgV(pA-g)

4) ~pea=pe g
Bai tap 8
Chuing minh céc tuong duong légic trén bang cdch lap bang
chén tri hodc st dung cdc tuong duong 1bgic da biét

52

Logic va Chiing minh
Hoang Anh Buic

Mot sb phuong
ting r



Céac ménh dé tuaong duang

Tuong duong l6gic

Logic va Chiing minh
Hoang Anh Buic

Vidu6
Chitng minh (p A q) — (p V ¢) la mét hang ding odn 19

(pAg)V(pVe  Tup—g=-pVg
=(-pV-qg) V(pVg) LuatDe Morgan Pren oz mérh

(pNg)— (pVa)

=(pV-p)V(gV-q) Luatgiao hodan, két hop
=TVT Luat phl dinh S
= Luét nuét

Baitap 9
Kiém tra lai vi du trén bang cdch Iap bang chan tri cho
(pAg) = (pVa)

52



Céac ménh dé tuaong duang

Tuong duong l6gic

Logic va Chiing minh
Hoang Anh Buic

Bai tap 10

Ta dinh nghia todn t( imp1 théng qua bang chén tri sau
P q P 1mp1 q @ Tuong duong légic
T|T T
T|F F Lingt
F| T F o
F|F T hing i

Chuing minh rdng p imp1 q = q imp1 p.
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Céac ménh dé tuaong duang

Tuong duong l6gic

Logic va Chiing minh
Hoang Anh Buic

Bai tap 11

Ta dinh nghia todn t(* imp2 théng qua béng chan tri sau .
p|q[pinp2g .
T| T T S
T F F Tuong duong logic
F| T T
FlF F \

(a) Chung minh rdng

(p imp2 q) A (g imp2 p) # p <> ¢

(b) Chitng minh rdng (a) ding ngay ca khi ching ta thay doi
hang thit ba cua bang chan tri cho imp2 thanh F T F.
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Céac ménh dé tuaong duang

Tuong duong l6gic

Logic va Chiing minh

m MGt tap C céc toan i 16gic dudc goi la day du (functionally
complete) néu méi ménh dé phuic hop tuong duang véi
mot ménh dé phirc hop chi s dung cac toan t(r trong C o
m C = {—,A,V}1améttap (cac toan t 16gic) day dl Todn
Vidu7
Tim mét ménh dé tuong duong clia p — ¢ chi st dung céc
todn t&r -, A, Vv (25) Tuong cuong i

Hoang Anh Buic

m Ung véi méi hang c6 gid tri

T & codt p — ¢, ta mubn tim pPla|p—q
mét bidu thitc chi diing vdi Ty T PG Ll
cdcgiatricuap vaq 6 T|F F

hang dd, va sai véi moi gid FIT) T TPAG R e
tri khéc. FIF] T |-ph-q 0

m p — g dung khi it nhat mot (PAQ)V (—pAq)V (—p A —q)
biéu thic trén cé giatri T
Chu y: Phuong phéap st dung trong vi du trén cé thé 4p dung
v6i moi ménh dé phiic hap. Ménh dé thu dugc goi la dang
tuyén chuén tac (disjunctive normal form - DNF) %



Céac ménh dé tuaong duang

Tuong duong l6gic

m MGt tap C céc toan i 16gic dudc goi la day du (functionally
complete) néu méi ménh dé phuic hop tuong duang véi
mot ménh dé phirc hop chi s dung cac toan t(r trong C
m C = {—,A,V}1améttap (cac toan t 16gic) day dl
Vidu7
Tim mét ménh dé tuong duong clia p — ¢ chi st dung céc
todn tl -, A, V ©

m Ung véi méi hang c6 gid tri

F & cot p — ¢, ta mudn tim Pl4qg|p—yg

mot biéu thiic chi sai vdi TIT| T
cacgidtriciap vaq d T|F F pVgq
hang do, va ding véi moi FIT T

gia tri khac. F|F T

m p — g sai khi tat ¢4 biéu —-pVgq
thic trén cé gia tri F
Chu y: Phuong phép st dung trong vi du trén cé thé ap dung
v6i moi ménh dé phiic hap. Ménh dé thu dudc goi 1a dang hoi
chuén tac (conjunctive normal form - CNF) %

Logic va Chiing minh
Hoang Anh Buic

an loai mént
Tudng dudng légic

Mot sb phuong
ting T



Céac ménh dé tuaong duang

Tuong duong l6gic

m “Khi(” &, —, va «» bang céc tuong duong l6gic da biét
Bp—g=-pVyg
Bpoqg=(—q)A(g—p)
Bp®g=(pA-q)V(pAqg)
m Giam “pham vi” clia cac dau pht dinh — théng qua luat De
Morgan va luat phl dinh kép
m Chuyén sang CNF hodc DNF bing cach s dung céc luat
phan phéi va két hop
Vidu 8
Tim mét ménh dé tuong duong clia p V ¢ — r A s chi st dung
cac todn t&r -, A, v

pVag—=rAs=-(pVq)V(rAs) Khit —
=(-pA-q) V(rAs) Luéat De Morgan
=(-pV(rAs)A(ngV(rAs)) Luat phan phbi

(—pVr)A(=pVs)A((~gVr)A(—qVs)) Luatphan phéi
“pVr)A(—pVS)A(gVT)A(-qVs) Luat két hop

(
(
(
(

Logic va Chiing minh
Hoang Anh Buic

an loai mént
Tudng dudng légic
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Céac ménh dé tuaong duang

Tuong duong l6gic

Bai tap 12

Tim ménh dé tuong duong chi st dung céc toan ti Iogic trong
C = {—, A, V} cla cac ménh dé v
(1) pdgq

@) perg

Logic va Chiing minh
Hoang Anh Buic

Bai tap 13 S

Tap cdc todn ti I6gic C sau cd day di khéng? Vi sao? .
(@ C={~n}
(b) ¢ ={—,V} Wt sb thugt ngi
() C={nV}

Bai tap 14

Cho p, q,r la cdc ménh dé nguyén tir. Hay su dung cdc ménh

dé trén va céc todn tr 16gic —, A,V dé biéu dién ménh dé sau
It nhét hai trong ba ménh dé p, q,r 1a ding
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Logic vi tu

Vi tur

Logic va Chiing minh
Hoang Anh Buic

M6t vi tr (predicate) la mét ham ménh aé (propositional func- o109
tion) (tu tap cac doi tugng den tap cac ménh dé) mod ta thudc Logic vacé
tinh clia cac doi twong va moéi quan hé gitra ching

m Céc bién (d6i tugng) thuding dugc ky hiéu bdi cac chir céi
z,y,z,... vaco thé dugc thay the bang cac gia tricu thé () vw
tlr mét mién (domain) D tuong &ng cho trudc i dinh v g

m Cac chitin hoa P, Q, R, ... thudng dugc dung dé ky hiéu o
cac ham ménh dé (vi tu) Mt i

m VGin > 1,tagoi P(z1,...,z,) & vi tUr (n-ngoi) ((n-place)
predicate) xac dinh trén mién D = Dy x --- x D, néu
P(ay,...,a,) la mot ménh dé véi bd (ay,...,a,) bat ky
trong D (a1 € Dy,...,a, € Dy)
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Logic vi tu

Vi tur

VI' du 9 Logic va Chting minh
- , Hoang Anh Buic
B P(z) := "z 16n hon 3" (P := "I6n hon 3” va x la mét bien)
vGi z 1a sO ty nhién. P(z) la vi t xdc dinh trén mién D = N Menh o
m Q(z,y,2) ="z cho y diém 2" v&i z,y la tén riéng va = 1a sb
ty nhién. Q(z,y, 2) la vi t xdc dinh trén mién
D=TxT xN trong do T latap cdc tén riéng e
m P(x) khéng phéi la ménh dé nhung P(3) la ménh dé. N
Q(z,y, z) khéng phai la ménh dé nhung Q(Ty, Téo, 10) la () v

ménh dé
Bai tap 15 |
P(x) :=x > 0 la vi tir xdc dinh trén mién D = Z. Tim g tri
chén ly cla cac ménh dé sau W
(@) P(3)V P(-1)

3 — “P(—l) 52



Logic vi tu

Lugng tu

Logic va Chiing minh

Lu’dng tl‘f Hoang Anh Buic

Luong tir (quantifier) (vi du nhu tat cd, nhiéu, mét s, khdng wns
C6, v.v...) thuong duoc st dung vdi vi tir dé dinh lugng (dém) ‘
cac doi tuong (bién) “thda man” vi tir dé

m Hai lugng tU quan trong nhét

Luong tw Ky hiéu
vGi moi (universal quantifier) v Lo
ton tai (existential quantifier) 3 !
m Vz P(z) nghia la “vdi moi gia tri clia « trong mién xac dinh WMot sb thut i
D, P(x) dung”
® Jz P(z) nghia 1a “t6n tai gia tri clia « trong mién xac dinh ‘
D (nghia 1a ¢6 thé cé mot hodc nhiéu gia tri thda man),
P(x) ding”
m P(z) khdng phai la ménh dé nhung vz P(z) va 3z P(z) la

ménh dé
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Logic vi tu

Lugng tur “véi moi”

Logic va Chiing minh
m V2 P(x): v6i moi gia tri clia « trong mién xac dinh D, P(x) Hosna A oie
ding ‘
m Vz P(z) la Todn s logio v
m dliing néu P(z) dlng véi moi « trong D e
® sai néu P(z) sai véi it nhat mot gia tri cQa x trong D
m V6i D =Rva P(z) := “z" > 0", ménh dé Vz P(x) dung
m V6i D =Rva P(z) := “z? — 1 > 0", ménh dé Vz P(x) sai
m M6t phan vi du (counterexample) clla ménh dé va P(x) la -
mot gia tri « trong mién D sao cho P(z) sai e
m Néu D = () thi ménh dé vz P(z) ding
m Néu cd thé liét ké tat ca cac phan ti clia D, vi du nhu i o
T1,T2, ..., Ty, thi Vo P(z) twong duong 106gic véi

P(z1) ANP(z2) A+ A P(xy)
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Logic vi tu

Luong tir “ton tai”

Logic va Chiing minh
Hoang Anh Buic

m 3z P(x): tn tai gid tri cha « trong mién x4c dinh D (nghia
la c6 thé cd mot hodc nhiéu gia tri thda man), P(z) ding o g v
m Jz P(x) Logie vaca
m diing néu P(z) ding véi it nhat mét = trong D
® sai néu P(z) sai véi moi x trong D . i logi mért
m V6i D =Rva P(z) := “z” = 2", ménh dé 3z P(x) dung ‘
m V6i D =Zva P(z) := “z® = 2", ménh dé 3z P(z) sai
m Néu D = () thi ménh dé 3z P(z) sai Ry
m Néu c thé liét ké tat ca cac phan i clia D, vi du nhu
X1,Z2,...,%n, thi 3z P(z) twong duong l6gic véi N

P(z1)V P(za) V-V P(ay,)
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Logic vi tu

Lugng tu

Logic va Chiing minh

Vl’ dU 1 0 Hoang Anh Buic
M6 té& céu “TAt c& sinh vién trong I6p nay da hoc mén Pai S&”
bang vi tir va lugng tu .
m C(z) := “z da hoc mén Dai S&”
m Néu D |a tap cdc sinh vién trong I6p nay Va C(x)
m Néu D |a tap tat cd moi ngudi. Dat S(z) := “z |a sinh vién
trong 16p nay” Vo (S(z) — C(x))
Chu y: Tai sao khong phai 1a Va (S(x) A C(z))? @) o
Vidu 11 P
M6 ta cau “Mot sb sinh vién trong I6p nay da hoc mén Pai S6” e
bang vi tir va lugng tir S
m C(z) := “z da hoc mon Dai S&”
m Néu D |a tap cdc sinh vién trong I6p nay 3z C(x)
m Néu D |a tap tat cd moi nguoi. Dat S(z) := “z 1a sinh vién
trong I6p nay” Jz (S(x) A C(x))
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Logic vi tu

Lugng tu

Vidu12
Gia s bién 2 nhan gia tri t mién D. Ta chiéing minh
Va (P(z) A Q(x)) = (Vo P(z)) A (Vo Q(z)). Cu thé, ta chitng
minh hai diéu
(1) NéuVaz (P(z) AQ(z)) ding, thi (Vx P(z)) A (Y& Q(x)) ding
m Gid sl Vz (P(z) A Q(z)) ding. Do dé, véi moi a € D,
P(a) A Q(a) ding, suy ra P(a) ding va Q(a) ding. Do P(a)
dung véi moi a € D, Vz P(z) dung. Do Q(a) dung v6i moi
a € D, Vz Q(z) ding. Do d6 (Vz P(x)) A (Vz Q(z)) ding
(2) Néu (Vx P(x)) A (Vo Q(z)) ding, thiVz (P(z) A Q(x)) ding
m Gid sl (Vo P(2)) A (Vz Q(x)) ding. Do d6 (Vz P(z)) ding
va (Vz Q(x)) ding, suy ra véi moi a € D, P(a) ding va
Q(a) dung. Nhu vay, véi moi a € D, P(a) A Q(a) dung.
Theo dinh nghia, Vz (P(z) A Q(z)) dung.

Bai tap 16
Chiing minh 3z (P(z) V Q(x)) = (3z P(z)) V (32 Q(x))

Logic va Chiing minh
Hoang Anh Buic

Lugng tit
>his dinh véi Iugh
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Logic vi tu

Lugng tu

m Trudc do, ta thuding phai chi rd mién xac dinh D cé chita
céc gia tri cla bién trudc khi phat biéu ménh dé véi vi tir
va lugng tU. D& thuan tién, cd thé chi ra D ngay trong
ménh dé

m V> ()P( 7) nghta la “V&i moi sé = > 0, P(z) ding”. (D Ia
tap tat ca céc sb 16n hon khong.) Thuc ra, day 1a cach viét
ngdn gon clia ménh dé vz Q(x) trong dé
Q(z) :=(z>0) —> P(m)

m dr > OP( ) nghia la “Ton tai s6 = > 0, P(x) dung”. (D a
tap tat ca cac sb 16n hon khong.) Thuc ra, day 1a cach viét
ngén gon clia ménh dé 3z Q(x) trong dé
Q(z) := (x> 0) A P(z)

m Céc luong ti vV va 3 ¢6 thi? tu vu tién cao hon tat ca cdc
todn t7 l6gic da dé cap

m Vo P(x) vV Q(z) nghia la (Vx P(x)) vV Q(x) chi khéng phai
Va (P(z) v Q(z))
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Logic vi tu

Bién tu do va bién rang budc

Logic va Chiing minh
Hoang Anh Buic

m Vit P(z) ¢6 bién tu do (free variable) x: (nghia 14, gid tri
cla x khéng xac dinh)

m Lugng tl (V hodc 3) st dung véi mét vj tir c6 mét hodc i
nhiéu bien tu do “rang buéc” nhirng bién nay, tao thanh
mét biéu thiic cé mot hodc nhiéu bién rang budc (bound
variable)

Vidu 13
® P(z,y) c6 haibién ty do: z va y s i 1
m Va P(z,y) c6 mot bién ty do y va mét bién rang budc

Lugng tit

Mot it ngir
Mot sb phuong
ting r

m Biéu thirc khdng cd bat ky bién tu do nao, vi du Va P(x), 1a
ménh dé

m Biéu thiic co mét hoac nhiéu bién tu do, vi du Yz P(z,y),
khong la ménh dé
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Logic vi tu

Phi dinh vdi lugng tir

Logic va Chiing minh
m Phu dinh clia ménh dé cé luong tir Hong Anh Bulc
B —Vz P(z) = 3z -P(x)
®m —3z P(z) = Vz —P(x) e
m Hai twong duong logic trén dugc goi la Luat De Morgan Logicva o
cho lugng tur (De Morgan’s Laws for Quantifiers). Ly do
clia t&én goi nay 1a néu ta cé thé liét ké toan bod cac phan ti -
trong mién D, vi du nhu 1, . .., z,, thi e

-V P(.ZC) = _\(P(.Z'l) N P(mg) VACERWA P(.In)) @ PhU dinh véi lugng tir
= -P(z;) V-P(x3)V---V-P(zx,) LuatDe Morgan ‘

EE'II,'—\P([L') b
=3z P(x) = =(P(z1) V P(x2) V --- V P(x,,)) o

= —\P(I'l) A ﬂP(wg) Ao A _‘P(-rn) LUét De Morgan

=Vz —\P(l‘)
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Logic vi tu

Phi dinh vdi lugng tir

Logic va Chting minh
Hoang Anh Bic

Vidu 14
P(x) := “z da hoc mon Pai S6” véi 2 1a mét sinh vién trong 16p
nay

B Vo P(z) := “TAt ca sinh vién trong 16p nay da hoc mén Dai

So”
® Yz P(z) := “Khéng phai tat ca sinh vién trong I6p nay da

hoc méon Dai S6” = “It nhat mot sinh vién trong 16p nay da

khong hoc mén Dai $6” =: 3z ~P(x) () oo
m 3z P(x) := “Ton tai mot sinh vién trong I6p nay da hoc
mon Dai S6”

m —3Jz P(x) := “Khong thé ton tai mdt sinh vién trong 16p nay
da hoc mén bai So” = “Tat cé sinh vién trong I6p nay da
khong hoc mén Pai S¢” =: Vz - P(x)
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Logic vi tu

Long cac lugng tir

Logic va Chiing minh

V|’ du 15 Hoang Anh Buic
P(z,y) := “z nhd hon y” xac dinh trén mién D = Z x Z
m 3y P(z,y) := “c6 s6 nguyén y sao cho = nhé han y” (Biéu g
thitc véi 1 bién tu do—khéng phai ménh dé)
m Vz (3y P(z,y)) := “v6i moi s6 nguyén z c6 s0 nguyén y
sao cho = nho hon y” (Biéu thitc vdi 0 bién ty do—la ménh
dé)

Bai tap 17 () Lo
Chox € Z vay € Z va P(z,y) := x < y. Xdc djnh gid trj cia hing minh
cac ménh dé sau Mot g

m VaVy P(x,y)

m Vz3y P(x,y)

B JzVy P(x,y)

B Jz3y P(x,y)
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Logic vi tu

Long cac lugng tir

m M6t s6 tuong duong logic:
m VaVy P(z,y) = VyVz P(z,y)
m J23y P(z,y) = Jydz P(z,y)
m D& thuan tién, c6 thé nbi cac lugng tir cung loai
B VaVy P(z,y) = Vz,y P(z,y)
m Trir khi tat c& céc lugng tr déu 1a vV hodc déu la 3, tha tu
cdc lugng tur la quan trong
m VaIy P(z,y) khdc vdi JyVa P(z,y)
m Vidy, véiz,y la cdc so nguyen ménh dé \1131/(1 <)
ding, vi véi mbi x ta cé thg chon y = z + 1 va hién nhlgn
@ < y. Ngugc lai, ménh dé Jyvz (x < y) sai, vi khong ton
tai s6 nguyén I6n nhat
Bai tap 18
Cédc ménh dé sau khi nao diing va khi nao sai?
(1) VaVy P(z,y) = VyVa P(x,y)
(2) Va3y P(z,y)
(3) Iy¥a P(x,y)
(4) 323y P(z,y) = Jy3o P(z,y)
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Ching minh

Mbt s6 thuat ngi

] Chung minh (proof): mét ly luan hgp ly chi ra tinh diing
dan ctia mot ménh dé toan hoc.

m Tién dé (axiom/postulate): mdt ménh dé dudc gia thiét a
dung

m Dinh Iy (theorem): mot ménh dé da dugc chiéing minh 13
dung

m Ménh dé (proposition): mét dinh ly “khdng qué quan trong”

m Bo dé (lemma): mét dinh Iy nhé c6 thé dudgc sl dung nhu
mot cong cu ho trg chirng minh cac dinh ly khac I6n hon

m Hé qua (corollary): mét dinh ly nhé thu dugc bang cach
truc tiep ap dung mét dinh ly khac 16n hon

m Gid thuyét (conjecture): mdt ménh dé ma tinh ding/sai clia
no6 chua dugc xac dinh, nhung thuong dugc “tin la dung”
thdng qua mét s6 bang chiing hoac qua kinh nghiém, dy
doan clia mot chuyén gia

Logic va Chiing minh
Hoang Anh Buic

Mt 6 thuat ngir
Mt sb phuong phag
wng F
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Ching minh

M6t sé phuong phép chiing minh

Logic va Chiing minh
Hoang Anh Buic

Muc tiéu
Chiing minh p ding ] s

m Chirng minh truc tiép (direct proof)

m Chi*ng minh gian tiép (indirect proof): Gia thiét —p
dlng, chiring minh —p — F (phuong phap Chung minh ‘
phan chutng (Proof by Contradiction)) () ot st g

ching minh
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Ching minh

M6t sé phuong phép chiing minh

Logic va Chiing minh

- Hoang Anh Buic
Muc tiéu
Chiing minh p — ¢ ding ]

m Ching minh hié’rj nhién (trivial proof): Chiing minh ¢
dung ma khong can gia thiét gi khac
m Chirng minh truc tiép (direct proof): Gia thiét p ding,
ching minh ¢
m Chirng minh gian tiép (indirect proof)
m Chirng minh phér} dao (Proof by Contraposition)
(=g — —p): Gia thiét —¢ ding, chiing minh —p (44) votséprucng o
[ Chu’ng minh phan chirng (Proof by Contradlctlon) Gia ening minh
thiét p A —q ding, va chi ra raing diéu nay dan dén mot mau
thuan (nghia 1&, chiéing minh (p A =¢) — F)
m Ching minh r6ng (vacuous proof): Chirng minh —p
ding ma khong can gia thiet gi khac
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Chuiing minh

Vidu

Logic va Chiing minh

Mot s6 nguyen nlasbd chan (even) khi va chi khi n = 2k vGi k 1a
s6 nguyen nao do; n la sb /é (odd) khi va chi khin = 2k + 1 V6i
k 1a s6 nguyén nao dé o

Hoang Anh Buic

Pinh Iy 1
(VGi moi s6 nguyén n) n khéng thé vira chén vira Ié ] o

Chuing minh phan chiing.
(1) Nhac lai: D& chiing minh p, ta chiing minh —p — F L
(2) Gia st ton tai mot sb nguyén n vira chan vira 18

(3) Do n chén, n = 2k véi sb nguyén k nao dé Mot g
(4) Do n 18, n = 2j + 1 v6i sb nguyén j nao dé () v
(5)

. | A s C
5) Do do, 2k =2j+1,suyrak—j= 3 Ménh dé nay sai vGi
moi sb nguyén k va j, day 1a mot mau thuan. Ta cé diéu
phai chiing minh
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Chuiing minh

Vidu

Logic va Chiing minh
Hoang Anh Buic

Chitng minh sau cta Binh Iy 1

(V6i moi s6 nguyén n) n khong thé vira chan vira 18

dung hay sai? Tai sao?

Ching minh phan ching.
(1) Gia s ton tai mot s6 nguyén n vira chan vira 18 i don
(2) Do n chén, n = 2k v6i sb nguyén k nao dé
(3) Do n 18, n = 2k + 1 v6i sb nguyén k nao dé et rucng
(4) Do do, 2k = 2k + 1, suy ra 0 = 1. Ménh d& nay sai véi moi &

s0 nguyén k, day la mot mau thuan. Ta cé diéu phai chiing

minh

[
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Chuiing minh

Vidu

Logic va Chiing minh
Hoang Anh Buic

Dinh Iy 2 e g
(V6i moi s6 nguyén n) Néu n 12 s6 18, thi n? ciing Ia sb 1é

Chiing minh truc tiép.
(1) Néu n 18, thi n = 2k + 1 véi k 1a sb nguyén nao dé
(2) Do do, n? = (2k +1)? = 4k* + 4k + 1 = 2(2k? + 2k) + 1 ¥
(3) Do dd, n? = 2j + 1 V6i j = 2k2 + 2k la sb nguyén B
(4) Theo dinh nghia, n? 1& () viaw
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Chuiing minh

Vidu

Logic va Chiing minh

Dinh Iy 3 Hoang Anh Blic
(Vi moi s6 nguyén n) Néu 3n + 2 1a s 18, thi n ciing Ia s6 1é ] et

Chitng minh phan dao.
m Nhac lai: dé chiing minh p — ¢, ta chitng minh ¢ — —p g g
m (Ménh dé phan ddo: Néu n chan, thi 3n + 2 ciing chan)

(1) Gia st két luan cla dinh ly trén 13 sai, nghia la n chén P

(2) Do dé n = 2k v6i s6 nguyén k nao dé o

(8) Suyrasn+2=3(2k)+2=06k+2=23k+1)
(4)

4) T d6, 3n +2 = 2j V6i j = 3k + 112 s6 nguyén, vado d6 1a () ver
s0 chan

(5) Ta da chiing minh —(n ) — —=(3n + 2 /é) dung, do d6
ménh dé phan ddo (3n + 2 1é) — (n Ié) cling dlng



Chuiing minh

Vidu

Logic va Chiing minh
Hoang Anh Buic

Dinh ly 4 ] !

(V&i moi s6 nguyén n) Néu n vira chén vira I8, thin? = n +n

Chttng minh réng.
m Nhac lai: d€ chiing minh p — ¢, ta chiing minh —p ma SRR
khéng can bat ct gia thiét nao Ling oo g i

(1) Ménh dé “n vira chén vira 18" sai véi moi s6 nguyén n s st
(2) Ta c6 diéu phai chiing minh (Tap céc gia thiét 1a réng) () v
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Chuiing minh

Vi du

Logic va Chiing minh
Hoang Anh Buic

Pinh ly 5

(VGi moi s6 nguyén n) Néu n la téng ctia hai sb nguyén t6, thi J
hodc n chan hoac n 1é

Chiing minh hién nhién.
= Nhac lai: dé’lchl’rng minh p — ¢, ta chiing minh ¢ ma ‘

khoéng can bat c gia thiét nao i dom eao

(1) V&i moi sb nguyén n, ménh dé “hoéc n chan hodc n 18”
dung ot pnucng

(2) Do d6, két luan chia ménh dé can ching minh ludn ding, (=) ver
bat luan gia thiét 1a dung hay sai

(3) Hién nhién la ménh dé can chiéing minh ludn diing
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Chuiing minh

Vidu

Chiing minh sau clia ménh dé

=2
|a sai. Tai sao?
Chdng minh.
Goi a, b 1a hai s6 nguyén duong bang nhau.
(1) a=b Gia thiét
(2) a® = ab Nhan hai vé clia (1) v6i a
(3) a% — b2 = ab— b2 Trir b2 tU ca hai vé cla (2)
(4) (a—b)(a+b)=(a—Db)b  Phan tich haivé cla (3) thanh
nhan t
(5) a+b="b Chia ¢4 hai vé clia (4) cho a — b

(6) 26 =10 Thay a bdi b trong (5) vi a = b, va don gian hoa
7)) 2=1 Chia c& hai vé clia (6) cho b

Logic va Chiing minh
Hoang Anh Buic

Mot
Mot sb phuong
)

G
Vidy
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Chuiing minh

Vidu

Logic va Chiing minh

Hoang Anh Buic

Chiing minh sau clia ménh dé
(V&i moi s6 nguyén n) Néu n2 chén, thi n cling chén o

la dung hay sai. Tai sao?

Ching minh.

(1) Ménh dé ding v6i n = 0. Do dé ta chi xét n # 0

(2) Gia slt n2 chan. Do d6 n? = 2k véi sb nguyén k nao do ‘

(3) Chia ca hai vé cho n, ta cé n = (2k)/n = 2(k/n) "

(4) Do do, ton tai sb j = k/n sao cho n = 2j

(5) Do tich clia j va mot s6 nguyén (2) la mét s6 nguyén (n),
nén j cling la s6 nguyén

(6) Do d6 n chan

g
Vidy
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C4c quy tac suy luan

Gidi thieu

Logic va Chiing minh
Hoang Anh Buic

m Mot Iap luan (argument) la mét day céc phat bidu két thic
bang mot két luan o
m Mot s dang lap luan (“hap ly (valid)”) khéng bao gid dan
t6i mot két luan sai tir cac phat biéu ding. Mot s6 dang lap
luan khac (“nguy bién (fallacies)”) cé thé dan t&i mot két
luan sai ti cac phat bi€u duing
m M6t I4ap luén légic (logical argument) bao gdm mot ddy cac
ménh dé (cé thé Ia ménh dé phuic hap) duodc goi 1a cdc
tién dé (premises)/cdc gia thiét (hypotheses) va mot ménh
dé duy nhét goi Ia két ludn (conclusion)
m Cdc quy tac suy luén I6gic (logical rules of inference) |a
cac phuong phap chi phu thudc vao logic dé suy ra mot
phat biéu méi tir mét tap hop céc phét biéu khéc. (C6 thé
coi cac quy tac nay nhu 1a cac mau (templates) cho viéc
xay dung cac 1ap luan hgp ly (valid arguments))
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C4c quy tac suy luan

Gidi thieu

., Logic va Chiing minh
[ MC)} 1ap luan Iégic dugc goi la hop ly (valid) néu khi moi gid ioéng Anhzac
thiet dung thi két ludn clang dung. M6t 1ap luan l6gic khéng
hgp ly dugc goi la mét nguy bién (fallacy) sana
m Mot quy téc suy luan (inference rule) 1a mgt khuén [nﬁu e
thiét 1ap rang néu ching ta biéj mot tdp cdc gia thiét nao )
dp’ la dung, thi chung ta c6 thé suy luan mét cach hop ly
rang mot phat biéu két luén lién quan nao dé Ia ding
m MGi quy tac suy luén I6gic hop ly (valid inference rule)
twang ng véi mot hang dung (tautology)
m Ky hiéu . nghia la “do do”
m Hiéng ding (tautology) tuong ting (néu
quy tac hop 1y)
Gid thiét 1 | ((Gié thiét 1)A(Gid thiét 2)A---) — (Két luan)
Gia thiét 2

Két luan
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C4c quy tac suy luan

Gidi thieu

Logic va Chiing minh

Hoang Anh Buic

Vidu 16

Gidi thiéu
m MGt 1ap luan 16gic ong loga ménh

= Gia thiét 1: Néu t6i lam viéc subt dém, thi t6i mét moi B
m Gia thiet 2: Toi lam viéc suot dém Mot sb qu
m Keét luan: Do dé, t6i mét moi
m Biéu dién céc bién l6gic
m p = “Toi lam viéc subt gém”
m ¢ = “Toi mét mbi”
m Theo gbc nhin cla 16gic, 1ap luan trén cé thé dudc viét lai
nhu sau: )
p—q Gia thiét 1
P Gia thiét 2
q Két luan
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Cac quy tac suy luan

Mbt sb quy tac suy luan trong I6gic ménh dé

® Quy tac Modus Ponens (tiéng Latin clia “phuong phap

khéng dinh (method of affirming)”)

p

p—q
q (A @—q)— 4
Modus Ponens

Hang dung tuong ting
m Chu y raing hang dau tién 14 hang duy nhat ma gia thiét

luén ding
Vidu17
p—q “Néun chia hét cho 3,
% N9 . A " . s
N8y thin Ch/la hét cho 3 13 DUNG
P “n chia hét cho 3"
thi g “n? chia hét cho 3"

cting DUNG

29

Logic va Chiing minh

Hoang Anh Buic

M6t sb quy téc suy luan
trong lagic ménh dé&



Cac quy tac suy luan

Mbt sb quy tac suy luan trong I6gic ménh dé

Logic va Chiing minh

Hoang Anh Buic
m Quy tac Modus Tollens (tiéng Latin ctia “phuong phéap phl
dinh (method of denying)”)

M6t sb quy téc suy luan
trong 18gic ménh dé
—|q ;" hiing mi h thi
pr=a oo
-p (e (0= @) = -»]
Modus Tollens Hang ding tuong ing
Vidu 18
p—q “Néu chiéc nhan 1am bang kim cuong,
Néu thi n6 c6 thé 1am xudc duoc thm kinh” 13 DUNG
-q “Chiéc nh3n khéng 1am xudc tm kinh”
thi - »

“Chiéc nh3n khéng 1am bing kim cuong”

cting DUNG
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C4c quy tac suy luan

Mbt sb quy tac suy luan trong I6gic ménh dé

m Quy tac Cong (Addition)
[ ——

p

pVag
N
Quy tac Cong (Addition)

m Quy tac Rut gon (Simplification)
[
PAg

p

——

Quy tac Rut gon
_ (Simplification)
m Quy tac Hoi (Conjunction)

Quy tac Hoi (Conjunction)

Logic va Chiing minh
Hoang Anh Buic

p— (p \ q) Mot s6 quy téc suy luan
trong 18gic ménh dé

Hang duing tuong (ing

(pANg)—p

Hang duing tuong (ing

((®) A (@) =g

Hang ding tuong ting .,




Cac quy tac suy luan

Mbt sb quy tac suy luan trong I6gic ménh dé

Logic va Chiing minh
Hoang Anh Buic

Vidu 19 e

Céc lap luan sau st dung cac quy tac suy luan nao?

(a) Néu c6 ca nhiém COVID-19 méi, thi trudng sé déng clra.
Trudng khong déng cita hém nay. Do d6, khéng c6 ca
nhiém COVID-19 méi hdm nay  [Quy tac Modus Tollens]

(b) Nhiét d6 hién tai la duci 0°C. Do do, nhiét do hién tai la
duéi 0°C hoac troi dang mua [Quy tac Cong]

(c) Nhiét do hién tai la dudi 0°C va trgi dang mua. Do do,
nhiét do hién tai la duéi 0°C [Quy tac Rut gon]

Mot
Mot
trong 16
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Cac quy tac suy luan

Mbt sb quy tac suy luan trong I6gic ménh dé

m Quy tac Tam doan luan gid dinh (Hypothetical syllogism)

p—q
q—r

Logic va Chiing minh
Hoang Anh Buic

o M6t sb quy téc suy luan

trong lagic ménh dé&
ic chiing mi h th

p—r

(= ar@=m) = pon)] winess

Tam doan luan gia dinh }
(Hypothetical syllogism) Hang dlng tuong tng
Vidu 20
p q
“Néu trdi mua hém nay, thi chiing ta sé khdng td chiic tiéc nuéng
hém nay. N&u ching ta khéng t5 chic tidc nuéng hém nay,qthi
, chiing ta sé t5 chiic tiéc nudng vao ngdy mai. Do dé néu trdi mua

hdm nay, thi chiing ta s& t6 chiic tiéc nuéng vio ngdy mai.”
P r
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C4c quy tac suy luan

Mbt sb quy tac suy luan trong I6gic ménh dé

m Quy tic Tam doan luan tuyén (Disjunctive syllogism)

(e
pVygq
P
Sq
— ((0va) A (=p) = q]
Tam doan luan tuyén
(Disjunctive syllogism) Hang dung tuong tng

Vidu 21

\ p \
“Vi cta tdi ndam trong tdi do khodc hodc né nam trén ban.
Vi ctia t6i khéng ndm trong tii do khodc. Do dé, né nim
trén ban." -p q

29

Logic va Chiing minh
Hoang Anh Buic

M6t sb quy téc suy luan
trong lagic ménh dé&

Ac chiing mi h th
juy bién phd bién
uy téc suy luan

) 1ogic

Mot
Mot
tror



C4c quy tac suy luan

Mbt sb quy tac suy luan trong I6gic ménh dé

m Quy tac Hop gidi (Resolution) Lodte v Ching mih

Hoang Anh Buic

pVy
_'p \/ T Ml)( séquy(éc suy luan
aqvr [((p V@) A(—pVr))—(qgV r)] o i
Hop giai (Resolution) Hang dung tuong tng

m Khig=r,tacéd

((eva)A(-pva) =4
m Khir = F, ta cé Quy tac tam doan luan tuyén
, (Vo)A (=p) =4
Vidu 22 » -
“T6i dang di trén dudng hodc trdi mua. Troi khéng mua hodc
- toi dang & nha. Do dé, t6i dang di trén dudng hodc toi
dang & nha.” q
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Cac quy tac suy luan

Céc chiing minh hinh thic

Logic va Chiing minh

m Cho trudc céc tién dé (premises) p1, ps, . . . , pn. MOt chiing
minh hinh thiic (formal proof) clia mét két ludn C' 1a mét
day cdc budc (steps), trong dé méi budc dp dung mét quy o
tac suy ludn nao do cho céc tién dé hodc cédc phat biéu da Mt 8 quy tho suyun
duoc chiing minh trudc dé dé suy luan ra mét phat biéu Gdochimgminh i hde

méi diing (két luan) v

Hoang Anh Buic

m M6t chiing minh cho théy rang néu cac tién dé la ding, thi
két luan la dung
Vidu 23

m Gia sl ching ta c6 cac tién dé sau:
m Trdi khong ndng va thai tiét lanh
® Ching ta sé& di bai chi khi troi nang i
m Néu chung ta khong di boi, thi ching ta sé di chéo xuong
m Néu chiing ta di chéo xudng, chiing ta sé vé dén nha luc
hoang hén
m V6i cac tién dé da cho, chiing minh két luan “Ching ta sé
vé dén nha ltic hoang hén” bang cach sl dung cac quy tac
suy luan 2



Cac quy tac suy luan

Céc chiing minh hinh thic

m Buwdc 1: Xac dinh cac ménh dé Ching ta sé dung cacky f| o™
hiéu sau:
m sunny = “Trdi ndng”; cold = “Thdi tiét lanh”; swim = “Ching i
ta sé di boi”; canoe = “Chung ta sé di cheo xudng”; e
sunset = “Chung ta sé vé dén nha luc hoang hon” e ching mih e i
m Budc 2: Xac dinh lap luan (Xay dung dang cho lap luan) Mo abauy oy n
p1 —sunnyAcold  Trdi khong nang va thoi tiét
lanh
po  SwWim— sunny  Chung ta sé di bai chi khi trgi
nang
ps  —swim — canoe Néu chiing ta khong di boi, thi
chiing ta sé di chéo xudng
p. canoe — sunset Néu ching ta di chéo xubng,
ching ta sé& vé dén nha lic
hoang hon
sunset Chuing ta sé& vé dén nha lic
hoang hén

Hoang Anh Buic
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Cac quy tac suy luan

Céc chiing minh hinh thic

Logic va Chiing minh
Hoang Anh Buic

m Budc 3: Xay dung chirng minh hoan chinh duva trén
cac quy tac suy luan

Budc Chirng minh bdi ioching mon i i
1. -sunny A cold  Tién dé p, ot ”
2. —~sunny Quy tic Rt gon o
3. swim — sunny  Tién dé p.
4. —swim Modus Tollens cho2 ~ P1 ~sunny A cold
va 3 p2  Swim — sunny
. . A 2 p3 —Swim — canoe
5. —-swim — canoe Tién dé p; pi canoe — sunset
6. canoe Modus Ponens cho - “sunset
4vasb
7. canoe — sunset  Tién dé p4
8. sunset Modus Ponens cho

6va7
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Cac quy tac suy luan

Mbt sb6 nguy bién phd bién

m MGt nguy bién (fallacy) 1a mét quy tac suy luan hodc mét phuong
phap chiing minh khéng hop Iy vé& mat légic
m MGt nguy bién cé thé dan téi mot két luan sai
m Nguy bién khang dinh hau kién (Fallacy of affirming the

conclusion)
m p — ¢ lading, va q la ding. Do do, p la ding (Sai. Boivi F — T
dang)
Vidu 24

m Néu David Cameron 1a Téng thdng Hoa Ky, thi 6ng ta it nhat 1a bbn muoi

tudi . ) ) (p—q)
m David Cameron it nhat la bon muai tuoi (q)
m Do dé, David Cameron la Tong thong Hoa Ky (p)

m Nguy bién pht dinh gia thiét (Fallacy of denying the hypothesis)
m p — ¢ lading, vap sai. Do do q la sai (Sai. BGi vi F — T ding)

Vidu 25
m Néu troi mua, thi dudng lay 1i (r—q)
m Troi khéng mua (=p)

m Do d6 dudng khong lay 16i (—q)

Logic va Chiing minh
Hoang Anh Buic

Mot sb quy téc suy luan
trong légic ménh

hing minh hinh th
Mot s nguy bién phd bién
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C4c quy tac suy luan

Mbt s6 quy tac suy luan trong lgic vi tir

Logic va Chiing minh

m Quy tic Khdi tao phd quat (Universal instantiation) Hoaing Anh BidC
vz P(z) Véi bt ky mot phan tw
Pl ¢ cu thé trong mién xac e
dinh

m Quy tic T8ng quét hda phé quat (Universal generalization) I v o senwsvis

Mot s6 quy téc suy luan

V6| bét ky mét phén t[}’ trong logic vi tif

Pl ¢ nao dé trong mién xac
| TEEE) dinh

m Quy tic Khdi tao hién sinh (Existential instantiation)
3z P(z) Vi phgn tul ¢ nao do
Pl trong mién xac dinh sao
cho P(c) dung
m Quy tic T6ng quat hda hién sinh (Existential

generalization)
P(c) Vi phan tir ¢ nao do
dz P(x) trong mién xac dinh

—_—
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Cac quy tac suy luan

Mbt s6 quy tic suy luan trong lgic vi tir

Logic va Chiing minh

V|’ d U 26 Hoang Anh Buic

m Ta chiing minh lap luan sau: “M&i ngudi déu sé chét. Socrates
la ngudi. Do d6, Socrates sé chét” ot auy e
m Xac dinh cac vi tir A
B M(z)="zla ngg’di" © L@lséqu‘y(mwmén”‘
] D(CC) = “x sé chét” . trong Iogic vi it
m S = “Socrates” — mét phan t{ trong vi tru
m Xac dinh lap luan
p1 Vo (M(z) — D(z)) Mbi ngudi déu sé chét

po M(S) Socrates la ngudi
D(S) Socrates sé& chét
m Xay dung chirng minh
Budc Chirng minh bai
1.Vz (M(z) — D(z)) Tién dé p;
2. M(S) = D(S) Quy tac Khéi tao phé quét cho 1
3. M(S) Tién dé p,

4. D(S) Modus Ponens cho 2 va 3
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Cac quy tac suy luan

Mbt s6 quy tac suy luan trong lgic vi tir

Vidu27

m Ly luan sau day la diing hay sai: “it nhat mot trong sé céc sinh vién
trong I6p rat thdng minh. John |a mét sinh vién trong I6p. Do dé,
John rét théng minh"?

m Xac dinh cac vi tr

m Gid st mién xdc dinh |2 tap tat ca moi ngudi
m S(x) = “x la sinh vién trong 16p”
m I(z) = “z rAt thong minh”
m J = “John” — mét thanh vién trong tap tat c& moi ngudi
m Xac dinh lap luan
p1 3z (S(z) Al(z)) [t nhat mot trong sb cac sinh vién trong
I6p rat théng minh
po S(J) John la mét sinh vién trong 16p
I(J) John rét théng minh
m Lap luan cé hop ly khong? KHONG
m Phan vi du: Xét trudng hop cd chinh xdc mét sinh vién A trong I6p rat
théng minh va A khéng phai la John, nghia la, S(A) A I(A) ddng,
S(B) AI(B) sai véimoi B # A,va A# J
m Ap dung Quy téc Téng quét héa hién sinh cho S(A) A I(A), tién dé
p1 = 3a (S(x) N I(z)) ding. Tién dé p» = S(.J) luén diing
m Tuy nhién, do S(B) /\ I(B) sai véi moi B # Ava A # J, Quy tc Khdi

tao phé quat cho ta két luan 1(.J) la sai
29

Logic va Chiing minh
Hoang Anh Buic

Mot uy tac suy luan
trong l6gic ménh

ic chiing mi h th
Mét Ju) k
M6t sb quy téc suy luan
trong lagic vi tif



Cac quy tac suy luan

Mbt s6 quy tic suy luan trong lgic vi tir

Bai tap 19
Lép luén sau la dting hay sai: “Moi gidng vién déu ra dé bai kiém tra
khd. Téi la m¢t giang vién. Do do, t6i ra dé bai kiém tra khé”

Bai tap 20

V&i méi 1dp ludn sau, hay gidi thich quy tac suy luén nao dugc st

dung trong méi budc
(a) Doug la mét sinh vién trong I6p biét céch st dung ngén ngir Idp

trinh Java. M6i ngudi biét st dung ngén ngi¥ I4p trinh Java déu cdé
thé tim dugc mét cong viée tra luong cao. Do dd, mét sinh vién
nao dé trong I6p cd thé tim duoc mot cong viéc tra luong cao

(b) Ai dé trong I6p thich xem c& voi. Méi ngudi thich xem cé voi déu

(c

)

quan tdm dén van dé 6 nhiém dai duong. Do dé, tén tai mét sinh
vién trong I6p quan tam dén van dé 6 nhiém dai duong

Méi sinh vién trong I6p cé mét mdy tinh cd nhan. Méi ngu'di cé
mdy tinh cd nhan cé thé si* dung mét trinh soan tho van ban. Do
dé, Zeke, mot sinh vién trong I16p, cd thé st dung mét trinh soan
thdo véan ban

29

Logic va Chiing minh
Hoang Anh Buic

@ M6t sb quy téc suy luan

trong l6gic vi ti



Cac quy tac suy luan

Mbt s6 quy tic suy luan trong lgic vi tir

Logic va Chiing minh
Hoang Anh Buic

Bai tap 21
L&p ludn sau dé chitng minh néu 3z P(x) A 3z Q(x) ding thi o i i

Jz (P(x) A Q(z)) cling dung cd hop ly hay khéng? 0 M 5 i

Buéc Chitng minh bdi
1.3z P(x) A3z Q(z) Tién dé

2.3z P(z) Quy tac Rt gon cho 1

3. P(c) Quy tac khdi tao hién sinh cho 2

4.3z Q(x) Quy tac Rut gon cho 1

5.Q(c) Quy tac khdi tao hién sinh cho 4

6. P(c) A Q(c) Quy tac hdicho 3va s

7.3z P(x) A Q(x) Quy tac Téng quat hda hién sinh
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Cac ky thuat chi'ng minh (Proof Techniques)
ban nén tranh

Logic va Chiing minh
Hoang Anh Buic

F‘ Chuy l
Day la ban dich tai liéu Proof Techniques ctia Dana Angluin
(SIGACT News, Winter-Spring 1983, Volume 15 #1). Ban dich
nay tuan theo mét ban sao cla tai liéu G https://mfleck.cs.
illinois.edu/proof.html. i Prosf o
Moi sai so6t trong ban dich nay hoan toan la do han| "™
ché vé kién thirc ctia nguoi dich. Moi gép y xin gli vé
hoanganhduc@hus.edu.vn.

Chiing minh bang vi du Céc tac gid dua ra chiing minh cho
n = 2 va dé nghij rang né cd chira phan I6n cac y
tudng clia chiing minh cho trdng hop téng quét.
Chting minh bang hdm doa “Tam thudng” hodc “hién nhién”.
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Cac ky thuat chi'ng minh (Proof Techniques)
ban nén tranh (tiép)

N , . . ; . . . X Logic va Chiing minh
Chiing minh bang céch liét ké tat ca moi th& M6t hoac hai s Hoang Anh Biic

clia mét tap chi chi danh riéng cho chiing minh

cla ban 1a mét diéu cé ich. o
Chting minh bang cach bét xén “Doc gid c6 thé dé dang dua B

ra cac chi tiét”, “253 trudng hop con lai dugc tién o

Mot

hanh tuong tu”. wong 63

Cac ky thuat chin,

Chting minh bang cach giu giém Mt chui dai cac phat biéu ;“;gp;‘yzgg) .

lién quan dung va’hodc vo nghia vé mat cu phap. = v
Chiing minh bang céch trich dan day uéc mudn Tac gid trich

dan ph dinh, dao, hoac téng quéat clia mét dinh

ly da biét dé hé trg cho khang dinh clia minh.
Chting minh bang hé tro tai chinh Lam sao ma ba t6 chiic

chinh phl khac nhau cé thé sai dugc? Hoic theo

mot géc nhin déi lap: 1am sao ma bat cit thit gi

hé trg tai chinh bdi nhitng té chiic tam thudng

nay c6 thé ding dugc?
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Cac ky thuat chi'ng minh (Proof Techniques)
ban nén tranh (tiép)

Chiing minh bang dan chii R&t nhiéu ngudi tin rang diéu nay
duing: 1am sao ma tat ca bon ho déu sai dugc?

Chttng minh bang kinh té thi truong Ly thuyét cla toi 1a ly
thuyét duy nhat trén thi trudng sé x& ly cac dir
liu.

Chting minh bang su hiéu biét sau sac “Toi thay Ruzena &
trong thang may va c6 ay néi rang diéu dé da
dugc thr nghiém & nhitng nam 1970 va khéng
dung dugc”.

Chting minh bang vii tru Phi dinh clia ménh dé nay Ia khong
tuéng ho&c v6 nghia. Phé bién cho céc chiing
minh vé sy ton tai cla Chua va cho céc ching
minh rang may tinh khong thé suy nghi.

Chting minh bang lién hé ca nhan “Bai toan Eight-dimensional
colored cycle stripping la NP-day dui [Karp, lién
hé ca nhan]”.

Logic va Chiing minh
Hoang Anh Buic

Mot

Céc ky thuat chiing
minh (Proof
Techniques) ban nén
trdnh
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Cac ky thuat chi'ng minh (Proof Techniques)
ban nén tranh (tiép)

Logic va Chting minh
Chting minh bang céch lién hé dén céc bai néi chuyén “G mét e Ao
budi hoi thao dac biét clia NSA vé linh vuc thi o
giac may tinh, Binford da chiing minh rang Vot sb e
SHGC khong thé nhan biét dugc trong thoi gian S,

da thure”.
Chiing minh bang céch dua vé sai bai toan “Dé thay rang bai Géc ky thuat ching

toan ipfinite-dimensional coloured cycle stripping ?E‘ZE ban nén
6 thé gidi dugc, ta dua né vé bai toan halting”.
Chiing minh bang céch trich dan cac ngudn khong truy cap duodc
Tac gia trich dan mét hé qué don gian clia mot
dinh ly dugc tim ra trong mét ban ghi nhé luu
hanh noi b clia Hiép hoi Triét hoc Slovenia ndm
1883. Phuong phap nay tham chi con hiéu qua
hon néu tai liéu nay chua bao gid dugc dich tir
ban gbc tiéng Iceland.
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Cac ky thuat chi'ng minh (Proof Techniques)
ban nén tranh (tiép)

Chiing minh bang céch trich dan cac ngudn khong ton tai
Khong cé diéu gi tham chi hai giéng véi dinh ly
da dugc trich dan xuat hién & trong tai liéu dugc
dé cap. Tot hon 1a két hop Vi phu’dng phap
chitng minh bang céch trich dan cac nguén
khdng truy cap dugc.

Chitng minh bang cach trich dan mét tai liéu sé xuat ban
Théng thudng tac gia sé trich dan mét bai bao
s&p xuat ban clia chinh minh, va tai liéu nay
thudng khong con sép xuat ban nhu Itic dau.

Chitng minh bang tinh quan trong MGt lugng 16n cac hé qua
hitu ich déu suy ra tr ménh dé trong cau hoi.

Chiing minh bang viéc tich Iy bang chiing Viéc tim kiém lau
dai va siéng nang khong cho ta bat ky mét phan
vi du nao.

Logic va Chiing minh
Hoang Anh Buic

Mot
Mot

Céc ky thuat chiing
minh (Proof
Techniques) ban nén
trdnh

29



Cac ky thuat chi'ng minh (Proof Techniques)
ban nén tranh (tiép)

Logic va Chting minh
Chiing minh bang céc tai liéu tham khao Ian nhau Trong tai oo Amee
liéu A, Binh ly 5 dugc cho la suy ra tt Binh ly 3
cla tai liéu B, va dinh ly nay dugc suy ra tir Hé
qud 6.2 trong tai liéu C, va hé qua nay 1a mot hé
qué dé dang suy ra dugc tir Dinh ly 5 clia tai liéu

A' Céc ky thuat chiing
minh (Proof

Chiing minh béng siéuqchu’ng minh Mgt phudng phap dugc Techniques) bgn nén
dua ra dé xay dung ching minh. Tinh dung dan
clia phuong phép nay dudc chitng minh bang
bat k& mot ki thuat nao trong s6 céc ky thuat
nay. Su hiéu biét sau sac vé ngit nghia ngén ngit
l&p trinh sé giup ich & day.
Chitng minh bang hinh vé& M6t hinh thiic thuyét phuc hon clia
Chiing minh bang vi du. Két hop tot véi Chiing
minh bang céch bét xén.
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Cac ky thuat chi'ng minh (Proof Techniques)
ban nén tranh (tiép)

Logic va Chiing minh

Chttng minh bang dd hoa hao nhoang Con dudc goi la Hoang Anh Dic

phuong phap Jabberwocky. Chi cé mot két qua

thuc su’ manh mé mai ¢6 thé 1am nén tang cho S

mot man trinh dién am thanh va anh sang tuyét

voi nhu vay. “San phdm danh cho nhiing ngui o

khéng c6 bai thuyét trinh.” e
Ching minh biing céc bidu dd d& gay nham IAn hoic khong gidi tHioh awoc

X 7 N N N - L, P ‘ I%!:‘Eng.lee‘;gca:n nén
Hau nhu bat ky dudng cong nao ciing co thé trénh
duoc tao ra dé trong gibng nhu két qua mong
mubn bang cach chuyén ddi phi hop cac bién va
thao tac vai cac ty |é truc. Thudng gap trong
cong viéc thi nghiém.
Chiing minh béng viéc khang dinh mot cach kich liét Tét nhat
la khi ¢c6 mét loai quan hé quyén han nao dé véi
khan gia, va do dé phuaong phap nay déc biét
hitu ich trong mét I6p hoc.
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Cac ky thuat chi'ng minh (Proof Techniques)
ban nén tranh (tiép)

Chting minh bang cach lap lai Cling dugc biét dén nhu la
ching minh ctia Bellman: “Diéu gi t6i ndi ba lan
la dung.”

Chitng minh bang cach kéu goi truc giac Céc hinh vé theo
dang dam may thuong gilp ich & day.

Chttng minh bang cach vay tay mét cach manh mé Hoat déng
tot trong moi trudng 18p hoc, xémina hoac hoi
thao.

Ching minh bang cach thay d6i ngit nghia Mét sﬁ dinh nghia
cd ban nhung bét tién dugc thay ddi dé phii hop
vGi phat biéu cla ket qua.

Chting minh bang ky hiéu rudm ra T6t nhét la thuc hién vdi
viéc sl dung it nhat bon bang chii cai, cac ky tu
dac biét, va phién ban mdi nhat clia LaTeX.

Logic va Chiing minh
Hoang Anh Buic

Mét

Mot

trong 16

Céc ky thuat chiing
minh (Proof
Techniques) ban nén
trdnh
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Cac ky thuat chi'ng minh (Proof Techniques)
ban nén tranh (tiép)

Chiing minh bang su tritu tugng vo nghia Mot phién ban cla
Chitng minh bang hidm doa. Tac gia si dung cac
thuat ngr hodc dinh ly tlr todn hoc cao cap tréng
rat an ‘tugng nhung chi lién quan truc tiép dén
van dé hién tai. Mot vai tich phan & day, mot vai
day sb chinh xac & kia, va ai sé biét liéu ban c6
thuc su cé chirng minh hay khong?

Phan chiing bang cach tim ra mét qua tdo xau Mot qua tao
x&u 1am héng ca chum’. Trong s6 nhiéu ngudi
ang ho Iy thuyet nay, chung t6i da tim thay mot
nguai ro rang la dién ro; vi vay chung ta co thé
lam mét uy tin cGa toan bd ly thuyét. (Thuong st
dung trong ngi¥ canh chinh tri.)

Logic va Chiing minh
Hoang Anh Buic

Mot

Céc ky thuat chiing
minh (Proof
Techniques) ban nén
trdnh
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Cac ky thuat chi'ng minh (Proof Techniques)
ban nén tranh (tiép)

Logic va Chiing minh
Hoang Anh Buic

Chiing minh bang con duong doc tron trugt Néu chuing toi
chép nhan [dé xuét ban déu] chiing t6i s& phai ‘
chap nhan [de xuat duac slra d6i mot chut] va Mat b quy o suyluin
cudi cuing diéu nay sé dan dén [de xuat hoan (29) éc kg thuat ching

minh (Proof

toan khac biét va ro rang 1a cé thé bi phan déi). Techniques) b nén
Chting minh bang “khong phat minh & day” Chting t6i ¢6 kinh

nghiém lam viéc véi thiét bi nay trong nhiéu nam

& MIT va ching t6i chua bao gid nhan ra hiéu

qué nay.

1Con sau lam rau ndi canh 2
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NGi dung

Céc chu tric co ban

Hoang Anh Buic

Tap hop
Mot s6 khai niém va tinh chét co ban
CA4c phép toan trén tap hop
Biéu dién tap hop bang chudi nhi phan
Ham
Quan hé
Dinh nghia ham va mét s6 khai niém
Mt s6 ham va todn tl
Day
Dinh nghia day va mét s6 khai niém
Mét sb day dic biét
Téng
Ky hiéu tdng va mot s6 khai niém
Mét s6 cong thiic tdng hitu ich
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Tap hop

Khai niém va cach mo ta tap hop

m MGt t4p hop (set) 1a mot tng thé khong sap thi tu cac dbi

tuong phan biét (gm la cac phan ti (element) hoac thanh
vién (member) cua tap hop)
mreS: xlaphantuouaS
m 2 ¢ Sz khong la phantl cla S
m Ta thuwong s dung céc chit in hoa S, T, U, ..
tap hop
m C6 thé mo t& mot tap hop bang cach liét ké tat ca cdc
phén ti cla tap dé gitta hai dau ngodc nhon “{” va “}”.
Trong nhiéu truding hop, cé thé liét ké théng qua “quy luét
don gian”
m Tap cac nguyén am trong bang chi ci tiéng Anh
V= {a,e,i, o,u}
m Tap cac sb ty nhién N = {0,1,2,3,...}
m C6 thé mo td mot tap hgp thong qua quy t&c nhan biét
m VGi Vit P(x) bét ky trén mién xéc dinh nao dé, {z | P(z)}
12 tap hop tat ca z sao cho P(x) diing (c6 thé dung “” thay
Vi “|")
m Tap cac sb tu nhién chdn E = {z | z = 2k v6i k € N}

. dé ky hiéu

Céc chu tric co ban

Hoang Anh Buic

Mot s6 khai nigm va tinh
chat co ban
phép toan trén tag



Tap hop

Khai niém va cach mo ta tap hop

m C6 thé mo t& mot tap hop thong qua gidn do Venn (Venn

diagram)
m Tap vi tru (universal set) U gbm tht ca cac dbi tugng dang
xét Hinh chit nhéat
m Tap hop can mo ta Hinh tron hoac céc hinh khac
m Phan t& cla tap hop Diém

U

Hinh: M6 ta tap cac nguyén am trong bang chit cai tiéng Anh
V = {a,e,i,0,u} bang gian do Venn

Céc chu tric co ban

Hoang Anh Buic

Mot s6 khai nigm va tinh
chat co ban
phép toan trén tag
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Tap hap

Tap hop réng

Céc chu tric co ban

Hoang Anh Buic

Mot s6 khai nigm va tinh
chat co ban

m T4p hop réng (empty set), ky hiéu 0, 1a tap hop duy nhét
khoéng chira bat ky phan t&r nao .
m (= {} ho&c | = {x | F} v6i F la mét ménh d& luon ludn g o
sai (mau thuan) s
m Bat k€ mién xac dinh 1a gi, ménh dé —3x (x € 0) luén ding o
m () # {0}

m Tap {0} khong réng, vi né chita mdt phan tli—tap hop réng s
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Tap hap

Tap hop con va tap hop bing nhau

Cho hai tap hop A va B. A la tdp con (subset) cla B, ky hiéu
A C B hodc B D A, khi va chi khi m6i phan t clia tap A ciing

la mot phan tr clia B

B (ACB)=Ve(x € A—x€B)
m (A ¢ B) =—-(AC B) (A khéng la tap con cla B)
B (ACB)=(ACB)A(BZA)(Alatap con thuc su

(proper subset) clia B)

Bai tap 1

Chting minh cac ménh dé sau

(1) NeuAC BvaBCC thi
ACC

(2) Voimoitip A, tacoh) C A
vaAC A

U

Hinh: Gian dé Vennmotad A C B

61

Céc chu tric co ban

Hoang Anh Buic

Mot s6 khai nigm va tinh
chat co ban



Tap hap

Tap hop con va tap hop bing nhau

Cho hai tAp hop A va B. A va B |a hai tap bang nhau, ky hiéu
A=DB,khivachikhiAC BvaBC A
B (A=B)=(ACB)AN(BCA)=Va(x €A+ x € B)
m Tat ca cac phan tlr trong mot tap déu phan biét (distinct);
liét k& mét phan tl nhiéu 1an la vé nghia
[ Neua—bthl{abc}—{a .} ={b,c} ={a,a,b,¢,a,c,c}
m Ta ndi réing tap trén cé (nhiéu nhat) 2 phan t&
m Cac phan tlr clia mot tap hop khéng sap thir tu
(unordered)
m Batké a,b,cla gi, {a,b,c} = {a,c,b} = {b,a,c} =
{b.c,a} = {c,a,b} = {c,b,a}

Céc chu tric co ban

Hoang Anh Buic

Mot s6 khai nigm va tinh
chat co ban
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Tap hap

Tap hop con va tap hop bing nhau

Bai tap 2

Cho A = {1,2,3} va B = {1,3,5,7}. Hay liét ké tat c4 céc tap
hop vira la tp con clia A vira la tp con cla B

Baitap 3

Céc ménh dé sau ding hay sai?

(@) 1e{1}

(b) 1C {1}

(c) {1} € {{1}}

(d) {1} < {{1}}

Bai tap 4

Liéu c6 ton tai cdc tdp A va B thaman A c BvaAC B?

61

Céc chu tric co ban

Hoang Anh Buic

Mot s6 khai nigm va tinh
chat co ban



Tap hop

Luc lugng clia mot tap hop

Céc chu tric co ban

m Luc luong (cardinality) cla mot tap A, ky hiéu |A|, 1a sb oo mere

phan tr khac biét ma A cé (=) w a

L |@| :0;‘{17273”:3;|{{17273}7{475}}|:2 G20 pi

m Néu |A| € N, thi ta goi A 1a tap hitu han (finite set). Ngudc
lai, A la mét tap vo han (infinite set)

m Mot sb tap vo han quan trong

mN={0,1,2,...} Tap sé tuv nhién (natural numbers)
mZ={.,-2-1,012,...} Tap s6 nguyén (integers) o o
mZt={1,2,...} Tép s6 nguyén duong (positive integers) Mot sb day dd bt
m Q= {p/q|p,q€EZ, vaq+#0} T4p sé hitu ty (rational

numbers) e
=R Tép s6 thuc (real numbers) e
m RT T4p so thuc duong (positive real numbers)
m C Tép sb phtic (complex numbers)

BNCZcCcQcRcC
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Tap hop

Tap hop ldy thua

Céc cAu tric co ban
Hoang Anh Buic
m T4p ldy thira (power set) clia mét tAp A, ky hiéu P(A), 1a :
tap hop gbém tat ca céc tap con clia A hcoin
" 7’( )={z |z C A} P p—
P({a,b}) = {0,{a},{b},{a, b}}
P(0) = {0} uan
P({0}) = {0,{0}} e
m Neu A la tap hitu han, [P(A)| = 2/“1. Do d6 ky hiéu 24 doi ‘
khi ciing dugc st dung dé chi tap Ily thita clia A
Bai tap 5
Chitng minh réng néu A = B thi P(A) = P(B) vdi hai tip A, B
bét ky. Nguoc lai, néu P(A) = P(B) thi A c6 bdng B khéng? :
(Goiy: A=B=(ACB)AN(BCA)=Vz(r€ A< e B)va
néBuACBvaBCCthiACC)
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Tap hap

Tich Bécéac

Céc chu tric co ban

m Vi n € N, mdt bé sdp thit tu n phan t (ordered n-tuples) Hoang Ath Dic
(a1,ag, ..., ay,) & Mot day cac phan ti ¢6 phan tl thit nhat
la a1, phan ti thd hai 3 as, ..., va phan t& thi n 12 a, () 212&‘;2“: v o
m Mét b sép thit tu 2 phan t& dugc goi 1a mét cdp sap thi tu ripnirbigio
(order pair)

m Haibd (ay,...,a,) va (by,...,b,) 1& bang nhau néu véi
mome {1,...,n},ai =1,

m Chuy: (1,2) # (2,1) # (2,1,1) (nhung
{1,2} ={2,1} ={2,1,1})

m Tich Pécéc (Cartesian product) clia hai tap A, B, ky hiéu
A x B, latap tht c& cac cap sap th tu (a, b) trong dé T
ac€AvabeB Vit s cong i 8

] AXB—{((J b)\uEA/\bEB}

m Chu y ring tich BPécac khdng cé tinh chat giao hoén, nghia
& VA, B(Ax B=DBxA)

m Tdng quat hda
Ay X - X Ap ={(a1,...,an) a1 €A1 AN Nan € Ay}

61



Tap hop
Tich Décac
Céc chu tric co ban

Hoang Anh Buic

Mot s6 khai nigm va tinh
chat co ban

Baitap 6

Chitng minh rdng A x B = ( khi va chi khi A = () hodc B = 0 g
Baitap 7 e
Chiing minh rang A x B = B x A khi va chi khi A = ( hodc g

B =0 hodcA=B sy g i
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Tap hap

Phép hap

Céc chu tric co ban

Hoang Anh Buic

m Hop (union) clia hai tap hop A, B, ky hiéu AU B, la tap
chiia tat ca cac phan ti hodc thudc A, hodc thudc B, hodc
thuéc ca hai SR

VA BAUB={x|z€ AV e B}) Bidu dién t4p hop bing
m AUBDAvVaAaAUBDRB
m {1,3,5}U{2,3,4} = {1,2,3,4,5}

Mot s6 ki

U

Hinh: Gian dd Venn mé td AU B
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Tap hap

Phép giao

m Giao (intersection) ciia hai tap hop A, B, kj hidu AN B, 12 | “wawamos
tap chiia tat ca cac phan ti dong thoi thuéc cd A va B
VA BANB={x|ze€ ANz € B}) Mot o8 Kl nigm vt
m ANBCAvaANBCB oo ton e o 1o
m {1,3,5} N {2,3,4} = {3}
m Haitap A va B 1a roi nhau (disjoint) néu AN B = ().
m {1,3,5}N{2,4,6} =0

Hinh: Gian dd Venn métd AN B
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Tap hap

Phép hiéu

Céc céu tric co ban
m Higu (difference) clia hai tap hgp A, B, ky hiéu A — B hoac Hoang Anh Biic
A\ B, |a tap chira tat ca cac phan tlf thuéc A nhung
khong thuéc B
mVAB(A-B={z|ccANra¢ B} () cwons oo
m {1,3,5} — {2,3,4} = {1,5}
m Khi tép vi try U dudc xac dinh, phan bt (complement) clia
tap A, ky hiéu 4, latap U — A

mVAA={z |z ¢ A})
U U

Hinh: Gian dé Venn motad A — B Hinh: Gidn d6 Venn mo ta 4
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Tap hgp

Phép hiéu doi xting

Céc chu tric co ban

Hoang Anh Buic

m Hiéu dbi xiing (symmetric difference) clia hai tap hop A, B,
ky hiéu AAB ho3c A & B, 1a tap chia tht ca céc phan tor
hodc thuéc A hoac thudc B nhung khdng thude cd A va B o

m VA B(AAB={z|xz€ Adx € B}) Bidu dién t4p hop bing
m AAB = (A— B)U(B - A)
m {1,3,5}A{2,3,4} = {1,2,4,5}

M6t s6 khai niém va tinh

Hinh: Gian dd Venn mo tA AAB
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Tap hop

Bang tinh thudc

Céc chu tric co ban

Hoang Anh Buic

Bang tinh thudc (membership table) cGia cac phép toan trén tap
hdp M6t s6 khai niém va tinh

A[B]JAUB[ANnB|A-B| A AAB s v o
11 1 1 0 0 0 o
110 1 0 1 0 1

011 1 0 0 1 1 o
010 0 0 0 1 0

Bai tap 8

Xy dung bang tinh thudc cta G i g va mot s
(a) AU(BUC)va(AUB)UC SR
(b) An(BUC)va(ANnB)U(ANC)

(co AUBvaANnB
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Tap hgp

Céc hang dang thirc tap hop

Céc chu tric co ban

Hoang Anh Buic

Tén goi Pang thire
Luat ddng nhat ANU=A o
(Identity laws) AUd=A ff”’i"f“"‘?a‘"fﬁ""ff’ "
Luat nubt AUU=U ‘
(Domination laws) ANd=10
Luat Ity dang AUA=A -
(ldempotent laws) ANA=A
Luat bu kép =
(Double complement laws) A=4 "
Luat giao hoan AUB=BUA ;
(Commutative laws) ANB=BnNA
Luat ket hgp AU(BUC)=(AUuB)UC
(Associative laws) AN(BNC)=(AnB)NC
Luat phan phbi AU(BNC)=(AUB)N(AUC)

(Distributive laws) AN(BUC)=(ANnB)U(ANC(C)
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Tap hgp

Céc hang dang thirc tap hop

- - Céc chu tric co ban
Tén gOi Déng thu’c Hoang Anh Buic

Luat De Morgan ANB=AUB

(De Morgan'slaws) | AUB=ANB Mot b ki igm va

Luathapthy | AU(ANB) =4 () comrvirn e
(Absorption laws) | AN(AUB)=A
Luat bu AUA=U
(Complement laws) ANA=0

V6i hai tap A, B bét ky,

A Chitng minh 4 = 5 | .

(1) Chiing minh truc tiép AC BvaB C A

(2) Chting minh thong qua dinh nghia tap hop va cac phép ‘
bien doi l6gic

(3) Chiing minh béng bang tinh thudc

(4) Chiing minh bang gian dé Venn

\
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Tap hgp

Céc hang dang thirc tap hop

Céc chu tric co ban

Hoang Anh Buic

Vidu 1 (Dung dinh nghia) Vot sl i o
Chllfng minh AN B = Z U F @ Céc phép todn trén tap hop
m ANBCAUB
m Gidsliz € AN B. Theo dinh nghia, z ¢ AN B. Do do, can
ménh dé —(z € A Az € B) dung. Ap dung luat De Morgan, Lot
—(z € A) V =(z € B) dung. Theo dinh nghia, ta cé = ¢ A Mol sb ham va fodn
hoac z ¢ B.Dodd, x € Ahoacz € B,suyraz € AUB
" ANB2AUB
m Gidsliz € AU B. Theo dinh nghia, € A ho&c « € B. Do
do, » ¢ Ahodcx ¢ B. Nhu vay, ménhdé (x ¢ A)V (z ¢ B)
dung. Theo dinh nghta, —~(z € A) V =(x € B) cling dung. Ap !
dung luat De Morgan, ménh dé —(z € A Az € B) ding. Do
dd, =(x € AN B)dung,suyraz € AN B
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Tap hgp

Cac hing dang thiic tap hop

Vi du 2 (Dung dang thiic 1dgic da biét)

Chitngminh AnNB =AUB

ANB={z|z¢ AnB}
={z|-(xr€ AN B)}
={z|-~(xr€ ANz € B)}
={z|~(x € A)V~(x € B)}
={z|x¢ AVa ¢ B}
={z|ze€eAvaxe B}
={z|ze€ AUB}
=AUB

dinh nghia phan bu
dinh nghia ¢

dinh nghia N
luat De Morgan
dinh nghia ¢

dinh nghia phan bu
dinh nghia U

mo ta tap hop

Céc chu tric co ban

Hoang Anh Buic
Mot khai niém va tinh
hat co'k

@ Céc phép todn trén tap hop
Biéu dién tap hop bing
hudi nhi phar
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Tap hgp

Cac hing dang thiic tap hop

Céc chu tric co ban

Hoang Anh Buic

M6t s6 khai niém va tinh
hét co b

Céc phép todn trén tap hop

Vi du 3 (Dung bang tinh thudc)
Chitngminh AN B =AUB

A|B|A|B|AnB | AnB | AuB

1117070 1 0 0

110]0]1 0 1 1 *
o110 0 1 1 .
oo |1]1 0 1 1 A
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Tap hgp

Céc hang dang thirc tap hop

Vi du 4 (Dung gian dé Venn)

Chitngminh AnNB =AUB
U U
Hinh: Gian dé Venn  Hinh: Gian dd Venn
métd AN B métd ANB
U U U

Hinh: Gian d6 Venn
méta A

Hinh: Gian d6 Venn
mo ta4 B

Hinh: Gian d6 Venn
métd AUB

61

Céc chu tric co ban

Hoang Anh Buic

Céc phép todn trén tap hop



Tap hgp

Céc hang dang thirc tap hop

Céc chu tric co ban

Hoang Anh Buic

M6t s6 khai niém va tinh

Bé.| té.p 9 Géc phép toan trén tap hop
Chitng minh cdc hdng dang thic tap hop da dé cap (st dung s
cdc phuong phdp da vi du & trén) .

Bai tap 10 ot o v i
Vi hai tdp A, B bét ky, chiing minh

() ANBCAVAANBCB (e) AAA=0

(b) ANB=A—(A—B) (f) AAD = A N
(c) AU(B—A)=AUB (9) AAB = BAA "
(d) AN(B—A) =0 (h) (AAB)AB = A |
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Tap hap

Téng quéat héa phép hop va phép giao

Céc chu tric co ban

Hoang Anh Buic
m Do cac phép hop va giao théa man luat giao hoan va luat
két hap, ta cé thé mé rong cac khai niém nay cho day n
tap Ai,..., A, hodc tham chi day vé han céc tap. (24) i o toinvinp v
m Cach nhém va th tu thyc hién khéng quan trong
m AUBUC = (AUB)UC = AU(BUC) = BU(AUC) = ...
B ANBNC = (ANB)NC = AN(BNC) = BN(ANC) = ...

U U

A A

N/ NE

Hinh: Gian db Venn cho AU BUC Hinh: Gian dd Venn cho ANBNC
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Tap hap

Téng quéat héa phép hop va phép giao

Céc chu tric co ban

Hoang Anh Buic
m Hop (union) cha mét bd (hGtu han hodc vé han) céc tap
hop la mot tap chita tat ca cac phan ti la thanh vien cla it oo
nhat mét tap trong bd B dn o o i

Mot s6 ki

[ | UAZ:{J,"EZE{L,n}(xeAz)}:A1UA2UUAn

i=1
m Tuong tu véi tap chi s6 I bat ky U A; hay véi vo han cac "
iel
tap hop | 4;
i=1 4 f kh
mVidy véii=1,2,... néud; ={i,i+1,i+2,...}thi "

n t

Ua=UGi+1i+2...}={1,23. . }y=2"
i=1

i=1
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Tap hap

Téng quat héa phép

hgp va phép giao

m Giao (intersection) cla mot bo (hitu han ho&c v6 han) cac
tap hop la mét tap chita tat c& cac phan tit |a thanh vién
cla tat ca céc tap trong bd

| ﬁAz:

i=1

{z|Vie{l,...,n}(z € A))} =A1NAnN---NA,

m Tuong tu véi tap chi s6 I bat ky ﬂ A; hay véi vo han cac

tap hop

i€l

N

i=1

mVidy véii=1,2,... néud; ={i,i+1,i+2,...}thi

-
i=1

n

Nl i+1i+2,. .} ={nn+ln+2,...} =4,

i=1

Céc chu tric co ban

Hoang Anh Buic
Mot kF

Céc phép todn trén tap hop
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Tap hap

Biéu dién tap hop bang chudi nhi phan

m Gid s tap vi tru U la hiiu han va cac phan t& clia U dudc
liét ké theo thi? tu uy, us, us, - . . , un. Ta c6 thé biéu dién
mét tap hitu han A C U dudi dang mét chudi nhi phan
B(A) = z125... 2, trong dé z; = 1 néuu; € Avaz; =0
néuu; ¢ A.

] Vc'le:{l,Q,,lO} (’U,l =1,...,u10 :10)Va
A ={2,3,5,7} thi B(A) = 0110101000

U 1123|456 789110
BA) 0] 1] 10| 1|0|1[0[0]O
m Cac toan ti tap hop ‘U7, ‘N, va " lan lugt tuong g Véi
céac todn tlr 16gic “v”, “A”, va “=” thuc hién theo tirng bit.
Baitap 11
VoI U = {1,2,...,10} (u; = i), A, = {2,3,5,7}, Ay = {1,3,9},
hay so sanh
(1) B(A; U Ay) va B(A1) V B(As)
(2) B(A1 N Ay) va B(Ay) A B(As)

(3) B(Ay) va-B(Ay) g

Céc chu tric co ban

Hoang Anh Buic

M6t s6 khai niém va tinh

Céc phép todn trén tay
Biéu dién tap hop bing
chui nh phan



Ham

Quan hé

m Cho hai tap hop A va B. Mot quan hé (relation) R gilta A Ca:oj“ ‘;:;;;:”
va B 1a mot tap con cla tich Décac A x B. Ta viét aRb ’
néu (a,b) € R. Trong trudng hop A = B thi R duodc goi la
mot quan hé trong A
m A latap cac gidng vién. B latap cacldp. R C A x B la
quan hé “phan céng giang vién day I8p hoc”
m R = (): khong c6 glang vién nao day bat ky 16p nao (28) quanne
B R=Ax B:mbi glang vién day tat ca cac I6p
m Biéu dién mot quan hé bang hinh vé

A R B A R B
- a .—-. b
| 1
p o

(a) (b)
Hinh: (a) twong tu gidn dd Venn, (b) dd thi, (c) hé toa d6 Décéc



Ham

Quan hé

m Mot quan hé R trong A dugc goi la quan hé tuong duong
(equivalence relation) néu né théa man cac diéu kién sau

Tinh phan xa (reflexive) Véi moi a thudc A, ta cd aRa
Tinh doi xiing (symmetric) V&i moi a, b thudc A, néu ta cd
~_ aRbthitacling c6 bRa )
Tinh bac cau (transitive) V&i moi a, b, ¢ thudc A, néu ta co
aRb va bRe thi ta cling cé aRc

Baitap 12

Trong méi trudng hop sau, R ¢d phdi la quan hé tuong duong

hay khéng?

(1) R={(p,q) | p= q} V3ip,q la cdc ménh dé lbgic

(2) R={(A,B)| AC B} vdi A, B la cdc tap hop

(3) R={(A,B)| A= B} vdi A, B la cdc tdp hgp

(4) R ={(a,b) | b chia hét cho a} vGia,b la cdc s6 nguyén
duong

Céc chu tric co ban

Hoang Anh Buic

M6t s6 khai niém va tinh
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Ham

Dinh nghia ham va mét s6 khai niém

m V6i hai tap khéac réng A, B, mot ham (function) f tit A dén G cAu e o o
B, ky hiéu f : A — B, la mot quan hé gilta A va B gan Hosna Ann Brie
chinh xdc mét phan ti cda B cho méi phan ti cia A

(1) V&i moia € A, tdn tai b € B sao cho (a,b) € f
(2) V&i by va by thudc B sao cho (a,b1) € fva (a,b2) € f,tacd

by = b2
Néu b 1a phén tir duy nhat thuéc B dugc gan cho phan tif a -
thude A bdi f, ta viét f(a) = b (22) gonrgraram s

Hinh: Ham Hinh: Khéng phai ham
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Ham

Dinh nghia ham va mot s6 khéi niém

Gid st f 1a mot ham tir A dén B

m A duodc goi la mién xdc dinh (domain) cla f

m B dudgc goi 1a mién gia tri (codomain) cla f

m Néu f(a) = b, ta goi b 1a dnh (image) clia a va a la mét
nghich &nh (preimage) cGa b. Tap hop tat ca cac anh clia
cac phan tlr thudc A dugc goi la dnh ctia A qua ham f, ky
hiéu f(A)

m f(A)CB
m Ta ciing néi rang f dnh xa A dén B

Vidub5
Vi ham f nhu hinh bén
m Tap xac dinh A = {1,2,3,4,5}
m Tap giatri B = {2,4,6,8,10}
m f(A)={4,6,2,8} CB
m4cBlaanhclacadlec Ava
5eA Hinh: f: A— B

61

Céc chu tric co ban

Hoang Anh Buic

M6t s6 khai niém va tinh

Binh nghia ham va mot s6
khai nigm
Mot



Ham

Ham téng va ham tich ctia hai ham thuc

. Cac cu tric co ban

m Cho f, va f, la cac ham tu A den R. Ta dinh nghia f; + fo Hoéing Anh Bic
va f1f2 la cac ham tr A dén R, goi la cac ham thuc

(real-valued function), nhu sau. V&i moi x € A, ot o8 ndi i v o

fi + R)|x) =[fi(@) + f2(«) phép toan st
(fifo)lz) = [fi(@)fa(z) |trong R

Bai tap 13

Hay kiém tra lai rang f, + f> va f1 f> thuc su la cdc ham sé

ky hiéu ham

m Gid sl f 1a ham sb tir A dén B. C6 thé m& rong dinh
nghia &nh cla tap xac dinh A cho mét tap con S cla no. ;
Anh ctia S qua ham £, ky hiéu £(S), 1a tap tat ca cac anh
clia cac phan t& thudc S

mf(S)={t|IseSt=Ff(s)}={f(s)|s€S}
m Chu y: f(s) 1a mét phan tl clia B va £(S) 1a mot tap con
cla B

61



h

Ham
Ham hop

m Vicachamg: A — Bva f: B — C, ta cd thé dinh nghia | céecivriccosin
hop (composition) cla f va g, ky hiéu fog: A — C, nhu Hoang Anh Bifo

sau
(fog)(z)= f(g(x)) e
véi moi x € A byt
m Chu y: f o g chi dugc dinh nghia khi t4p gid tri cua g la tap
con cua tap xdc dinh cda f it b v ot o
m Chu y: Toan tf “o” khong giao hoan, nghia I3, trong hau it o vt
hét moi truong hop, fog # go f

M6t s6 khai niém va tinh

61




h

Ham
Ham hop

, Céc chu tric co ban
Vl dU 6 Hoang Anh Buic
A g B / C A fog C Mot s i i va o
a h Qa .4). h \‘ I “ “\‘ f
b b ]
2 - o
? l Q M6t sb ham va toan tir
C C
3
d J d J
4 Kkt

Bai tap 14

Cho g : {a,b,c} = {a,b,c} VBig(a) =b, g(b) = ¢, vag(c) = a.
Cho f : {a,b,c} — {1,2,3} V3i f(a) =3, f(b) =2, va f(c) = 1.
Hay tim fogvago f
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h

Ham

Pon anh

Céc chu tric co ban

m Ham f: A — B dugc goi la mét don dnh (injection) hay
mét ham mot-mét (one-to-one function) khi va chi khi
f(a) = f(b) kéo theo a = b v6i mai a va b thudc tap xac
dinh A cla f

B Va,b(f(a) = f(b) > a=0b) =Va,b(a#b— fla) # f(b)) N

Hoang Anh Buic

M6t s6 khai niém va tinh

Vidu7

g .

Hinh: Ban anh Hinh: Khéng phai don &nh

61



Ham

Pon anh

Cho f: A — Blamot ham sb trong d6 cac tap A4, B 1a tap con
ciaR
m f dudc goi la tang (increasing) khi va chi khi vi moi z,y
thudc A thda mén x < y, ta luén cé f(z) < f(y)
B VzVy (xz <y — f(z) < f(y))
m f dudc goi la thuc su tang (strictly increasing) khi va chi
khi v&i moi z, y thudc A thda mén = < y, ta ludn cé
f(z) < f(y)
B VaVy (z <y — f(z) < f(y))
m f dudc goi la giam (decreasing) khi va chi khi véi moi z,y
thudc A thda mén = < y, ta luén ¢é f(z) > f(y)
m VaVy (x <y — f(z) > f(y))
m f dudc goi 1a thuc su giam (strictly decreasing) khi va chi
khi v8i moi z, y thubc A théa man = < y, ta luén cd
f(@) > f(y)
m VaVy (z <y — f(z) > f(y))
Bai tap 15
Chuing minh néu f 1a ham thuc su tang hodc thuc su’ gidm thi
f la don dnh

Céc chu tric co ban

Hoang Anh Buic

M6t s6 khai niém va tinh

e M6t sb ham va toan tir

61



Ham

Toan anh

Céc chu tric co ban

m Ham f: A — B dugc goi la mét toan dnh (surjection) khi
va chi khi véi moi phan tlr b thudc B ton tai mot phan ti a
thudéc A sao cho f(a) =b

mVbec BIac A(f(a)=0)
m f(A) = B (4nh clia A qua f bang vdi tap gid tri B)

Hoang Anh Buic

Vidu 8
v X

M6t sb ham va toan tir

Hinh: Toan anh Hinh: Khéng phai toan anh ot



Ham
Song anh

Céc chu tric co ban

m Ham f: A — B dudc goi la mét song anh (bijection) khi va
chi khi n6 dong thai 1a don anh va toan anh

Vidu9

Hoang Anh Buic

v % x

g . @ M6t sb ham va toan tir

v @ Hinh:Don anh,  Hinh: Toan anh, Hinh: Khéng don
Hinh: Song anh- khang toan anh khong don anh  anh, khéng toan
anh
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Ham

Ham ngugc

Céc chu tric co ban

m Cho f: A — B lamoét song anh. Ham nguoc (inverse
function) clia f 1a mot ham gan cho méi phan ti b € B mot
phan t{f duy nhat a € 4 sao cho f(a) = b. Ham ngugc clia o
fdugckyhiéula f~':B— A o phi s e

m MGt song anh con dugc goi la mét ham kha nghich o o 9P
(invertible function)

Hoang Anh Buic

e M6t sb ham va toan tir

Bai tap 16
Chuing minh rang f~* la mét song dnh

61



Ham

Ham ngugc

Céc chu tric co ban

Hoang Anh Buic

M6t s6 khai niém va tinh

Baitap 17
Ham ngu'oc ctia cdc ham sau cé ton tai hay khéng? Tai sao?

(8) fiR—R f2)=a+1 () sy
(b) f:R =R, flz) =22
€) fR=R, f(z) =2z
(d) f:N=N, f(z) =2z

61



Ham

Ham ddng nhét

Céc chu tric co ban

m Cho A 1a mét tap haop. Ham déng nhét (identity function)
trén Alahamida : A — Atrong d6 id4(z) = x véi moi
reA TR

m id4 la song anh va&i moi tap A R,

m Véisong anh f : A — B va ham ngugc clia né o dién  rop i
ffl:B—= A

Hoang Anh Buic

ftof=ida e

Q
Q
Qe *

A
Hinh: Ham ddng nhét trén A o



Ham

Ham san va ham tran

Trong toan rdi rac, ta thuong dung hai ham sau
m Ham san (floor function) gan cho sb thuc 2 s6 nguyén 16n
nhét c6 gid tri nhd hon hodc bang =. Gia tri clla ham san
dudc ky hiéu 12 ||
m Ham tran (ceiling function) gan cho sbé thuc = sb nguyén
nho nhéat c6 gid tri 16n hon hodc bang . Gla tri clia ham

tran dugc ky hiéu 1a [z M.5] =2
. 2 e /'. """
m Neuz ¢ Zthi |—z| # —|z] va L5 O
[—a] # —[x] o T
mNéuzeZthi|z] =[z] =2 0L
Vidu 10 B s S
d
m|15]=1,[15]=2 ) __—}:'5',}. ......
m[-15=-2[-15]=-1 - |-15] = 2
m (-3 =-3[-3]=-3 -3 e e o

Céc chu tric co ban

Hoang Anh Buic

M6t s6 khai niém va tinh

61



Day

Dinh nghia day va mot sé khai niém

Céc chu tric co ban

m M6t day (sequence) {a,,} dugc xac dinh qua mot ham Hong Anh Bilc
f:I— Atrongdd I C Z va A latap bat ky
m Théng thuong, I = N hodc I = Z* = N — {0} WMot o i va o
m Viduy, day {a,} x4c dinh bdi f(n) = n? véi moi sb nguyén phép todin tén
n > 0c6 cac phantli0,1,4,9, 16, . { i ”
m V6in € I, ta st dung a,, dé chi anh ctia n, nghia la o
an = f(n). inh i
® a, lamot s6 hang (term) clia day {an} ot 58 e
m n |a chi so (index) clia a, (théng thudng, ta st dung i thay () oomgsaiysamore
vin) i nigm
m Dai khi, thay vi ky hiéu {a,}, co thé viét “day a,, a»,...” dé
chéc chan rang tap cac chi sb I dudc xac dinh rd rang

m C6 thé md ta mot day bang céach liét ké mot vai phan tr :
dau tién hoac cudi cung clia day va st dung “...” cho
phan con lai
m Vidu, cé thé mo ta day {a,} & trén bang céch viét
{an} =0,1,4,9,16,25,. ..
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Day

Cép sb nhan va cap sb cong

,. % A a . 3 N n - , Céc chu tric co ban
m MGt cap so nhan (geometric progression) la mét day co Hoaing Anh Biic
dang

a,ar,ar?, .. ar”, ... Mt s i o

trong d6 s hang déu tién (initial term) a va cong boi S tres o
(common ratio) r 1a céc s6 thuc
m Vidy,véin=0,1,2,... :
m {b,} Véib, = (-1)" s6 hang dau tién 1, cong boi —1 f§ |
m {c,}Vlic, =6-(1/3)"  s0hang dau tién 6, cong boi 1/3
m M6t cdp sb cong (arithmetic progression) |a mét day cé
dang

a,a+d,a+2d,...,a+nd,... Ky i g vt s

trong d6 s6 hang dau tién (initial term) a va cong sai :
(common difference) d |a cac so thuc
m Vidy,véin=0,1,2,...
® {dn}V6id, = —1+4n  sbhang dau tién —1, cong sai 4
m {e,}Vlie,=7—3n s0 hang dau tién 7, cong sai —3
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Day

Day cho bgi hé thic truy hoi

Céc chu tric co ban

m Mot hé thire truy hoi (recurrence relation) cho day {a,} la
mot phuong trinh biéu dién a,, thong qua mét hodc nhiéu
s6 hang trudc dé ctia day véi moi s6 nguyén n thda man Mot 5 ki vatoh
n > ng Vi ng 1a mot sd nguyén khdng am. B

m Véiday {a,} =0,1,4,9,16... \(n >0),an =apn—1+2n—1 i e
VGin > 1 1a mét hé thic truy hdi cho {a,} (& day no = 1)

m Dé dinh nghia mot day {a,,} thong qua hé thic truy hdi, ta -
can thém cdc diéu kién ban dau (initial conditions) bang otsbr
céch dinh nghia céc phan ti trudc a,, trong day

m D& dinh nghia {a,} qua hé thirc a, = a,—1 +2n — 1 () wrsomsenn
(n > 1), ta can thém diéu kién ban dau ap = 0 oy che

® Mot day dugc gO| la mot ngh/em (solution) cia mét hé thirc Ky i 6
truy hoi néu cac sbd hang cla day thda méan hé thuc do. Wit sb cong

m Gidi hé thiic truy héi vdi cdc diéu kién ban dau nghia 1a
tim mot coéng thiic tudng minh cho cac sb hang trong day

m M6t cong thite tudng minh cho déy {a,} dinh nghia b&i
an = Qn— 1+2n—1vdln> 1 va diéu kién ban dau ao = 0
A a,=n?>m>0)

Hoang Anh Buic

61



Day

Day cho bgi hé thic truy hoi

Céc chu tric co ban

VII dU 11 Hoang Anh Biic

m Day {b,} thda man hé thic truy hdi b, = —b,,_; v6in > 1 S
va diéu kién ban dau b, = 1 (.

m{b,}=1,-1,1,-1,... i

m Day {s,} théa man hé thiic truy hdi s,, = s,,_1 — 5,_2 VGi
n > 2 va diéu kién ban dau s = 3va s; =5

m{s,}=3,52-3,-5,...

m Day Fibonacci (Fibonacci sequence) { f,} (n > 0) dugc Biohnghia gy v
dinh nghia béi diéu kién ban dau fo = 0, f; = 1 va hé thiic () wsescsa
truy héi f,, = fu_1 + fn_o V6i moi sb nguyén n > 2 S

m{f,}=0,1,1,2,3,5,...

m Day giai thira (factorial sequence) { g, } dugdc dinh nghia
bdi diéu kién ban dau g, = 1 va hé thic truy hoi
Gn = Ngn_1 VOi Moi s6 nguyén n > 1

m{g.}=1,1,2,6,24,...
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Day

Day cho bgi hé thic truy hoi

Vidu 12
Gidi hé thic truy hdi d, = d,,—1 +4 (n > 1) v6i diéu kién ban
dau dp = —1

_{ Hwdng suy luan }

(1) TU hé thic truy hdi, ta ciing €6 d,, 1 = dp,_o + 4

(2) Thay (2) vao hé thiic ban dau
dy, = (dn_2+4)+4=dn_2+24

3) TU hé thic truy hoi, ta cling ¢6 dy,_s = dy_3 + 4

4) Thay (4) vao (3), ta thu dudc d,, = d,,_3 +3 -4

5) Lap lai qua trinh trén, ta “doan” d,, = d,,_, +7 -4

6) DE co mdt cong thiic tudng minh cho d,,, ta can
n—r=0,tdclar = n. Khidé d, dudc biéu dién qua dy
da cho trudc van = r.

(7) Tom lai,tacd d,, = —1 + 4n

(
(
(
(

Céc chu tric co ban

Hoang Anh Buic

@ Mot sb day déc bigt
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Day

Day cho bgi hé thic truy hoi

Céc chu tric co ban

Vi dU 13 Hoang Anh Biic
Gidi hé thire truy hoi a, = an_1 4+ 2n — 1 (n > 1) véi diéu kién
ban dau ag = 0 bt ran o
(1) Tu hé thidc truy hoi, ta cd a,—1 = an_o +2(n—1) —1 b i v v
(2) Thay vao hé thic ban dau, o
ap = (ap—2+2n—1)-1)+2n—1=a,_2+4n—4
(3) T hé thic truy hoi, ta ¢é a,_o = an_3 +2(n —2) — 1
(4) Thay vao (2),
anp = (ap—3+2n—2)—1)+4n—4=a,_3+6n—9 Dinh gt
(5) TU hé thiic truy hdi, ta cé a,—5 = an_y4 + 2(n —3) — 1 () wrst oo
(6) Thay vao (4), ;
ap = (an-a+2(n—3)—1)+6n—9=a,_4+8n—16 o
(7) Lap lai qud trinh trén, ta “doan” a,, =
(8) D& cé mdt cong thirc twdng minh cho a,,, ta can n — r = 0,
tlic la » = n. Khi d6 a,, dugc biéu dién qua ao da cho trudc
van=r
(9) Tom lai a,, =
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Day

Tim cong thic tudng minh clia mot day

Céc chu tric co ban

m Cho trudc mot vai phan ti clia day Hoang Anh O
m Yéu cau tim

m mot cong thire twdng minh cla cac s6 hang
m hodc mét phuong thic dé liét ké cac phan ti cla day e

Vidu 14
Sb tiép theo trong day c6 thé 1a bao nhiéu?
m1,2,34,...
m1,3,5709,...
m2,3,5711,... () s sy i
Vidu 15 G g i s
Céc sb hang tiép theo cé thé 1 bao nhiéu? PE——
m1,2,2,3,3,3,4,4,4,4
m0,1,3,6,10,15,21,28, 36,45, 55
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Day

Tim cong thic tudng minh clia mot day

Céc chu tric co ban

Hoang Anh Buic
m Mot phu’dng phap hitu ich dé tim cong thue téng quat cho
cac so hang clia mot day la so sanh cac s6 hang clia day
can tim vdi cdc s6 hang cuia m¢t ddy da biét (vi du nhu ot i i
cép sb cong, cap sb nhan, day sé chinh phuong, v.v...) bl

Cong thirc | Muoi s6 hang dau tién wan h
n? 1,4,9,16, 25, 36,49, 64, 81,100, . .. ol
n? 1,8,27,64,125,216, 343, 512,729,1000, . . . WGt b ham v todn
nt 1,16,81, 256, 625, 1296, 2401, 4096, 6561, 10000, . . .
I 1,1,2,3,5,8,13,21,34,55,89, . ..
2n 2,4,8,16,32, 64,128, 256,512, 1024, . . . (30) vy s i
3n 3,9,27,81, 243,729, 2187, 6561, 19683, 59049, . . .
n! 1,2,6,24,120, 720, 5040, 40320, 362880, 3628800, . . . ‘;

m Bang Tra Ctiu Day S6 Nguyén Truc Tuyén (The On-Line
Encyclopedia of Integer Sequences - OEIS)
https://oeis.org/

61



Téng

Ky hiéu tdng va mot sé khai niém

Céc chu tric co ban

m Cho day {an} mot sb nguyén gidi han dudi (lower /lm/t) m,
va mot so nguyen gidi han trén (upper //m/t) n>m. Tong
(summation) cla cac sb6 hang an,, ama1, ..., an cO thé
duoc viét 1a

Hoang Anh Buic

Um + Gmy1 + -+ ap
" Dinl ‘\H\U m va mét so
: :a] Mot am V. 1
Jj=m
Dinl hia va mét
Z a'] Mét y dac biét

m<j<n
m O day, j dudc goi la chi sé Iy téng (index of summation) R
va dugc chon hoan toan tuy y

n n n
doy=d m=) w
j=m i=m k=m
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Téng

Ky hiéu tdng va mot sé khai niém

Céc chu tric co ban

m Vi tap chi sb S bat ky, ta c6 thé viét

Hoang Anh Buic

: :a] M6t s6 khai niém va tinh

jes
m V6i {a,} la day vé han, ta cé thé viét
Zai:aj+aj+1+...
i=j
m T8ng céc gid tri cla mot ham trén tap X = {z1,22,...} e
Z f wl + f(xQ) :é:éuténgvam@(sékha’.
rzeX r"\ ng thifc téng hi
m Néu X = {z | P(z)} véi vi t P(z) ndo dé
D f(@) = fla) + flz2) +

P(z)
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Téng

Ky hiéu tdng va mot sé khai niém

Vidu 16

4
Zj2:12+22+32+42
j=1

) DI TEE SU
-t 2 3 100
Jj=1
e .
Z2ﬂ:1+2+22+23+...
=0
Z 2?2 =0+22+42+6% 48> +10°
(0<2<10)

A(z chn)

61

Céc chu tric co ban

Hoang Anh Buic

M6t s6 khai niém va tinh
hét co b

nigm



Téng

M6t sb cong thiic téng hitu ich

Céc chu tric co ban

Hoang Anh Buic

m T6ng hdng sé: Vi hdng s6 ¢ bat ky,

Se=(j-it1)c
m Phan phdi: V6i hang sé c bat ky, g o

doefm) = [

m Giao hodn: =) e
Mat s6 cong thic téng hitu
ich

61



Téng

M6t sb cong thiic téng hitu ich

Céc chu tric co ban

| 95/ chi Sé . Hoang Anh Bic
S fiy=> flk—n)
i=j k=j+n Cé \‘\‘uw‘wum ‘\’\

4 6
W Vidu) it = (k—2)° (dath=i+2)
i=1 k=3

m T4ch t6ng: V6ij < m < k

k m k Mét dac biét
D= f@)+ > f6) , |
e 7[:] i=m+1 ::,‘\ Sng van kh
:\gg( s6 cong thic t8ng hitu
m D3o thu tu:
k k

61



Téng

M6t sb cong thiic téng hitu ich

, , . . Cac cu tric co ban
m VGi {a,} la cap s6 nhan cé so hang dau tién a va cong bdi Hoéng Anh Bic
r, tong clia n + 1 s6 hang dau tién cla day la

n
S = Zari o i o b
=0
m Cong thuc twdng minh oinh gt am v
n arl —a
S:Zari: V1 n?UT‘#l s
=0 (n+1a néur=1

@ Mat s6 cong thic téng hitu
ich

S=a+ar+ar®+ar®+-- +ar"
rS = ar+ar® +ar® + -+ ar” + ar™ !

rS—S=a""t—a
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Téng

M6t sb cong thiic téng hitu ich

n Céc cAu tric co ban
rS=rY ar' cong thiic clia S Hosng Anh Bilc
=0
n M6t s6 khai niém va tinh
= Z a’l“H'l phén phél A,‘w \h‘“\‘wm\w pt
i=0 ot g
n+1
=> ar* d6i chi sb, k =i+ 1 ot bk i
k=1 s ‘
n n+1
= Zark + Z ark tach téng -

=1
n

= (Z ar® + ar®) 4 (ar"*tt — ar®)  thémvabét ar’ =« s ong s g

ich

n
= Z ar® 4+ (ar" — a) tach téng

=S+ (ar"™* —a) cbng thiic cla S
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Téng

M6t sb cong thiic téng hitu ich

Céc chu tric co ban

Vl’ dU 1 7 Hoang Anh Buic
Tim cong thirc tudng minh cho tdng 7' = i

i=1
T=1+2+3+-+n

T=n+n-1)4+Mm-2)4+--+1
9T = (n+1)-n

Bai tap 18
VGi {a,} la cdp sb cong cd s6 hang dau tién a va céng sai d, oot i
tong ctan + 1 s0 hang dau tién cua day la (55) wot b i g i

T= z": + id)
1=0

Hay tim cbng thic tudng minh cho T

61



Téng

M6t sb cong thiic téng hitu ich

Céc chu tric co ban

Vl’ dU 18 Hoang Anh Buic
100

Phuong phap clia Gauss dé tinh " A —
i=1 Céc phép toan trén tag

14243414 ... 4+97+93499 4+ 100

+|+H+

Bé.l té.p 19 @ &\ggtsécéng(hﬂclénghﬂu
Tim cbng thuc tudng minh cho T = Z i sir dung phuong phap

i=1
tuong tu nhu vi du trén. C6 thé dp dung phuong phap tuong tu
cho Bai tdp 18 khéng?

61



Téng

M6t sb cong thiic téng hitu ich

Céc chu tric co ban

Hoang Anh Buic

Vidu 19
o0 Mot 6 kr 2 tinh
Tim cong thic tudng minh clia T = >~ «" véi « la sb thycthda 1 000
man —-1<z<1
Ta da chiing minh o
ix" E— ‘ |
— x _ 1 Bi hi: n

Do-1<z<1,zF1 = 0khik— co. Tacd Ky ot v s

@ Mat s6 cong thic téng hitu
ich

b k+1_1 1
T=2 JE&ZI e

61



Téng

M6t sb cong thiic téng hitu ich

Tong Cong thirc twong minh
n n+1l _
S ark (r#£0) Y )
P r—1
= n(n+1)
>k —
k=1 2
zn:kQ n(n+1)(2n+1)
k=1 6
- k3 ’I'L2(’fl + 1)2
. k=1 4
Zxk (-l<z<1) 1
— 1—=z
> 1
kbt (-1 <z <1)
; FEE

Céc chu tric co ban

Hoang Anh Buic

e Mat s6 cong thic téng hitu

61

ich



Part |
Phu luc



NGi dung

Céc chu tric co ban

Hoang Anh Buic

Nghich |

Tap hop o
Nghich ly o

Luc lwgng cla tap vé han
binh nghia )
Tap dém dugc va khong dém duogc



Tap hap

Nghich ly

m Ching ta dang hoc mét ly thyét tap hop ngéy tho (naive o
set theory)
m Dinh nghia bang ngdn ngi tw nhién, khong chat ché vé mat Natien
toan hoc

m M0 ta céc khia canh clia cac tap hgp toan hoc quen thudc
trong toan rgi rac

m Ban than ly thuyet nay cé chira cac nghich ly (paradox) (=
mot phat biéu tu pht dinh chinh né mac du Itc dau nhin ¢é
vé dung)

m Nghich Iy Russell (Dat theo tén nha triét hoc, nha l6gic
hoc, nha todn hoc ngudi Anh Bertrand Russell
(1872-1970))

m Goi S |a tap tat ca cdc tap hop khéng chifa chinh né nhu 1a
mét phan tir, nghiala S = {A | Alamottap hgpva A ¢ A}
m Chu y ring theo dinh nghia tap hop ta da hoc, ton tai mét tap
hgp chia chinh nd nhu la mét phan tr. Vi du xét tdp T’ cdc
t4p hop cd chira it nhat mét phan ti
m Liéu S c6 phdila mét phan ti cta chinh né hay khéng, néi
cach khag, liéu S € S?



Luc lugng cda tap vo han

Dinh nghia

Céc chu tric co ban

m Nhac lai: Luc luong (cardinality) clia mét tap A, ky hiéu
|Al, 1a s0 phan t& khac biét ma A cé
m Cactép Ava B co cung luc lugng, ky hiéu |A| = | B, khi Nahich
va chi khi ton tai mét song dnh tit A dén B
m Néu ton tai mot don dnh tir A dén B, ta néi “luc lugng cla oot
A nhd hon ho&c bang luc lugng clia B”, va ky hiéu o
|| < |B|
m Khi |A| < |B|vahaitap A, B cé luc lugng khac nhau, ta
ndi “luc lugng clia A nho han lyc lugng clia B”, va ky hiéu
|A] < |B|
Bai tap 20
Chding minh (5ng |A| < |P(A)| vdi moi tap hop A, trong do
P(A) la tdp tat ca cdc tap hop con cla A

Bai tap 21
Tap 27 gbém cdc sé nguyén chan c6 cuing luc luong vdi tap sb
nguyén 7. hay khéng?

Hoang Anh Buic



Luc lugng cda tap vo han
Binh nghia

Céc chu tric co ban

Binh Iy 1: Binh Iy Cantor | Hoing A B

Khéng ton tai mét toan dnh f : A — P(A) Vi A la mét tép
hop bat ky va P(A) la tdp tat ca cac tap con clia A

Chdng minh.
Ta chitng minh bang phuong phéap phan chiing

m Gia s(/ ton tai toan anh f : A — P(A)

m Ta dinh nghia tdp con G C A nhu sau

G:={recAlzd f(z)}

m Do f latoan anh, tdn tai a € A sao cho G = f(a)
m Xét hai truong hop
m Néu a € G thi theo dinh nghia clia G, tacé a ¢ f(a) = G.
Day l1a mot mau thuan
m Néua ¢ G = f(a) thia ¢ f(a). Do dé theo dinh nghia clia
G,tacé a € G. Day l1a mdt mau thuln s



Luc lugng cda tap vo han

Tap dém dugc va khong dém dudgc

Céc chu tric co ban

m M6t tap ¢6 hitu han sé phan t& hodc cé clung luc lugng vdi
tap cac s6 nguyén duong Z* dudgc goi 1a tdp dém duoc
(countable set) va nguoc lai thi goi 1a tap khong dém duoc § ..
(uncountable set)

m C6 thé liét ké cac phan tif cla tap dém dugc theo thi ty:
phan t thi? 1, phan t& thi 2, v.v... Tp dém dge va ong

Hoang Anh Buic

m Khi mot tap vo han S la tap dém duoc, ta ky higu luc lugng
cla S 1a Ry (“aleph null”) va viét |S| = R

Vidu 20
01 2 3 4
Tap céc sb tu nhién N 1 tap dém duoc 1 1 1 I 1
1 2 3 4 5
Vidu 21
Ta 3¢ s6 &n duong 1é 1a t4 P23
ap cac sb nguyén ng 1& 1a tap
dém dugc % g g ; %



Luc lugng cda tap vo han

Tap dém dugc va khong dém dudgc

V |, d u 22 Céc chu tric co ban

Hoang Anh Buic

i |

Vi du 23 N

Tap dém dugc va khong

Tap céc s6 hitu ty duong Q* = {” | p,q € Z*} 1a tap dém dugc gém duge

1 2
Tap cac sb nguyén Z |a tap dém duoc I I
0 1

2
4

2 3
5

R e S
Wl = N
=N = W
Rl =
Wi €= U1

w
(S
utjen



Luc lugng cda tap vo han

Tap dém dugc va khong dém dudgc

Ta chitng minh t4p sé thuc R 1a tdp khéng dém dugc bang
phuang phap phan chiing st dung /4p luédn dudng chéo cla
Cantor (Cantor diagonalization argument)

m Gia st R latap dém duac. Do moi tép con clia mét tap
dem dugc ciing la mét tap dem dugc (tai sao?), tap cac so
thuc nam gitra 0 va 1 cling la tap déem dugc

m S3p thi tu cac s6 thuc gitta 0 va 1: 1,7, . ...

r = O.d11d12d13d14 N
o = 0.d21d22d23d24 e
rs = 0.d31d32d33d34 N
T4 = 0.d41d42d43d44 N

trong d6 d;; € {0,1,2,3,4,5,6,7,8,9}

Céc chu tric co ban

Hoang Anh Buic

Tap dém dugc va khong
dém dugc



Luc lugng cua tap vo han

Tap dém dugc va khong dém dudgc

Céc chu tric co ban

m Xay dung mot sb thuc r = 0.dydadsdy . .. méi trong do Hoang Anh Biic

e néu d;; # 4
"5 néud; =4

Tap dém dugc va khong
dém dugc

m r khong bang bt clt s6 nao trong cac s6 71, 72,... Vind
lubn khac r; & vi tri thit ¢ sau “0.”

m Do d6 r la mét s6 thuc gita 0 va 1 khong nam trong danh
sach ri, 79, ..., do moi so thuc c6 mét biéu dien thap phan
duy nhat

m T6m lai, khong phai moi s6 thuyc gitra 0 va 1 déu duogc liét
ké theo tha tu rq, T2,y va do do tap cac so thuc gitra 0
va 1 la tap khéng dem duogc

m Néu tap con C}]a mot tap la khong dém duoc thi tp do
cling khdng dem dugc (tai sao?), suy ra tap so thyc R la
khéng dem dugc



VNU-HUS MAT3500: Toan roi rac

Quy nap va bé quy

Hoang Anh Burc

B6 mén Tin hoc, Khoa Toan-Co-Tin hoc
Pai hoc KHTN, DPHQG Ha Noi

hoanganhduc@hus.edu.vn




NGi dung

Quy nap toan hoc
Gidi thiéu
Quy nap yéu
Quy nap manh
Mét s6 chitng minh quy nap sai

bé quy
Dinh nghia va mot sb khai niém
Ham dinh nghta bang dé quy
Tap hop dinh nghia bang dé quy
Quy nap theo cau tric

35

Quy nap va bé quy
Hoang Anh Buic



Quy nap toan hoc
Gidi thiéu

m Quy nap todn hoc (mathematical induction) 1a mét ky thuat Quy ngp v& B9 quy
chiing minh cuc ky quan trong Floang Anh e
® Quy nap todn hoc dugc sif dung dé chiing minh céc két uy nep
qua vé nhitng déi tugng rdi rac khac nhau oo
m d6 phic tap cla thuat toan L
m tinh diing d&n clia mét sb6 chuong trinh may tinh e
m céc dinh ly vé do thj va cay
m Ta sé gidi thiéu mot sb dang quy nap toan hoc
m Quy nap todn hoc yéu (Weak Mathematical Induction), hay
con goi 1a Nguyén Iy Thi nhat cda Quy nap todn hoc (The o
First Principle of Mathematical Induction) »
m Quy nap todan hoc manh (Strong Mathematical Induction)
hay con goi la Nguyén ly Thut hai ctia Quy nap toan hoc
(The Second Principle of Mathematical Indu’ction) .
® Tinh ding dan cla phuong phap quy nap bat nguon tir

Tién dé 1: Tinh chét sép thi ty tét |

Moi tdp con khdc répg cla tap cdc sb nguyén duong co
mot phan tr nhé nhat

35




Quy nap toan hoc
Quy nap yéu

,-[ Nguyén ly quy nap yéu }
Dé chitng minh Vn € Z+ P(n), chlng ta thuc hién hai budc
m Budc co sd (basis step): Chi ra ménh dé P(1) dung
m Budc quy nap (inductive step): Qhu’ng minh ménh dé
P(k) — P(k + 1) dung v&i moi s6 nguyén duong k
m Gid thiét P(k) duing, chitng minh P(k + 1) ding

m Gid thiét P(k) ding dudc goi 1a gid thiét quy nap
(inductive hypothesis hodc induction hypothesis)

.

Theo ngdn ng( 16gic,

(P(1)AVE € Zt (P(k) = P(k+1))) = Vn € Z" P(n)

35

Quy nap va bé quy
Hoang Anh Buic

Quy nap yéu




Quy nap toan hoc
Gidi thiéu

Quy nap va bé quy
Hoang Anh Buic

m Chiing minh Vn € Z*+ P(n) bang phuang phép quy nap
(1) Budc co sd: Chiing minh P(1) ding o
(2) Budc quy nap: Chiing minh P(k) — P(k + 1) ding véi moi Quy napyéu
k € Z*. Theo dinh nghia clia todn t( l6gic “—”, ta can penn
chitng minh rang P(k + 1) khéng thé sai khi P(k) diing. e
Diéu nay c6 thé dudc thuc hién bang cach gia thiét 1a P (k)
ang va chiing minh rang vdi gia thiét dé P(k + 1) ciing
Ung.
m Chu y ring & day ta khdng gid thiét P(k) diing vdi moi |
ket e
m Sau khi hoan thanh budc ca sd va budc quy nap:
m TU budc co sd, ta biét ring P(1) ding
m TU budc quy nap va P(1) ding, ta biét ring P(2) ding
m TU budc quy nap va P(2) ding, ta biét ring P(3) ding
m...
m TU budc quy nap va P(n — 1) ding, ta biét ring P(n) ding
(v&i bat ky s6 nguyén duong n)

35



Quy nap toan hoc

Gidi thiéu

Quy nap va bé quy
Hoang Anh Buic

Mét s6 cach minh hoa phuong phap quy nap
m Bi méat moi nguoi biét: Ta gid sit moi ngudi xép thanh mot
hang dai vo tan va dugdc danh s6 1,2, ..., k, ... Dé thuyét
phuc ai dé rdng moi ngudi déu biét mot bi mat, ban ¢é thé
ly luan rang
= Ngudi thr nhat biét bi mat )
m Néu ngudi th( k biét bi mat, thi anh/cé ay ndi cho ngudi thi
k + 1 bi mat dé
m Hiéu tng démind: Ta cé mot hang dai vo tan cac quan bai
domind danh s6 1,2, ...k, ... Dé thuyét phuc ai dé rang
quan bai thi & sé dé, ban cé thé Iy luan rang
®m Quan bai thi nhatdo,va )
m Bat ké khi nao mot quan bai do, quan bai ngay tiep theo né
cling dé

35



Quy nap toan hoc

Tai sao Quy nap toan hoc dung?

Quy nap va bé quy
, . 4 N , Hoang Anh Buic

Chung minh (Quy nap yéu la dung). ’

m Gia sl P(1) ding va v6i moi k € Z*, P(k) — P(k +1) _—
dung. Ta chiing minh ¥n € Z* P(n) bang phan ching e

m Gié sl ton tai n € Z* sao cho P(n) sai. Do d6, tap
S ={n|neZ"vaP(n)sai} C Z" latap khac rong.

m Theo Tién dé 1, S c6 mét phan tlr nhd nhat m. Do P(1)
ding, m #1vadoddém > 1,suyram—1¢€Z"

mDom—1<m,m—1¢S,vadodd P(m— 1) ding “

m Do P(k—1) — P(k) dung véi moi k € Z*, ta c
P(m —1) — P(m) dung.

m Két hop v6i P(m — 1) ding, ta c6 P(m) ding. Diéu nay
mau thuan véi dinh nghia cta m. Do d6 P(n) ddng v6i moi
s0 nguyén duong n

O

35



Quy nap toan hoc

Chon budc co s6

Khi st dung quy nap toan hoc, khong nhét thiét can bat dau véi
P(1) & budc co sd

,{ Nguyén Iy quy nap yéu (t6ng quat) }
Dé chitng minh Vn > b P(n) vdin € Z vab la s6 nguyén cho
trude, chung ta thuc hién hai budc

m Budc co sd (basis step): Chi ra ménh dé P(b) dung

m Budc quy nap (inductive step): Chirng minh ménh dé
P(k) — P(k + 1) dung v8i moi sO nguyén k > b

Theo ngdn ng 16gic,

(P(b) AVE € Z2° (P(k) — P(k +1))) = Vn € Z=" P(n),
trong d6 Z=* = {m | m € Zvam > b} (chi y 1a Z=' = Z+)
Bai tap 1
Chuing minh nguyén ly quy nap yéu téng quat la ding. (Go'i y:
DatQ(n—b+1)=P(n). Tacé¥n >bP(n)=¥n>1Q(n))

Quy nap va bé quy
Hoang Anh Buic

Quy nap yéu

35



Quy nap toan hoc
Mau trinh bay chiing minh quy nap

(1) M6 ta diéu can ching minh dudi dang “v6i moi n > b,
P(n)” véi b 1a s0 nguyén c6 dinh nao dé
m “P(n) véi moi s6 nguyén duong n” = chon b =1

Quy nap va bé quy
Hoang Anh Buic

m “P(n) v6i moi sb nguyén khéng am n” = chon b = 0 () aunapyiu

m VGi mot sb phat biéu, can xac dinh gia tri phu hop clia b
bang céch kiém tra gia tri chan ly clia P(n) v&i mét sb gid tri
nhé clan

(2) Viét cum tir “Budc co s8.” Sau d6 chi ra P(b) 1a diing. Hay
cén than chon diing gia tri clia b

(3) Viét cum tir “Budc quy nap.” va phat biéu mot cach rd rang
gid thiét quy nap dudi dang “Gia st rang P(k) ding v6i
mot s6 nguyén cb dinh k > b ndo d6”

(4) Phat biéu diéu can chitng minh véi gia thiét P(k) dung,
nghia la, phat biéu cu thé P(k+1)

(5) Chiing minh P(k + 1) ding s dung gia thiét P( ) duing

(6) Xac dinh r6 rang phan két clia budc quy nap, vi du nhu
bang cach viét “Budc quy nap dén day 1a hoan tat.”

(7) Sau khi hoan thanh budc co sd va budc quy nap, phat
biéu két luan “Bing phuong phap quy nap, ta da chiing
minh P(n) ding véi moi s6 nguyén n thda man n > b.”
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Quy nap toan hoc

chuy
Quy nap va bé quy
= Quy nap toan hoc co thé dugc st dung dé ching minh Hoang Anh Biic
moét gia thuyet khi gia thuyet nay da dugc thanh lap (va
dung). Tuy nhién, quy nap toan hoc khéng cung cap y up np b

tuéng giai thich tai sao cdc dinh ly lai ding e
m Viéc kiém tra phdt biéu can chiing minh véi mét sé gia tri ‘
nhé ctia n trude khi di vao chiing minh cé thé rat hitu ich.
Théng thudng, cac vi du nho cé thé gidp ta nhan ra cac
khia canh dé nham lan clia phat biéu hodc nhan ra tai sao Tap hop
phat biéu lai diing trong truding hop téng quéat ay o
m Théng thudng, budc chiing minh P(k + 1) véi gia thiét
P(k) la budc khd nhat trong toan b chiing minh quy nap.
Hay chac chan rang chung minh ctia ban dung voi moi
k > b, nhat la vdi céc gid tri nhd clia k, thAm chilacad k = b
m Néu ban khéng st dung gid thiét P(k) trong chiing minh
P(k + 1), thi cé thé cé diéu gi dé sai, hoac it nhat chiing
minh clia ban khéng thuc sy 1a chirng minh quy nap
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Quy nap toan hoc

Vidu
VI’ du 1 Quy nap va bé quy
Ta chiing minh phét biéu P(n) sau ding véi moi n € Z+ Hobng Anh Be
n y 1 v
> i H) oo
1=1 2 uy nap manh
m Buwdc co s@. P(1) ding, do vé trai bang 1 va vé phai e
bang D — 1

m Budc quy nap. Gia sit P(k) ding véi mot s6 nguyén cd B
dinh k > 1 nao dé, nghia la Y% | i = @ Ta chiing
minh P(k + 1) dling, nghia & 3_F* i = EHLER2) 15 ¢6

k+1 k
ZiZZH(kH) tach téng
i=1 i=1

k(k+1)

+(k+1) gia thiét quy nap

2
(k+D)(k+2)
-2 y



Quy nap toan hoc

Vidu
Vidu2
Ta chitng minh phat biu P(n) sau ding véi moi n € N
n . rn+1 —1 . ’
> ort= 1 vGi s6 thuc r # 1 bat ky cho trudc

i=0
m Budc co sd. P(0) ding, do vé tréi bang 1 va vé phai
bang =1 =1

m Budc quy nap. Gia st P(k) ding véi mot sb nguyén cb
dinh & > 0 nao do, nghia la YF  ri = =1 Ta chiing

minh P(k + 1) dung, nghia la k) i = 2221
k+1
Z = Z o4kt tach téng
1=0
T‘L-H -1 ., .
=— + rhtt gia thiét quy nap
rkt2

r—1

Quy nap va bé quy
Hoang Anh Buic

Quy nap yéu
y nap manh
Mt s6 chitng mi



Quy nap toan hoc

Vidu
, Quy nap va bé quy
Vl dU 3 Hoang Anh Buic
Ta chiing minh phat biéu Q(n) sau ding véi moin € N
|P(A)| = 2™ véi moi tap hgp A thdéa man |A| = n auyrapyi

m Budc co sd. Q(0) ding vi A = () 1a tap duy nhéat thda
man |A| = 0 va ta c6 vé trai [P(0)| = |{0}| = 1 bang véi vé
phai 20 =1

m Budc quy nap. Gia st Q(k) ding véi mot s6 nguyén cb
dinh k& > 0 nao do, nghia la |P(A)| = 2* vdi moi tap hgp A
thda méan |A| = k. Ta chiing minh Q(k + 1) dung, nghia la
|P(B)| = 25+ véi moi tap hgp B thda man |B| = k + 1.
That vay, gid st B 1a mot tap hop c6 k + 1 phan tir. Goi z
la phan t( bat ky clia B va dat C = B — {z}. Chd y rdng
néu D |a mot tap con clia B thi hodc D ciing 1a mot tap
con clia C néu = ¢ D, hodc D & hop clia mét tp con clia
CU{z}néuz e D.Dodé |P(B)| = 2|P(C)|, va theo gid
thiét quy nap |P(C)| = 2%. Suy ra [P(B)| = 2 - 2k = 2k+!
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Quy nap toan hoc

Vidu

= 2 < 2 2. s \.aa Quy nap va Bé quy
Hay su dung phuong phap quy nap dé giai cac bai tap sau Hoang Anh Biic
Bai tap 2 ‘
Chuing minh rang véi moin € Z+, ta cé thé phd kin ban co cuyrapyi

khéng hoan chinh kich thudc 2" x 2 véi mt 6 vuéng bj loai b6~ ...
bang cac khdi hinh chir L nhu trong hinh duci ddy sao cho
khéng co hai khoi nao chéng Ién nhau

(a) ()

(c)
Hinh: Phi kin cdc ban ¢d, vi du nhu (b) hodc (c), bdng cdc khéi hinh
chiz L nhu & (a)

(Ban c6 thé thi phd kin ban co'8 x 8 &
https://nstarr.people.amherst.edu/puzzle.html)
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Quy nap toan hoc
Vidu

Quy nap va bé quy

Hay s dung phuong phap quy nap dé gidi cac bai tap sau
Bai tap 3
Chting minh véi moi sb nguyénn > 0, o

- . |1 néun chan .
> (1) :{ v

Hoang Anh Buic

0 néunlé

Bai tap 4 i
Chitng minh réng vdi moi s6 nguyén n > 4, ta c6 2" > n? ok
Baitap 5 o
Chiing minh rdng vdi moi s6 nguyén n “dd Ion’, ta c6 2" > n®
(Go'i y: Vi bai tdp nay, trudc tién ban can tim duoc mét so
nguyén b va chirng minh bat dang thu'c da cho dung véi moi
n>b)

Bai tap 6

Chuing minh rang vdi moi s6 nguyén n > 2, cdc tap Ay, As, ...,
A, thbaman A, NnA,N-- NA,=A4,U4,U---UA,
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Quy nap toan hoc

Quy nap manh

,-{ Nguyén ly quy nap manh }
Dé chiing minh ¥n € 7 P(n), chlng ta thuc hién hai budc
m Budc co sd (basis step): Chi ra ménh dé P(1) ding

m Budc quy nap (inductive step): Chiing minh ménh dé
(P(1)AP(2)A---AP(k)) = P(k+ 1) dang v6i moi sO
nguyén duong k

m Gidthiét P(1) AP(2) A ---
P(k + 1) ding

m Gi thidt P(1) AP(2) A -+
thiét quy nap

A P(k) ding, chiing minh

A P(k) ding dugc goi la gia

Theo ngdn ng( 16gic,
k
(P(1) AVk € Z7F ( /\

trong do /\j=1 P(j)=P(1)AP2)A---AP(k)

)= P(k+1))) = VnecZ' P(n),

Quy nap va bé quy
Hoang Anh Buic

Juy nap
Quy nap manh
Mot hiing minh qu
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Quy nap toan hoc

Quy nap manh

Tuong tu nhu v6i quy nap yéu, 6 budc co s ta khong nhat Quynap 2 06y
th|ét Cén bét déu tl‘f P(].) Hoang Anh Buic

F[ Nguyén ly quy nap manh (t6ng quat) }

Juy nap
Quy nap manh

D& chiing minh Vn > b P(n) véin € 7 va b la s6 nguyén cho| & =
trude, ching ta thuc hién hai budc o
m Budc co sd (basis step): Chi ra ménh dé P(b) ding ‘

m Budc quy nap (inductive step): Chitng minh ménh dé " ‘
(P(b)AP(b+1)A--- A P(k)) = P(k 4 1) ding v6i moi

s6 nguyén k > b

Theo ngdn ngl 16gic,

Ead

(P(b) AVE € ZZ° (N P(j) = P(k+1))) = Vn € Z7" P(n)
j=b
Baitap 7
Tuong tu nhu Bai tdp 1, hay chiing minh nguyén ly quy nap
manh trén la ding s



Quy nap toan hoc

Quy nap manh

Quy nap va bé quy

Thém vao d6, thay vi chi chiing minh P(b) dting, ta ¢6 thé lam o
nhiéu hon & budc co sd

,-{ Nguyén ly quy nap manh (tong quat) } e

Dé chiing minh 'n > b P(n) v8in € Z va b la s6 nguyén cho o
trude, chung ta thuc hién hai buéc o
m Budc co s (basis step): Chi ra cac ménh de P(b), Ham g g s
P(b+1),..., P(b+ j) ding, véi j la mét s nguyén
duong c6 dinh nao dé

m Budc quy nap (inductive step): Chitng minh ménh dé
(P(B)ANP(b+1)A---AP(k)) = P(k + 1) ding véi moi

sO nguyén k > b+ j

Theo ngdn ng( 16gic,
J k
(/\ P(b+i)AVk € ZZ" ( )\ P(i) = P(k +1))) = Vn € 27" P(n)

=0 i=b
35



Quy nap toan hoc
chay

m V& mat hinh thiic, quy nap manh va quy nap yeu khac

nhau & gia thiét quy nap: & quy nap yeu ta chi gla thiét
P(k) dung, con d quy nap manh ta gia thiét tht ca cac

ménh dé P(1), P(2), ..., P(k) déu ding

m Quy nap manh va quy nap yéu la tuong duong vé mat
légic, nghla la, quy nap yéu dung khi va chi khi quy nap
manh cling dung

m Néu ban c6 thé truc tiép chimg minh P(k + 1) vdi gid thiét
P(k) dung, nén dung quy nap yéu

m Nguac lai, néu ban c6 thé chiing minh P(k + 1) tr gia thiét
P(j) dung v6i moi j < k, nhung khéng r6 lam sao dé truc
tiep chiing minh P(k) — P(k + 1), nén dung quy nap
manh

Quy nap va bé quy
Hoang Anh Buic

uy nap
Quy nap manh
Mét hi
nap sai

35



Quy nap toan hoc
Vidu

Vidu4
Cho P(n) la vi tif x4c dinh trén mién Z=2 nhu sau

n 6 thé duoc biéu dién dudi dang tich cta cdc s nguyén to

Ta chitng minh Vn € Z22 P(n) bang phuong phap quy nap
manh

m Budc co sd. P(2) ding, vi 2 ¢6 thé dugc biéu dién dudi
dang tich clia mét s6 nguyén té—chinh né

= Budc quy nap. Gia st P(j) ding véi moi sb nguyén j
thda man 2 < j < k v6i k > 2 1a s6 nguyén c6 dinh nao do.
Ta chirng minh P(k + 1) dung. That vay,

m Néu k +1 la s6 nguyén t6, P(k + 1) ding do k + 1 ¢6 thé
dugc biéu dién dudi dang tich clia mét sb nguyén tb—chinh
né

= Néu k + 1 1a hgp sb, ta c6 thé biéu dién k + 1 = ab vdi a,b la
céc so nguyén duong thég man 2<a<b<k+l Theo gia
thiét quy nap, cé a va b déu cé thé dugc biéu dién dudi
dang tich clia cac s6 nguyén 6, va do dé k& + 1 cling thé

Quy nap va bé quy
Hoang Anh Buic

@ Quy nap manh
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Quy nap toan hoc
Vidu

Vidu5 e
L ol oang Anh Blic
Cho vi tit P(n) v6in € 7212

n=4a+ 5b Vdia,b € Z

Ta chitng minh Vn € Z='2 P(n) bang phuong phéap quy nap (22) o oo marn

manh
m Budc co sd. Ta chiing minh P(12), P(13), P(14), P(15)
déu ding. Thatvay, 12 =4-3,13=4-2+5-1,
14=4-14+5-2,vals=5-3
m Budc quy nap. Gia sl v6i moi sb nguyén cb dinh k > 15
bét ky, P(m) ding v6i moi sb nguyén m thda man
12 < m < k. Ta chérng minh P(k + 1) dung. That vay, do
k >k — 3> 12, theo gia thiét quy nap, ta cé P(k — 3)
dung, nghia 1a ton tai a, b € Z* sao cho k — 3 = 4a + 5b.
Suyrak+1=(k—3)+4=4(a+1)+5b
Bai tap 8
Chitng minh vi du trén bang quy nap yéu
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Quy nap toan hoc

Quy nap manh

Bai tap 9 s
Goi P(n) la vit'n = 3a + 5b vdi a,b € 7. Bai tdp nay mo ta
cdch chiing minh P(n) dung vdi moi s6 nguyénn > 8 bang
phuong phdp quy nap manh

(a) D€ hoan thanh budc co s6, hdy chiing minh rang cdc

ménh dé P(8), P(9), va P(10) la ding

(b) Gia thiét quy nap la gi?

(c) Trong budc quy nap, ban can chitng minh diéu gi?

(d)

(e)

Quy nap manh

d) Hay hoan thanh budc quy nap chon > 10
e) Gidi thich tai sao nhitng budc trén cho thay rang P(n)
dung véi moin > 8

Bai tap 10
Chi st dung céc to tién ménh gid 20000 VND va 50000 VND,
cdc ban cd thé tao thanh coc tién cd nhing gia tri nhu thé nao?
Hay chiing minh cau trd 10i cia ban bang phuong phap quy
nap manh
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Quy nap toan hoc

Mbt s6 chiing minh quy nap sai

Vidu 6 ([Gunderson and Rosen 2010]) Quy nap v& D quy
2 Hoang Anh Buc
Cho P(n) la E

. Ta chéing minh P(n) dung voi

moin € Z* bang phu’dng phép quy nap M::;\‘;r‘ -

. (1 1)2 nap sai
m Budc co sd. P(1)dingdo ——2— =1

m Budc quy nap. Gia sit P(k) ding véi mot s6 nguyén cb g
dinh £ > 1 nao dé. Ta chirng minh P(k + 1) dung. That vay Tiocp

k+1 k ’
Si= <Zz) + (k+1)
i=1 =1
k4 1)2 R P
_ +22) +(k+1) gié thit quy nap
(k3P 2k+ )41
- 2 Chiing minh nay sai &
(k+1+3)? dau?

2 35



Quy nap toan hoc

Mbt s6 chiing minh quy nap sai

Vidu 7 ([Gunderson and Rosen 2010])
BE chiting minh moi s6 nguyén duong déu béng nhau, budc
dau tién ta xét

P(n) :=“Néun = max{a,b} Véia,b e Z* thia = b

Néu P(n) ddng véi moi n € Z*, thi v6i moi z,y € Z*, ta chon
n = max{z, y} va theo P(n) ta c6 = = y. Do do6 moi s0 nguyén
dudng déu bang nhau. Ta chiing minh P(n) dung véi moi
n € Z* bang phuong phdp quy nap

m Budc co s0. Vdin = 1, ta ¢ max{a,b} = 1vaa,b € Z+,

do dda=0b=1,suyra P(1) ding.
m Budc quy nap. Gia st P(k)
Chitng minh nay sai 6

dung véi mot s6 nguyén co dinh
dau?

k > 1 nao dé. Ta chiing minh
P(k+1) dung
That vay, gia st hai sb ¢, d € Z+ théa man max{c,d} = k + 1.
Do dd, max{c — 1,d — 1} = k. Theo gia thiét quy nap,
c—1=d-1,vadoddc=d

Quy nap va bé quy
Hoang Anh Buic

Mot s6 chitng minh quy
nap sai
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Quy nap toan hoc

Mbt s6 chiing minh quy nap sai

Vi du 8 (Tat ca ngua déu cung mau)
P(n) := “Bét ky n con ngua ndo déu cé cung mau sac”

That vay, ta chitng minh Vn € Z* P(n) bang phuong phap quy
nap

m Budc co sd. P(1) hién nhién ding.

m Budc quy nap. Gia sit P(k) ding vé6i s6 nguyén k > 1 cb
dinh nao dé. Ta chitng minh P(k + 1) ciing ding. Gia s{
cd k + 1 conngua Hi, Hy, . .., Hy, H11. Theo gid thiét
quy nap, Hy,Ho,..., Hy deu c6 cling mau sac. Cung theo
gia thiét quy nap, Hg, ooy Hiy Hy1 déu co cung mau sac.
Do d6, Hy, Ho, . . Hk,HkH déu c6 cling mau sac

7 H, Hy Hy H,
Chiing minh nay sai 6
dau?

35

Quy nap va bé quy
Hoang Anh Buic

Mot sb chitng minh quy
nap sai



bé quy

Dinh nghia va mot s6 khai niém

m Trong quy nap, ta chitng minh moi phan tt cia mot tap vo
han thda méan vi t¥ P ndo dé bang cach
m chiing minh tinh duing dan clia P cho cac phan ti¥ I6n hon
trong tap hgp dua vao tinh ding dan clia cac phan ti nhd
hon
m Trong cac dinh nghia dé quy (recursive definition), tuang
ty, ta dinh nghia mot cau tric (ham, vi tu, tap hgp, hay mét
cAu trdc nao dé phu’c tap hon) trén mot mién vo han nao
dé (mién xac dinh) bang cach
m dinh nghta cAu triic clia cac phan tir I6n hon dya vao cau
tric cla céac phan ti nhé hon

Quy nap va bé quy
Hoang Anh Buic

Binh nghia va mot sb khai
nigm
Ham di
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bé quy

Ham dinh nghfa bing dé quy

Quy nap va bé quy

m Ham dinh nghia bang dé quy (recursive function) Hoang Anh Bie
f:N — Avoitap A bat ky
m Budc co sé (basis step): Binh nghia mét sb gia tri ban dau oy

F(0), £(1), ..., f(b) v6i sb nguyén cb dinh b > 0 ndo d6 e

m Budc dé quy (recursive step): Binh nghia mét quy luat dé e

tim gid tri clia f(n) tU cac gia tri f(n — 1), f(n —2), ..., o

fn—=">), f(n—b—1)vdimoin >b

Vidy9 e
Dinh nghia mot day bang hé thirc truy hoi
m Day Fibonacci { f..}

m Budccosd: fo =0, fi =1

m Budcdé quy: fr, = foo1 + fa2 (n>2)
m Day giai thta {g,,}

m Budccosd:g =1

m Budc dé quy: g, = ngn—1 (n > 1)
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bé quy

Ham dinh nghfa bing dé quy

Vi du 10 (Chting minh tinh chéat clia ham s dung
dinh nghia dé quy)
Cho day Fibonacci {f,, }. Ta ching minh f,, < 2" vdimgin € N
bang quy nap manh
m Budccosd: fp=0<2"=1va f, =1< 2" =2 (st dung
céac dinh nghia & budc ca sd cla dinh nghia dé quy)
m Budc quy nap: Gia st véi moi i théaman 1 < i < k, ta cé
fi < 2% Tachiing minh fi,,1 < 281, Thét vay,

Jr+1 = fe + fr—1
< 2k 4 9k—1 gia thiét quy nap
<2k 428 = oFH!

Quy nap va bé quy
Hoang Anh Buic

ni
Ham dinh nghia bang dé
quy
Tap hop dil
& q

y nap th
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bé quy

Ham dinh nghfa bang dé quy

Quy nap va bé quy

Vi du 11 (Chting minh tinh chat clia ham s dung
dinh nghia dé quy)
Cho day Fibonacci {f,,}. Ta chiing minh f,, > o2 vdi moi s6

145

Hoang Anh Buic

tu nhiénn >3 vaa = ~ 1.61803 bang quy nap manh wtsbenrgm

2
m Budccosd: Véin=3,1taco fz3 =2 > a®>2 = . Vii A,
5 on
, ]. 5 Ham dinh nghia bang d
n=4,tacof4=3>a4*2:a2:( +2\/—> = .,wmgf”
3 +2\/5 —a+1~2.61803 o
m Budc quy nap: Gia st v4i moi i théaman 3 < i < kta cd
fi > &=2. Tachiltng minh f,.1 > o*~1. Théat vay,
Jer1 = fe + fr—1
> af 2 4 oh 3 gia thiét quy nap

=a" 3 (a+1

=aFf3a? =k ! doa?=a+1 o




bé quy

Tap hop dinh nghia bing dé quy

m T4p hop dinh nghia bang dé quy (recursive set)
m Budc co sé (basis step): Binh nghia mot tap con cac phan
t(f ban dau
m Budc dé quy (recursive step): Binh nghia mdt quy luat dé
tim phan t0 méi trong tap ti cac phan tr da biét la thudc tap
dé
m Thoéng thudng, véi cac tap dinh nghia bang dé quy, quy
tac ngoai trir (exclusion rule) sau ludén dugc ap dung: tap
hap can dinh nghia chi chifa cac phan tl liét ké & budc co
s& va céc phan tif thu dugc bang cach ap dung quy tac &
budc dé quy.

Quy nap va bé quy
Hoang Anh Buic

Tap hop dinh nghia bing
48 quy
nap th
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bé quy

Tap hop dinh nghia bing dé quy

Vidu12
m Tap S céc sb nguyén duong chia hét cho 3
m Budccosd:3c S
m Budcdéquy:Neuz € Svaye Sthiz+ye S
m Dautién,3 € S,sauddéla3+3=6,3+6=09,v.v..
m Tap s6 tu nhién N
m Budccosd:0 €N
m Budc dé quy: Neun e Nthin+1€N
m Tap céc chudi ky ty * sinh bdi bang chi cai
m Budc co s&: A € &* (A la chudi rbng khong chita bét ky ky
ty nao) )
m Budc dé quy: Neuw € X" vaz € X thi we € &7
m Vidunéux = {0,1} thi
B ) € = (budc ca s8)
m {0,1} C =* (lan dau ap dung budc quy nap)
m {00,01,10,11} C ¥ (lan th& hai ap dung budc quy nap)
|_IRAVAN
m Do dé =* |a tap tAt ca cac chudi nhi phan

35

Quy nap va bé quy
Hoang Anh Buic

Tap hop dinh nghia bing
48 quy
uy nap th



bé quy

Tap hop dinh nghia bing dé quy

Vidu 13
m Tap cdc cong thifc dugc tao diing quy tac (well-formed
formulae) trong l6gic ménh dé
m Budc co s&: T, F, va ménh dé nguyén ti s 1a cac cong
thitc dugc tao ding quy tac
m Budc dé quy: Néu A va B 1a cac cong thiic dugc tao ding
quy téc, thi (=A), (AA B), (AV B), (A = B),va (A < B)
cling thé
m Vidy, véi cdc ménh dé nguyén tli p,q, (pV ¢q) — (¢AF)) la
¢6ng thiic dudc tao dung quy tac, con Apg, pgA, va p A ¢ thi
khong phai (Tai sao?)

Quy nap va bé quy
Hoang Anh Buic

Tap hop dinh nghia bing
dé quy
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bé quy

Quy nap theo cau tric

Quy nap va bé quy
Hoang Anh Buic

D& chiing minh mot tinh chét P clia cac phan tl clia mot tap
hgp dinh nghia theo dé quy, ta st dung quy nap theo cau tric -
(structural induction) mpea

,.{ Nguyén ly quy nap theo cau tric } |

m Budc co sé: Chiing minh rdng moi phan tl dinh nghia
trong budc co sd clia dinh nghia dé quy déu théda man P oy o tho o i

m Budc quy nap: Chiing minh rdng néu céc phan tir dugc
s dung dé xay dung phan t&* méi clia tap hap trong
buéc dé quy déu théa man P, thi phan t& méi ciing thda
man P

\. J

35



bé quy

Quy nap theo cau tric

Quy nap va bé quy
Hoang Anh Buic

Vidu 14
Cho S la tap dinh nghia theo dé quy nhu sau:
m Budccosd:3c S
m Budc dé quy: Néu = ¢ Svéye Sth‘lx+y€S
Ta chirng minh bang quy nap theo cau tric rang moi phan tir
clia S déu chia hét cho 3
m Budc co sd: 3 chia hét cho 3
m Budc quy nap: Gia sl véiz € Svay € S, cd z vay déu
chia hét cho 3. Ta chiing minh n = = + y cling chia hét cho
3. That vay, do z chia hét cho 3, ta c6 x = 3k v4i s0 nguyén
k nao do. Tuong ty, y = 3; v4i s0 nguyén j nao do. Suy ra
n=ux+y=3(k+j), vado doé n cling chia hét cho 3

Quy nap theo cau tric
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bé quy

Quy nap theo cau tric

Vidu 15
Ta chiing minh bang quy nap theo cau tric rang ‘moi cbng thuc
duoc tao dung quy. tac trong I6gic ménh dé cd s dau ngodc
don trai “(” bang s6 dau ngodc don phai “)”
m Budc co sd: Cac ménh dé T, F, va moi ménh dé nguyén
tl s déu khong cé cac dau ngodc don trai va phai
m Budc quy nap: Vdi cong thic A, goi lA var, lan luot 1a
s6 ngoac don trai va ngoac don phai clia A. Gia st voi cac
cong thiic A, B, I, = 74 va lp = rg. Ta chitng minh rang
diéu nay chg dL'mg V@i cac cong thiic (—A), (A A B),
(AV B), (A — B),va (A + B). That vay, cong thiic dau
tién cd 14 + 1 ngodc tréi va r 4 + 1 ngodc phai, va cac cong
thirc sau d6 ¢b 14 + I + 1 ngoac trdiva r4 + rp + 1 ngoac
phai

35

Quy nap va bé quy
Hoang Anh Buic

Quy nap theo cau tric
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Quy nap va bé quy
Hoang Anh Buic

1y nap theo cau tr
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Noi dung

Quy nap toan hoc
Tinh ding dan ctia Quy nap manh
Quy nap manh va quy nap yeu la tuong duong

Quy nap va bé quy
Hoang Anh Buic




Quy nap toan hoc

Tinh ding dan cGa Quy nap manh

Ching minh (Quy nap manh la dung).

m Gia st P(1) ding va véi moi k € Z+,
(P(L)AP2) N+ AP(k)) — P(k+ 1) dung. Ta ching
minh Vn € Z* P(n) bang phan chiing

m Gié siif ton tai n € Z* sao cho P(n) sai. Do d6, tap
S ={n|neZ"vaP(n)sai} C Z" latap khac rong.

m Theo Tién dé 1, S c6 mot phan ti nhd nhat m. Do P(1)
dingvam € Z*,tacém > 1,suyram—1¢€ Z*

= Theo dinh nghia cla m, véi moi s6 nguyén duong
J <m—1,tacd P(j) ding (neéu khdng thi j < m va P(j)
sai; diéu nay mau thuan véi dinh nghia ctia m). Do d6
P()AP(2)A---ANP(m—1)ding

m Do (P(1) A P(2) A--+AP(k)) = P(k+ 1) ding v6i moi
keZt, taco (P(1 )AP(?)A---AP(m—l)) — P(m) ding

m Két hop Vi P( JAP(2)A---ANP(m—1) dung ta céd P(m)
dung. Piéu nay mau thuan véi dinh nghta clia m. Do dé

P(n) dlng véi moi sb nguyén duong n

Quy nap va bé quy
Hoang Anh Buic

Tinh diing dén cla Quy
nap manh



Quy nap toan hoc

Quy nap manh va quy nap yéu la tuong duong

Quy nap yéu = Quy nap manh. Quy nap va D6 quy

Hoang Anh Buic
(1) Gia st véi moi R(n), ta cd
(R(1) AVEk € ZT (R(k) — R(k +1))) — Vn € Z* R(n) Tih ding dén o Cuy
duing, nghia 1, quy nap yéu ding S,
(2) Gid st vdi vi tlr P(n) ta co you a uong dueng
P(1) AVk € ZF N\S_y P(j) — P(k + 1) ding, nghia a,
budc co sG va budc quy nap clia quy nap manh la ding.
Ta chitng minh Vn € Z* P(n) ding
(8) Ta dinh nghia Q(n) = /\;L:1 P(n) véimoin € Z+
(4) T (1), tacod
(QU)AVE e ZT (Q(k) = Q(k+1))) = Vn € ZT Q(n) ding
(5) Tir (3), ta ¢ Q(1) = P(1) va
Vn € ZT Q(n) =Vn € Z* P(n)
(6) Chu y rang véi cac ménh dé p,qbatky p - g=p - pAgq
(Tai sao?).
(7) Do d6 Q(k) = Q(k+1) = \i_, P(k) —» NJEl P(k+1) =
Ni_y P(k) = Ni_y P(R)AP(k+1) = N5_y P(k) — P(k+1)
(8) Thay (5) va (7) vao (4), ta c6 diéu phai chiing minh
O .



Quy nap toan hoc

Quy nap manh va quy nap yéu la tuong duong

Quy nap manh = Quy nap yéu.

(1) Gia sl véi moi R(n) ta cé
(R(1) AVE € ZF (Ni_y R(j) = R(k+1))) = ¥n € Z* R(n)
dung, nghia la, quy nap manh ding

(2) Gia st véivitlr P(n) ta c
P(1)AVk € Z+ (P(k) — P(k + 1)) dung, nghia la, buéc co
s8 va budc quy nap cla quy nap yéu ding. Ta chiing minh
Vn € Z* P(n) ding

(3) Chu y rang véi cac ménh dé p, ¢, r bat ky, néu p — ¢ diing
thi p A r — ¢ cling ding (Tai sao?)

(4) Ap dung (1) véi P(n), ta cé
(P(1) AVE € ZF (Ns_, P(j) = P(k+1))) = ¥n € Z* P(n)
dung.

(5) TUr (2),tacéd P(1) ding vaVvk € Z* (P(k) — P(k + 1))
dung. Két hop véi (3), ta cé
Vk € Z* (Ni_, P(j) = P(k + 1)) ding

(6) TU (4) va (5) ta c6 diéu phai chiing minh

Quy nap va bé quy
Hoang Anh Buic

Quy nap manh va quy nap
yéu 1a tuong dudng
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Noi dung

Thuat toan |

Hoang Anh Buic

Thuéat toan
Dinh nghia va mét s6 khai niém s
Mét s6 quy tac viét ma giad o
B4t bién vong lap Mt ot s o

Tim kiém va Sap xép )
M6t s0 thuat toan tim kiem
Mot s thuat toan sap xép

D6 tdng clia cac ham

Gidi thiéu
Mot sO ky hiéu quan trong
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Thuat toan

Dinh nghia va mot s6 khai niém

Thuat toan |

m Mot thuat todn (algorithm) 1a mét tap hiru han cac huéng Hong Anh Bc
dan cu thé dé thuc hién mét nhiém vu nao dé
m cdng hai sb tu nhién biéu dién duéi dang sb thap phan Dih i va mt b

nigm

m dang ky mén hoc tryc tuyén Vot 56y th vt
m di tir nha dén truong e
m Mot chuong trinh may tinh (computer program) la Vet ok ot ke
m mot md ta cla thuat toan nao dé )
m s{r dung mét ngdn nglt dl chudn xac dé may tinh cé thé
hiéu
m clng véi cac phép toan ma may tinh da biét cach thuc hién
Ta noi rang thuat toan dugc cai dat (implement) cu thé
bang chuong trinh may tinh
m Khi m& mdt phan mém trong may tinh, ta néi rang chuong
trinh hodc thuét todn cta né du'oc chay hodc duoc thuc
hién béi mdy tinh
m Khi cé m6 ta clia mét thuat toan, ban ciing ¢d thé thuc
hién tirng budc cua thudt todn vdi giay va but
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Thuat toan

Dinh nghia va mot s6 khai niém

Thuat toan |

Mot sb tinh chat clia mot thuat todn

DAu vao (Input) M6t thuat todn cé cac gid tri dau vao ti mot tap
da dugc xac dinh trudc

Dau ra (Output) TU méi mdt tap cac gid tri dau vao, mot thuat toan
sinh ra cac gia tri dau ra. C4c gia tri nay chinh Ia I5i
gidi cho bai toan

Tinh xac dinh (Definiteness) Céc budc clia mot thuat todn can
phéi dugc xac dinh mét cach chinh xac

Tinh ding dén (Correctness) V&i méi tap gid tri dau vao, mot
thuat toan can cho ra két qua dau ra ding

Tinh hitu han (Finiteness) V6i mdi tap gia tri dau vao, mét thuat
toan can cho ra cac gia tri dau ra mong mudn sau
mét s6 hitu han (cé thé 1a rat 16n) cac budc

Tinh hiéu qua (Effectiveness) Mbi budc clia thuat todn can dugc
thuc hién mét cach chinh xac va trong thoi gian hiru
han

Tinh téng quat (Generality) Thuat toan phai 4p dung dudc cho
moi bai toan mong mubn, chid khong phai chi véi
mot tap cac gid tri dau vao dac biét

Hoang Anh Buic

Binh nghia va mot sb khai
nigm
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Thuat toan

Dinh nghia va mot s6 khai niém

Thuat toan |

m Mot thuat todn cling ¢6 thé dudc mé ta bang mét ngén Hoang Anh Biic
ngd may tinh (C, Python, Java, v.v...). Tuy nhién, nhiing
mé ta nay can tuan theo céc chi dan cu thé trong ngon e A e b

ngli may tinh twong ting. Diéu nay dan dén viéc cac mo ta ey
theo phuong phap nay thudng phirc tap va khé hiéu
m Thay vi dung mét ngdn ngi* may tinh cu thé dé mé ta thuat v
todn, ta st dung ngdn ngir théng thudng, gia ma |
(pseudocode), hodc so do khoi (flowchart) Wt . i
m M6t mo ta day di clia mot thuat todn bao gdm ba phan
(1) Thuat toan (algorithm)
m M6 t& mot cach rd rang va chinh xac nhat c6 the
m Thudong kém theo mé ta ngén gon vé y tudng clia thuat todn
(2) Mot chitng minh vé tinh diing dan (correctness) clia thuat
toan
m Vi moi tap dau vao, thuat toan can cho két qua dau ra ding
(3) Mot phan tich vé thoi gian chay (running time) clia thuat
toan
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Thuat toan

Dinh nghia va mot s6 khai niém

Thuat toan |

Hoang Anh Buic

Binh nghia va mot sb khai
nigm

Sau day, ta sé trinh bay e
m Vidu vé mot sb cach mé ta mét thut todn
m Ngbn ngif théng thudng Mt 5 thuat todn im
m S0 do khoi
m Magia
m Vi du vé mét phuong phdp chitng minh tinh ding dan cia
mot thudt todn: phuang phap st dung bat bién vong Iap
(loop invariant). Ta s& minh hoa phuang phap nay bang
cdch gidi thiéu y tudng chitng minh tinh ding dan clia cac
thuat toan sé dugc mo ta
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Thuat toan

Dinh nghia va mot s6 khai niém

Thuat toan |

Hoang Anh Buic

Vidu 1 (M6 ta thuat toan bang ngdn ngir théng
thuong) Vot uy i ma g
m Bai toan:
® Input: a1, as, . .., a,: ddy s6 nguyén
m Output: Gid tri clia phan t I6n nhat trong day
m Tim gia tri cGia phan tr I6n nhat: o s
(1) Gan gia tri cia m6t bién tam thdi v (phan tlr I6n nhat dén
thai diém hién tai) bang a.
(2) Xét phan tl ngay tiep theo trong day \
(3) Neu phan t{ d6 16n hon v thi gan gia tri clia v bang g tri
cla phan ti ) ‘ )
(4) Lap lai (2) va (3) cho dén khi khéng con phan t& nao dé xét
(5) Tra lai gia tri cla v
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Thuat toan

Dinh nghia va mot s6 khai niém

Thuét toan |

Hoang Anh Buic

Binh nghia va mot sb khai
nigm

Vi du 2 (Thuc hién thuat toan) s i
m Input: Day a; = 7,a2 = 12,a3 = 5,a4 = 16,a5 = 9 i Sipsé
m Output: Gid tri cla phan t 16n nhéat trong day Mot

as Qy as

ay ag

B
=2 i=3 i=4 i=25

v="T7T wv=12 wv=12 wv=16 wv=16
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Thuat toan

Dinh nghia va mot s6 khai niém

Vi du 3 (M6 t& thuat toan bang so dé khdi)

/ Hoang Anh Buic

Input: Day ay.ay,....a,

o Binh nghia va mot sb khai
nigm
Mot sb quy téc viét ma gid

Mot s6 thuat toan tim kiém

Mot s6 thuat toan sip xé

Mot s ky hiéu quan trong
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Thuat toan

Dinh nghia va mot s6 khai niém

Thuat toan |

Hoang Anh Buic

Vi du 4 (M6 ta thuat toan bang gia ma)

nigm

Thuat toan 1: Tim gi4 tri clia phan t( I6n nhét einintieing

Input: ay, as, ..., a,: ddy s6 nguyén o
Output: Gia tri clia phan tf I6n nhat trong day Wb o

1 vi=a // phén t 16n nhdt d&én hién tai
2 fori:=2tondo // 1lan ludt xét as,...,a, e
3 ifa; >vthen // a; > phidn t& 18n nhit hién tai?
4 L vi=ay // bay gid v 18n nhit trong
ay,...,a;

5 returnv
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Thuat toan

Mbt sb quy tic viét gia ma

m Gid ma (pseudocode) |a mét dang hén hop gilta ngdn ngl H::::::DLC
théng thuong va ngdén nglr 1ap trinh

m Mot bién (variable) dudc st dung dé biéu dién vi tri trong
bd nhd may tinh dé luu trik mot gid tri. Khi ta ngi dén mot  (9) o awiesiunioa
bién X nao dé, trén thuc té, ching ta mudn s dung gia tri
luu tai mot vi tri nao d6 trong bdé nhd ting véi X

m Mot phép gan (assignment) thuong c6 dang
variable := expression, trong dé biéu thiic expression & vé
phai sé dugc tinh toan va két qua tinh toan dugc luu trir &
vi tri trong bd nhé tuong (ng véi bién variable

m Trong céu tric diéu kién (conditional statement) if
condition then S, else S,, biéu thirc condition dugc tinh
toan va sé cho ra gid tri cudi cung & True (dlng) hodc
False (sai). Néu True thi doan ma S; sé dugc thuc hién,
con ngugc lai thi S, sé dugc thuc hién. Sau khi S; hodc S
dugc thuc hién, cac 1énh ngay tiép sau cau tric diéu kién
s€ dugc thyc hién
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Thuat toan

Mbt sb quy tic viét gia ma

Thuat toan |

Hoang Anh Buic

m Trong vong lap for (for loop) fori = 1 ton do S, gia tri ban
dau clia bién i duoc gan bang 1. Néu gia tri clia i nhé hon
hodc bang n, doan ma S sé dudc thuc hién. Doan ma S cé Mot auy tho vist ma gid
thé st dung bién i hodc khong. Sau méi 1an thuc hién S
(I&n I3p (iteration)), bién i dugc ting thém 1 va dudc kiém
tra xem gia tri sau khi tAng clia i ¢6 phai van nhd hon hodc
bang n hay khong. Néu két qua 1a True thi vong lap dugc
thuc hién thém mot lan nita véi gia tri méi cla . Nguoc lai,
cdc 1énh tiép theo ngay sau vong for duoc thuc hién

m Trong vong lap while (while loop) while condition do S,
doan ma S dugc thuc hién bat ké khi nao gia tri clia biéu
thiic condition con ding (True). Néu condition sai ngay khi
bat dau vong 1ap while thi S khéng bao gid dugc thuc hién

® Moi thi ndm sau céc dau // hodc nam gilia /* va */ 1a
céc nhan xét hodc chu thich ma chuong trinh sé b6 qua
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Thuat toan

B4t bién vong 1ap

Thuat toan |

Hoang Anh Buic

Mot s6 quy té

m CG rét nhiéu phuang phap khac nhau dé chiing minh tinh Bit i vng
ding dan ctia mot thuat toan Mot 5t o i i
m M6t trong s6 d6 1a st dung bat bién vong Idp (loop o
invariant—mot phuong phap dugc xay dung dua trén
phuong phap quy nap toan hoc
m Vong Iap (loop): for, while, v.v...
m M6t bat bién vong Idp |a mét phat biéu luén diing trudc va
sau moi 1an Idp (iteration) ctia mét vong lap (loop)
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Thuat toan

B4t bién vong 1ap

Ta can chi ra ba diéu vé mét bét bién vong 13p L

Khéi dong (Initialization) L ding truéc 1an 13p dau tién cla
vong 1ap

Duy tri (Maintainance) Néu L ding trudc mot 1an 13p clia vong

Iap thi né cling duing trudc 1an 1p tiép theo

Dng (Termination) Khi vong l3p dirng, bat bién vong lap cho
ta mot tinh chat hitu ich dé chiing minh thuat
toan dung

B3t dau vong l3p

le— BAt bién vong 13p L ding

K&t thic vong I3p

Lénh trong vong lap

L A B ding L A =B ding
Hinh: B4t bién vong lap

42

Thuat toan |

Hoang Anh Buic

Mot sb quy tic v
Bét bién vong lap



Thuat toan

B4t bién vong 1ap

Vidub Thuét todn |
Mot bat bién vong lap trong Thudt toan 1 (vong for & Dong 2-4) tim gié tri Hoing Anh Bife
I6n nhat trong day so nguyén a, ..., a,

L := O trude lan Iap vdi bién i, v = max{ay, as,...,a;—1} i

Mét uy t; i€
Goi v; 1a gid tri cla v trudc 1an I3p véi bién i (14) satsién vong o
m Khdi dong (i = 2): Ta can chi ra ring truwdc vong for,
vy = max{a;} = a1, va diéu nay hién nhién diing do Thuat toan 1 gén ,
v béng a; & Dong 1
m Duy tri: Gid st L ding & trudc 1an 18p vdi i = k nao do, nghia 1a i
vg = max{ay, ...,a,_,}. Ta chtng minh L ding & trudc 1an lap véi
i =k+1,nghia la vi41 = max{ai,...,ax—1,a;}. Ta xét cac trudng
hop dua trén diéu kién & Dong 3
m Néu ay, > v = vy sai, gid tri clia v khong thay di, va do d6 viy1 = vx. Ta

c6 max{ai,...,ak—1,a,} = max{vg,ar} = vg. Suy ra
k41 = max{ai,...,ak-1,ar}
m Néu ay, > v = vy, ding, gid tri clia v dudc gén bang ayx, va do dé
k41 = ag. Ta cling ¢6 max{ai,...,ar—1,ar} = max{vy, ar} = ai. Suy
ra vg+1 = max{ay,...,ak—1,ar}

m Dirng: Sau khi két thiic 1an 13p i = n (hodc, trudc khi bat dau lan I3p
i =n+ 1 ma sé khéng bao gid dugc thuc hién), v = max{as,...,a,}
va do dé 1 gia tri I6n nhat clia cac phan ti trong day dau vao
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Thuat toan

Mat s6 thuat todn tim kiém

Thuét toan |

Hoang Anh Buic

Bai toan tim kiém }

M6t sb thuat toan tim kiém

Mot s6 thuat toan sip xé

Cho mét day n phan tit s, as, . . ., a, va mot phan tir z. Tim =
trong day da cho hoac két luan rang = khéng cé trong day

m Tim kiém tuyén tinh (Linear Search)
® Tim kiém nhij phan (Binary Search)
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Thuat toan

Tim kiém tuyén tinh

Thuat toan |

Hoang Anh Buic

m Bai toan:

- 2 N % n o Mot s6 thuat ton tim kiém
B Input: ay, ..., an: day SO nguyén, x: SO nguyén Mt s thust todn
m Output: Chi s6 i thda man = = a; ho&c 0 néu = khéng cé
trong day o

= Tim kiém tuyén tinh: Lan luot xét cac phan tir trong day
cho dén khi tim dugc 2 hodc khéng con phan t&r nao dé xét
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Thuat toan

Tim kiém tuyén tinh

Thuét toan |

Hoang Anh Buic

Vi du 6 (Tim kiém tuyén tinh)
m Input: Day a; = 2,a5 = 5,a3 = 6,a4 = 8,a5 = 12vaz =8

m Output: Chi sb i théa man z = a; hodc 0 néu z khong cé Nk ok o i
trong day
aj a2 as Qa4 as

2l B [ B e

=1 1=2 =3 1=4
Fr Az Az =z
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Thuat toan

Tim kiém tuyén tinh

w

£y

5

6

7

8

Thuat toan 2: Tim kiém tuyén tinh (Linear Search)

Input: ai, ..., a,: day sb nguyén, z: sb nguyen

Output: Chl s6 i thda man z = a; hodc 0 néu z khdng cé
trong day

i:=1 // B&t ddu tu ddu day

while i <n vax # a; do // Chua xong va chua tim thiy
t i:=i+1 // Pi t8i vi tri tiép theo trong diy
if i < n then

t location := i // Tim thdy x trong day
else
L location := 0 // Khdéng tim thiy z trong diy

return /ocation

Thuat toan |

Hoang Anh Buic
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Thuat toan

Tim kiém tuyén tinh

Thuat toan |

M6t bét bién vong Iap trong Thuat toan 2 (vong while & Dong 2-3)
tim kiém tuyén tinh s6 nguyén x trong day a4, ..., a,

Hoang Anh Buic

L := Otrude Ian lap voi bién i, x ¢ {ay,... a;i_1}

m Khdidong (i = 1): Doi— 1 =0, tap {ai,...,a;_1} l1atap
réng, va do dé = ¢ {a1,...,a;_1}, nghia la L ding (19) ottt o tim kit

m Duy tri: Gid s L diing & trudc lan 13p véi i = k nao d6, nghia
laz ¢ {a1,...,ar_1}. Taching minh L ding & trudc lan 1ap
Vvéii=k+1,nghialax ¢ {al, ... ax}. That vay, dé thyc hién
1an 18p i = k, diéu kién & vong wh|Ie can dugc théa man,
nghia la k < nva z # a;. K&t hop véi gia thiét, ta cé diéu can
ching minh

m Dirng: Vong I&p while két thic khi i = n + 1 hodc & = a; V6i
1 < i < n. V6i truong hop dau tién, bat bién vong 18p L cho ta
x ¢ {a1,...,a,} vado dé két luan khong tim dugc =. Voi
trudng hop thit hai, 2 hién nhién thuoc day da cho
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Thuat toan

Tim kiém nhi phan

Thuat toan |

Hoang Anh Buic

m Bai toan:
m Input: a1, ..., a,: diy sb nguyén thuc su tang, x: s6 nguyén s
m Output: Chi s6 i théa man = = a; hodc 0 néu = khong cé o
tr‘()ng déy @ Mat s6 thuét toan tim kiém
m Tim kiém nhi phan: (M6t vi du vé ky thuat chia dé tri o
(divide and conquer) trong thiét ké thuat toan)
(1) Tinhm = [(1 4 n)/2]. Phan t& & giita clia day 12 a,,
(2) Chiaday ay,...,ay thanh hai day con (a) a1, ..., an va (b)
Am41, ..., an. NéU z > a,, thi ta chi tim z trong day con (b),
con nguac lai thi ta chi tim « trong day con (a)
(3) Lam tuong tu cho dén khi khéng gian tim kiém chi con mét
phan t& a;. Néu 2 = a; thi trd lai vi tri ¢ cla z, con nguoc lai
thi trd lai 0
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Thuat toan

Tim kiém nhi phan

Vi du 7 (Tim kiém nhj phan)

Hoang Anh Buic

m Input: Day a; = 2,a5 = 5,a3 = 6,a4 = 8,a5 = 12vaz =8

m Output: Chi s6 i thda man z = a; hodc 0 néu z khdng cé

trong day

a a2 as Qa4 as
[ 2 5 6 8 12 o
i m J
<z Vot s 9 higu

451 a2 as Qy as
2 5 6 8 12

i=m )

=X

ay a2 as Q4 as
2 5

=X 42



Thuat toan

Tim kiém nhi phan

Thuat toan |

Thuat toan 3: Tim kiém nhij phan (Binary Search)

Hoang Anh Buic

Input: ;. .., a,: dy sb nguyén thuc su tang, x: s6 nguyén
Output: Chi s6 i thda man = = a; hodc 0 néu x khéng co trong day

1 i:=1 // Chi sb bat ddu khodng tim kiém s
2 ji=n // Chi sb k&t thic khodng tim kiém ‘ ‘

3 while: < j do // Khi khodng tim kidm cé6 > 1 phén td Mot sb thudt todn tim kidm
o | me=16+9)/2) // Chi sé ciia phin t & gitta B

5 if 2 > a,, then o

6 L i:=m+1

7 else

8 L ji=m

9 if z = q; then
10 L location := i

11 else
12 L location := 0

13 return location s



Thuat toan

Tim kiém nhi phan

Thuat toan |

M6t bét bién vong Iap trong Thuat toan 3 (vong while & Dong 3-8) tim
kieém nhi phan so nguyén x trong day thuc sv tang a4, ..., a,

Hoang Anh Buic

L := O truée mdi 1an Idp vdi cde biéni, j, néu z € {ay, ..., a,} thi

x €{ai,aiy1,...,a;}
m Khoi déng (i=1,7=n)1L h|én nhién dUﬂg Mot s thuat todin tim kiém

m Duy tri: Gia sl & trudc 1an 18p véi cac bién &, ¢, néu
z € {ay,...,a,} thi 2 € {ag, arq1,...,ac}. Ta chling minh rang
truéc 1an lap ké tiép véi cac bién (a) k, | (k + £)/2] ho&c (b)
[(k+0)/2] +1,¢,néu z € {ay,...,a,} thi tuong ing (a)
x € {a;€7 ceey G/L(k+£)/2j} hOéC (b’) S {awﬁqrg)/zwrl, ey ae}. VGi
(a), diéu kién & Dong 7 can dugc thda man, nghia 1a
T < a|(k+0)/2)- DO A0, néu z € {ak, a1, ..., ac} thi (@) ddng. Vi
(b), diéu kién & Dong 5 can dugc théda man, nghia la
x > Q| (k+0)/2]" Do dé, néu S {ak, A1y~ ag} thi (b,) dL’Jng

m Dirng: Vong I&p while dirng khi i = j, va tif L, ta c6 néu
x € {ay,...,a,} thi z € {a;}. Do d6 Thuat toan 3 tra lai vj tri chinh
xac cla = hodc két luan khong tim dudc & (Dong 9—13)

42



Thuat toan

Mbt sb thuat toan sap xép

Thuét toan |

Hoang Anh Buic

Bai toan sap xép } m iém va S&p xép
N 5 .| @
Cho mét déy n phan t&t va moét cach so sanh hai phan ti bat
ky trong day. Hay sap xép day theo th ty tang dan

m S3p xép ndi bot (Bubble Sort)
m S&p xép chen (Insertion Sort)
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Thuat toan

Sap xép ndi bot

Thuat toan |

Hoang Anh Buic

m Bai toan: Mot sb quy i
m Input: a1, as, ..., an: ddy sb thuc (n > 2) o
m Output: Day da cho dudc sap xép theo thi tu tang dan "
m Sap xép néi bot:
(1) So sénh céc phan t( lién tiép, bat dau véi cap (a1, az) o
(2) Néua; > az, hodn déi gia tri clia chiing
(3) Lap lai (1) va (2) véi cac cap (az, as), (a3, aq), .
(an—-1,an). LUC Nay, a, la phan tl 16n nhét trong day
(4) Lap lai (1) — (3) véiday ai,...,an—1, va sau dé véi day
Aly.e.yOp—2, déy Alyeoey An—3, .., cho d’én déy ai, a2
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Thuat toan

Sap xép ndi bot

Vidu 8

Thuét toan |

Hoang Anh Buic

m Input: DAy ay = 34, ay = 13, a5 = 21, as = 3, a5 = 89 st
m Output: Day sap xép theo thif tu ting dan

i=1
=2
1=3
i =4

az
13
21
3
13
13
13

as
21

3
21
21

21

Q4
3
34
34

34

as
89 Mét s ky hiéu quan trong
89

89
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Thuat toan

Sap xép ndi bot

1

2

E )

(3]

6

Thuat toan |

Hoang Anh Buic

Thuat toan 4: Sp xép ndi bot (Bubble Sort)
Input: ay, as, .. ., a,: day s6 thuc (n > 2) ) |
Output: Day da cho dugc sap xép theo thit ty tang dan s
fori:=1ton—1do // Lap lai n—1 1&n Mt s thuat todn sép xép
forj:=1ton—:do
if a; > a;;1 then
Hoan déi gia tri clia a; va a; 4

/! Qn_it1,-..,a, 43 dudc sip x&p

// ai,...,a, 43 dudc sdp xép

42



Thuat toan

Sap xép ndi bot

Thuat toan |
Hoang Anh Buic

Thuat toan 4 ¢ hai vong 1ap for: vong I&p trong & Dong 2—4 va
vong lap ngoai (chita vong ldp trong) § Dong 1-4

m M6t bat bién vong 1&p cho vong lap ngoai 1a

O trudc 1an 1dp i, day an—it+1,-- ., ay la day tdng chua cac

phan ti I6n hon hodc bang moi phan trtrongay,...,a,_;

m M6t bat bién vong lap cho vong 1p trong 1a (22) worsd v rotn oo

O trude 1an lap 7, a; = max{ay,...,a;}

So do chirng minh:

m Chiting minh budc Khéi dong cho béat bién vong lap ngoai

m & budc Duy tri cho vong ldp ngoai
m Chitng minh bét bién vong Iap trong (Khdi dong, Duy tri,

Dung)
m S{ dung bat bién vong Iap trong dé ching minh cho vong

1ap ngoai
m Chiing minh budc Dirng cho béat bién vong lap ngoai



Thuat toan

Sép xép chen

Thuat toan |

| Béi tOén: Hoang Anh Buic

m Input: a;, az, ..., a,: ddy sb thuc (n > 2)
m Output: Dy da cho dugc sap x&p theo th(? tu ting dan
m Sap xép chen:

(1) Xét ap. Tim vi tri trong day 1 phan t& a; dé chén a, bang
cach duyét toan bo cac phan tl trong day tif phai sang trai (29) worsb o s
va ddy moi phan tif 16n hon a, sang phai mét budc. Cheén as
vao ngay sau phan t{f dau tién nhd hon hodc bang as khi
duyét dy & trén. Dén day day a1, as da dudc sip xép theo
duing tha tu

(2) Xét as. Tim vi tri trong ddy 2 phan t& a1, a2 d& chén a3 bing

céch duyét toan bd cac phan ti trong day tir phai sang trai
va ddy moi phan tf I6n hon as sang phai mot bude. Chen as
vao ngay sau phan t& dau tién nhd hon hoéc bang as khi
duyét day & trén. Dén day day a1, as, as da dudc sip xép
theo dung thi tu

Tiép tuc vdi a4, as, . . ., an. Cubi cling ta thu dugc day
ai,...,an da dugc sdp xép theo ding thi tw

&)
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Thuat toan

Sap xép chen

Thuét toan |

Hoang Anh Buic

m Input: Day a; = 34, as = 13, az = 21, ay = 3, a5 = 89
m Output: Day sip xép theo thit tu tang dan

451 a2 as ay as
34 13 21 3 89
i=2 13 34 21 3 89
1= 13 21 34 3 89
i =4 3 13 21 34 89
1 =2>5 3 13 21 34 89

42



1

2

Thuat toan

Sép xép chen

Thuat toan 5: Sap xép chén (Insertion Sort)

Input: ay,as, .. ., a,: ddy s6 thuc (n > 2) i
Output: Day da cho dugc sap xép theo thi tu tang dan
fori=2tondo

m:=a; // m s8p dudc chén vio diy ay,...,a; 1
ji=i—1
while j > 1 vam < a; do // Néu m < aj, d&y a;
sang phdi d& c6 chd chén m
CLJ’+1 = aj
ji=7-1

Gjp1 =M // Chén m

// D&y ai,...,a; 48 dudc sdp thi tu

42

Thuat toan |

Hoang Anh Buic



Thuat toan

Sap xép chen

Thuat toan |

Hoang Anh Buic

Thuat todn 5 ¢6 hai vong 1ap: vong lap trong while & Dong 4-6
va vong lap ngoai for (chita vong I&p trong) & Dong 1-7 WMot sb hut o m
m M6t bat bién vong 1&p cho vong lap ngoai 1a
O'trude lan Idp i, day ai,. .., a;_1 la ddy ting ot
m Mot bat bién vong 1ap cho vong lap trong 1a
O truée 1an 1ap 5, m < min{a;i1,...,a;}
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Do tang clia cac ham

Gidi thiéu

m Viéc phan tich (analysis) mét thudt todn yéu cau cung cap
mot xap xi vé thoi gian (time) va bé nhd (space) can thiét
dé thuc hién mét thuat toan

m D6 phiic tap (complexity) ciia mot thuat toan 1a lugng thoi
gian va bd nhé can dé thuc hién mot thuat toan

m Thudng dugc thé hién thdng qua cac ham ctia kich thudc
ctia dau vao (input size)

m Dé danh gid va so sanh do phuic tap clia cac thuat toan
khac nhau, ta giéi thiéu ky hiéu O-Ién (big-O notation) va
mo t& cach xap xi do ting clia cac ham thong qua ky hiéu
nay va tir dé xap xi do phtic tap cla cac thuat toan

m V6icacham f: R — R hodc f : N — R, trong nhiéu trudng
hop ta can tim hiéu xem chiing tang nhanh dén mdc nao

m So sanh cac ham: Néu f tdng nhanh hon g thi f(z) > g(z)
véi “gia tri G 16n”

m So sanh tinh hiéu qua cla cac thuét toan khac nhau cling
giai quyét mét bai toan

Thuat toan |

Hoang Anh Buic

Gidi thiéu
Mot s6 ky higu qu:
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Do tang cla cac ham
Ky hidu O-16n

Thuat toan |

Hoang Anh Buic

Ky hiéu O-I6n |

Cho fvaglacacham R — R. Tandirang f /2 O(g) (doc la“f ‘
la O-16n cla g” hodc “f thudc 16p O(g)”) néu ton tai cac hang
s0 C va k sao cho |f(x)| < Clg(z)| véi moi z > k ot st osinsép

m 3C, kVe > k(|f(x)| < Clg(z)]) o
m 12 O(g) néu tir sau diém k nao do, gid tri clia ham f

khéng vuat qua gid tri cia mot hang sé nhan véi gia tri cla

ham g. Ta cling néi “f bi chan trén bdi g
m Céc hang sb C va k dugc goi la cac bang chiing (witness)

cho mai lién hé gitra f va g. D€ xac dinh liéu f c6 la O(g)

hay khéng, chi can mét cdp bang chiing 1a du
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Do tang cla cac ham
Ky hidu O-16n

Thuat toan |

A Hoang Anh Buic

Gidi thi
Mot s6 ky hiéu quan trong

\}
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Do tang cla cac ham
Ky hidu O-16n

Thuat toan |

Vl’ dU 9 Hoang Anh Buic
Ta chiting minh ham f cho béi f(z) = 2> + 2z + 112 O(g) v6i
g(z) = 2% (Ta cling viét 2% + 2z + 1 1a O(2?)) Biok nghis v md
Cach 1: s
m Chiyrangkhiz > 1,tacéz < z2val < 22
m Do d6 véi moi z > 1, ta céd

If(z)| = |2% 4+ 22 + 1| < |22 + 222 + 22| = 4|27 (55) s i qvam v

m TachonC =4vak=1

Cach 2:
m Chuyrang khiz > 2, tacé 2z < z2val < 22
m Do dé véi moixz > 1, tacod

flz) = |:r:2 +2r+1] < \:Uz + 22 +x2| = 3\:52\

mTachonC =3vak=2
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Do tang cla cac ham

Ky hiéu O-6n

Bai té_p 1 Thuat todn |
, . Hoang Anh Buic

Chung minh

(@) 7o A O(z?) e
(b) x3 khéng la O(z?)
(€) 1+2+4---+nlao(n?)
(d) n!=1x2x---xnla0O(n") Mot s thudt todn i

(e)

e) log(n!) 1a O(nlogn) (Néu khéng dé cap gi thém thi s
log n = 10g2 Tl) Mt 6 ky higu quan trong

(f) n2 la0(2")
(9) logn la O(n)
(h) V@i cdc hdng s6b > 1 vak > 0, log,(n*) 1a O(logn)
Bai tap 2
Chiing minh rang néu f(z) = ana™ + an_12" '+ -+ a1z + ag

VBi ag, ai, ..., ay la cdc sé thuc (nghia 14, f(x) la mét da thitc
bacn) thi f 1a O(z")
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Do tang cla cac ham
Ky hidu O-16n

Thuét toan |

Hoang Anh Buic
4096

2048
1024

Pinh nghia va mét sb kt
niém

Mot sb quy téc viét ma gia

Bét bién vong ap

6 thuat toan tim kiém

Mot s6 thuat toan sip xép

@ Mat sb ky hiéu quan trong

Hinh: D tang clia mdt sb ham thudng dung khi danh gia véi ky higu
O-lén [Rosen 2012]
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Do tang cla cac ham
Ky hidu O-16n

Mbt sb x&p xi hiiu ich

Thuat toan |

Hoang Anh Buic

Néu d > ¢ > 1, thi n¢ 12 O(n), nhung n? khéng 1a O(n®) !

Néu b > 1 va c,d 1a cac sb duang, thi (log, n)° 1a O(n?) B
nhung n? khong 1a O((log;, n)¢) Wt b o
Néu b > 1 va d 1a sb duong, thi n¢ 1a O(b™) nhung b" ot
khﬁng la O(nd) @ Mot s6 kj higu quan trong

m Néu ¢ > b > 1, thi " 1a O(¢™) nhung ¢ khong 1a O(b™)

Néu f1(x) 1a O(g1(x)) va fa(x) 1a O(g2(x)) thi (f1 + fo) (@)
la O(max(|g1(z)], |g2(2)]))
Néu f1 12 O(g1) va f 1a O(g2) thi f1 o fo 12 O(gy 0 g2)
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Do tang cla cac ham
Ky hiéu Q-lén

Thuét toan |

Hoang Anh Buic

Ky hiéu Q-lon

Cho f va g la c4c ham R — R. Tanéi ring / 12 (g) néu tbn| [ =
tai cac hang so C > 0 va k sao cho |f(z)| > Clg(x)| vGi moi o
>k @ M@t s6 ky hidu quan trong

Bai tap 3
Chitng minh réng f 1a Q(g) khi va chi khi g 12 O(f)

42



Do tang cla cac ham
Ky hidu ©-16n

Thuét toan |

Hoang Anh Buic

Ky hiéu ©-lén |

Cho f va glacacham R — R. Tandirang f /a2 ©(g) néu f 1a
O(g) va f 1a (g)

Gigi thi
0 Mat sb ky hiéu quan trong

Bai tap 4
Chitng minh rang 1 + 2 + - -- 4+ n 1a ©(n?)

42



Do tang cla cac ham
Téng két

Thuét toan |

Hoang Anh Buic
V&i cac ham f va gt R dén R on
] f |é. O(g) tu’dng tu “S“ : t «‘u‘;w“ ‘,h ma gid
30,k Ve >k |f(@)] < Cly(a)| s
mflaQ tuwong tu “>" Gisitn
f (g) 9 @ M@t s6 ky hidu quan trong
3C>0,kVe >k |f(x)] = Clg(z)|
m flao(g) tuong tu “="

3Cy, Co, k Vo >k Cilg(a)] < [f(2)] < Calg(a)]
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VNU-HUS MAT3500: Toan roi rac

Thuat toan
D0 phuc tap tinh toan, thuat toan tham lam, thuat toan dé quy

Hoang Anh Burc

Bo mon Tin hoc, Khoa Toan-Co-Tin hoc
Pai hoc KHTN, BPHQG Ha Néi
hoanganhduc@hus.edu.vn




Noi dung

Do phuc tap tinh toan
Gidi thiéu
Vidu

Thuéat toan tham lam
Gidi thiéu
Vidu

Gidi va udc lugng hé thic truy hoi
Gidi thiéu
ba thirc dac trung
Ham sinh
Cay dé quy
Binh ly thg

Thuat toan dé quy
Gidi thiéu
Vidu

Thuét toan Il

Hoang Anh Buic

55



Dé phurc tap tinh toan

Gi6i thiéu

Thuét toan Il

m MGt thuat todn can /uén xuét ra két qué diing va tét nhat Ia
c6 hiéu suét cao
m Ching ta da tim hiéu mot s6 v/ du vé céc thuat toan tim o
kiém va sép xép trong bai gidng trudc va phuong phap :
chting minh tinh diing dan cla ching dua trén bat bién
vong Iap (loop invariant).
m D6 phirc tap (complexity) clia mot tinh toan la mét cach do
doé “khé” cda viéc thuc hién tinh toan dé )
m D4 phiic tap theo thoi gian (time complexity): S6 cac toan tl
hodc sb budc can thiét
m D) phiic tap theo b nhd (space complexity): Sb cac bit
trong bd nhé can thiét
m Phan I6n céc thuat todn cé do phuic tap khac nhau dbi véi
cac dau vao c6 kich thuéc khac nhau
m Tim kiém trong mot day dai thudng t6n nhiéu thdi gian hon
tim kiém trong mét ddy ngan
m Do d6, d phuic tap tinh todn thudng dudc biéu dién dudi
dang mot ham (function) cla kich thudc dau vao (input
size) 55

Hoang Anh Buic



Dé phurc tap tinh toan

Gi6i thiéu

Thuét toan Il

m Khi xét d6 phirc tap clia mét thuéat toan, ta khdong quan tam Hoang Anh Bifc
dén sb lugng chinh xac cac toan tli/bit can thiét ma chi
can mot ddnh gid tiém can (asymptotic estimate)

m M6t cong cu hliu ich cho viéc danh gia do phurc tap tinh
toan la cac ky hiéu O-lén, Q-6n, va ©-16n

m Chung ta sé tap trung vao doé phuc tap tinh toan theo thoi
gian (time complexity) (ch(i yéu 1a trong trudng hop xau o
nhéat) i

m D0 phuic tap trong trudng hop xau nhat (worst-case i
complexity): xap xi thai gian nhiéu nhét can dé giai quyét
céc truong hop dau vao véi moi kich thudc dau vao

m DO phic tap trong trudng hop trung gian (average-case
complexity): xap xi thai gian trung binh can dé giai quyét
cac trudng hop dau vao véi mai kich thude dau vao

m D6 phuc tap trong trudng hop tot nhat (be§t-case .
complexity): xap xi thoi gian it nhat can dé giai quyet cac
truong hgp dau vao véi moi kich thudc dau vao

Gidi thigu
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D6 phurce tap tinh toan

Gi6i thiéu

V6i cac ham f va g t¥ R dén R
m fla0(g) tuong ty “<”
3CkVz >k |f(x)] < Clg(w)]
mf1aQ(g) tuong ty “>"
30> 0,kVe >k |f(2) = Clg(x)l
m f12a0(g) tuong ty “—"

3Cy, Co, k Vo >k Cilg(a)] < [f(2)] < Calg(a)]

Thuét toan Il

Hoang Anh Buic

Gidi thigu

55



D6 phuc tap tinh toan

Chay

Thuét toan Il

m Ky hiéu f(n) = O(g(n)) thudng dugc si dung dé chi f(n) la
O(g(n)).
m Ky hiéu nay khong hoan toan chat ché vé mat toan hoc, do f(n) 1a
mot ham con O(g(n)) la mét tap hop cdc ham
m f(n) = O(g(n)) trén thuc t& nghia 1a f(n) € O(g(n)), do d6 c6 thé
viét n = O(n?) nhung khéng nén viét O(n?) = n
m Ban c6 thé gap biéu thic dang “f(n) + O(g(n)) = O(h(n))”

Hoang Anh Buic

Gidi thigu

_ 2

m Déu “=" & day nghia |2 “C”. Cu thé, biéu thirc trén can dugc hidu la
tap hogp S gom cac ham f(n) + g1(n) véi g1(n) € O(g(n)) la tap con
clia tap O(h(n))
m Ban c6 thé gap biéu thic dang “f(n) < g(n) + O(h(n)) v6i moi
n > 0" hodc tuong tu
m Nghia |2 ton tai e(n) sao cho (a) f(n) < g(n) + e(n) véi moin > 0
b) e(n) € O(h(n))
m Mot sb tac gid dinh nghia O-16n bang cach thay diéu kién
|f(z)| < Clg(z)| bang 0 < f(z) < C(g(z)). (Lam viéc véi gid tri
tuyét déi va kha ning cac ham f(z) va g(x) ¢6 thé nhan gia tri am
thudng khé han la chi 1am viéc vai cac ham nhan gia tri duong.)
Pinh nghia theo cach nay khéng hoan toan chat ché. Vi du nhu
ham logn ¢6 thé nhan gia tri am véi n nhd

55



D6 phuc tap tinh toan

Chuy

Thuét toan Il
Hoang Anh Buic

Gidi thigu

m Pé don gidn, ta thudng mé ta thoi gian chay cla thuat
todn theo O-I6n. Chu y rang véi nhiéu thuat toan, ta cé thé
thu dugc danh gia tét hon véi xap xi theo ©-16n. Tuy nhién
khong phai ltc n&o ta ciing 1am dugc diéu nay

m Nhiéu tac gia viét “f(z) 1a O(g(z))” trong khi diéu ho thuc
sy mubn thé hién 1a “f(z) 12 ©(g(x))”

55



Dé phurc tap tinh toan

Gi6i thiéu

Thuat toan Il

Hoang Anh Buic

Mét sb quy tc tinh do phuic tap thuat todn theo thdi gian
m Thoi gian thuc hién cac 1énh gan (:=), tra lai (return) |a
O(1), va gia st thai gian thuc hién cac phép toan cd ban o,
(cdng, trr, nhan, chia, so sanh, v.v...) cling la O(1)
m Chu y ring v6i phan cu’ng hitu han (64 -bit CPU chi biéu
dién dugc t6i da cac sb nguyén co gla tri nh6 hon 254 dudi
dang s6 nhi phén), viéc cong hai so nguyén dé dai n bit biéu
dién dudi dang s nhi phan cé dé phuic tap O(n)
m Do phuc tap clia mot chudi tuan tu cac budc 1a téng clia
do phtrc tap cla tirng budc
m Thoi gian thuc hién cau tric if...then...else |a thdi gian 16n
nhat thuc hién cac Iénh sau then hoic sau else va thoi
gian kiém tra diéu kién
m Thoi gian thuc hién vong I3p 1a tdng thoi gian thuc hién
cdc lan lap va thoi gian kiém tra diéu kién lap. Néu thoi
gian thuc hién méi 1an 13p la gibng nhau, thi téng thdi gian
thuc hién cac lan Iap 1a tich clia s6 1an 1&p va thoi gian
thuc hién méi 1an 13p -



Dé phurc tap tinh toan

Gi6i thiéu

Bang: Mot sb thuat ngir thudng dung

b6 phue tap Thuat ngr
o() D6 phuc tap hang sé
(constant complexity)
D6 phic tap logarit
O(logn) (logarithmic complexity)
o(n) D6 phuc tap tuyén tinh
(linear complexity)
D0 phirc tap nlogn
O(nlogn) (linearithmic complexity)
Onb) Do phuc tap da thuc

O(b™), v8i b > 1

O(n!)

(polynomial complexity)
B0 phurc tap ham mi
(exponential complexity)
B0 phurc tap giai thira
(factorial complexity)

Thuét toan Il

Hoang Anh Buic

o Gidi thigu

55



D6 phuc tap tinh toan

Thuat todn tim gid tri I6n nhét

Thuét toan Il

Thuét toan 1: Tim gia tri clia phan t& 16n nhit Hoang Anh Bic

Input: a1, as, ..., a,: diy sb nguyén

Output: Gi4 tri cha phan tir 16n nhit trong d3y o
10V :=a t v
2 for i ;=2 to n do
3 if a; > v then l fil to
4 Lw = a;
5 return v t3 e

T(n)=t1+t2+13 |T(n) 12 0Mm)| [T(n) 12 0Mm)]
t17 t31 t5 la O(]‘) (xéu nhét) (tét nhét)
n n
tp= [ti + (thoi gian kiém tra i < n)} => { -+ 0(1)}
=2 =2

! = t5 + (thoi gian kiém tra a; > v) = O(1)

55



D6 phuc tap tinh toan

Tim kiém tuyén tinh

Thuat toan 2: Tim kiém tuyén tinh (Linear Search)

Input: a,...,a,: diy s6 nguyén, x: sO nguyén

Output: Chi sb i théa m3n z = a; hoic 0 néu z

khong c6 trong day

17:=1 t

2 while : < n va z # a; do

3| i=itl t b2

4 if i <n then

5 t/ocation =1 te

6 else ts

7 L/ocation =0 tr

8 return location 1y

Tn)=t+t+ts+la [T(n)1a0m)| [T(n)1a00)]

tr, ta, t5, b, t7 12 O(1) (x&u nhét) (tt nhét)

ta= >

{ili<nAzai}

Thuét toan Il

Hoang Anh Buic

ol

{tg + (thoi gian kiém tra i < nva z # ai)}

t; = max{tg, t7} + (thoi gian kiém tra i < n)

55



D6 phuc tap tinh toan

Tim kiém nhi phan

Thuét toan Il
Thuat toan 3: Tim kiém nhi phan (Binary Search) Hoang Anh Diic
Input: ay,...,a,: diy s6 nguyén thuc su tang, x: so
nguyén Gidithi
Vidy

Output: Chi sb i thda man z = a; hodc 0 néu z
khdng cé trong day
17:=1 Vidy
2j):=n
3 while : < j do
e ()] p— st
if x > a,, then b Cay & quy

Li::m—&-l fé)‘ = Binh Iy

else
L ji=m ,
9 if x = q; then
10 ‘ location := i

5
6
7
8

t3
11 else

12 ‘ location := 0

13 return location ty

55



D6 phurc tap tinh toan

Tim kiém nhi phan

Thuét toan Il
T(n)=t1+ta+t3+14 Hoang Anh Bic
trta, 57 b, ho 1 O(1)
Vidy
be Y e

cép 4, j mbi lan 1ap while
+ (thdi gian kiém tra i < j)]
t59 = max{tr, t} o
+ (thoi gian kiém tra 2 > a,,)
t3 = IIlaX{tg, tl()}

+ (thdi gian kiém tra z = a;)

#cap i,j moi lan lap vidun — oF)
n) la O(logn |T(n ) 1a O(logn) |

(xau nhat) (tbt nhét)
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D6 phuc tap

Tim kiém nhi phan

tinh toan

#cap i,j moi lan Iap while 1a O(logn)
m Danh so0 cac lan 1ap while lan lugt bang 0,1,2,.... A

m Mbi hang 0,1, 2,.

ning xuat hién & 1an I3p danh sbé tuong Ging.
m Vong I&p while diing & 1an 13p h khi moi khoang i . . . j chi
c6 mot phan tlr i = j
m Ombihang k € {1,...,h}, tdng sb phan t clia tAt ca cac
khoang la < n, va cé < 2% khoang (Hinh dudgi mé ta
trudng hap n = 2")

Thuét toan Il

Hoang Anh Buic

.., h liét ké cac khoang i .. .5 cé kha

Vidy

< 2[]

<2t

< oh
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D6 phuc tap tinh toan

Sap xép ndi bot

Thuat toan 4: S3p xép ndi bot (Bubble Sort) Thuat toan Il
Hoang Anh Buic

Input: ay, as, . .., a,: diy sb thuc (n>2)
Output: D3y di cho dugc sip xé&p theo thi tu ting

dan (i) viaw

1fori:=1ton—1do

2| for j:=1ton—ido

3 if a; > Qj11 then — 1"2 —t

4 tHoén déi gia tri cha a; va aj1— ls

= n—1 n—1 :
T(n)ztl_z{ﬁ (t.g. klemtraz<n—1]:2[t‘+0( )]
=1 =1

n—i . n—i r ]
th = {tg + (t.g. kiémtraj <n — i)] => | +0(1)

— j— N

N =1y 12 om2)

ty la O(l) (’U = Ay, A = Q41 G4l = U)

(xau nhat)

T(n) 12 O(n?)

(tbt nhét) 55

t} = t4 + (thdi gian kiém tra a; > a;j 1)



D6 phurc tap tinh toan

Sép xép chen

Thuat toan 5: S3p xép chen (Insertion Sort) Thust toan Il
— Hoang Anh B
Input: ay, ay, ..., a,: ddy s6 thuc (n > 2) oang Anh Bt
Output: D3y di cho dugc sip xép theo thi tu ting
dan vids
1 fori=2tondo )
2
2 | m:i=a; &) aidi th
317 = i - 1 th
4 | while j >1vam <a;do — 1
5 ajp1 = 4 — pathiootung
6 ] = ] —1 Ham sinl
= . iy dé quy

7| aj=m ts

T(n) =ty =Y [(ty+ 15+ 1ty +1t5) + (tg. kimtrai < n)] :
1=2
o : 5
th, 5,15, tg” 1a O(1) T(n) 1a O(n?)
' i\ Au nhét
tfl = Z [té’]—i— (xau‘n at)
1<j<i—1vam<ay T(n)la O(n)

+ (t.g. kiémtra j > 1vam < a;)] (t6tnhét) (s



Thuéat toan tham lam

Gidi thiéu

Thuat toan Il
m Céc bai todn tbi uu (optimization problems) yéu cau cuc Hoang Anh Bitc
dai héa hodc cuc tiéu héa mot s6 tham sb xét trén tap tat
ca cac dau vao c6 thé
m Tim dudng di giita hai thanh phé véi khodng cach nhd nhat
m Tim cach ma héa cac thong diép st dung s6 lugng bit nhé (o) cam
nhat cé thé

m Mot thudt toan tham lam (greedy algorithm) thudng dugc
st dung dé giai bai toan t6i uu: ludn chon bién phap “tbt
nhat” & mdi budc dia phuong (theo mét sb tiéu chuén cuc
bd nao do) véi hi vong sé thu dugc mot I6i gidi tbi uu trén
toan cuc.

m Gidi thuat nay khong nhét thiét xuat ra mot 16i gidi toi uu cho
toan bd bai toan, nhung trong nhiéu trudng hop cu thé né
6 thé xuét ra I6i giai toi uu

m Sau khi md ta cu thé “lya chon t6t nhét & tirng budc”, ta cb
gang chiing minh réing gidi thuat nay ludn cho ta mdt I5i giai
t6i uu hodc tim mét phan vi du dé chi ra diéu nguoc lai.
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Thuat toan tham lam
Lap lich

Thuét toan Il

| | B‘ai tOén: Hoang Anh Buic

m Input:

M6t nhém céc bai gidng vai thdi gian bat dau va két thic

Chi c6 mét glang ducng duy nhét

Khi mét bai gidng bét dau, né tiép dlen cho dén khi két thic

Khéng c6 hai bai gidng nao dugc tién hanh & cung thai diém. Vidy
Ngay sau khi mét bai giang két thiic, mot bai gidng khéc cé

thé bat dau

m Output: Mot danh sach céc bai gidng dai nhat cé thé

Ko day, néu ta mudn ap dung glal thuat tham lam, lam thé
nao dé “lya chon t6t nhat” 3 mdi budc clia thuat toan? Noi
céch khéc, ta sé chon bai gidng nhu thé nao?

m Chon bai gidng bat ddu sém nhét trong sb céc bai giang bat
dau sau cac bai gidng ta vira chon trudc dé?

m Chon bai gidng ngan nhat trong s6 cac bai giang bat dau
sau c4c bai giang ta vira chon trudc d6?

m Chon bai giang két thiic s6m nhat trong sb cac bai giang bat
dau sau cac bai giang ta vira chon trudc dé?
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Thuat toan tham lam
Lap lich

Thuét toan Il

m Chon bai gidng bat dau sém nhat? Khong xuét ra 101 gidi
toi uu trong moi trudng hop

Hoang Anh Buic

: : Bai giang 3 )

Bai giang 2 H Gidi th

e T (8) viau
Bai gidng 1 : : :

07:00 08:00 09:00 10:00 thai gian Da thifc dic trung
07:30 08:30 09:30 10:30 Hamein

m Chon bai gidng ngan nhat? Khdng xuét ra i gidi toi uu o
trong moi trudng hop

Bai gidng 3
Bai giang 2
Bai giang 1 :

07:00 08:00 09:00 10:00 11:00 thai gian

07:30 08:30 09:30 10:30 55



Thuat toan tham lam
Lap lich

ey

H W

(3]

Thuét toan Il

Hoang Anh Buic

Thuat toan 6: Lap lich tham lam (Greedy Scheduling)

Input: (s1,e1), (52, €2), ..., (sn,€,): thdi gian bat dau va két
thic bai giang by, ba, ..., by,
Output: Danh séch bai giang S c¢6 s6 bai giang 16n nhat
trong dé khong c6 hai bai gidng nao xung dét nhau O
Sap xép céc bai giang theo thit tu tang dan theo thdi gian
két thiic va gan lai nhan bai giang sao cho
e1 <ey <<y
S:=10
for j:=1tondo
if Bai gidng j khdng xung dot vdi cdc phan tir cla S
then
| S:=S5uU{j}

return S

Vidy
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Thuat toan tham lam
Lap lich

. , Thuét toan Il
Dlnh Iy 1 Hoang Anh Buic
Thuét todn 6 xudt ra mét danh sdch cdc bai gidng toi vu ]

Chdng minh.

m Gia s(t S* la mét danh séch bai giang t6i uu trong dé cac
bai giang =1, 22, ..., zx dudc sap xep theo thit ty tang dan
theo thoi gian két thuc :

m Gid s{f S 1a mot danh séch bai gidng xuét ra tif Thuat PR
todn 6 trong d6 cac bai gidng y1, y», - . ., yx dUQC sap xep
theo thir tu tang dan theo thai gian két thic

m Do S* 1athi vu, k >/

m Néu S = $* thi ta c6 diéu phai chiing minh. Ngugc lai, néu
S # S, goi i la chi s0 dau tién trong {1,..., &'} thda mén
x; # y;, nghia la
S =(T1=Y1,%2 = Y2, -, Tio1 = Yie1, Tiy vy Tty oo, Th)

S=(T1 =y, T2 =Y2, -, Tic1 = Yie1,Yir-- > Yk!)

i th
Vidy
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Thuat toan tham lam
Lap lich

Chitng minh (tiep). o
m Neu i kh6ng ton tal thi S* = <y1, Y2y v o s Yk!y Th/ 415+ -+ ,:L')c>
m Nguoc lai, do y; dugc chon bdi Thuat toan 6, y; két thiic
trudc khi z; két thic, nghia la né khong xung dét véi bat ky
bai gidng nao sau z; trong S*.
m Do d6, day S* \ {z;} U {y;} cling 1a mot day ti vu. Ta gan
S* = 8*\ {z;} U{y;} va lap lai ly luan trén cho S* va S.
m Béng cach lién tuc sir dung ly ludn trén, ta thu dugc day
S* t0i uu cd dang

S = (Y1,Y2s oy Yk!s Tho 1y -+ 5 Th)

m Do ;. la bai gidng cudi cing duoc chon béi Thuat toan 6,
cdc bai giang con lai déu xung dot véi v, va cé thoi gian
két thic sau khi ;. két thic. N6i cach khac, cac phan ti
T4t ..., 2 trong S* déu phai bang yi, nghia 1a
S = (y1,y2,...,yr) la Mot day t6i uu



Giai va udc lugng hé thirc truy hoi

Gidi thieu

m M6t ting dung cla viéc Giai hé thic truy hdi ma ching ta
sé dé cap & phan sau la trong viéc phan tich do phuc tap
cla céc thuat toan dé quy

m M6t sb phuang phap giai hé thic truy hdi

(1) Doan nghiém va chiing minh bing phuong phap quy nap
(2) SUr dung da thirc d&c trung
(8) S dung ham sinh
m M6t sb phuong phap uédc lugng hé thie truy hoi
(1) S dung cay dé quy
(2) St dung dinh ly thg (Master Theorem)

Thuét toan Il

Hoang Anh Buic

Gidi thiéu
¢ trung
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Giai hé thic truy hoi

Da thiic dac trung

Thuét toan Il

m Hg thiic truy hdi tuyén tinh thun nhét bac k voi hé sb e Ao
hang (Linear homogeneous recurrence relation of degree
k with constant coefficients) 1a hé thiic c6 dang

ap = C1Qp—1 + C2Gp—2 + -+ + Cklp_fk,

trong dd c1, ca, ..., cx 1a cac s6 thuc, ¢, # 0, van > k ‘

m M6t day {a,} (n > 0) théa man hé thdc truy hdi trén duge = o
xdc dinh mét cach duy nhét bdi hé thire nay va k diéu kién o
ban déu ag = Co,al =C4,... ,Afp—1 = Cr_1

= Hé thic truy hoi f, = fu—1 + fu—2 12 Mot hé thirc truy hoi
tuyen tinh thuan nhat bac hai véi hé so hang. Day Fibonacci
{f.} dudc xac dinh béi hé thiic trén va diéu kién ban dau

fO = 07f1 =1
m Céc hé thiic g, = ngn-1, gn = gn-1 + gs—5 khong la hé
thire truy héi tuyén tinh thuan nhat véi hé so hang
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Giai hé thic truy hoi

Da thiic dac trung

Thuét toan Il

Hoang Anh Buic

m Hé thic a,, = c1a,—1 + -+ + cran—x (cx # 0) cd hai tinh
chéat quan trong
m Nghiém cla hé thiic ¢ dang a,, = " vdir # 0 1a mét hang
sb nao d6. T d6, ™ = 17"~ 4 - + crar™*. Chia hai vé
cho r™~* va chuyén vé, ta cé
Tk — C17’I€71 — CQT‘k72 — s = Clp—1T — Ck — 0. @ D‘a“thLCGéctmng

Da thiic cudi cling goi 1a da thiic ddc trung (characteristic
equation) clia hé thiic, va nghiém clGa né goi la nghiém dac
trung (characteristic root) ctia hé thirc

m Néu s, va t, théa man hé thic truy hdi, thi moi t6 hop tuyén
tinh ctia s, vat,, nghia 1a moi biu thiic ¢é dang
b15n + batn VG b1, by 12 cac s6 thuc ndo dé, cling thda man
hé thic truy hoi
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Giai hé thic truy hoi

Da thiic dac trung

Thuét toan Il

DPinh Iy’ 2 Hoang Anh Biic

Cho cédc sé thuc ¢y, co. Gid st 2 — c1r — ¢, €6 hai nghiém
phén biét v, va ry. Day {a,} la nghiém cta hé thitc truy héi
ap = C1ap_1 + C2an_2 (N > 2) VI diéu kién ban dau ay = Cj
va a; = Cy khi va chi khi an = a17'1 + aory voi moin > 0,
trong do o, o 12 cdc hang sb nao do

Da thiic dic trung
Ham sin

Ching minh so lugc.
Ta can chiing minh hai diéu
(1) Néu 1,7, 1a cac nghiém clia da thiic déc trung, thi
ap = ay T} + aory v@i moi n > 0, trong dé‘ocl, as la cac
hang s6 nao do, thda man hé thitc truy hoi
(2) Néu {an} 12 nghlem cla hé thuc truy hoi véi cac dleu kién
ban dau ay = C, va a; = C4, thi tdn tai cac hang sb ay, Qo
sao cho a,, = a7 + agry
[ (s



Giai hé thic truy hoi

Da thiic dac trung

Thuét toan Il

Hoang Anh Buic

Tuong tu, ta cé

A Binh 1y 3 .

Cho cdc sb thuccy, ca, . .., cp. Gidstrk—cirb=t—. . —cp_yr— o

ck €O k nghiém phan biét r1,rs, ... rx. DAy {ay} la nghiém | () eaescuns
cla hé thuc truyhc‘iian = C1ap_1+Coap_o+ - +cpan—r n > k) oy g6y
vdi dléU klén ban déU ag = Cy,a1 = Cq,...,a_1 = Cx_1 khi o
va chi khi a,, = a1 + aord + - -+ + agry VOi moin > 0, trong
d6é o, . .., oy, 14 cdc hdng s6 nao do
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Giai hé thic truy hoi

Da thiic dac trung

Téng quat cho truding hap da thiic dac trung cé nghiém boi

A Binh 1y 4 .

Cho céc sb thuc ci,ca, ... ci. Gid st rk — cprk=1 — ... —
cx—11 — ¢ CO t nghiém phan biét ry,rs,...,r, VOi cac bdi

tuong z]’ng mi,ma,...,my thbamanm; > 1 vdil <i<tva
my+--+my =k (ngh/a la, 6 m; nghiém co gia tri r;). D&y
{an} Ia nghiém cua hé thuc truy héi a,, = €1an-1 + C2an—2 +

4 Crn_y (n > k) VOi diéu kién ban dau ay = Co,a; =
C17 ... ax—1 = Cy_1 khiva chi khi

—1
ap = (a0 +a,in+--+aqm 0™ )y
+ (a0 + Qg1+ -+ - + Qg my—1n™2 )Y

|
+ - (a0 Fogan 4 g™ )T

véin > 0, trong d6 a;; la cdc hdng sbé véi1 < i < t va

0<j<m;—1

J

55

Thuét toan Il

Hoang Anh Buic

Pa thirc dic trung
Ham sin
hy dé qu



Giai hé thic truy hoi

Da thiic dac trung

Thuét toan Il

Vl’ du 1 Hoang Anh Buic
Gidi hé thuic truy hi f,, = fu_1 + fa—2 (n > 2) vGi diéu kién
bandau fo =0va f; =1

m Da thiic dac trung cla hé thic truy hdi la r2 — 2r — 1

m Da thiic déc trung c6 hai nghiém phan bigt r; = 145 va
ro = —1_‘/5
2 ic
m Do dé, néu day {f,} 1a nghiém cla hé thic truy héi thi (2) oerdserns
fn= a1r1 + ayry v6i cac hang sb «, ay ndo doé ‘
m {f,} can thda man diéu kién ban dau fo =0va f, = 1.

Thay vao dang téng quat clia f,, ta cé hé phuong trinh

fo=a1+as=0

o (552) e (157)

2

Trdéa; =1/vV5vaas = —1/V5 o



Giai hé thic truy hoi

Da thiic dac trung

’, Thuét toan Il
Vl dU 2 Hoang Anh Buic
Giai hé thic truy hdi a, = 6a,—1 — 9a,_» VGi cac diéu kién ban
déuaozlvéal =6

m Da thiic dac trung cla hé thic truy hdi 1a r2 — 6r + 9

m Da thirc dac trung cé moét nghiém r; = 3 vdi boi 2

m Do d6, néu day {a,} la nghiém ciia hé thiic truy hoi thi -

Ap = Cll‘or? + 011’177,7"? = a1703” + a1,1n3” vdi cac héng sO @ Pa thitc dic trung
a1,0,Q1,1 nao do o
m Day {a,} ciing can théa man diéu kién ban dau a; = 1 va
a; = 6. Thay vao dang tong quat cla a,, ta cé hé phuaong
trinh

a0:a170=1
a1=a170-3—|—al,1~3=6

Dodé,tacéd ang=1vaas; =1
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Giai hé thic truy hoi

Da thiic dac trung

Thuét toan Il

Vl’ dU 3 Hoang Anh Buic
Giai hé thurc truy hoi a, = —3a,_1 — 3a,_> — a,_3 V0i cac diéu
kiénbandauag =1,a; = —2,vaas = —1

m Da thifc dac trung clia hé thirc 1a 3 + 3r2 +3r + 1
m Da thirc dac trung cé mot nghiém r; = —1 véi bdi 3
m Do dé, néu {a,} la nghiém cla hé thic truy héi thi
ap = 1,077 + g nry + algnr‘)r" (=) o8 hi 30 g
m Day {a,} cing c&n thda man diéu kién ban dau a = 1, o
a; = —2,va ay = —1. Thay vao dang tong quat cla a,,, ta
¢6 hé phuong trinh

ap=a1p0=1
ay = —Qa1o0— Q1 — Q2= —2
as = Q1,0 + 2a1,1 + 40&172 =1

Do dé ta cé Qlo = 1,11 = 3,va Qa1 = -2

55



Giai hé thic truy hoi

Da thiic dac trung

m Hé thifc truy hoi tuyén tinh khéng thuén nhat bac k vGi hé
s0 hang (Linear nonhomogeneous recurrence relation of
degree k with constant coefficients) la hé thirc cé dang

Ap = C1Gp—1 + C20p—2 + *++ + COp_f + F(”)y

trong d6 ¢, ca, ..., ¢ la céc sb thuc, ¢, # 0, F(n) 1a mot
ham chi phu thudc vao n va khong phai luén bang 0, va
n>k

m Hé thtc a,, = C1ap—1+ C2n—2 +  + CkAn—k dugc goi la
hé thire truy hoi thudn nhét tuong ng (associated
homogeneous recurrence relation) clia hé thic trén

Pinh ly 5

Néu {a'P} 13 mét nghiém riéng nao dé cia hé thic a, =
C1ap_1+ Colp_o+ -+ Cpan_p + F(n) thi moi nghiém cta hé
thue do co dang {a(”) + aﬁlh)} trong do ay, ) 13 nghiém cta hé
thirc thudn nhat tvong Ung a, = ¢1an—1+Catn_o++ - +Crln_k

Thuét toan Il

Hoang Anh Buic

Gidi th
Pa thirc dic trung
Ham sin

iy dé quy
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Giai hé thic truy hoi

Da thiic dac trung

Vi mot sé dang F(n), nghiém riéng cé dang dic biét

,| Pinh Iy 6

Gia st {a,} thda man hé thuc

ap = C1ap_1 + CoGp_2 + ++ + Cxan_ + F(n),
trong dé c1, . .., c;, la cdc sé thuc, va

F(n) = (b +b_in'~t + -+ byin + bo)s™,

trong do by,...,b; va s la cdc sb thuc. Khi s khéng phai Ia
nghiém clia da thiic dic trung cta hé thifc thudn nhét tuong
ifng, ton tai mot nghiém riéng cd dang (pen' +py_in' =+ -+
pin + po)s™. Khi s la mgt nghiém vdi béi m cda da thic dac
trung cla hé thiic thuan nhat tuong ting, ton tai mét nghiém
riéng cd dang n™ (pint + pe_1nt~1 + - + pin + po)s™.

Thuét toan Il

Hoang Anh Buic

Da thiic dic trung

55



Giai hé thic truy hoi

Da thiic dac trung

Thuét toan Il

Vi dU 4 Hoang Anh Blic
Giai hé thic truy hdi a,, = a,_1 + n (n > 2) véi diéu kién ban
déu a; =1
m Hé thiic thuan nhét tuong tng 12 a,, = a,_1 (n > 2). Hé
thire nay cé nghiém dac trung r = 1 va day {a%h)} VOi
ah =c. (1)™ la mot day thda man hé thic, trong dé c la
hang s6 nao dé
mTacéd F(n)=n=(1-n+0)-1" Vis=1Ilanghiém dac
trung cla hé thirc thuan nhéat tuong ting véi boi 1, mot
nghiém riéng clia hé thirc khéng thuan nhét da cho cé
dang a¥¥) = n(pin + po)1™ = p1n? + pon
m Thay dang ctia nghiém riéng vao hé thitc da cho, ta ¢
n(2p1 — 1) + (po —p1) =0, nghiala2p; —1=0va
po—p1=0,d0d6 py=p1 =1/2
m Cudi cung, hé thirc ban dau cé nghiém dang
an = a” +all’ = n(n+1)/2 + c. Thay vao diéu kién ban
ddua; =1tadudcc=0

Da thiic dic trung
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Giai hé thic truy hoi

Da thiic dac trung

Thuét toan Il

Hoang Anh Buic
Bai tap 1
Gidi cdc hé thure truy hoi vdi diéu kién ban du sau
(1) ap =2ap_1 VOin>1,a9=3

(2) ap, = 5ap_1 —6ay_o VOin>2,a0=1,a; =0
(3) ap =4ay_1 —4a,_o VOin>2,a9=06,a; =8 o
(4) an = —3an—1 — 3ap—2 — an_3 Vdin >3, a9 =5, a; = —9, o

ap = 15

(5) ap =3ap_1+2"V0in>1,a9=1

(6) ap =2ap_1+2n%2Vdin>2,a,=5

(7) an = Ban_1 — 6a,_o + 2" + 3n (Go’i y: Tim nghiém riéng
c0 dang qn2™ + pin + pa, trong do q, p1,p2 la cdc hang so)
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Giai hé thic truy hoi

Ham sinh

Thuét toan Il

N 5 Hoang Anh Buic
F| Ham sinh } N

Ham sinh (generating function) G,(z) cla mét day vé han aisin
{an} (n > 0) dugc dinh nghia nhu sau

o0
=Zanx"=a0+a1:v+a2x2+~~~+akxk+...
=0

Pa thitc dac trung
Ham sinh

N&i cach khac, a,, la hé sb clia 2™ trong G, (z) owsva

J Pinh Iy

Ga(z) = X an o '
n=0 Cong thitc tuong minh thu trlcu hz)
an = f(an-1,ans,..) Gu(2) = h(z) -y E' n
n=0
ag = Co,a1 = Cy, ...
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Giai hé thic truy hoi

Ham sinh

A Binh 1y 7

Cho f(x Z anz™ va g(z Z bpa™. Ta co

n=0

f@)+g(x) = (an + bp)z"

n=0
n

f(z = Z agbn_r)

n=0 k=0

8

J

\

Chu y: Dinh ly trén chi ding cho cac chubi lly thira hi tu trong
mdt khodng nao do, va tat ca cac chudi ching ta sé xét trong
bai giang nay déu théa man diéu kién dé. Tuy nhién, ngay ca
khi cac chudi khong hoi tu, dinh ly trén cé thé dugc sl dung
nhu la dinh nghia cho cac phép cong va nhan cac ham sinh

Thuét toan Il
Hoang Anh Buic
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Giai hé thic truy hoi

Ham sinh
V|' dU 5 Thuat toén Il
Giai hé thic truy hdi a,, = 3a,_; (n > 1) v6i diéu kién ban dau ay = 2 Hoang Anh Biic
o0 o0
Gu,(x) = Z anmn =ap + Z(3a,,,/_1)z" Gidi thi
n=0 n=1 1
o0 o0
=2+3zZa,,,,_1z"’1 =2+ 3z Z ama™ Gidith
n=1 m=0 e
=2+ 32G,(x)
2 61t
Ga(I) = m \“‘ wic déc trung
Ham sinh

o0 iy dé quy
sy , 1 . Sinh Iy
Nhac lai rang § 2" =-——vli—1<z<1 Suyra ‘
1—x
n=0
ad 1 . .
E " = i Vi —1 < cz < 1 trong d6 ¢ # 0 la hang so nao do
— CT

n=0

S(r dung déng thuc trén, ta c6 thé viét

00

2 o0
Galw) = ;5= =2 _3"a" = Y (2-3"a"

n=0 n=0

Suyraa, =2-3"
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Giai hé thic truy hoi

Ham sinh

Thuét toan Il

Mot phuong phép khéc dé tim cong thiic tudng minh cho G, (z) trong Vi
du 5. Chuyrang a, = 3a, 1 (n>1)vaay =2

Hoang Anh Buic

= i anx" Binh nghia ham sinh
—32Gq( 2[3(1 ot Nhén hai vé véi —3z
Galz) — 3G ( Z anz" — Z[Ba Jantt Cong hai dang thiic ® ‘Hmn e
=apz® + Z anz’ — Z [3ay,)a" !
n=0
=2+ Z anz" — Z[?»an_l]x" DG chi sb
n=1 n=1
=2+ i [a" — 3an_1}x” Ay = 3y 1
n=1

=2
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Giai hé thic truy hoi

Ham sinh

Thuét toan Il

Hoang Anh Buic

M6t sb dang thirc hitu ich

n=0
1 = ‘
=D " S
1—ax "0 @ Ham sinh
Cay dé quy
o0
>
1—zF
n=0
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Giai hé thic truy hoi

Ham sinh

Thuét toan Il

Vl’ dU 6 Hoang Anh Buic
Déy Fibonacci {f,} cho bdi hé thiic f,, = fu—1 + fu—2 (n >2)
va diéu kiénban dau fo =0va f; =1

o0 o0
Gr(x) =Y far" = fo+ frz+ D> (fa1 + fo2)a"
n=0 n=2
oo o0 i6i thi
=r+ux Z fro1x™ ™t 4 22 Z "2 (=) o e
n=2 n=2 hy dé quy
[e o] oo
=z+2 Y fmr"+27 Y fna™ ddi bién
m=1 m=0
o0 oo
=z+ z[z fna™ — foz°] + 2? Z fmax™ for® =0
m=0 m=0
=z + 2Gy(z) + 2°G4(z)
T
Gi@) =1 — I



Giai hé thic truy hoi

Ham sinh

Thuét toan Il

Hoang Anh Buic

V@i —1 < cx < 1 trong dé

= 1
Nhac lai rang »  c"a" = :

"0 — CT
¢ # 012 hang sé nao dé
Bai tap 2
Vbt Gpa) = — = Y ysicdchan ‘
P =12 =22 1-Az ' 1- Bz gH;m‘mh“

sba,b, A, B ndo dé
m Ap dung céng thiic trén dé dua G (x) vé dang
a) Amz"+bY B'a" véi-1<Ar<1va-1<Br<l

n=0 n=0

(= Khai trién G ;(x) thanh chudi Iy thira)
m Tir dinh nghia ham sinh, suy ra céng thuc cho day { f,.}
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Giai hé thic truy hoi

Ham sinh

Thuét toan Il

Hoang Anh Buic

vc’ii —1 < z < 1, bang cach lay

Chiy rang tu Z z"

dao ham hai ve va déi chi s6 Iay téng, ta c6

0o 00 1
S et = 3 e -
nx m xr
— )2
n=1 m=0 (1 .T)

Bai tap 3

Gidi hé thifc truy hoi a, = 2a,_y — an_» VGin > 2 va cdc diéu
kién ban dau ay = 1, a; = 1 bang cach s dung ham sinh

Bai tap 4 (»)

Gidi hé thifc truy hoi a,, = 3a,_y +n vdin > 1 va diéu kién ban
dau ag = 1 bang cdch s dung ham sinh
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Uéc luogng hé thic truy hoi

Cay dé quy

, Thuét toan Il
Vl dU 7 Hoang Anh Buic
Xét hé thic truy héi T'(n) = 27 (n/2) + n véi diéu kién ban dau
T(1) = 1 van = 2¥ véi s0 nguyén k > 1 nao dd. Ta vé cay dé
quy cho hé thirc nay nhu sau

0
L Hman
@ Cay dé quy

(1) (1) +
L n
L . . ............................................ E’ 2x g
——
1= 2_ =L =logn T(n)

Tacéd T'(n 222 n(logn + 1) = O(nlogn)
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Uéc luogng hé thic truy hoi

Cay dé quy

VII dU 8 Thuat toén 11
" N Hoang Anh Buic

Xét hé thic truy hdi T(n) = T(n — 1) + T(1) + n vdin > 1va ’

diéu kién ban dau T'(1) = 1. Ta vé cay dé quy cla hé thiic nay

nhu sau
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Uéc luogng hé thic truy hoi

Dinh Iy thg

,{ Pinh ly 8: Dinh ly thg (Master Theorem) ]—

Goi f 12 mét ham tang théa man hé thurc truy hoi

f(n) = af(n/b) + cen?

trong do n = b* vdi k la sé nguyén duong nao do,a > 1,b la
S0 nguyén duong Ién hon 1, va ¢, d la cdc so thuc vdi c duong
va d khéng am. Ta co

O(n) néua < b?
f(n) 1a { O(n%logn) néua = b?
O(n'°% ) néua > b’

Vidu9
m V6i T'(n) = 2T(n/2) + n, tacd T(n) = O(nlogn)
m V6i T(n) =T(n/2) +n,tacéd T(n) = O(n)
m VGi T(n) = 3T (n/2) + n, ta cd T(n) = O(n'°83)

Thuét toan Il

Hoang Anh Buic
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Thuat toan dé quy

Gidi thiéu

Thuét toan Il

Hoang Anh Buic

m Dinh nghia theo dé quy khong nhitng cé thé 4p dung cho
cac ham va tap hop ma con cho ca cac thuat todn
m M6t thdi tuc dé quy (recursive procedure) |a mét thl tuc goi
chinh né o
m Mot thudt toan dé quy (recursive algorithm) 1a mét thuat o
toan gidi mot bai toan bang cach chuyén vé viéc giai chinh
bai todn dé nhung véi dau vao cé kich thudc nhd hon
m Ky thuat chia de tri (divide-and-conquer technique): gidi mét (©) Gormis
bai toan ban dau théng qua viéc chia né thanh cac bai toan
nhd hon cling loai va giai chiing
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Thuat toan dé quy

Gidi thiéu

Thuét toan Il

Hoang Anh Buic
Mot thuat toan dé quy thudng cé dang nhu sau
Trudng hop co s Véi mét s dau vao kich thudc nhd hoac
mot sO trudng hop dac biét, thuat toan sé cho ra
két qua mét cach truc tiep
Binh nghia bai toan con Trong trudng hop dau vao khac véi
nhirng dau vao dinh nghia trong truong hop co
s8, thuat toan dinh nghia mét hodc nhiéu “bai
toan con” véi cac dau vao nhé hon dugc tinh tr
dau vao ban dau
Giai bai toan con Thuét todn goi chinh né dé giai céc bai toan (&) come
con va luu trit cac két qua tinh toan
Xuat ra |6i gidi Sau khi giéi,quyét toan b cac bai toan con,
thuat toan xuat ra 16i giai dva trén dau vao ban
dau va céc 10i gidi clia cac bai toan con
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Thuat toan dé quy

Gidi thiéu

Thuét toan Il

Chitng minh tinh ding dan cla thuat toan dé quy bang quy nap manh
m Phat biéu diéu can chiyng minh: M6t diém quan trong la can
chi ré “thuét todn ding” nghia la gi
m Budc co sd: Cac trudng hop khi thuat todn cho ra két qua mot
cdch truc tiép ma khong can théng qua goi dé quy chinh né 1a
céc trudng hop can xét trong buéc co s i
m S{ dung mo ta clia thuat toan dé chi ra thuat toan sé tra lai gi trong ‘
trudng hop co sd
m Chi ra réng gi4 tri tra lai clia thuat toan 1a diing it
m Budc quy nap: Gia thiét ring thuat toan diing cho moi dau vao
kich thude nhé hon. Chi ra rang thuat todn ciing ding cho dau
vao hién tai
m Phat biéu gia thiét quy nap: Gia sl thuat toan diing v6i moi dau vao @ .
gilra trudng hop ca s va cac dau vao co kich thudc nhd hon mot
don vi so vdi dau vao hién tai
m MO ta cu thé thuat todn tra lai gi véi dau vao hién tai dya trén cac
1an goi dé quy
m SU dung gia thiét quy nap dé thay méi 1an goi dé quy bing dap an
chinh xac. Chi ra rdng nhitng diéu nay dan t6i ddp an ding cho
truong hop hién tai
m Néu ban xét nhiéu trudng hop trong thuat todn thi can thuc hién hai
diéu trén véi tiing truong hop mot

Hoang Anh Buic
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1
2
3

L3

Thuat toan dé quy

Tinh giai thira

Thuét toan Il

Hoang Anh Buic

V&i moi s6 nguyén khéng am n

0'=1
nl=nxn-1)"! VYn>1

Thuat toan 7: Tinh n!
Input: n: s6 nguyén khéng am
Output: n!
procedure factorial(n): o
if » = 0 then () ver
| return1

else
L return n x factorial(n — 1)
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Thuat toan dé quy

Tinh giai thira

Thuét toan Il
Vi du 10 (Thuét toan dé quy tinh giai thira la dung) Hoang Anh Bifc
Ta chiing minh tinh ding dén ctia Thuat todn 7 bing quy nap
manh. Goi factorial (n) 1a gid tri trd lai bdi Thuéat toan 7
m Ta chiing minh factorial(n) = n! v8i moin > 0
m Budc co sd: Khin =0, factorial(n) =1 =n!
m Budc quy nap: Gid sif factorial(j) = 5! v6i moi j thda
man 0 < j < k vdi sb nguyén k > 0 nao do. Ta chitng minh o
factorial(k + 1) = (k + 1)!. That vay, Thuat todn 7 tra lai patn
factorial(k +1) = (k + 1) x factorial (k). Theo gia thiét
quy nap, factorial (k) = k!. Do dé,
factorial(k+1) = (k+1) x k! = (k+ 1)!

Vidu 11 (Thai gian chay cla thuat toan dé quy tinh giai
thira)

T(n) =max{0(1),T(n—1)+O0(1)} +O(1) =T(n—1)+ O(1)
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1
2
3

LS

Thuat toan dé quy

Tinh Idy thira

Thuét toan Il

Hoang Anh Buic

Vi moi s6 thuc a # 0 va s6 nguyén khong am n,

a’ =1

a*=axa"' VYn>1

Thuat toan 8: Tinh a™

Input: a: s6 thuc khéc 0, n: b nguyén khong am
Output: o™
procedure power (a, n): g
if n = 0 then -
| return1

else
L return o x power(a, n — 1)
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Thuat toan dé quy

Tim kiém tuyén tinh

Thuét toan Il

Thuat toan 9: Tim kiém tuyén tinh (Linear Search) Hoang Anh Dic
Input: a1, as, ..., a,: ddy sb nguyén, i, j, z: s6 nguyén,
1<i<j<n

Output: NéU S {ai, Aig 1y ,aj} thi tra lai
ke {ii+1,...,5} sao cho x = a;. Ngugc lai thi
trd lai 0
1 procedure LinearSearch(i, j, x):

ifa; =2 then // 8 ding vi tri? Tra lai két qua
| return;
else it
if i = j then // Khéng tim thiy v
| return0
7 else // Tim trong phdn coén lai
L return LinearSearch(i + 1, 7, x)
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Thuat toan dé quy

Tim kiém nhi phan

1

Thuét toan Il

Thuat toan 10: Tim kiém nhi phan (Binary Search)

Input: a1, as, ..., a,: ddy s6 nguyén thuc su ting, 4, j, z: 6
nguyén, 1 <i<j<n
Output: Néu z € {a;,ait1,...,a;} thitrdlai ke {i,i+1,...,5}
sao cho z = ay. Nguoc lai thi trd lai 0
procedure BinarySearch (i, j, x):

Hoang Anh Buic

m = |(i+7)/2] // DPi &én gifta d&y
if v = a,, then // bing vi tri?
| returnm
else
if x <a,, vai < mthen // x & ntta bén trai?
L return BinarySearch(i, m — 1, z) vies
else

if 2 > a,, vaj > m then // x & nda bén phdi?
L return BinarySearch(m + 1, j, )

else // Khéng tim thiy
| return0
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o & W N

Thuat toan dé quy

Sap xép tron

Thuat toan 11: S3p xép tron (Merge Sort)

Input: L = a1, as,. .., a,: ddy sO nguyén
Output: Day s0 nguyén sap thi tu tang dan
procedure MergeSort (L):

if n > 1 then
m:= |n/2]
Li:=ay,...,an
Lo = amy1,---,0an

L := Merge (MergeSort (L;), MergeSort (L2))

Thuét toan Il

Hoang Anh Buic
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Thuat toan dé quy

Sap xép tron

1
2
3

Thuét toan Il

Thuat toan 12: Tron hai day sép thu tu (Merge) Hoéng Anh Bulc

Input: A = (a1,...,a.4), B = (b1,...,bp)): ddy s6 nguyén
sép thu tu
Output: Day cac s6 nguyén trong ca A va B sap thit tu
tang dan
procedure Merge (A, B):
if A=( then
| return B

if B = () then

| return A
if a1 < b; then

L return (a;,Merge(az, ..., a4, B))
else

L return (b, Merge(A, bo,... b))

55



VNU-HUS MAT3500: Toan roi rac
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Noi dung

Gidi thiéu Ly thuyét s6 co ban
Tinh chia hét va phép toan modun
Dinh nghia va tinh chat co ban
Dong du theo modun m
Biéu dién s6 nguyén
Biéu dién theo hé b-phan
Cong va nhan cac s6 nhi phan
Biéu dién cac s6 nguyén am theo hé nhi phan
Tinh IGy thra moédun
S6 nguyén t6 va Udc chung 16n nhét
Sb6 nguyén to
Uéc chung 16n nhat
Phuong trinh dong du
Gii thidu
Dinh ly phan du Trung Hoa
Dinh ly Fermat nhd
Thuat todn ma hdéa RSA

Hoang Anh Buic
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Gidi thiéu

Ly thuyét s6 co ban
Hoang Anh Buic

Gidi thiéu

] Ly thuyét s6 (number theory) nghién ctiu céc tinh chat va
mbi lién hé gilra céc loai sb

m quan trong nhét la cac sb nguyén duong (positive integers)
m dac biét la cdc so nguyén to (prime numbers)
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Tinh chia hét va phép toan modun

Dinh nghfa va tinh chat co ban

Ly thuyét s6 co ban
Hoang Anh Buic

m Cho cac s6 nguyén a va b vdi a # 0. Ta néi b chia hét cho
a, ky hiéu b: a, néu ton tai mot s6 nguyén c sao cho b = ac.

m Trong trudng hop nay, ta cling ndi a 1a vdc (factor) cha b
hay b la bdi (multiple) clia a va ky hiéu a | b.

m Ta lan lugt st dung cac ky hiéu b/ a va a t b dé chi b
khdng chia hét cho a va a khéng la udc cla b

Binh nghia va tinh chét co
ban

Pinh ly 1 be i phin”

(1) Néua|bvaa|c thial|(b+ec)
(2) Néua |b, thia|be
(3) Néua|bvab|ec, thia|c

Bai tap 1
Chutng minh Dinh Iy 1
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Tinh chia hét va phép toan modun

Dinh nghfa va tinh chat co ban

Ly thuyét s6 co ban

Dlnh Iy 2 Hoang Anh Buic

VGia € Z vad € Z+, ton tai duy nhat cdc sé nguyén q var,
VOi0<r<d thbamana =dq+r

Binh nghia va tinh chét co
ban

Ching minh. o
m Ton tai cac s6 nguyén ¢ va r v6i 0 < r < d théa man §
a=dq+r Cong vanhan s

m Chon ¢ la s6 nguyén I6n nhat thda man dg < a i i s
B Chonr=a—dq.Tacé 0 <r < d(Taisao?) ity tiza modn

m Gia sl ton tai cac cdp s6 nguyén ¢;, 1 Va ¢o, r» thda man
a=dq +rivaa=dgy +1r2, V6 0<r <ry <dva
(q1,71) # (q2,72)
BNéUG =qthiri=a—dp =a—dg =rs AR
m Do d6, ¢1 # go. Theo gid thiét a = dgi + 71 = dgs + 72 va do Binh I Fermat
dOIdZ(’r‘z—'ﬁ)/(ql—qz). DOOSH < ro <d,tacé
0<ro—r1<d=(r2—r1)/(q1 — q2). Do dé,

0 < q1 — q2 < 1. Bay la mét mau thuan (Tai sao?)



Tinh chia hét va phép toan médun

Dinh nghfa va tinh chat co ban

Ly thuyét s6 co ban
Hoang Anh Buic
m Trong Pinh Iy 2, a 1 s6 bj chia (dividend), d |a sé chia
(divisor), q 1a thuong (quotient), va r la sé du (remainder) an
m Ta ciing viét ¢ = a div d va r = a mod d. Chu y rang véi d U
¢0 dinh, a div d va a mod d la cdc ham tir Z dén Z
mTacég=|a/dlvar=a—dg=a—dla/d] Gty ramin ks
Vidu 1 S
m 101div1l =9val1l0l mod 11 =2

m—11div3= —4va—-11lmod3=1
(Chl y rang mac du —11 = 3(—3) — 2 nhung s6 du’ cla
phép chiaa = —11 cho d = 3 khéng bang —2 do r = —2 e,
khéng théa man 0 < r < d) ot
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Tinh chia hét va phép toan modun

Dinh nghfa va tinh chat co ban

Ly thuyét s6 co ban
Thuét toan 1: Tim thuong va sb du Hoang Anh Dic
Input:a € Z,d € Z*

Output: Thuong ¢ va s6 du r cla phép chia a cho d

1 procedure div-mod(a, d): Dl nghia v tnh it oo
2 q:=0 g dteo
3 r:=|al iénheo 6 bt
4 whiler > ddo // Tiép tuc trit d tit r va tang ¢ ng vanhin¢
cho d&én khi r <d

5 ri=r—d
6 L qg:=q+1

ifa <0var > 0then // Trudng hop a &m
8 L ri=d-—r o
9 qg:=—(¢+1) i i o
10 return (¢,r) // q=a div d 1a thuong,

r=amodd 1a sb du

61



Tinh chia hét va phép toan médun

Dong du theo modun m

Ly thuyét s6 co ban

m V6ia,be Zvame Z*, a dong du véib (theo) médun m,
ky hiéu a = b (mod m), khi va chi khi m | (a — b)

Hoang Anh Buic

Pinh ly 3

VGia,b € Z vam € Z*, a = b (mod m) khi va chi khi a mod
m =bmodm

Chdng minh.

(=) Gidslt a =b (mod m). Theo dinh nghia, m | (a — b). Néu
a=qm-+rivab=gm+rVviio<r, <mvad<r,<m
thia—b= (g1 —q2)m+ (r; —72). D00 < 71,72 < mnén
—-m<ry—7ry<m.Dom | (a—0b)nénr; —ry =mp Vo
p € Z. Suy ra —m < mp < m vado d6 p = 0, nghia la
r1 = ra, hay néi cach khac a mod m = b mod m i1y Format

(«<) Gid st amod m =bmodm =r.Suyraa=qgm-+rva
b=gom+7r.Dodd,a—b= (¢ —q)m,nghialam | (a —b)

O (e




Tinh chia hét va phép toan médun

Dong du theo modun m

Ly thuyét s6 co ban
Hoang Anh Buic

Bai tap 2

Chitng minh réng quan hé déng dur theo médun m =

(mod m)” la mdt quan hé tuong duong trén tap cdc s6 nguyén R
o Déng du theo médun m.

Dinh ly 4

VBia,b € Z vam € Z+, a = b (mod m) khi va chi khi tdn tai| | coomeeein
ke Zsaochoa =0b+ km

Ching minh.
(=) Giaslta =b (mod m). Theo dinh nghia, m | (a — b), nghia
latontaik € Zsaochoa—b=kmhaya=>b+km
(<) Gidslrtdntai k € Zsaochoa = b+km.Suyraa—b=km o
va do dé m | (a — b). Theo dinh nghia, a = b (mod m)
[
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Tinh chia hét va phép toan médun

Dong du theo modun m

Ly thuyét s6 co ban
Hoang Anh Buic

Pinh ly 5

VGi a,b,c,d € Zvam € Z+, néua = b (mod m) vac = d
(mod m) thia+c¢=b+d (mod m) vaac = bd (mod m) i gha va tinh cn

Ching minh. 3 i o o
Gidsta=b (mod m)vac=d (mod m). Theo Dinh Iy 4, tbn A
tai s,t € Zthdaman a = b+ smva c = d+ tm. Do dd,
a+c=(b+d)+(s+t)mva

ac = (b+sm)(d+tm) = bd + (bt + sd + stm)m. Theo Dinh ly 4,
a+c=b+d (mod m)vaac=bd (mod m) O

B (a+b) mod m = ((a mod m) + (b mod m)) mod m
B ab mod m = ((a mod m)(b mod m)) mod m
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Tinh chia hét va phép toan modun

Dong du theo modun m

Ly thuyét s6 co ban
Hoang Anh Buic

m Ta c6 thé dinh nghia céc toan t& s6 hoc trén tap oy
Zon =1{0,1,...,m —1}: VGi a,b € Zn,
B a+m b= (a+b) mod m;va g vanbincio o
B a-mb=(a-b) modm,
trong d6 cac phép todn + va - & vé phai la cac phép toan
trén Z. Cac phép toan +,,, va -, dugc goi la cac phép
cOng va nhan theo médun m
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Biéu dién sb nguyén
Biéu dién theo hé b-phan

Ly thuyét s6 co ban

m Théng thudng, chiing ta biéu dién céc sb theo hé co sb
(base) 10, sl dung cac chir s6 (digit) ti 0 dén 9

m Trén thuc té, ta cé thé biéu dién cac sb theo hé cosb6 b > 1
bat ky

m V6i moin, b € Z+, tdn tai duy nhat mot day aya,_1 . . . arao
gdm cac chit s6 a; < b (1 < i < k) thda man

Hoang Anh Buic

Biéu dién theo hé b-phan
n=ab® +ap_ 1" +ap_obF 24 +arbt +ag = E a;b’

Ta cling ky hiéu n = (agag—1 ... aza1)p
m Mot sb hé co sb phd bién

m Hé co s6 10 (hé thap phan (decimal)): st dung 10 chit sb
0,1,2,3,4,5,6,7,8,9 (do ching ta ¢4 10 ngon tay)

m Hé co s6 2 (nhi phan (binary)): s dung 2 chii s6 0, 1
(dung trong tat ca cac hé théng may tinh hién dai)

m Hé cao s6 8 (hé bat phan (octal)): sit dung 8 chi sb
0,1,2,3,4,5,6,7 (tuong tng vGi cac nhém 3 bit)

m Hé cao s6 16 (hé thap luc phan (hexadecimal)): st dung
16 chirs6 0,1,2,3,4,5,6,7,8,9, A, B,C, D, E, F (tuong
Uing vdi cac nhém 4 bit) o



Bi€u dién s6 nguyén

Biéu dién theo hé b-phan

Ly thuyét s6 co ban

Vidu?2 Hoéng Anh Biic

(101011111) = (?)101 - 254027 +1-26 4025 + 1. 2* g
+1-2241-2241-28+1-2° = (351)19 ot
(2AE0B)16 = (7)102 - 16 + 10+ 16% + 14 - 162 + 0+ 16" + 11 - 16Q) sérsinvorovowr

= (175627)10 sisin i shrg
Dé chuyén mot s6 nguyén n sang hé b phan véi b > 1:

(1) Dé& tim gia tri clia chit s& ngoai cuing bén phai, tinh n mod b

(2) Thay n bdi n div b |

(3) Lap lai cac budc (1) va (2) cho dén khin =0 o Pt
Baitap 3

Mo ta thudt todn trén bang ma gia
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Biéu dién sb nguyén

Biéu dién theo hé b-phan

Ly thuyét s6 co ban

Hoang Anh Buic

Chuyé&n mét s6 nguyén n sang hé b phan véi b > 1:

n=bgo +ao n:=4qo
= b(bq1 + a1) + ao o ot ation
=b%q1 + bay + ap 0= gt theo mocun
= b?(bga + az) + bay + ag
=b%qs + baz + bay + ap ni=qs
= b%(bgs + a3) + b*ag + bay + ag
= bigz + b2az + bag + bay + ag ni=gg [ o

=080 +ap) + 0" tag_1 4 ... b%as + b2ay + bay +ag =0 o Famat ot
=bFa, + V" tap_1 +...6%a3 + b2as + ba; + ag
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Biéu dién sb nguyén

Biéu dién theo hé b-phan

Ly thuyét s6 co ban
Hoang Anh Buic

Vidu3

(12345)10 = (7)s

12345 = 8- 1543 + 1
1543 = 8- 192 + 7 e

192 =8-24+0
24=8-3+0 e
3=8-0+3

Do dd, (12345)1 = (30071)s
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Bi€u dién s6 nguyén

Chuyén déi giita cac hé nhi phan, bat phan, va thap luc phan

Chuyén déi gita hé nhi phan va hé bat phan (hodc hé thap luc
phan) rat dé thuc hién
m MGi chil s6 trong hé bat phan tuong (ing véi mét khoi 3 bit
trong biéu dién nhi phan
m MGi chii s6 trong hé thap luc phan tuong ting véi mot khoi
4 bit trong biéu dién nhi phan

Thapphan |0|1|2 |3 |4 |5 |6 | 7] 8 9 | 10| 11 | 12 | 13 | 14 | 15
Thap lucphan |0 1|2 3| 4| 5 | 6 7 8 9 A B C D E o

Batphan |O|1|2 |3 |4 |5 |6 |7 | 10| 11 |12 | 13| 14 |15 | 16 | 17

Nhi phdn | 0| 1{10| 11| 100|101 |110| 1111000 | 1001 | 1010|1011 | 1100|1101 [ 1110|1111

(11 1110 1011 1111), =

-

(A?)D)l() =

3EBF
ki

(10T1o 0011 1101),

Ly thuyét s6 co ban
Hoang Anh Buic

Biéu dién theo hé b-phan
j va nhén c nh
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Bi€u dién s6 nguyén

Cong va nhan cac s6 nhi phan

Ly thuyét s6 co ban

Dé cong hai s6 nhi phan a = (a,_1an_s . ..a1ag)s Va
b= (bn—lbn—2 cee b1b0)2
m Cong hai chii s6 nhi phan ngoai cling bén phai
agp +bo = ¢ - 2 + 30,
trong d6 s, 1 chit s6 ngoai cling bén phai trong biéu dién
nhi phan clia téng a + b va nhd (carry) ¢,
m Cong hai chii s6 nhi phan tiép theo va nhé
a1 +by+co=ci 2+ 51,
trong dé s, la chii s6 tiép theo (tinh tir bén phai) trong biéu
dién nhi phan cla téng a + b va nhé ¢,
m Tiép tuc cong hai chit s& nhj phan tiép theo va nhé dé xac
dinh chii s6 tiép theo (tinh ti bén phai) trong biéu dién nhi
phan clia téng a + b va nhé
m O budc cubi cling, tinh
,a7—1+bn 1+Cn 2 = Cp— 2+5n1
va chi sb dau tién trong biéu dién nh| phan clia téng a + b
las, =ch_1
Thuat toan trénchotaa +b = (spsp—1...5180)2 o

Hoang Anh Buic



Bi€u dién s6 nguyén

Cong va nhan cac s6 nhi phan

Ly thuyét s6 co ban
Hoang Anh Buic

Thuat toan 2: Cong hai s6 nhi phan

Input: a = (a1 ... a0)2,0 = (b—1...bo)a: biéu dién nhi
phan clia céc so nguyen du’dng a,b e
Output: s = (s,5,_1...50): biéu dién nhi phan cla oo
s=a+b

1 procedure add(a, b): Conga v i s
2 c:=0 Bidu ién cdo sb nguy
3 forj:=0ton—1do

4 d:=|(aj +b;+¢)/2]

5 sj=aj+bj+c—2d

6 c:=d

~

Sp ‘= C oinl :w u Trung ¢
8 return (sg, s1,...,8n)
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Biéu dién sb nguyén

Cong va nhan cac s6 nhi phan

Ly thuyét s6 co ban
Hoang Anh Buic

Vidu4
Cong hai 6 a = (10111), va b = (11100),

10111 10111 10111

+ nhé 0 + nhé 0 + nhé 1 3 bt o
11100 11100 11100 (i5) g vamincis
1 11 011 ‘ L

v K
10111 ) 10111

+

+ nhé 1 nhé 1
11100 11100
0011 110011
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Bi€u dién s6 nguyén

Cong va nhan cac s6 nhi phan

Ly thuyét sb co ban
D& nhan hai s6 nhi phan a = (a,—1a,2 ... a1a0) Va Hoéng Anh Buc
b= (bn_lbn_g . b1b0)2; chu y, I'é.ng
ab = a(b020 + b121 + 4 bn,12n_l)

= a(bOQO) + a(6121) 4+ 4 a(bn_12n—1)

Phuaong trinh nay cho ta cach tinh ab:
m Chlyrang ab; = anéub; = 1vaab; =0néub; =0 OF
m MGi lan nhan mét s6 hang véi 2, ta dich chuyén biéu dién
nhi phan clia 0 d6 sang trai mét don vi va thém 0 vao )
dudi clia biéu dién. N6i cach khac, ta co thé thu dugc bieu
dién nhj phan clia (ab;)27 bang céch dich chuyén biéu
dién nhj phan cla ab; sang trai j don vi va thém j sb 0 vao
duéi clia biéu dién
m Cubi cling, ta nhan dugc ab bang cach cong biéu dién nhi
phan cla n so (ab;)27 véi j € {0,...,n — 1}
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Bi€u dién s6 nguyén

Cong va nhan cac s6 nhi phan

1

2
3
4

Ly thuyét s6 co ban

Thuat toan 3: Nhan hai s6 nhi phan Holng Anh Bic

Input: a = (a1 ...a0)2,b = (by_1...bo)2: bidu dién nhi
phan clia c4c s6 nguyén duong a, b
Output: biéu dién nhi phan clia p = ab P
procedure multiply(a, b):
forj:=0ton—-1do e ‘
if b, = 1 then (=) compamnciossm

phan

¢; == a sau khi di chuyén j don v sang trai Bk i i s

else

L cj:=0

// ¢g,...,cn—1 1& céac tich thanh phan
p:=0

forj:=0ton—1do it
| pi=add(p, ¢;)

return p
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Biéu dién sb nguyén

Cong va nhan cac s6 nhi phan

Ly thuyét s6 co ban
Hoang Anh Buic

Vidub5
Nhan hai s6 a = (110)3 va b = (101),
110 110 110
X X X Biudin oo o
S U _ ot 101 N
110 110 110 e
0000 + 0000
11000

11110



Bi€u dién s6 nguyén

Biéu dién cac s6 nguyén am theo hé nhi phan

m Trong hé nhi phan, cac sb am cé thé dudc biéu dién thong
qua ky hiéu phan bu hai (two’s complement notation)

m Trong truong hop nay, mot chudi nhi phan n bit cé thé biéu
dién bat ky s6 nguyén i nao théa man —27~1 < < 271

m Bit ngoai cling bén trai dung dé biéu dién dau (0 1a duong,

Liaam) ‘ ,
m Khi biéu dién bang ky hiéu phan bu hai, néu
a=(ap—1...a0)2 thi —a = (@,—1.--ag)2 + 1, trong dd

Tpn_1---0Go Ia phan bu cla an-1. .. ag thu dugc théng qua
tinh todn bang todn t{ l6gic (phu dinh) theo tiing bit

Vidu 6 (Véin =3)

Gia tri | Chudi 3-bit | Gia tri | Chuoi 3-bit
3 011 -3 7101

2 010 -2 ?7110

1 001 —1 ?111

0 000 —4 7100

61

Ly thuyét s6 co ban
Hoang Anh Buic

Biéu dién céc sb r\guyen
4m theo hé nhj phr
Tinh Iy ths



Tinh chia hét va phép toan modun

Tinh IGy thtra médun

Ly thuyét s6 co ban
Hoang Anh Buic
m Trong cac thuat todn ma hda hién dai, mot bai toan quan
trong 1a tinh b" mod m mot cach hiéu qua ma khong can
s dung qud nhiéu bd nhd, dic biét l1a khi b, n, m la cdc sb
nguyén Ién
m Viéc tinh 5" rdi tim s du khi chia né cho m 1a khéng thuc
té, do b" ¢ thé cuc I6n va ta sé can mot luong 16n bo nhd rovaonin
chi aé luu gia tri cda b” s i
m Ta c6 thé tinh b mod m bang cach lan lugt tinh b* Tio Gy i mocun
mod m cho k = 1,2,...,n, st dung tinh chét
b*+1 mod m = b(b* mod m) mod m. Tuy nhién, hudng tiép
céan nay cling khong thuc té, do ta can thuc hiénn — 1
phép nhan cac sb6 nguyén va n cé thé rat 16n

m Ta trinh bay mét hudng tiép can hiéu qua dua trén biéu
dién nhj phan ctuan
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Tinh chia hét va phép toan modun
Tinh IGy thtra médun

Ly thuyét s6 co ban
Hoang Anh Buic
m Chuyrang
R X . a 2
Biéu dién nhi phan cia n
.

—~— Jinh nghia va tinh ch:

-«
bt = bak,,12k”1+ak,221"”2+-~+a121+a(,20
= (ka_l>uk—1 X (ka_Q)“k—Q X oo X (le)(Ll X (bQO)ﬂo o
m Chung ta c6 thé tinh cac gid tri b2’ bing cach lién tuc binh | =
phu’dng Q Tinh ldy thita médun
®m Sau do ta chi can nhan cac gid tri nay v6i nhau dé tao
thanh mot tich thanh phan, tuy thudc vao a; cé bang 1 hay
khéng o
= Quan trong I3, sau méi budc nhan, dé tang tinh hiéu quéa R
va tiet kiém bd nhd, ta co thé lay modm cta két qua dé
tiép tuc thuc hién tinh todn
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-

o A W N

[=2]

Tinh chia hét va phép toan modun

Tinh IGy thtra médun

Thuét toan 4: Tinh |0y thira médun nhanh

Input: b: sb nguyén, n = (ax—1a—2 ... arag)s: biéu dién nhi
phan clia s6 nguyén duong n, m: s6 nguyén duang
Output: b mod m

z:=1 // @& luu trit két qua
b2i := bmod m // b?°, d3u tién i=0
fori:=0tok—1do // xét tit cd k bit cta n
if a; = 1 then
| := (2 -b2i) mod m
b2i := (b2i - b2i) mod m /7 02T =) ()
return z
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Ly thuyét s6 co ban
Hoang Anh Buic

Tinh ldy thita médun



Sb nguyén t6 va Udc chung I6n nhét

S6 nguyén t6

Ly thuyét s6 co ban

[ Mot sb nguyen p>11amoétsd nguyen tb (prime number) Hoang Anh B
néu cac udc sb duang duy nhat clia p la 1 va chinh né
m Vidu:2,3,5,11,...
m Céc sb nguyén 16n hon 1 va khong phai 1a sb nguyén tb o i va i
dudgc goi la cac hop so (composite number)

Bai tap 4 o ciosh
Chitng minh réng néu p la mot sé nguyén té va p | ab vdi ‘

a,b e Z* thip | a hodcp | b. (GO y: Gid st p 1 a, chiing minh

p | b. St dung Binh ly Bézout (Dinh ly 12)) sé dé c4p & phan

sau.) Phat biéu trén co diing vdi p la hop sé hay khéng? Tai (20) sénquyeno
sao? S
Baitap 5

Str dung quy nap, hdy chiing minh phat biéu téng quat: néu p

la mot s6 nguyén to vap | a1as ... an, trong do a; € Z vJi

1<i<n,thip|a; vdijnaodo (1 <j<n)
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Sb nguyén t6 va Udc chung I6n nhét

S6 nguyén t6

Ly thuyét s6 co ban

Hoang Anh Buic

Dinh ly 7: Dinh ly co ban clia s6 hoc ]

Moi s6 nguyén duong I6n hon 1 c6 thé du’dc viét mot cdch duy
nhét ded/ dang mét sb nguyén té hodc mét tich cla cdc udc Joh ngha v i ch
nguyén té clia nd theo thit tu tdng dan

Goi y. i
= Ta da chiing minh béang phugng phdp quy nap: néun > 1 m e

la mét s6 nguyén thi n co thé dugc biéu dién dudi dang
tich clia céc so nguyén t6

m Dé chi ra tinh “duy nhat”, ta chiing minh bang phan
chiing: gia st s6 nguyén duong n > 1 ¢é thé dugc biéu o
dién dudi dang tich cac sb nguyén t6 theo hai cach, vi du oy i Turg
nhu'n = pips...psVan = qiqo . .. q, trong dé moi p;

(1<i< s) vag; (1< j<t)lamot 36 nguyén t6 théa man
p1<pp<--<psvaq <go < < g S dung Baitap 5
dé chi ra mau thuan ot

S6 nguyén &
Udc chu



Sb nguyén t6 va Udc chung I6n nhét

S6 nguyén t6

R 0 Ly thuyét s6 co ban
Dinh ly 8

Hoang Anh Buic

Néun € 7+ la mgt hop sb, thi n ¢c6 mét udc nguyén t6 nhé
hon hodc bang +/n

Chdng minh.

m Theo gia thiét, n € Z* 1a hop sb, do dé n cé mét udc sbé a e
thda man 1 < a < n. Do dé, ton tai s6 nguyén b > 1 sao rovanine
cho n = ab. fe

m Ta chiing minh a < \/n ho&c b < \/n. Thét vay, gia st
a>/nvab>/n. Suyra,ab > /n-\/n=n, mau thuln
vGi dinh nghta cla a, b. Do d6 a < /n ho&c b < \/n, nghia
la, n c6 mot udc sb 16n hon 1 va khong vuot qué /o (a
hoéc b) B 1 s Tung

m Theo Dinh ly ca ban cla sb hoc, udc s6 nay 1a mot s6 ‘
nguyén t6 hodc cé mot udc nguyén té nhd hon né. Trong
ca hai truong hop, n cé mét uéc nguyén to nhd hon hodc
bang /n o



Sb nguyén t6 va Udc chung I6n nhét

S6 nguyén t6

Ly thuyét s6 co ban
Hoang Anh Buic

= Ménh dé phan dao clia Binh ly 8: Mot sb nguyén n > 11a
so nguyen t6 néu né khong chia hét cho bat ky sb nguyén
t6 nao nhé hon hoéc bang /n
m Tim céc sb nguyén t6 gilta 2 va n bang Sang Eratosthenes
(The Sieve of Eratosthenes)
Thit moi s6 nguyén i thda man 2 < i < \/n va kiém tra
xem n ¢6 chia hét cho i khong
(1) Viétcac sb 2,...,n vao mot danh sach. Gan i := 2
(2) Bb ditat c& céc bdi clia i trir chinh nd khoi danh séch
(8) Goi k la s6 nhd nhat hién cé trong danh sach thda méan ung lon
k>i Gani:=k (2 soraoos
(4) Néu i > /n thi dung lai, ngugc lai thi quay lai budc (2)
m Viéc kiém tra xem mot s6 c6 phai la sb nguyén t6 hay
khong c6 thé dugc thuc hién trong thdi gian da
thiic [Agrawal, Kayal, and Saxena 2004] (da thiic clia sb
bit st dung dé mo ta sé dau vao)
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Sb nguyén t6 va Udc chung I6n nhét

S6 nguyén t6

Ly thuyét s6 co ban

Dlnh Iy’ 9 Hoang Anh Blic
CG6 v6 han sb nguyén to ]

Ching minh (theo Euclid).

m Gid s( chi c6 hitu han cac s6 nguyén t6 py, p, . . ., p,. Dat G treo o
Q=pipa...pn+1 o
m Theo Dinh ly co ban clia sb hoc, (a) Q 1a mét sb nguyén t6 i e v i
hoac (b) @ c6 thé dugc viét thanh tich cla it nhat hai s6
nguyén t6 () st ngwyents
m (a) dung: Do do, @ la sb nguyén t6. Theo dinh nghia, R
Q ¢ {p1,...,pn}, Mau thuan vdi gia thiet toan bd cac so
nguyén to l‘aplw-"pn \::
m (b) duing: Do do, ton tai j théa man p, | Q véi 1 < j < n.
Chuyrang p; | (p1p2 . .Pn), Va do,dé Dy | (Q —p1p2 . .’.pn),
suy ra p; | 1, mau thuan vdi gia thiet p, la so nguyén to
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Sb nguyén t6 va Udc chung I6n nhét

Udc chung 16n nhét

Ly thuyét s6 co ban

m Cho a,b € Z va a, b khdng ddng thdi bang 0. Udc chung
I6n nhét (greatest common divisor) clia a va b, ky hiéu
ged(a, b), 1a 6 nguyén I6n nhat d théaman d | ava d | b

m Céc sb nguyén a va b dudc goi la nguyén tb ciing nhau
(relatively prime hodc coprime) khi va chi khi ged(a, b) = 1

m Mot tap céc sb6 nguyén {ai, as, as, ..., a,} dugc goi la doi
mot nguyén té cting nhau (pairwise relatively prime) néu
moi c8p a;,a; Vi 1 <i < j < n languyén t6 cung nhau S

m Néu cac so nguyén duong a va b dugc phén tich thanh oy e
tich cac s6 nguyén to

Hoang Anh Buic

b= p1 p2 pfl

ai a2 An

a =Py Pa”-.-Pp

6 nguyén t
U chung I6n nhéat

trong do cac sb mii 1a cac s6 nguyén khong am (c6 thé 8
bang 0), thi
ged(a, b) = mm(alybl)prznm(a%bz) ) pgin(a,,,,,b")
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Sb nguyén t6 va Udc chung I6n nhét

Boi chung nhd nhat va lién hé véi Udc chung I6n nhat

Ly thuyét s6 co ban

m Cho a,b € Z*. Béi chung nhd nhét (least common
multiple) clia a va b, ky hiéu lem(a, b), 1a s6 nguyén nhd
nhat dthéamana [dvab|d

m Tap cac boi chung clia a va b c6 it nhit mot phan t& ab
m Tinh sap th tw tot: Moi tap con khac réng clia Z* ¢6 i 91 VA i
phan t& nhd nhat Jing du theo mocun 7
m Néu a va b dugc phan tich thanh tich cac s6 nguyén t6

Hoang Anh Buic

Q.

n — b1, b b pan
a=pi'py* ..., b=p'ps’...py o
trong d6 cac sb mii la cac sb nguyén khong am (cé thé oy i

bang 0), thi
lem(a, b) = prex(an b pmax(azba) - pmax(an.bn) U arng
Pinh ly 10 car H
VGia,b € Zt, ab = ged(a, b) - lem(a, b) ] i 1 Format
Baitap 7

Chitng minh Binh ly 10

61



Sé nguyeén té va Udc chung 16n nhat

Thuét toan Euclid

Ly thuyét s6 co ban
Hoang Anh Buic

B6 dé 11

Cho a = bq+1 Vdia,b, q,r 1a cdc s6 nguyén. Ta cd ged(a, b) =
ged(b, r). NGi cdch khac ged(a, b) = ged(b, (a mod b))

Chdng minh.
m Goi D, 2 tap cac udc s6 chung clia a va b, véi cac sb RS
nguyén a, b bat ky. Ta chitng minh D,;, = Dy,
m D, C Dy,: Gid sl x € Dyy,. Theo dinh nghia, = | a va « | b. ung ln
Theo Pinh Iy 1,z | (a — bg) vado dé z | r, suy ra = € Dy, Use chung n v

m Dy, C D,y Gid st x € Dy,.. Theo dinh nghia, = | bva x| .
Theo Dinhly 1,z | (bg+r)vadodd x | a,suyraz € Dy,

B TV Dy, = Dy, ta c6 ged(a, b) = ged (b, 1)
O
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Sé nguyeén té va Udc chung 16n nhat

Thuét toan Euclid

Ly thuyét s6 co ban

Vi dU 7 Hoang Anh Biic
Tim ged(372,164)

m gcd(372,164) = ged(164, 372 mod 164)

® 372 mod 164 = 372 — 164|372/164] =372 — 164 -2 =44
ged (164, 44) = ged (44, 164 mod 44)

B 164 mod 44 = 164 — 44[164/44] = 164 — 44 - 3 = 32 B i o 51
ged(44, 32) = ged(32,44 mod 32) -

® 44 mod 32 =44 — 32|44/32] =44 —32-1 =12 o o i
ged(32,12) = ged(12,32 mod 12)

m 32mod 12 =32 — 12[32/12] =32 —12.2 =38
ged(12,8) = ged(8, 12 mod 8)

m12mod8=12—-8|12/8] =12—-8-1=4 0 i s Tung Hoa
ged(8,4) = ged(4, 8 mod 4) e

m 8mod4=8—-4[8/4] =0
ged(4,0) =4
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Sé nguyeén té va Udc chung 16n nhat

Thuét toan Euclid

Ly thuyét s6 co ban
Hoang Anh Buic

Thuat toan 5: Thuat toan Euclid

Input: a, b: cac s6 nguyén duong
Output: ged(a,b)

1 2:=a i wo
2 y:=b ‘f“ o
3 while y £ 0 do

4 r:=x mody .

5 Ti=y hurgén

6 L Yyi=r l‘l‘dccrl\;ng‘ldnnhét

~

return z // x = ged(a,b)
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Sb nguyén t6 va Udc chung I6n nhét

Udc chung 16n nhét va t6 hop tuyén tinh

Ly thuyét s6 co ban

Binh Iy 12: Dinh ly Bézout | Hong Arh D

Cho cdc sb nguyén duong a,b. Ton tai cdc s6 nguyén s, t sao
cho ged(a, b) = sa + tb

m Cac sb nguyén s, t théa man Binh ly Bézout dugc goi 1a
cac hé sb Bézout (Bézout's coefficients) clia a va b s
m Phuong trinh ged(a, b) = sa + tb dudc goi la dang thic
Bézout (Bézout'’s identity)
Chuy:
m Chung ta khong trinh bay chitng minh clia Dinh Iy Bezout  nguyent
] Chung ta sé dé cép hai phuong phép dé tim mot t6 hop (30) vt nnoin e
tuyen tinh clia hai s6 nguyen bang véi udc chung Idn nhat
clia chiing (Trong phan nay, ta ludn gia thiét cac t6 hop
tuyén tinh chi cé hé s6 nguyén)
(1) Di ngudc lai theo cac phép chia cla thuat toéan Euclid
(2) Thuat toan Euclid m& réng (The extended Euclidean
algorithm) 6



S6 nguyén t6 va Udc chung I6n nhét

Udc chung 16n nhét va t6 hop tuyén tinh

Ly thuyét s6 co ban

Vl’ dU 8 Hoang Anh Buic

Bidu dién ged(252, 198) = 18 dudi dang t6 hop tuyén tinh cla

252 va 198

m Thuét toan Euclid si dung cac phép chia nhu sau i nghva va o cn

m 252 =1-198+ 54
m 198 =354+ 36 o dién gy
m54=1-36+18
m36=2-18+0 S i

m Taco

18=54—1-36 s
Udc chung I6n nhat
=54—1-(198—354) ’

=4.54—1-198 0 i s Tung Hoa
=4-(252—-1-198) —1-198
=4.252—5-198
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Sb nguyén t6 va Udc chung I6n nhét

Udc chung 16n nhét va t6 hop tuyén tinh

Ly thuyét s6 co ban
Hoang Anh Buic

Thuat toan 6: Thuéat toan Euclid md réng
Input: a, b: cac s6 nguyén duong S
Output: (d,s,t): d = ged(a,b) va s, t thda man d = sa + tb

1 procedure ExtEuclid(a, b):

2 if b = 0 then
3 | return (a,1,0)

4 (d1, $1,t1) := ExtEuclid (b, a mod b) ‘

5 d:= d1

6 s:=1 @ l;dccrlung“lt‘mnhél
7 t::sl—(adivb)-tl

8 return (d, s,t) oy
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Sé nguyeén tb va Udc chung 16n nhat

Udc chung 16n nhét va t6 hop tuyén tinh

Ly thuyét s6 co ban
Hoang Anh Buic

Vidu9 o ottt
ExtEuclid (252, 198) = (18,4, —5) éng dutheo mosun

Goi ExtEuclid(., -) a b d s t o
1 252 | 108 | 18 | 4 | —5 ST
2 198 54 |18 [ -1 4 e
3 54 | 36 | 18| 1 | —1
4 36 | 18 | 18| 0 | 1 B
5 R0 [18] 1 (&) vieenmatonmi
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Sé nguyeén tb va Udc chung 16n nhat

Udc chung 16n nhét va t6 hop tuyén tinh

Ly thuyét s6 co ban
Hoang Anh Buic

Dinh Iy 13

Cho cdc sb nguyén duong a,b,c théa man ged(a,b) = 1 va
albe. Tacdalc

Ching minh.
m Theo Dinh ly Bézout, tn tai cac s6 nguyén s, t thda man -
ged(a,b) =1 =sa+tb
m Do a | be, ta cling ¢6 a | the () e crungion i
m Mat khac, a | sac
m Suyra, a| (th+ sa)c, hay a | ¢ i Pt .
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Sé nguyeén tb va Udc chung 16n nhat

Udc chung 16n nhét va t6 hop tuyén tinh

Ly thuyét s6 co ban
Hoang Anh Buic

Dinh Iy 14

Cho sb nguyén duong m va cdc s6 nguyén a, b, c. Néu ac = be
(mod m) vaged(c,m) =1, thia =b (mod m)

Chuang minh.
m Theo dinh nghia, do ac = bc (mod m), tacd m | (a — b)c

m K&t hop vdi ged(c,m) = 1vaDinhly 13,tacom | (a —b), (o) uesonounmi
nghialaa =b (mod m)
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Phuaong trinh dong du

Gidi thieu

Ly thuyét s6 co ban
Hoang Anh Buic

m M6t phuong trinh déng du (congruence) ¢é dang
ar=0b (mod m)

V6i a,b € Z, m € ZF, va x |a mdt bién, dugc goi 1a mét
phuong trinh déng du tuyén tinh (linear congruence) o dn e o
m Viéc gidi phuong trinh déng du nghia la fim gid tri cla S
théda man phuang trinh dé o s
m Mét nghich dao (inverse) clia a theo moédun m, ky hiéu
a1, la bat ky s6 nguyén nao thda man a~'a = 1 (mod m)
m D6i khi ta cling dung ky hiéu @ thay vi a !
m Chu y ring néu ta c6 thé tim dugc o' thda man diéu kién .
trén, ta c6 thé gidi az = b (mod m) béng cach nhan ca hai B §phn o Tung Hoa
vé v6ia~', nghta 13, a 'az = a~'b (mod m), suy ra o
1-z2=a"'b (mod m),vadoddz =a"'b (mod m)
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Phuaong trinh dong du

Gidi thieu

Ly thuyét s6 co ban
Hoang Anh Buic

Pinh Iy 15

Néu ged(a,m) = 1 vam > 1 thi ton tai nghich ddo o™ cla a.
Thém vao do, nghich dao nay la duy nhat theo médun m i nghva va o cn

Ching minh. s
m Ton tai sb nguyén s thda man sa = 1 (mod m)
m Theo dinh ly Bézout, ton tai cac s6 nguyén s, t thda man
sa+tm =1.Dodo6 sa+tm =1 (mod m)
®m Dotm =0 (mod m),tacd sa =1 (mod m), va do dé
al=s
= Néu ton tai hai s6 nguyén s,r théa man sa = 1 (mod m) (&) cume
vara=1 (mod m)thi s =7 (mod m) o pn
m Nhac lai: V6i cac s nguyén a, b, c va sb nguyén duang m,
néu ac = be (mod m) va ged(c,m) = 1thia =b (mod m)
O
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Phuaong trinh dong du

Gidi thieu

Ly thuyét s6 co ban
Hoang Anh Buic

Bai tap 8

Chiing minh rdng néu ged(a, m) > 1 vdi a la s6 nguyén bat ky ‘
vam > 2 la mét s6 nguyén duong thi khéng tén tai mét nghich m thoo g 1 P
ddo clda a theo médun m
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Phuaong trinh dong du

Gidi thieu

Pinh ly 15 cho ta mét phuong phap tim mdt nghich dao clia Ly’:::::’:::;::
a € Z theo médun m € Z* khi ged(a,m) =1vam > 1
Vidu10

Tim mét nghich déo clia 3 theo médun 7
(1) Tim céc s6 nguyén s,tthéaman 1l =s-3+¢-7
m Thuat todn Euclid tim wéc chung 16n nhat cla 3 va 7 bang aene
céch st dung phuong trinh ng vanhan
7T=2-3+1
m TU phuong trinh trén, ta c6

1=-2-34+1-7
nghialas = —2vat=1 © Gf(""hié‘"“ -
(2) Theo Binh ly 15, s = —2 la mét nghich déo cla 3 theo
modun 7. Cha y rang moi s6 nguyén ¢ thda man ¢t = —2

(mod 7) (vidu nhu 5,—9,12,...) déu 1a nghich déo cla —3
theo médun 7 o



Phuaong trinh dong du

Gidi thieu

Ly thuyét s6 co ban
Hoang Anh Buic

Vidu 11
Giai phuong trinh 3z = 4 (mod 7) S —
m Tir vi du trudc, ta biét rang —2 1a mot nghich do clia 3
theo médun 7. Nhan ca hai vé clia phuang trinh vdi —2, ta o
co g va i
—2-3xr=-2-4 (mod7) iy dién
m Do —6=1 (mod 7)va —8=6 (mod 7), néu z 1a nghiém
clia phuang trinh thi z = 6 (mod 7)
m That vay, vi moi x thda man z = 6 (mod 7)

3x=3-6=18=4 (mod7)
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Phuong trinh déng du

Gidi thieu

Ly thuyét s6 co ban
Bai tép 9 Hoang Anh Biic
Tim nghich ddo cta a theo mdédun m vJi

a = 89,771 = 232 H“ ‘ “‘ “ w‘w‘
a =101, m = 4620 e

Bai tap 10

Gidi cdc phuong trinh dong du
(1) 4 =5 (mod 9)

(2) 192 =4 (mod 141)

(3) 55z = 34 (mod 89)

(4) 89z =2 (mod 232)
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Phuaong trinh dong du

Gidi thieu

Ly thuyét s6 co ban
Hoang Anh Buic

Baitap 11

Cho cdc s6 nguyén duong my, my, ..., m, thbamanm; >2va | .00
ged(mi,mj) = 1 voimoii # j val <i,j <n.Ching minh rang S
néua=b (mod m;) vdimoil <i<mn,thia=b (mod m) vdi oy s
m = mims...my. (GOT y: Chiing minh vdin = 2)
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Phuong trinh déng du

Pinh Iy phan du Trung Hoa

Pinh Iy phan du Trung Hoa (The Chinese Remainder Theorem) néi
rang néu cac modun clia mdt hé cac phuong trinh dong du tuyén tinh
la d6i mdt nguyén té cling nhau thi hé phuong trinh cé nghiém duy
nhét theo modun tich clia cac modun clia tirng phuang trinh

A Binh Iy 16: Binh ly phén dv Trung Hoa | .

Cho cédc s6 nguyén duong my,mo, ..., m, théa man m; > 2 va
ged(mg,m;) =1 vdimoii # j val <i,j < n. Cho cdc so nguyén bat
ky ay,as,...,a,. Hé phuong trinh

r=a; (mod my)

=ay (mod my)

x=a, (modm,)

cd nghiém duy nhét theo médun m = myms ... m,,. (Nghia la, ton tai
mét nghiém z vdi 0 < x < m, va tat ca cdc nghiém khdc déng du' vdi

x theo médun m)

J

Ly thuyét s6 co ban
Hoang Anh Buic

Gidi th
@ Binh 1§ phan du Trung Hoa
Binl ermat nl
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Phuong trinh déng du

Pinh Iy phan du Trung Hoa

, s N i Ly thuyét s6 co ban
Chung minh (ton tai). Hoéng Anh Bulc

m Dat M; =m/m; (1 <i<mn). Do dd ged(M;,m;) =1

m Theo Dinh ly 15, ton tai s6 nguyén y; sao cho y; M; = 1
(mod m;)

mDatz =>" ayM; = ayy My + agya Mo + -+ - + anyn M,

m Do m; | My v8i moi k # i, My, =0 (mod m;), do dé
x = a;y; M; = a; (mod m;) véi moi i. Do dé z la nghiém ‘
cla hé phuong trinh da cho

O
Bai tap 12
Hoan thanh Chiing minh cda Binh ly phan du Trung Hoa bang
cdch chi ra nghiém x cua hé phuong trinh da cho la duy nhat () sy sminssr e
(Go'i y: Gia st = va y la hai nghiém phéan biét cia hé phuong iy Fomatn
trinh da cho. Chuing minh rang m; | (x —y) vdimoi1 <i < n.
St dung Bai tdp 11 dé két luan rang m | (z — y) trong do
m=mimsy...My)
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Phuong trinh déng du

Pinh Iy phan du Trung Hoa

Ly thuyét s6 co ban

Vl’ dU 12 Hoang Anh Buic
Giai hé phuang trinh
x=2 (mod 3) ol
x=3 (mod 5)
x=5 (mod7)

B om=mimemy=3-5-7=105
m M; = m/m; = 35 va y; = 2 la mdt nghich ddo clia M,
theo médun m; = 3
B My = m/my = 21 va y, = 1 1a mét nghich dao clia M,
theo médun mo =5 tae I
B Mz =m/m3z = 15 va ys3 = 1 1a mdt nghich dao cla M; Bion i Fomatn
theo médun mgy =7
=37 ayM;=2-2-354+3-1-2145-1-15 = 278 = 68
(mod 105)
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Phuong trinh déng du

Pinh Iy phan du Trung Hoa

Ly thuyét s6 co ban

Vi du 13 (Phuong phap thay nguoc) Hoang Anh Biic
Giai hé phuong trinh
x=2 (mod 3) (1) .
x=3 (mod 5) (2) g s theo
=5 (modT7) (3) PR

m TU (1), tdn tai t € Z sao cho z = 3t + 2 oot isrn:

m Thay vao (2), taco 3t +2 =3 (mod 5), suy ra 3t = 1
(mod 5),do d6 ¢t =2 (mod 5). Do dé, ton tai v € Z sao cho
t=>5u-+2.8Suyra, z=3t+2=30u+2)+2=15u+8

m Thay vao (3), ta cd 15u +8 =5 (mod 7), suy ra 15u = -3 wank o
(mod 7),do dé u = 4 (mod 7). Do do, ton tai v € Z sao Dbh i Fematrts
chou="Tv+4

m Suyraz = 15u+8 = 15(7v + 4) + 8 = 105v + 68. Do do,
x = 68 (mod 105)
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Phuong trinh déng du

Pinh Iy phan du Trung Hoa

Bai tap 13
Gidi hé phuong trinh sau bang cdc phuong phdp minh hoa
trong hai vi du trude

x=1 (mod 5) (4)
x=2 (mod 6) (5)
x=3 (mod7) (6)

Bai tap 14
Gidi hé phuong trinh sau bang cdc phuong phdp minh hoa
trong hai vi du trude

x=2 (mod 3) (7)
z=1 (mod 4) (8)
x=3 (mod 5) 9)

Ly thuyét s6 co ban
Hoang Anh Buic

i6i th
Binh 1§ phan du Trung Hoa
Binl er t ni
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Phuong trinh déng du

Pinh Iy phan du Trung Hoa

Dinh ly phan du Trung Hoa cho ta mét cach thuc hién cac tinh
toan sb hoc véi céc sb nguyén 16n
m Theo Binh ly, mét sb nguyén a véi
0<a<m=myms...m, trong dé gcd(m;, m;) = 1 voi
moi i # j, 1 < i,j < n, c6 thé dudc biéu dién théng qua bd
(a mod mq,a mod ma,...,a mod my,)
m Dé thuc hién tinh toan véi cac s6 nguyén 16n dugc biéu
dién theo céch nay
m Thuc hién tinh toan riéng biét cho tlrng bo
m Mdi tinh todn c6 thé dugc thuc hién trong cling mot may
tinh hodc thuc hién song song .
= Xuat ket qué dau ra bang céch giéi hé phuong trinh dong du
m Co }hé thuc hién khi m ludn 16n han két qua dau ra mong
mubn
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Ly thuyét s6 co ban
Hoang Anh Buic

Binh 1§ phan du Trung Hoa



Phuaong trinh dong du

Dinh ly Fermat nhd

Dinh ly 17: Dinh Iy Fermat nho |

Néu p 1a mét s6 nguyén t6 va a 1a mot s6 nguyén khong chia hét
cho P, thi a?~1 =1 (mod p). Thém vao do, vdi moi s nguyén a,
tacoa? = a (mod p)

Bai tap 15 (Ching minh Dinh ly Fermat nhd)
Nhac lai: V6i cdc sb nguyén a, b, c va sb nguyén duong m, néu
ac = be (mod m) vaged(e,m) =1thia =b (mod m).

(a) Gig st a khéng chia hét cho p. Chiing minh rang khong c6 hai
86 nguyén nao trong sé cac sé61-a,2-a,...,(p—1)-ala
déng du theo médun p

(b) Tir phdn (a), két luan réng tich cdc s61,2,...,p — 1 déng du
vdi tich cdc s a, 2a, . . ., (p — 1)a theo médun p. St dung diéu
nay dé chiing minh rang (p — 1)! = a?~'(p — 1)! (mod p)

(c) Chira tir phan (b) rang a?~' =1 (mod p) néu a khéng chia
hét cho p. (Goli y: Xem lai phén chung minh Binh ly co ban
ctia s6 hoc. Chiing minhp 1 (p — 1)! va dp dung ménh dé trén)

Ly thuyét s6 co ban
Hoang Anh Buic

Dinh Iy Fermat nhé
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Phuaong trinh dong du

Dinh ly Fermat nhd

Ly thuyét s6 co ban
Hoang Anh Buic

Vi du 14 (Tim sb du clia phép chia cho s nguyén

t6)

Tim 7222 mod 11
m Theo Binh ly Fermat nhd, ta cd 7'° = 1 (mod 11)
m Do do, (71%* =1 (mod 11) vdi moi k € Z Gingva e shn
m Mat khac, 7222 = 7102242 — (710)22 .72 = 49 = 5 (mod 11) J ==

Bai tap 16

(a) St dung Binh ly Fermat nhé dé tinh 52093 mod 7,
52003 mod 11, va 52°%3 mod 13 .

(b) St dung két qua tir phan (a) va Binh Iy phan du Trung Hoa () o Femat .
dé tinh 52°°3 mod 1001 (Chd y rang 1001 =7 -11-13)
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Thuét todn ma hoa RSA

Mat ma khoéa céng khai

Ly thuyét s6 co ban
Hoang Anh Buic

m Trong mat ma khoa bi mat (prlvate key cryptography), mot
khoa bi mat dugc s dung ca trong viéc ma héa l1an giai
ma cac thong diép

m M6t van dé dat ra 1a 1am sao dé chia sé khda bi mat mét
cdch an toan

m Trong mat ma khoa céng khai (pub//c key cryptography) dién theo e -t
hai khéa dugc st dung: mot dé ma héa va mot dé giai ma e

m Théng tin glii dén cé thé dudc ma héa bdi bat ky ai cé khda
¢6ng khai, nhung chi cé thé dugc giai ma bdi ngudi sé hitu
khoa bi mat

m Ngudi s8 hitu khéa bi mat ¢é thé ma héa thong tin véi khéa
bi mat ctia minh, va bt ky ai cling c6 thé giai ma thdng tin
nay bang khéa cong khai, va biét rang chi ¢é duy nhét
ngudi s& hitu khda bi mat ¢é thé ma héa thong tin dé. (Day S
la co sd cla chir ky dién tl) Thuat todn mnéa

m Hé ma khoa cong khai dugc biét dén nhiéu nhat 1a RSA
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Thuat toan ma hdéa RSA

RSA - Rivest-Shamir-Adleman

A 2, n n Ly thuyét sb cd ban
m Chon hai s6 nguyén to I6n phan biét p, ¢ yHoa:g Anh B
m Datn=pgvak=(p-1)(¢—1)
m Chon sb nguyén e thdaman 1 < e < k va ged(e, k) = 1
m Tinh nghich d&o d cla e theo médun k, nghia 1a de = 1
(mod k)
m Khoa cong khai: (n, )
m Khoa bi mat: (n, d) ‘
m Ma hoa:
m Chuyén thong diép M can ma héa thanh sb nguyén m,
0<m<n .
m Théng diép ma hoa c dugc tinh bang ¢ = m® mod n (Viéc
nay c6 thé dugc thuc hién mét cach hiéu quéa. Xem bai SRR
giang trudc) ‘
™ Giél mé: ;hSuAéHoanmahoa
m Tinhm = ¢ mod n .
m Chuyén m tUr s6 nguyén sang thong diép M ban dau
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Thuat toan ma hdéa RSA

RSA - Rivest-Shamir-Adleman

Ly thuyét s6 co ban

Vl’ dU 1 5 Hoang Anh Buic

B0 =pg=43-59 = 2537, k = 42 - 58 = 2436
B Chone=13:1<e < kvaged(13,2436) =1
m d = 937 14 nghich dao clia 13 theo mddun 2436 i ghta 7 h
m Khoa cong khai: (2537, 13) e
m Khoa bi mat: (2537,937) .
M3 héa va Gidi ma
m Chuyén thong diép M = STOP gém cac chif cai thanh sb
nguyén bang cach gan méi chii cai bang thi tu trong bang
chii cai tiéng Anh trir di 1: ST = 1819 va OP = 1415
m 1819'3 mod 2537 = 2081 va 14153 mod 2537 = 2182
m Thong diép ma héa la 2081 2182
® Vi du néu nhan dugc théng diép 0981 0461 o Pt
® 0981937 mod 2537 = 0704 va 0461%37 mod 2537 = 1115 () v oan e
m Théng diép gidi ma la HELP
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Thuat toan ma hdéa RSA

RSA - Rivest-Shamir-Adleman

Tinh diing dan clia qua trinh giai ma.
Ta chitng minh néu ¢ = m¢ mod n thi m = ¢ mod n.

m Taco ¢ = (m€)4 =m*? (mod n)

m Theo cach x&y dung, ed = 1 (mod k) véi k= (p—1)(¢—1). Do
do ton tai s6 nguyén h théa man ed — 1 = h(p — 1)(q — 1)

m Ta xét m®® mod p. Néu p {m thi theo Dinh ly Fermat nho tacéd

med = mhr=Da=1)p, — (mP~ l)h(“ D

=1""Ym=m  (mod p)

Néu p | m, tacéd m® = 0 =m (mod p). Tém lai, m** = m
(mod p). Tuong tu, ta ¢6 m** = m (mod q)
m Do ged(p, ¢) = 1, st dung Dinh Iy phan du Trung Hoa, ta c6
m® =m (mod pq)
m Do ged(p, ¢) = 1, theo Pinh ly Bézout, tn tai s, ¢ € Z thda man
sp+tqg=1.Datz =m-sp+m-tqthi
zmodp= (m-sp+m-(l—sp)) modp=mmodp.Suyraz=m
(mod p). Tuong tu, z = m (mod q)
m Theo Dinh Iy phan du Trung Hoa, z = m
(mod pg) =m (mod n)

¢4 (mod pq), hay m** = m

O

Ly thuyét s6 co ban
Hoang Anh Buic

@ Thuat toan ma héa
RSA
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Ly thuyét s6 co ban
Hoang Anh Buic
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NGi dung

Céc phuong phap dém

Céc nguyén ly dém co ban
Quy tac song anh ]
Quy tac nhan va Quy tac cong
Nguyén ly bu trir uy th i
Quy tac chia Nguyen b
Nguyén ly chudng b6 cau
Hoan vi, Chinh hop, T6 hop
Gidi thiéu )
Mot s0 dang thirc to hgp oo
Tam giac Pascal va Binh ly nhi thiic
Tam giac Pascal Tamgid Pasca
Binh Iy nhj thirc Nyt i i g v
Nguyén ly bu tri tdng quat
Chinh hop va t6 hop suy rong
Ham sinh
M6t sb vi du khéc

Hoang Anh Buic
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Cac nguyén ly dém co ban

Quy tac song anh

Céc phuong phap dém
Hoang Anh Buic

m Quy tic song dnh (The Bijection Rule): Néu f : A — B la Qurthosongdnn
mot song anh, trong dé A va B la céac tap hiiu han, thi S
4= 1B ieon

Vidu 1

m Chotap hop U = {ui,ua,...,un}

m MGi tap con A C U dudgc biéu dién bang chudi nhi phan
T1Ty ... 2y, trong d6 z; = 1 néu u; € Ava z; = 0 neu R
U1¢A Binh Iy nhi th

m S6 tap con clia U bang véi s6 cac chubi nhi phan do dai n
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Cac nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém
m Quy tac nhan (The Product Rule): Hoang Anh Be
m Gid sir mét cdng viéc dudc chia nho ra thanh n giai doan
lién tiep nhau uy tho sang nh
m Giai doan thit 1 ¢6 m céch thyc hién Quy o han va Quy to
m VG&i moi cach thuc hién giai doan thit 1, c6 mo cach thuc hién Nguyén
giai doan thu 2 ot
B VGi mdi cach thuc hién céc giai doan th( 1 va 2, ¢c6 mg cach
thuc hién giai doan th( 3
...
m Vi mbi cach thuc hién cac giai doan thr 1,2,...,n — 1, ¢
my, cdch thyc hién giai doan thi n
m CO6 mima ... m, cach thyc hién cong viéc
m Quy tac céng (The Sum Rule):
m C6 n bién phap khac nhau dé thuc hién mét cong viéc
m Cach thyc hién bién phap thi i luén ludn khac céch thyc
hién bién phap th j véimoii #jval<i,57<n
m Neu bién phap thi i c6 m, cach thuc hién (1 <4 < n) thita
¢6 my + ma + - - - + m,, cach thyc hién cong viéc
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Cac nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém
Hoang Anh Buic

Céc quy tac dém ca ban ¢ thé dudc biéu dién theo ngdn ngir
tap hop o o inva uy e

m Quy tac nhan (The Product Rule): Cho cac tap hitu han Moo b
Ay, Ag, ..., A, trong d6 |A;| =m; v6i 1 <i<n.Tacd

|Ap X Ag X -+ x Ap| = |Ay] - |Ag| ..+ |Ap] = mama .. my,
m Quy tac cong (The Sum Rule): Cho céc tap hitu han doi

mot roi nhau Ay, As, ..., Ay, (A; NAj = 0 v6i moi i # j,

1<i,j<n)vald;=m;vdil<i<n. Tacd S

|[A1UASU- - -UA, | = |A1|+|Az|+ - 4] An| = mi+ma+--+my,
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Cac nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém
Hoang Anh Buic

Vi du 2 (Quy tac nhan) Guye i o
C6 bao nhiéu chudi nhi phan d6 dai 7? Lo
m Gia st chubi = x5 ... x7 la mdt chubi nhi phan dé dai 7
m Dé xay dung z, ta lan luot chon gia tri cho 1, 2o, . .., 27
m ¢ 2 cach chon 1 (0 hodc 1)
m vdi moi gid tri clia 21, ¢ 2 cach chon x» (0 hoac 1)
m...
m vGi mbi gid tri clia @1, . . ., w6, €6 2 cach chon z7 (0 hodc 1) S,

m Do d6 ¢6 27 chudi nhi phan d6 dai 7
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Cac nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém
Hoang Anh Buic

Vi du 3 (Quy tic nhan)
Tap hop n phan t S = {x1,zs,...,x,} c6 bao nhiéu tap con? S
m M6t tap con clia S c6 thé dudc xay dung thong qua n o
budc lién tiep
® chon z; hodc khéng chon
® chon x> hodc khéng chon
| ...
m chon z,, hodc khéng chon ot st
m Méi budc cé thé dugc thuc hién bang 2 cach

m Do d6 c6 2" tép con clia S

Bai tap 1
CG bao nhiéu ham f : A — B v6i A va B Ian lugt la cdc tép
hiru han gébm m van phan tir?
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Cac nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém
Hoang Anh Buic

Vi du 4 (Quy tac cong)

M6t sinh vién c6 thé chon mét bai thuic hanh méy tinh tir mot o
trong ba danh sach tuong ting c6 23, 15, va 19 bai. Gia thiet '
rang khong cd hai bai nao giong nhau. C6 bao nhiéu cach
chon bai thyc hanh?

m C6 23 cach chon bai thuc hanh tir danh sach thi nhat

m C6 15 cach chon bai thuc hanh tir danh sach thi hai

m C6 19 cach chon bai thuc hanh tir danh sach th ba

m Do khdng cé hai bai nao giéng nhau, s6 céch chon bai

thuc hanh la 23 + 15 + 19 = 57
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Cac nguyén ly dém co ban

Quy tac nhan va Quy tac cong

z Céc phuong phap dém
Vi dub (Quy tac Céng) Hoéng Anh Biic
C6 bao nhiéu chubi nhi phan do dai 7 cé chinh xéc hai s6 1?
m Trong mot chubi nhi phan z;z . .. 27 d6 dai 7 c6 chinh xac
hai s6 1
m Ocdcvitriivajnaoddviil<i<j<T, ai=mz; =1
m Ocacvitrik ¢ {i,j}, 2k =0

Nguyén Iy b trit

Ty ®y T3 Xy Ty X
[T Bl T
i J

m Ung v6i mi vi tri i clhia s6 1 dau tién, c6 7 — i vitri jco thé
cho s6 1 that hai oony e

7
[ ]

m VGii=1,c67—1=6Iyachoncho j
m V&ii=2,¢67—2=5Iluachonchoj
m ...

m Vb§ii=17,¢c67—7=0Iyachonchoj
| |

Theo quy tac céng, s6 cac chudi nhj phan dé dai 7 ¢6 chinh
xéchaisb11a3_ (7T—i)=3"0 i=6(6+1)/2=21 7,,

=0



Cac nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém

Vl’ dU 6 Hoang Anh Buic
Gid sl t&n cac bién trong mét ngon ngit 1ap trinh chi c6 thé 1a
mot chir cai viet hoa hoac mét chir cai viet hoa theo sau béi
moét chit s0. Gia sl ta st dung bang chit cdi tieng Anh va céc Qurthonsa uy o
chi s0 trong hé thap phan. Cé tat ca bao nhiéu tén bien trong
ngdn nglr 1ap trinh nay?
m M6t tén bién c6 dang = hodc za véi z € {A, B,..., Z} va
ae{0,1,...,9}
m Néu tén bién cé dang =, cé 26 cach chon gia tri clia =
m Néu tén bién c6 dang za, ¢6 26 cach chon gia tri clia «, va
(ing v6i mai gia tri clia « c6 10 c&ch chon gid tri clia a.
Theo quy tac nhan, cé 26 x 10 = 260 tén bien c6 dang z«a
® Theo quy tic cong

s6 tén bién = s6 tén bién dang z + s6 tén bién dang za
= 26 + 260 = 286
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Cac nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Vidu7
Céc djch vu rdt gon duding dan (URL-shortening service) nhu bit.ly
hay tinyurl.com cho phép ngudi diing thu gon mét duding dan dai
thanh mot day cac ky tu ngan hon rat nhiéu. Vi du dudng dan téi bai
giang nay trén trang web mén hoc https://hoanganhduc.github.io/
teaching/VNU-HUS/2024/MAT3500/Lectures/Counting.pdf sau khi
rut gon théng qua bit.ly 1a https://bit.1ly/3U4FW1iV
Gid sif cac dudng dan sau khi riit gon gc}m 0 https://bit.1ly/ kem
theo mét chu0| 7 ky tw, méi ky tu chi c6 the la mot chir s6 thap phan,
mot chi cai V|et hoa, hodc mét chit céi viét thudng trong bang chit céi
tiéng Anh. C6 tat ca bao nhiéu dudng dan rdt gon?
m Mbi dudng dan tuong tng véi mot chudi ky tu 2, . . . z7 trong d6
z;€C=/{0,...,9}U{A,..., Z}U{a,...,2},1<i<T7
m C6 |C| cach chon gia tri cho =
m V&i mbi gid tri clia x1, ¢6 |C| cach chon gid tri cho x>
. ...
m V6i méi gia tri cla z1, . . ., s, c6 |C| céch chon gi4 tri cho z+
m Theo quy tdc nhan, cé
|C| = (10 + 26 + 26)7 = 627 = 3521 614 606 208 dudng dan rut
gon

Céc phuong phap dém
Hoang Anh Buic

0 Quy the nhan va Quy the
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Cac nguyén ly dém co ban

Quy tac nhan va Quy tac cong

Céc phuong phap dém
Bai té.p 2 Hoang Anh Bic
Dia chi kiém sodt truy cap phuong tién truyén théng (MAC
(media access control) address), hay con goi la dia chi MAC, la
mét dinh danh duy nhat dugc gan cho mét card mang (network Quy henin v Quy to
adapter), vi du nhu card mang cé ddy (ethernet card) hoac
card mang khéng day (wireless card). Pia chi nay gém mét day
sdu cdp céc chir sb thap luc phan (nghia la cdc chir s6 0, 1, 2,
3,4,56,7,8 9 A, B,C,D,E, F). Vidu, F7:.DE:A1:B6:C4:33
la mét dia chi MAC. (Céc cap sé thudng duoc phén tdch bdi
d4u hai chdm.) CG tat ¢4 bao nhiéu dia chi MAC?
Bai tap 3
Theo quy dinh cla B6é Thong Tin & Truyén Théng Viét Nam, tat
¢4 cdc s6 thué bao dién thoai di déng can c6 10 chi sé, trong
dé ba chit s ddu tién dai biéu cho nha mang cung cép dich
vu. Vi du, nha mang Viettel hién tai s hitu 12 dau sé di déng:
086, 096 — 098, va 032 — 039. Viettel cd thé cung cép tdi da
bao nhiéu sé dién thoai di déng? 5



Cac nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phap dém

m Nguyén ly bu trr (Inclusion-Exclusion Principle): (hay Quy
tac trir (The Subtraction Rule))
m C6 hai bién phép khac nhau dé thuc hién mét cong viéc
m Bién phap th nhét c6 m cach thuc hién
m Bién phap tht hai c6 n cach thuc hién ‘
m C6 k cach thuc hién ddng thoi hai bién phap Nawen b

Hoang Anh Buic

m Sb cach thyc hién cong viec 1a m + n — k o
m Nguyén ly bu trir (Inclusion-Exclusion Principle): Cho cac
tap hitu han A, B trong dé |A| = mva |B| =n. Taco

|AUB| =|A| +|B| - |ANn B|
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Cac nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phap dém
Vl, du 8 Hoang Anh Buic
C6 bao nhiéu chudi nhi phan dé dai 8 bat dau véi 1 hoic két
thuc véi 00?
= Goi A |a tap cac chudi nhj phan do dai 8 c6 dang las ... zg () oy
(bat dau vai 1) va B la tap cac chudi nhj phan dé dai 8 co
dang z1z5 . .. 2600 (két thuc véi 00)
m Tap céc chubi nhi phan do dai 8 bat dau véi 1 hodc két
thic v6i 00 1a AU B
m Theo nguyén ly bu tri, [AU B| = |A| + |B| — |AN B]
® |A[: S6 chudi nhi phan d6 dai 8 c6 dang 1, ... zs 1a 27
® |B]|: S6 chudi nhj phan d6 dai 8 c6 dang 122 . . . 2600 la 2°
m |A N BJ|: S6 chudi nhj phan do dai 8 ¢6 dang 1zs ... x600 la
25
S6 chudi nhi phan do dai 8 bat dau véi 1 hodc két thic véi
00la|AuUB| =27 +26 —25 =160
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Cac nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phap dém
Vidu9
& ngan hang X, khach hang cé thé st dung ma PIN (Personal
ldentification Number) gom 4 chii s6 thap phan dé truy cap tai khoan
tr may rat tién tu dong thong qua thé rt tién. Ngén hang X ddc biét
yéu céu cac ma PIN khong thé bat dau hoac két thuc vai ba chir sb o
lién tiép gibng nhau (vi du, day 7770 hodc 0111 1a khéng hop 18). C6 oy tho o
tat ca bao nhiéu day PIN khong hop 16?2
m Goi S 12 tap hop tat ca céc day PIN bat dau véi ba chir sé gidng
nhau va E 1a tap hop tat ca cac day PIN két thic véi ba chi sb
giébng nhau. Tap hop cac day PIN khong hop & 1a S U E
m Theo nguyén ly bu trr, |SU E| = |S| + |E| — |S N E|
m |S|: S6 déy PIN ¢6 dang zzzy Vi x, ye{0,...,9} 1a10% (6 10
céch chon z, va (ing véi mdi gid tri clia = ¢é 10 céach chon y)
m |E|: S6 day PIN ¢6 dang zyyy vOi z,y € {0,...,9} 1a 107 (c6 10
cach chon z, va Ung véi moi gia tri cﬁa x co 10 céch chon y)
m SN EJ: M6t day PIN zyzt thudc S N E khi va chi khiz =y ==z
(thudc S) vay = z =t (thudc E), nghia la z = y = z = t. Mdi day
thuéc SN E do dé c6 dang zxxx va c¢b 10 day dang nay (cé 10 cach
chon z)
m Sb6 day PIN khéng hop 18 1a |S U E| = 102 + 102 — 10 = 190

Hoang Anh Buic
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Cac nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phap dém
V|’ du 1 0 Hoang Anh Buic
C6 bao nhiéu chudi nhi phan d6 dai 10 ¢ chiia 00000 hodc 111117
m Goi A la tap céc chudi nhj phan do dai 10 ¢é chita 00000 va B la
tap cac chubi nhj phan dé dai 10 cé chira 11111. AU B |14 tap uy thc hanva
chudi nhi phan dé dai 10 cé chdra 00000 hoac 11111 Nauyen 1 i
m Theo nguyén ly bu trlt, |[AU B| = |A| + |B| — |AN B| e
m Trudc tién, ta tinh | A|. Cac chudi nhi phan dé dai 10 ¢ chira 00000
thudc mét trong cac dang: 00000zsz7 28910, 1000009079589093310,
11000001819110, 1112100000.1,9.1,10, l11213100000£10, va
T1222324100000 (IAn luot tng Vi cac vi tri bat dau day 00000) Mt sb
m C6 2° chudi dang 00000z6x7xsToT10
m Vi méi dang con lai, ¢6 2* chubi
m Doddb A =2° 4524
m Tuong ty, |B| =2° +5-24
m Tap AN B cé chinh x4c hai phan t0: 0000011111 va 1111100000
m Dodd, [AUB|=2(2° +5-2%) — 2 =222
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Cac nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phap dém

Bé.l té.p 4 Hoang Anh Buic
C6 bao nhiéu chudi nhi phan dé dai 7 bat dau vdi 00 hodc két
thic voi1117?

Baitap 5

MGt chudi déi xiing la mét chudi ky tu ma khi viét nguoc lai tir
phai sang tréi thi chudi khéng thay déi. C6 bao nhiéu chudi nhj
phén dé dai n la chudi doi xiing?

Bai tap 6

C6 bao nhiéu sb nguyén duong nhd hon hodc bdng 1000 thda
man

(a) laboicla7

(b) labdictaca7vall

(c) la bdi ctia 7 nhung khéng la bdi clia 11

(d)

(e)

Nguyén Iy bi trir

d) /a boi cla 7 hodc la boi clia 11
e) khéng la béi cta 7 va khéng la bdi cua 11
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Cac nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phap dém
Hoang Anh Buic

Bai tép 7 Naaolf b
CG tat cd bao nhiéu sb nguyen khong vuot qud 1000 /a binh

phuong hodc 1ap phuong cia mét s6 nguyén duong?

Bai tap 8 ()

C6 bao nhiéu chubi nhi phan dé dai 8 cé chita 000 hodc 11112
(Dap an: 147) Tam id Pesca
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Cac nguyén ly dém co ban

Quy tic chia

z Céc phuong phap dém
m Quy tac chia (The Division Rule): Hoang Anh B
m Mt cong viéc c6 thé dugc thuc hién bing n cach
m VGi moi cach thuc hién w, 6 chinh xac d trong n céach thuc
hién tuong dudng/cung loai vdi nd
m S6 céch khdc nhau dé thuc hién céng viéc 1a n/d Neu
m Quy tic chia (The Division Rule): Néu A 1a hgp clia m tap =
con dbi mot khong giao nhau, méi tap con cé d phan ti,
thim = |A|/d
m Quy tac chia (The Division Rule): Néu B 1a mot tap hiiu it
han va ham f : A — B gan chinh xac k phan ti clia A cho
méi phan tit clia B, thi |A| = k - | B| T P

Vidu 11
m Trong mot dan cliu, ngudi ta dém duoc n = 280 chan cliu
m Méi con cliu w ¢6 chinh xac d = 4 chan
m S6 con cliu trong dan cliu la n/d = 280/4 = 70
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Cac nguyén ly dém co ban

Quy tic chia

Vidu 12 Céic phuong phép dém
C6 bao nhiéu cach khac nhau dé sap xép cac sb 1,1, 2? oo Arn e
m DAu tién, gia sl hai s6 1 1a phan biét: 1, va 1,
m C6 3! cach sdp xép 3 s6 phan biét
m Tuy nhién, khi coi 1, va 1, 1a cling mét s6 1, vdi méi cach () anueens

sdp xép cdc s6 1, 1,2, c6 chinh xdc 2 trong 3! cdch “cling
loai”, vi du
m Vi cach sdp xép 1, 1, 2, ¢6 hai cach sap xép tuong duong o
12 (1,15, 2) va (1p, 14, 2) "
m Do do, s6 cach sép xép khac nhau clia day 1,1,2 1a
31/2=3

lo, 15,2 1p,14,2] 1,1,2

1,,2,1, 1,,2,1,] 1,21

2,10, 1y 2,1p,1a| 2,1,1
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Cac nguyén ly dém cao ban
Quy tic chia

Céc phuong phap dém
Hoang Anh Buic

Vidu 13

C6 bao nhiéu céch khac nhau dé sap xep 4 nguoi ngoi quanh Quy th nhanva
mot ban tron? Biét rang hai cach sap xep la g/ong nhau néu Nauyen i
méi ngudi cé nguoi ngo: bén trai giong nhau va ngudi ngoi bén (&) cwieens
pha/ 9idng nhau trong ca hai cdch sap xép. Vi du, hai cach sép

xép sau la gibng nhau

ny n3

n3 ny
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Cac nguyén ly dém co ban
Quy tic chia

Céc phuong phap dém
, . , , , Hoang Anh Buic
m Néu khéng cé diéu kién gi thi co tat ca 4! cach sap xep
m Ch y réng hai cach sap xép la gibng nhau néu khi ta xoay § "
ban sao cho n; nam & trén dinh thi chdng giong nhau Quyt
m Do dd, vdi méi cach sdp xép 4 ngudi quanh ban tron, ¢é N
chinh xdc 4 trong 4! cdch sap xép “cuing loai”

m Theo quy tic chia, sb cach khac nhau dé xép 4 ngudi
quanh ban tron la 4!/4 = 6

ny Ny ns3 N2

n N9 n3 ny N9 i ny ns3 Pinh Iy nhi thy .

n3 ng ny N
Hinh: B6n cach sip xép gibng nhau

74



Cac nguyén ly dém cao ban

Quy tac chia

Céc phuong phap dém
Hoang Anh Buic

Cac nguyén ly dém co
ban

Quy tc song énh

Quy tic nhan va Quy téc
cong

Nguyén Iy bi tris

e Quy téc chia

Nguyén Iy chudng bd
cau

Hoan vi, Chinh hop.
To hop

Gidi thigu

Mat sé déng thirc t hop
Tam giac Pascal va
Dinh Iy nhi thiic

Tam gidc Pascal

Dinh Iy nhi thitc

Nguyén Iy bis trif téng quat
Chinh hop va t6 hop
suy rong

Ham sinh

Mét s6 vi du khac




Cac nguyén ly dém co ban
Quy tic chia

Céc phuong phap dém
Bé.l tép 9 Hoang Anh Blic
Gia st hai cach sdp xep 4 nguoi quanh mét ban tron la giéng
nhau khi mo: ngu’d/ c0 hai nguoi ngoi canh giéng nhau trong ca
hai cdch sdp xép khong quan tam la ngoi bén tra/ hay bén pha/
vi du nhu hai cdch sdp xép trong hinh sau la giéng nhau vdi gia Quy to cia
thiét hién tai

ny ny

ny na

ny ny

ng n3

nhung khéng giéng nhau véi gid thiét trong Vi du 13. Trong
trudng hop nay, cé bao nhiéu cdch khac nhau dé sdp xép 4
ngudi quanh mét ban tron?
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Cac nguyén ly dém co ban

Quy tic chia

Bai tap 10

Gid thiét rang hai cdch sap xép la gibng nhau néu méi ngudi cé (x:)

ngudi ngéi bén trdi va ngudi ngéi bén phai gibng nhau trong

moi cach sap xép

(a) CO bao nhiéu cdch khdc nhau dé sdp xép 5 ban nam va 5
ban nir ngoi quanh mét ban tron?

(b) C6 bao nhiéu cdch khéc nhau dé sap xép 5 ban nam va 5
ban nir ngbi quanh mét ban tron sao cho nam va nir ngoi
xen ké nhau?

Céc phuong phap dém
Hoang Anh Buic

Ngu: i
Quy tic chia
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Nguyén ly chudng bd cau

m Nguyén ly chudng bé cau (The Pigeonhole Principle) (hay
Nguyén ly Dirichlet (The Dirichlet Drawer Principle)): Néu k
la mdt s6 nguyén duang va cé k + 1 con chim bd cau hoac
nhiéu hon dugc dét trong & chudng bd cau, thi cé it nhat
mdt chudng cé hai con chim bd cau hodc nhiéu hon

m Nguyén ly chuéng bé cau (The Pigeonhole Principle): Néu
mot ham f : A — B anh xa mét tap hiru han A véi
|A| > k + 1 dén mét tap hitu han B véi |B| = k, thi f
khong 1a mot don anh (Nhac lai: f 1a don anh khi va chi
khi v&i moi 21, 25 € A, néu 1 # x5 thi f(21) # f(x2))

F{ Cach ap dung nguyén ly chuéng bé cau ]—

m X&c dinh xem cai gi dai dién cho “bd cau (pigeon)”

m Xac dinh xem cai gi dai dién cho “chudng bd cau
(pigeonhole)”

m X&c dinh cach “bd cau” dugc chia vao cac “chudng bd
cau”

Céc phuong phap dém
Hoang Anh Buic

Nguyén Iy bu trit

Nguyén Iy chudng bd
cau
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Nguyén ly chudng bd cau

Céc phuong phap dém
Hoang Anh Buic
Vidu 14
Trong mot nhém bét ky cé 367 ngudi, ludn cé hai ngudi trong
nhém c¢6 clng ngay sinh
m C6 tat ca 366 ngay sinh nhat (= “chudng bd cau”) va 367
ngudi (= “bd cau”), do dé cé it nhat hai ngudi cé cling (z=)iguven'y ohubng b6
ngay sinh nhat

Vidu 15
Gia st mot ky thi tinh cac diém s6 tir 0 dén 100, va moi diém sb
déu la s6 nguyén. Can bao nhiéu sinh vién tham gia ky thi dé
chac chén c6 hai sinh vién c6 cung diém s6?
m C6 tht ¢ 101 diém sb (= “chudng”). Can it nhat 102 sinh
vién (= “bd cau”) dé chac chan c6 hai sinh vién cé clng
diém sb
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Nguyén ly chudng bd cau

m Nguyén ly chuéng bé cdu téng quat (The Generalized Céc phuong php dém
Pigeonhole Principle): Néu N con chim bd cau dugc dat Hoang A B
vao k chudng bd cau, vdi k 1a s6 nguyén duong nao do, thi
ton tai mot chudng cé it nhat [N/k] con

Vidu 16

m GO N =280 sinh vién (= “b6‘ céu”) trong mét 16p hoc. Mét Nyt o o5
nam co k = 52 tuan (= “chudng”). Do dé cé mét tuan ma it cau
nhat [280/52] = [5.38] = 6 sinh vién c6 ngay sinh nhat
trong tuan dé

m Gid tri I6n nhét clia d |a bao nhiéu dé chac chan rang phat
biéu “Trong tAt c& 145 sinh vién, ¢ it nhat d sinh vién sinh
ra vao cung mot thang”?

Trong 145 sinh vién (= “b6 cau”), c6 it nhét [145/12] = 13
sinh vién sinh ra vao cling mét thang (= “chuéng”). Thém

vao do, phét biéu vdi d > 14 khéng ding khi ¢ 13 sinh

vién sinh ra vao cung mét thang va cac thang con lai méi
thang cé 12 sinh vién sinh vao thang dé. Do d6 d = 13 la

gid tri 16n nhat théa man dé bai "



Nguyén ly chudng bd cau

Céc phuong phap dém
Hoang Anh Buic
Vidu17
Chitng minh rang trong mét tap n + 1 sb nguyén duong béat ky
nhd hon hoéc bang 2n, ton tai mot sb 1a wdc clia mot s6 khac
trong tap dé
m Viét cac sb trong n + 1 sb nguyén duong () Nouyen 1 chubng b8
a1,az, ..., an, a1 dUGH dang tich clia mot Idy thira cla 2 -
va mot sb nguyen duong I&, nghia |3, a; = 2bi¢; trong d6
b; > 0va ¢ < 2n (= “bd cau”) 1a mot s6 nguyén duong 18,
viil<i<n+1
m C6 t6i da n s6 nguyén duang 18 (= “chudng”) nhd hon 2n.
Do d6, theo nguyén ly chudng bd cau, ¢é hai sb ¢;, c; thda
mancl—cj,vdllgz 71<n+1

] SUy ra, a;, = 21“07; va a; = 2b3 Cj. Do dé, néu bz < bj thi
a; | a; va nguagc lai thi a; | a;
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Nguyén ly chudng bd cau

VI' du 18 Céc phuong phap dém
Moi day sb gdbm n? + 1 sb thuc phan biét cé mét day con gdbm n + 1 Hosna Ann Brie
phan t& va 1a day thuc su ting hodc thuc su gidm
m Goiday ay,as, ... i1 la moét day gdbm n2 + 1 s6 thuc phan biét.
VGi mbi k € {1,2,...,n% + 1}, i (ix, di) 1a mdt cép sb tuong tng
véi ay, (= “bd cau”), trong dé i, la do dai clia day thuc su ting dai
nhéat bat dau tU ag, va dy 1a do dai cla day thuc su gidm dai nhét (22) Nguyen 1y chusng b
bat dau tir ay, cau
m Gia st khéng c6 day thuc sy tang hodc thuc sy gidm nao cé
n + 1 phan t&, nghia 13, 1 < iy, di; < n. Do d6, c6 ti da n? cap
(i, di) phan biét (= “chuéng”)
m Theo nguyén ly chudng bd cau, ton tai s, ¢ € {1,2,...,n% + 1}
théa man (i, ds) = (i, d;). Khdng mét tinh tng quét, gia st s < ¢
m Do céc phan t{ trong day déu phan biét, ta c6 a, < a; hodc
ar < Qg
= Néu a, < ay, ta c6 thé xay dung mét day con thuc sy tang bat dau
tlf as gom i, + 1 = i; + 1 phan tlf bang céch lay a, va day thyc sy
tang bat dau tlr a; ¢4 i; phan t&. Diéu nay mau thun véi dinh nghia
cua s
m Tuong ty véias > at
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Nguyén ly chudng bd cau

Céc phuong phap dém
Hoang Anh Buic

Baitap 11
Gid st mét ngan td chi cd hai loai tat mau den va trang, méi i
loai ¢d 12 chiec. Mot ngudi lay tat trong ngan td mét cach ngau
nhién trong bong toi
(a) Can lay bao nhiéu chiéc tat dé chdc chan co hai chiéc P
cling mau? bén chiéc cting mau? cau
(b) Can l4y bao nhiéu chiéc tat dé chac chan cé mét déi mau
den?
(c) Néu cd thém 12 chiéc tat mau ndu nita trong ngan ti thi
can lay bao nhiéu chiéc tat dé chac chan co hai chiéc
cung mau?

Baitap 12
Chng minh rang trong mot nhém n sé nguyén bat ky, cé hai
SO nguyén co cung so du khi chia chon — 1
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Nguyén ly chudng bd cau

Céc phuong phap dém
Hoang Anh Buic

Bai tap 13 (x)

Chitng minh réng vdi bat ky cdch xép 5 ban nam va 5 ban nit

ngdi quanh mét ban tron, luén tim dugc mét ban (c6 thé 1a nam (&)'oueny cnuéng b6
hodc nit) ngéi gita hai ban nam (Goii y: Chung minh bang

phuong phdp phan chiing. Gid st ¢ cdch xép théa man diéu

kién khéng cé ban nao ngéi gitra hai ban nam. Néu chia nhém

cdc ban nam thi méi nhém c6 tbi da bao nhiéu thanh vién?

Gilta cdc nhdm nay can sap xép tbi thiéu bao nhiéu ban ni dé

khéng ¢6 ban nao ngoi giita hai ban nam?)
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Nguyén ly chudng bd cau

Céc phuong phap dém
Bai tép 14 Hoang Anh Blc

(a) Cerng minh rdng néu 7 s nguyén dugc chon tr tdp
{1.2,...,10} thico it nhét hai cap trong sé céc sb dugc
chon c6 téng bang 11. Néu ta chon 6 sé nguyén thay vi 7
thi két ludn trén con ding khc‘mg’? e
(b) Can chon ra it nhét bao nhiéu so tutap {1,2,3,4,5 6} aé a0
chdc chan rdng trong tap cdc sé da chon co ha/ s6 c6 téng
bang 7?

Bai tap 15 ()

Chiing minh rdng trong mét nhém n. ngudi (n > 2) €6 it nhat
hai ngudi cé cung s6 ngudi quen biét trong nhém

Bai tap 16

Chung minh rang trong mot nhom 6 nguoi bét ky, luén co it
nhat ba ngu'oi déi mét biét nhau hodac déi mét khéng biét nhau

74



Hoan vi, Chinh hop, T hap

Gidi thieu

Céc phuong phap dém

m MGt hodn vi (permutation) clia mot tap S gdbm céc phan ti
phan biét la mot day sép thit tu (ordered sequence) chiia
méi phan tl trong S chinh xac mot lan

m Tap S = {1,2,3} cb tat ca sdu hoan vi: (1,2,3), (1,3,2),
(2,1,3),(2,3,1), (3,1,2), (3,2,1)

m Mot chinh hop chap r (r permutat/on) clia mét tap S la oy i
mot day s&p thit tu » phan ti phan biét clia S, trong dé r 1a
mot sO nguyén thdaman 0 < r < |S]

m Tap S c6 tat ca sdu chinh hgp chap 2: (1,2), (2,1), (1,3), ‘
(3,1), (2,3), (3,2) oo o

m Ky hiéu P(n,r) hodc P, la s6 chinh hop chdp r ctia (mot

tap) n phan tu Tam gidc Pasca

Hoang Anh Buic

Dinh Iy 1

Vi moi s6 nguyén n > 1 va moi sé nguyén r thda man
0<r<n
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Hoan vi, Chinh hop, T hap

Gidi thieu

Céc phuong phap dém

Chu’ng mlnh Dlnh |y 1 Hoang Anh Buic
D& xay dung mét chinh hop chap r clia mét tap S gém n phén
tlr, ta thuc hién mét day r budc chon cac phan t& phan biét
trong S dé xép vao r vi tri:
m Chon phan tf xép vao vi tri th( 1: c6 n céch chon
m Vi vi tri th&? nhat da dugc xéc dinh, chon phan ti xép vao
vi tri thi 2: ¢ n — 1 cach chon
m Vi hai vi tri dau da dugc xac dinh, chon phan ti xép vao () aame
vi tri tht 3: ¢cd n — 2 céch chon
U
m V6ir — 1 vi tri dau da dudc xac dinh, chon phan ti xép vao
vitrith& r: c6 n — r + 1 cach chon
Theo quy tic nhan, cé tat ca

|
n-n—1)-n—=2)-...-(n—r+1)= ﬁchinh hop chap r

clla mot tap n phan tl. O
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Hoan vi, Chinh hop, T hap

Gidi thieu

, Céc phuong phap dém
Vl dU 19 Hoang Anh Buic
C6 bao nhiéu hoan v cla céc chit cdi ABCDEFGH c6 chita
chuoi ky tu lién tiep ABC?

m S6 hoan vi ¢6 chifa chudi ky ty ABC' bang véi s6 hodn vi

cla tap gom sau phan t: ABC, D, E, F, G, H

m Do dd, dap an la 6! = 720

Vidu 20 e
Gia sl ban can dén 8 dia diém khac nhau trong mét thanh phé
nao doé. Ban bat buc}p phai xuat phat ti mot dia diém dinh sér],
nhung c6 thé chon lan lugt cac dia diém con lai theo that ty bat
ky. Cé bao nhiéu thit tu ban cé thé chon dé dén cac dia diém
nay?

m Dia diém dau tién la c6 dinh, con 7 dia diém con lai c6 thé

dugc sap tha tu tuy y
m Do do, dap anla 7! = 5040
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Hoan vi, Chinh hop, T hap

Gidi thieu

Vidu 21

C6 bao nhiéu cach khac nhau de sap xep 4 nguoi ngm quanh mot
ban tron? Blet rang hai cach sép xep la gibng nhau néu moi Nguoi
c6 ngudi ngdi bén trai gibng nhau va ngudi ngdi bén phai gibng
nhau trong ¢a hai céch sép xé&p.
m Gidslta muon sap xép n1, N2, N3, N4 quanh ban tron
m Dé ngu’dl ngdi bén trai ludn gibng nhau va ngudi ngdi bén pha|
ludn gibng nhau trong ca hai cach sdp xép, cach duy nhat dé

thu dugc mot cach sap xép tir mot cach khac gidng né 1a xoay ()

ban theo chiéu kim ddng hd hodc ngugc chiéu kim dong hd.
m Do d8, dé sap x&p n1, na, ns, na quanh ban tron:
m C6 dinh vi tri clia n1: ¢6 1 cach (Chon ny & bat ky vi tri nao déu
gibng nhau, do néu c6 mot céch sap xép gléng cach ban s
dung nhung vi tri cha ny khong giong, ta co thé xoay ban dé vi
tri cua n1 gibng nhau trong ca hai cach sap xép)
[ Sap X&p 12,3, ng VA0 CAc Vi tri con lai: ¢6 3! = 6 cach
m Tomlai,ddp anla1-3!'=6

Céc phuong phap dém
Hoang Anh Buic

Gidi thiéu
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Hoan vi, Chinh hop, T hap

Gidi thieu

Céc phuong phap dém
Hoang Anh Buic

m Mét 16 hop chép r (r-combination) clia mét tap hop S la
mot day khong sap thi tu » phan tir phan biét cla S, trong
dé r 1a mot s6 nguyén thda man 0 < r < |S|. Néi cach oy tornan
khéc, mot t6 hop chap r clia S cling 1a mot tap con rphan | ...
tlr cla S

m Tap S = {1,2,3} cé ba td hop chap 2: {1,2}, {2,3}, {1,3}

m Ky hiéu C(n,r), C5, hodc (") (doc la “n chon 1) 1a s6 t6

hop chép r cla (mdt tap) n phan t G

Dinh Iy 2

Vi moi s6 nguyén n > 1 va moi s6 nguyén r théa man Nowyn i g i
0<r<n \
n.
cy =

ri(n —r)!
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Hoan vi, Chinh hop, T hap

Gidi thieu

Céc phuong phap dém
Hoang Anh Buic

Ching minh Binh ly 2.
Dé xay dung mét t6 hop chap r clia mot tap S gdm n phan tl:
m DAu tién, ta gia thiét ring thit tu cac phan tl 1a quan trong,
va xay dung mét chinh hgp chap r clia S: ¢d P! cach
m Theo dinh nghia, trong méi t6 hop chap r clia S, th tur
giﬁ’a cac phan ti 1a khéng quan trong. No6i cach khac, méi
t6 hop chap rclha S u’ng véi chinh xac P = r! chinh hgp (s8) cisimeo
chép r ¢ chira cung cac phan tlr va chi khac nhau bédi thit
tu s&p xép cac phan tir
m Theo quy tic chia, sb t6 hop chap r cla S 1a
P n!

Cn = Pr - ri(n—r)!
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Hoan vi, Chinh hop, T hap

Gidi thieu

Vi du 22 Céc phuong phép dém
" Hoang Anh Buic
C6 bao nhiéu cach chon ra 7 quan bai khac nhau tir mét bo bai ’
52 quan?
m Thi tu lwa chon cac quéan bai la khéng quan trong
52!
’ , ’ \ 7 _ _
m Do do, dép anla Cs, = sl 133784 560
Vidu 23
Co6 bao phiéu cach chon ra 3 ban nam va 3 ban nit trong mot
nhom gom 10 ban nam va 7 ban nir dé dai dién tham gia mot
bubi hop mat?
m DAu tién ta chon 3 ban nam ti* nhém 10 ban nam, sau dé
chon 3 ban nit tr nhém 7 ban n
m C6 C3, cach chon ra 3 ban nam, va C2 cach chon ra 3 ban
ni
m Ap dung quy tac nhan, c6 téng cong
C3y - C3 =120 - 35 = 4200 céach

Gidi thiéu
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Hoan vi, Chinh hop, T hap

M6t sb dang thiic t6 hop

Céc phuong phap dém
Hoang Anh Buic

Pinh ly 3

Vi cdc s6 nguyén n,r théa man0 < r < n, ta cé

Quy téc nhan va Quy th
C:L = C;’LL_T r;“‘\yu n 1§ b tris

Ching minh.
m Gia st A la tap céc tap con r phan tlr va B la tap cac tap
con n — r phan t& clia mot tap n phan t&r X. Ham
f: A— Bchobdi f(A) = X \ Avdi A € Alamotsong ‘
é.nh. \,‘H‘ .‘\h ‘\‘ .
m Do dd, Cr = Cnr R

Bai tap 17
Chuing minh Binh ly 3 bang céng thiic da biét.
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Hoan vi, Chinh hop, T hap

M6t sb dang thiic t6 hop

Céc phuong phap dém
Hoang Anh Buic

Ta c6 thé chiing minh hai vé clia mét dang thiic bang cach chi ‘

ra ching dém cting mét dbi tuong théng qua cdc phuong phdp o
khdc nhau. Phuong phap chirng minh nay goi la phuong phap

dém béng hai cdch (double counting proof)

Trong vi du tiép theo, véi n, k > 2 van > k + 2, ta minh hoa

phuong phap néu trén bang cach chiing minh (1) ot g i e

Ch—cCkj=203+Ck,
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Hoan vi, Chinh hop, T hap

Mot sb dang thic t6 hop

Vi du 24 (Bém bang hai cach) e néochn
Gid sl n,k > 2 van > k + 2. C6 bao nhiéu céch chon k s6 nguyén ’
titap {1,2,...,n} sao cho 1 va 2 khéng dong thoi dugc chon?
m Cach 1:
m C6 CF tap con k phan ti va khong cé han ché gi o
m C6 C*~2 tap con k phan tlr ¢6 chira ddng thoi c& 1 va 2 ‘
® C6dinh 1 va 2, chon k — 2 phan tl con lai tir tap {3,...,n}
m Dodédapanlack — k2
m Cach 2:
m C6 C*~1 tap con k phan t& chita 1 nhung khéng chiia 2
m Cbdinh 1, chon k — 1 phan t(f con lai tir tap {3,...,n}
m Tuong ty, c6 C¥~1 tap con k phan t& chita 2 nhung khong chidia i
m é}é C*_, tap con k phan t& khong chira ca 1 va 2
m Chon k phan tif tir tap {3,...,n}
m Do dé dap an la2c*=1 + Ck_,
Ta da ching minh CF — CF=2 = o0 —1 4 CF_,

@ Mat sé déng thiic t hop
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Hoan vi, Chinh hop, T hap

M6t sb dang thiic t6 hop

Céc phuong phap dém
Hoang Anh Buic

Dinh ly 4

Gidsttn>k>1.TacoCk=Ck_, +CF]

Chdng minh. dooha
m C* 1a s6 cach chon k phan ti ti tap »n phan t& {1,2,...,n}
m D& chon k phan ti tr {1,2,...,n}, ta cling c6 thé:
m Chon 1, va chon k — 1 phan tf con lai tir tap {2,...,n}:cé (15) s i e
C*~1 céch chon
m Khoéng chon 1, va chon k phan ti tlr tap {2,...,n}:¢6 CF_, A,
céach chon By i
Do d6, theo quy tac cong, cé C*_, + C*~1 tap con k phan '
t0r cla tap n phan t&
m Dodé, CF =k | + k]

O
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Hoan vi, Chinh hop, T hap

M6t sb dang thiic t6 hop

Céc phuong phap dém
Hoang Anh Buic

Bai tap 18 e
Chitng minh Binh ly 4 bdng céng thirc da biét
Bai tap 19

sau
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Tam giac Pascal va Binh ly nhi thirc

Tam giac Pascal

Céc phuong phap dém
Hoang Anh Buic

B&t dau v6i n = 0, hang thi n c6 n 4 1 phan t: €2, CL, ..., C»

n

-1 Cl=1

@ Tam gie Pascal
Binh ly nhi th
)

Nguyén Iy b

=1 Cl=4 =6 =4 Ci=1
Hinh: Tam gidc Pascal

Pinh ly 3 va 4 ¢6 thé dugc minh hoa bang tam gidc Pascal
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Tam giac Pascal va Binh ly nhi thirc

Tam giac Pascal

Céc phuong phap dém

Mét tinh chét khac cla tam gidc Pascal 1a ot oo
Dinh Iy 5
VGi moin > 0, tdng cdc phan tr & hang thit n 1a

Zn: ch=2r
k=0

Ching minh. o
m CF 13 s6 cach chon tap con k phan tl tif mot tap n phantl
m Do dd, 3"}, C* 1a sb tap con clia mét tap n phan t& (16) et s
= Nhu ta da dé cp trong phan quy téc nhan, s6 tap con clia Nowonty
mét tap » phan t la 27
Bai tap 20
Chuing minh Binh ly 5 bang phuong phdp quy nap. (Goii y: St
dung Dinh ly 4)
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Tam giac Pascal va Dinh ly nhi thirc
Binh ly nhi thirc

Céc phuong phap dém
Hoang Anh Buic

Bai toan: Khai trién (z + y)"
Vidu 25

(z +y)
(z+y)=1-z+1-y

(x+y)?=1-224+2 ay+1-9° ot

( V=1-224+3-2%y+3-zp2 +1-¢°

( Y=1-a*+4- 2% +6-2%2 +4-2y3 + 1.4 ) f“"""i"f‘"‘"!f‘"“c\ ‘
Nhan xét: Cac hé sb khi khai trién (z + »)" (0 < n < 4) gibng

v@i cac hang tuwong Ung trong tam giac Pascall
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Tam giac Pascal va Dinh ly nhi thirc
Binh ly nhi thirc

Céc phuong phap dém

Binh Iy 6: Binh Iy nhi thiic | g A

x—i—y chnkk

Ching minh.
m Dé nhan dugc mot s6 hang 2™ Fyk trong khai trién clia
(@+y)" =@+y)(@t+y)... (z+ y) ta can chon chinh xac o
n —k sb x vak sb y tlt n thira 86 (= + y). (V6i mbi thira sb, wo
chon chinh x&c mot phan tl: hodc = hoic )

m C6 Cy~* cach chon chinh xéc n — k s6 = () oy
m Ung véi m0| cach chonn — k s6 z, c6 chinh xac 1 cach Nauyén 1 bis i g auit
chon k sb y ti k thira s6 (z + y) con lai

m Do d6, hé sb clia 2" *y* la on—* = Ck

Bai tap 21 -
Chitng minh Binh ly 5 bang céch st dung Binh ly 6
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Tam giac Pascal va Dinh ly nhi thirc
Binh ly nhi thirc

Céc phuong phap dém

Vi du 26 Hoing Arh Bic
Khai trién (z + 2)*
(x4+2)*=0% 2"+ CF 232"+ C3 - 2. 22+
+0}-at 224 0f a0yt
= + 82 + 2422 + 322 + 16
Vidu 27
Tinh (1.02)7 1am tron dén chit s6 thap phan thi 4 o
(1+40.02)" =C%-17+C}-15-(0.02) + CZ - 1° - (0.0004)
+C%-1%.(0.000008) + ...
=1+ 1.14 + 0.0084 + 0.00028 + . ..
~ 1.14868 ~ 1.1487

Chu y: D& 1am tron dén chir s6 thap phan thi 4, ta can tinh
toan den chir so thap phan thit 5 7



Tam giac Pascal va Dinh ly nhi thirc
Binh ly nhi thirc

N Céc phuong phap dém
Bal tap 22 Hoang Anh Buic
Chung minh rang véi moin >0, » " 2"CF = 3"

k=0
(a) bdng cdch dp dung Binh ly nhj thic (Pinh ly 6) :
(b) (x) bang phuong phap dém hai lan (Go'i y: C6 bao nhiéu “
cdch xdy dung mot chudin ky tu chi si dung céc ky tu
A, B, C théa man diéu kién c6 chinh xdcn — k ky tu A?)

Bai tap 23 ot

Tim hé sé

(a) ctax" trong khai trién cda (1 + )" () omymmie

(b) cla = trong khai trién cta (2 — x)'?

) e s 1'% s
(c) () ctaz* trong khai trién cua <x + E) , trong dé k la
mot s6 nguyén

74



Tam giac Pascal va Dinh ly nhi thic
Nguyén ly bu trir t6ng quat

Pinh Iy 7: Nguyén Iy b trif téng quat |

Vi cdc tdp hitu han Ay, As, ..., A,

U4 => ( (—D* () Ai )
k=1 k=1 M{I|IC{1,...,n}A|I|=k} i€l
mEn=2
|A1 U Ao| = |A1] + | A2| — | A1 N Ay
mn=3

|A1 U A U A| = |A;] + [Aa| + | As]
— |A1 ﬁAQ‘ — |A2 0A3‘ - |A1 0A3‘
=+ |A1 N Ag 0A3|

Céc phuong phap dém
Hoang Anh Buic

Nguyén Iy b trir tdng quat

74



Tam giac Pascal va Dinh ly nhi thic
Nguyén ly bu trir t6ng quat

Chdng minh. Gé phuiong phép aém
Hoang Anh Buic
Jal->( ¥ cona))
k=1 =1 N{I|IC{1,....,n}A|I|=k} i€l

m Choa € |J}_, Ay va gia thiét rdng a xuét hién trong chinh
xacmtap Aoy, Ayy ooy Aa,,, VO 1 < aj,as,...,am <n
B o dugc dém mot 1an & vé trai o
m C6 bao nhiéu 1an a dugc dém & vé phai?
® a xuét hién trong m tap Aa,, Aa,, ..., Aa,,
m q xuat hién trong C7, tap Aa, N A, VO 1 <i<j<m o
m a xudt hién trong C3, tap Aa, N Ag, N Aq, Vi R
1<i<j<k<m
n ...
Do d6, & vé phai, a dugc dém S (—1)~1C¥ lan
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Tam giac Pascal va Dinh ly nhi thic
Nguyén ly bu trir t6ng quat

Chuing minh (tiép).

m D& chiing minh vé tréi bang vé phai, ta can chi ra a ciing
dugc dem mét lan & vé phai, nghia la

> (-1tich =1
k=1
m Theo DPinh ly 6, ta cé
0=(-1+1)™
=Y Cr(=pkmt
k=0
=1+) (-1)Ck
k=1
Do do, » (~1)"Ck =—1.Suyra» (-1)*'Cf =1
k=1 k=1

(Chia hai vé cho —1)

Céc phuong phap dém
Hoang Anh Buic



Tam giac Pascal va Dinh ly nhi thic
Nguyén ly bu trir t6ng quat

Céc phuong phap dém

Bé.l té.p 24 Hoang Anh Buic

(a) Chuing minh rang véi moin > 0, Z ek =0
k=0

(b) Chitng minh bdng phuong phdp quy nap rang véi moi oy
m >0, (~1)F'Ck =1.(Goiy: Ck = Ch_, + Ck7})

Bai tap 25 —
Chitng minh dang thiic Vandermonde (Vandermonde’s
Identity) sau Tam gid Pascal

Q Nguyén Iy b trir tdng quat
CT e
m+n

trong dé m,n, r la cdc sb nguyén khéng 4m var < min(m,n).
(Goi y: C6 bao nhiéu cdch chon ra mét ban dai dién gébm r
thanh vién tir mét I6p hoc cé m nam van nir?)
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Chinh hagp va t6 hap suy rong

m M6t chinh hop Iap chdp r (r-permutation with repetition)

clia mot tap S 14 mot day sap thi tu » phan ti cla S trong

dé cac phan t cé thé 13p lai

m MGt 6 hop Iap chap r clia mét tap S (r-combination with
repetition) clia mét tap S la mét day khong sap thi ty r
phan ti cha S trong d6 cac phan tl cé thé 13p lai

Dinh Iy 8
Sé chinh hop Idp chap r ctia mét tap n phan t 1a n”

Chdng minh.
C6 n lua chon cho vi tri thi nhat, » lua chon cho vi tri th hai,

..., n lya chon cho vi tri thi . Do dé c6 n” cach xay dung mot

chinh hop 13p chap r clia mot tap » phan

O

Céc phuong phap dém
Hoang Anh Buic

Chinh hop va t6 hop
suy rong
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Chinh hagp va t6 hap suy rong

Céc phuong phap dém

Pinh 1y 9 ong phép
N Hoang Anh Buc
S6 16 hop Idp chép r cia mét tdp n phan ti la Cy} ]
Ching minh. o

m MGi t8 hop 13p chap r tif tap n phan t& c6 thé biéu dién bang Ny s
mot day n — 1 thanh diing va r ngdi sao
m Ta dung n — 1 thanh diing dé phan céch céc ngan
m Ngin thi? i chita thém mét ngdi sao mbi 1an khi phan tir th i
clia tap xuét hién trong t& hop
m Vidu, mdt t6 hop 13p chap 6 clia tap 4 phan t& dugc biéu dién otsb
béi
12 mét tS hop chia diing hai phan tl thi nhit, mot phan to tha Dinn i
hai, khong phan tf thi ba, va ba phan t& th tu cda tap 4 phan Chmh hdpva o
tu suy rong
® MGi day n — 1 thanh ditng va r ngdi sao ting véi mét chudi nhi
phan d6 dai n + r — 1 cd chinh xac r so 1. Do dd, s6 cac day
thanh diing va ngéisao la Cr. | =Cit
D 74



Chinh hagp va t6 hap suy rong

Vi du 28
C6 bao nhiéu cach dé 6 qua bong vao mét tui, biét ring méi qua
bdng chi cd thé cé mau dd (R), xanh 1a cay (G), hodc xanh da troi
(B)?
m 6 qua bdng tng véi 6 ngdi sao, va 2 thanh diing phan cach
thanh ba ngan tng véi cac mau dd, xanh 14 cay, xanh da troi
m Luachon [R, R, G, G, G, B] &ng VGi day sx | * * * | *
m Lyachon [R, B, R, R, B, R] &ng vGi day = * s || *x
m S6 céach dé 6 qua béng vao ti la O35, = 28

Vidu 29
Phuong trinh ; + 25 4+ x5 = 11 ¢6 bao nhiéu nghiém nguyén thda
ménxl >0,x9 >0, Véﬂ?g 207
m Méi nghiém cla phuang trinh (ing véi mot cach dé 11 qua
bdng vao 3 hop gan nhan z, T3, T3
m S6 nghiém nguyen khéng am cla phu’dng trinh chinh 12 t6
hop 18p chap 11 cla tap 3 phan C’3+11 =18

Céc phuong phap dém
Hoang Anh Buic

Chinh hop va t6 hop
suy rong

74



Chinh hagp va t6 hap suy rong

Céc phuong phap dém
Hoang Anh Buic

Vidu 30
Phuang trinh 2 + x5 + 23 = 11 ¢6 bao nhiéu nghiém nguyén S
thda man z, > —2, xp > 1, va z3 > 0? o e
m Ta xdy dung mét phuong trinh mdi ¢é dang téng cla cac
s0 nguyén khéng &m nhu 6 vi du trudc
mTacozi+2>0vaxzes—1>0
[ ] D,ét:c/l =z +2>0vazh=22—-1>0
m S0 nghiém nguyén clia phuong trinh 21 + z2 + x3 = 11 théa
man z; > —2, x2 > 1, va 3 > 0 cling la s6 nghiém nguyén e e
khéng &m cla phuong trinh o} + 25 + 23 = 1142 -1 = 12 Nguyen  bis i g uét
m Sb nghiém thda man diéu kién 1a €371, | = 91 @i opvasérep
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Chinh hagp va t6 hap suy rong

Vi du 31 o
Phuong trinh 1 + 22 + 3 = 11 ¢ bao nhiéu nghiém nguyén
thdaman 0 < z; <2, 29 > 0, 23 > 0?
m Ta dém s6 nghiém thda man
mx >0,20>0,23>0
B >3, 222>0,23>0
S6 nghiém théa man 0 < z; < 2, x5 > 0, 23 > 0 & 12 hiéu
clia hai s0 trén
m C6 Ci1,,_, = 78 nghiém nguyén thda man z; > 0, z5 > 0,
z3 > 0. C6 C§,5_, = 45 nghiém nguyén thda man z; > 3,
x>0, z3 > 0. Do do, két qua 1a
C.‘%-l',-ll—l - C§+8_1 =78-45=33 (;H?‘nhncpvaIShup
Bai tap 26 o
Pém sb nghiém nguyén cta x, + x + x5 = 11 théa man
0<z <2,29 >0, z3 >0 mdt cdch truc tiep bang cach xét
tng trudng hopx1 =0, 21 =1, vaz; =2 v



Chinh hagp va t6 hap suy rong

Céc phuong phap dém

Dlnh Iy 10 Hoang Anh Buc

S6 hodn vi phan biét ctia n phan tir trong dé ¢6 ny phan tir
giong nhau thudc loai 1, no phan tir giong nhau thuéc loai 2,
n!

, vany, phan ti gibng nhau thudc loai k, 1a
nilna! ... ny!

Chdng minh.
m Néu coi tt ca n phan ti déu khac nhau, ¢ n! hodn vi
m V6i mbi hodn vi trong n! hodn vi ndy, cé thé xay dung mot o
hoan vi gibng né bang mét chudi k budc:
= Hodn vi ni phén tif loai 1: ¢6 n1! cach ) ram i P
m VGi m6i cach hodn vi cac phan t& loai 1, hoan vi no phan té g

|Oal 2: ¢d no! cach Ch\’nh hop va t6 hop
" ... suy rong

m Voi mc"}i cach hodn vi céc phan ti loai 1, ...,k — 1, hodn vi
nk phan t& loai k: c6 ny! cach
Theo quy tac nhan, mbi hodn vi ¢ ny!ny! ... ny! hodn vi
giébng né trong s6 n! hodn vi 7



Chinh hagp va t6 hap suy rong

Céc phuong phap dém
Hoang Anh Buic

Vidu 32 Natnlybhos
C6 bao nhiéu chubi ky tu thu dugc bang cach sap xép lai thit
ty cac chir cai trong chu6i SUCCESS?
m Sb chudi ky tu chinh 1a sb hoan vi phan biét cla 7 ky tu, o
trongdéco3kytuS,2kyty C, 1kyty U,valkyty E Wt

LA T
lDOdOketqua|am:420 Tam gidc Pa

Chinh hop va t6 hop
suy rong

74



Chinh hagp va t6 hap suy rong

Céc phuong phép dém
V|’ du 33 Hoang Anh Buic
C6 bao nhiéu céch chia 5 quan bai cho méi ngudi trong s6 4
nguoi chai ti mét bd bai 52 quan théng thuong?
m Méi céach chia bai (tng v6i mot chubi cac budc
m Chia 5 quan tir 52 quan bai cho ngudi choi thi nhét: cé C2,
cach
m V6i mbi bd 5 quan ma ngudi choi thir nhat c6, chia tiép 5
quan tir 47 quan con lai cho ngudi choi thi hai: ¢é C%; cach
m V6i mdi cac bo 5 quan ma hai ngudi choi dau tién co, chia
tiép 5 quan tU 42 quan con lai cho ngudi choi thit ba: cé C3,
cach
m V6i mbi cac bd 5 quan ma ba ngudi choi dau tién cé, chia
tiép 5 quan tir 37 quan con lai cho ngudi chai thit tu: ¢6 C3; Ghinh hap va 1 hap
CéCh suy rong
< ~ 7 LA 2 5 5 5 5 52'
m Theo quy tac nhan, co tat ca Cz,C3,C,Csr = SIEIEIEE2]
cach chia bai
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Chinh hagp va t6 hap suy rong

Dinh ly 11
Sé cdch chia n vat khac nhau vao trong k hdp sao cho co n;
do vat dugc dat vao hdp thiri, véii =1,2,....k la

n!

nilng! ... ng!

V6i cac sb6 nguyén n,ny,na, ..., ny > 0 théa man

n =mni +ng + - - + ng, ta dinh nghia
COnun2yfke — n!

" n1!n2!...nk!

Binh Iy 12: Dinh ly da thirc |

VGimoin>0vak>1

(1'1 +"'+J3k)n = E Czl’m’“"nkx?l

0<ny,....,nx<n
ni+-t+ng=n

74

Céc phuong phap dém

Hoang Anh Buic

Nguy@n Iy bis trir tdng quat

Chinh hop va t6 hop
suy rong



Ham sinh

Céc phuong phap dém
Hoang Anh Buic

Ham sinh

Ham sinh (generating function) G.(x) cla mét day vé han

{a,} (n > 0) dugc dinh nghia bdi G, (z) = Z anz™. N6i cach
n=0

khéc, a,, 1a hé s6 cla =" trong G, (x)

Dém bang cach st dung ham sinh

Céc bai toan lién quan dén viéc dém sé cdch chon cdc phantr § -
trong mot tap hop ¢6 thé dugc gidi bang cach st dung ham o
sinh théng qua céc ly luan dé déng nhat sé cach chon n phan

t(r vdi hé sé ctia x™ trong ham sinh (s4) Ham sinn
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Ham sinh

Céc phuong phap dém
Vi du 34 (Dinh ly nhj thic) Hoang A B
m Ham sinh clladay C9,C},...,C",0,0,... la

}:ckk (L+a)" e

m Hé s6 clia x* trong G(z) 1a s6 cdch chon rak s6 « va
n—k SO 1 tirn thira so cla tich oo

I4+2)"=0Q+2)1+z)...1+2),

trong do véi méi thira sé ta chon chinh xdc mét phan t:
hodc 1 hoac x
m CoCk cach chon k s6 z (e5) Ham sinn
m Ung v6i mbi céch chon k sb z, cé chinh x4c 1 cach chon
n—ksb1tn—kthirasb (1 + z) con lai
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Ham sinh

VI’ du 35 Céc phuong phap dém
Phuong trinh 21 + x5 + 23 = 11 ¢6 bao nhiéu nghiém nguyén thda reang Ao Bie
ménxl >0, 9 ZO,Véwg 20?
m Ta mubn xay dung mot ham sinh G(z) cho phuong trinh sao cho durties
hé s ctia 2! trong G(x) la sé nghiém théa man phuong trinh )
m Mot phuong an 1a G(z) = (1 + 2 + a2 + - + z'1)3 e
m Dé cd z'', ta cAn chon 1an lugt 2™, 2*2, va 2% t ba thita sb
(14 x4+ -+ ') cla G(x) (t mdi thira s6, chon chinh x4c mdt s6
hang trong t8ng 1 + 2 + - - - + «*') théa man 1 + x» + x5 = 11
m S6 cach chon thda méan diéu kién trén chinh 1a hé sb cla ='! va
ciing 1a sb nghiém nguyén khong am cla z1 + z2 + x3 = 11

m Tacéd

Gx)=(1+z+- - +z)®

1— 212\3
_( 11—z ) Hémsmh

=(1-22)P1-2)3
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Ham sinh

Céc phuong phap dém
” L, ” . , . Hoang Anh Buic
Dé tim hé so clia 2! trong Vi du 35, ta can mot s6 dinh nghia
va dinh ly sau

Hé s6 nhi thirc mé& rong }
Vdin € R bat ky va r > 0, hé sb nhj thiic téng quét (general-
ized binomial coefficient) C!, dugc dinh nghia nhu sau

nn—1)...(n—r+1)
7!

Ch =

n

Vi du 36 o

74



Ham sinh

Céc phuong phap dém
Hoang Anh Buic

,.| Ménh dé 13

Néu n l1a mét sb6 nguyén duong thi

Cin = (_1)7" :H—r—l

\. J

A Binh ly 14: Binh Iy nhi thirc téng quat | N .
VGi moin € R,

o0

1+z)" = ZC;:L‘T Mo

r=0
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Ham sinh

Vl’ dU 37 Céc phuong phap dém
‘A A o L2 o Hoang Anh B
Tim hé s6 clia 2! trong khai trién clia (1 — z)—3 oang Anh Duc
m Hé sb clia " trong khai trién clia (1 — )3 12

(r+2)(r +1) s

(1) €Ty = (1) [(=1)7 C ] =

m Suy ra, hé s6 clia ! trong khai trién clia (1 — z)~3 la
(11+2)(11+1)/2 = 78
Vi du 38 (Tiép tuc Vi du 35) -
Tim hé s6 clia z!! trong khai trién clia o
Glz)=(1—-2231—-2)3 e
mTaco (1—a'2)3 =1— 322 + 3224 — 236
m Céch duy nhat dé thu duoc ='! 1a &y 2° trong khai trién  (@)uan s
clia (1 — #'2)3 nhan véi 2! trong khai trién cla (1 — z)~3
m Do d6, hé s6 clia =" trong khai trién clia G(x) 1a hé s6 clia
2! trong khai trién cla (1 — 2)~3, va bang 78 (Vi du 37) 5



Ham sinh

VI’ du 39 Céc phuong phap dém

: [ A 2 - Hoang Anh B
Phuang trinh z; + x5 + x3 = 6 ¢ bao nhidu nghiém nguyén théa man oo fnn bre
—1SI1S2V31S$2,£E3§4

m Ta dinh nghia an:
G(z) = (a7 +2° + ot +2)(2! + 2% + 2% + 2)? S

m S6 ngh|em nguyén clia phucng trinh thda man diéu kién dé ra 1a
hé sb clia ° trong khai trién clia G(z)

m Taco
G(z) = (z7' +2° + 2! + 22)(a' + 22 + 2° + 2)?
:%(xl—i—xz—i-zs-l-r‘*)?’ e
:%(1+z+xz+z3)3 i
=z(1+z+a2+2%)3 (®)ram i
Bai tap 27

Hoan thanh Vi du 39 bang cdch tim hé sé cla = trong khai trién ctia
(142 + 2% + 23)3
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Ham sinh

Bé.l tép 28 Céc phuong phap dém
. z Hoang Anh Buic
Tim hé s6
(a) cda x* trong khai trién cda (1 — x)~2
(b) ctia x™ trong khai trién cua (1 + z)~*
(c) cuax™ trong khai trién cua m
(Goi y: (1 + )/((1—23:) ) = (1+2x) +m(1+2x)
Tim hé sé cla x™ trong khai trién cla tirng sé hang va
céng céc két qua tim duoc) ot
Bai tap 29
S dung ham sinh dé dém sé nghiém nguyén ctia
1+ o +ax3=11théaman0 <z <2,x9 >0, vaxs >0
Bai tap 30
St dung ham sinh dé dém sé nghiém nguyén cla
x|+ xo :Fl'g = 11 thda man x> —2,190 > 1, va x3 > 0. (Go’i_V:
Chiyring —2 <z <11,1 <25 <13,v30 < x5 < 12)

Ham sinh

74



Mot s6 vi du khac

Vi du 40
C6 bao nhiéu céch phan phéi 4 nhan vién khac nhau A, B, C, D vao 3
van phong hoan toan gibng hét nhau? (Chu y la xép A, B vao phong
thir nhét va C, D vao phong thir hai hoan toan gibng véi viéc xép A, B
vao phong thi hai va C, D vao phong thu ba. D/eu quan trong la A, B
cung phong va C, D cung phong.) Gia st ring mi van phong cé the
chiia dugc bat ky mot sb lwgng nhan vién nao
m Ca& 4 ngudi chung mét van phong: ¢6 Cf = 1 cach
m Xép 4 ngudi vao bat ky phong nao déu dugc
m ba + mot: ¢d C§ = 4 céch
m Chon 3 ngudi x&p vao mét phong, ngudi con lai tw dong xép vao
mét trong hai phong con lai, phong nao déu dugc
® hai + hai: ¢c6 C%/2 = 3 cach
m Chon 2 ngudi dé xép vao mot phong, hai ngudi con lai ty dong vao
mét trong hai phong con lai. Moi cach chon nay ¢6 mét cach tuong
duong véi nd, vi du nhu chon A, B xep vao mét phong tuong duong
vGi chon C, D xép vao mét phong, vi déu cho két qua la
{{A, B}, {C,D}}
m hai + mot + mét: ¢é C7 cach
m Chon 2 ngudi dé xép vao mdt phong, hai ngudi con lai tu dong xép
vao hai phong con lai

74

Céc phuong phap dém
Hoang Anh Buic

Mét s6 vi du khac



Mot sé vi du khac

Céc phuong phap dém

Vl' du 41 Hoang Anh Buic
C6 bao nhiéu céch dé dat 6 quyén sach hoan toan gibéng nhau
vao 4 hop hoan toan giéng nhau, trong dé méi hop cé thé chia
nhiéu nhat 6 quyén sach?

m Ta liét ké céac cach sap xép biang cach liét ké sb sach 16n
nhat trong mot hop, theo sau bdi cac s6 sach nhd hon
trong céc hdp cé chiia it nhat mot quyén sach khac, theo
th( tu gidm dan cla sb sach. Vidu, 4,1, 1 mo ta cach xép
séch vao 3 hop, mot hop cé 4 quyén, hai hop khac méi hop
c6 1 quyén

m Céc céch sap xép la:

m 6

Mét s6 vi du khac
3,1,1,1
1

74



Mot s6 vi du khac

Céc phuong phép dém
Bé_| tép 31 (*) Hoang Anh Blic
Alice va Bob choi tro choi sau: Bob chon 10 s nguyén bét ky
trong khoang ttr 1 dén 40. Alice can tim hai tap s6 nguyén khdc
nhau trong cdc sé ma Bob chon, méi tap ¢6 3 phan t, sao cho
téng cac s6 nguyén trong hai tap 1a bang nhau. Hay chung
minh rang Alice luén luén thang. (Goii y: Ap dung nguyén ly
chuéng bé cau)
Bai tap 32
C06 bao nhiéu cdch di tir gée
dudi cing bén tréi dén gdc trén
cuing bén phai cia mét Iudi
kich thudc n x n? Gid st rang
trong méi bu'dc tir mot dinh
sang dinh khac cua UG, ban s MatIu6i 4 x 4vavidu mot  (ustssviainee
chi co thé di sang phai mot g gr5ng di
budc hoac di lén trén mét budc
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Ly thuyét d thi |

Gidi thiéu, Biéu dién db thi va su dang cau, Tinh lién thong

Hoang Anh Burc

B6 mon Tin hoc, Khoa Toan-Co-Tin hoc
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NGi dung

Gié’i thiéu Ly thuyét do thi |
Mét s6 vi du
Dinh nghia va khai niém
D4 thi mdi tir do thi ci
Mot s6 don do thi dac biét
D6 thi hai phan
Biéu dién d thi va su dang ciu
Danh sach ké
Ma tran ké
Ma tran lién thudc
Su dang cu gitra cac db thi
Tinh lién théng trong dé thi
Puong di
Lién théng trong db thi vé hudng
Lién théng trong dé thi ¢é huéng
Puong di va su dang cau
DPém sb dudng di gilra cac dinh

Hoang Anh Buic

60



Gidi thiéu

Mét s6 vi du

Ly thuyét db thi |
Hoang Anh Buic

Mot s6 vi dy

m MGt do thj (graph) G bao gom mét tap céc dinh (vertex)
hoac nut (node) V va mét tap cach canh E noi cac (cap)
dinh véi nhau

m C6 nhiéu loai db thj khac nhau (v6 hudng, c6 hudng, db thi
don gian, da do thi, v.v...), m6i loai c6 cach dinh nghTa‘cu
thé khac nhau, tly thudc vao viéc cac loai canh nao can
duoc xét

= Diéu nay dén t6i viéc ton tai nhiéu thuat ngi khdc nhau (va
thudong khong thong nhat)

m Trudc khi di vao dinh ngha d6 thi mét cach cu thé, ching
ta xét mét so vi du
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Gidi thiéu

Mét s6 vi du

Vidu 1 (Bon db thi vé hudng (simple undirected
graph))

V= {Ula V2, U3, U4}

E = {v1v2, v1v4, vov3, vav4 }

(%1 (%)

Uy U3

Hinh: Chi 6 céc canh v6 hudng; ¢ nhiéu nhat mét canh nbi hai dinh
phan biét bat ky; va khéng c6 khuyén (loop)—canh néi giira mét dinh
va chinh né

60

Ly thuyét db thi |
Hoang Anh Buic

Mot s6 vi dy
Binl hia v

>}
Mot s6 don db thi dac bi¢
[}



Gidi thiéu

Mét s6 vi du

Vi du 2 (D thi c6 huéng (va cé khuyén) (directed
graph (with loops)))

V= {917”2:1137114}

E= {(’Uh ’Ug), (1}27 ,U2)7 (Ug, 1}3), (U27 U4)7 (U-'i? U1)1 (’U41 UQ)}

U1

V4 U3

Hinh: Chi c¢6 céc canh cd hudng; c6 nhiéu nhat mét canh cé huéng
noi tir mot dinh bat ky sang mét dinh khac bat ky; va co khuyén

60

Ly thuyét db thi |
Hoang Anh Buic

Mot s6 vi dy
Binl hia v

B Gi tir ¢
Mot sb don db thi dac bié
B



Gidi thiéu

Mét s6 vi du

Vi du 3 (bon db thi c6 huéng (simple directed
graph))
V= {U17U27U37U4}

E= {(U1,U2)7 (U2yv3)7 (v2,v4), (vg,v1), (U4,U2)}

V1 V2

Vy U3

Hinh: Chi ¢6 céc canh cd hudng; c6 nhiéu nhat mét canh cé hudng
ndi ti mdt dinh bat ky sang mét dinh khac bat ky; va khéng ¢ khuyén

60

Ly thuyét db thi |
Hoang Anh Buic

Mot s6 vi dy
Binl hia v

D Gi tir ¢
Mot s6 don db thi dac bi¢
B



Gidi thiéu

Mét s6 vi du

Vi du 4 (Da d6 thi vé huéng (undirected multigraph))

V= {’Ul, Vg, U3, U4}
FE= {’Ulvg, V1Vy4, V2U3, U2U4}
m(vive) = 2, m(vquz) = 3

m(v1vg) = m(vovg) = 1

U1 (%)

(] U3

Hinh: Chi ¢6 céc canh v6 hudng; ¢b thé c6 nhiéu canh néi gitra hai
dinh bat ky; va khéng cd khuyén

60

Ly thuyét db thi |
Hoang Anh Buic

Mot s6 vi dy
Binl hia v

>}
Mot s6 don db thi dac bi¢
[}



Gidi thiéu

Mét s6 vi du

Vidu 5 (Da do thi vo huéng cé khuyén (undirected
pseudograph))

V = {v1,v2,v3, 04}
E = {102, v104, vav3, V204, V4U4 }
m(vive) = 2, m(vovs) =3
m(vivg) = m(vavy) = m(vg,v4) = 1

(%1 U2

Vg U3

Hinh: Chi 6 cac canh v6 hudng; c6 thé c6 nhiéu canh nbi gitra hai
dinh bat ky; va cd khuyén (c6 thé cé nhiéu khuyén tai mét dinh)

60

Ly thuyét db thi |
Hoang Anh Buic

Mot s6 vi dy
Binl hia v

D Gi tir ¢
Mot s6 don db thi dac bi¢
B



Gidi thiéu

Mét s6 vi du

Vi du 6 (ba dé thi c6 hudng (directed multigraph))
V= {’Ul,U?,Ug,'U;;}

E = {(v1,v2), (v2,v3), (v2,v4), (V4,v1), (v4,02) }
m(vy, v2) = m(ve, v3) = m(va, vg) = m(vg,v1) =1
m(vg, v2) = 2

U1 V2

V4 U3

Hinh: Chi 6 céc canh cd hudng; ¢6 thé c6 nhiéu canh nbi gitra hai
dinh bat ky; va khéng cdé khuyén (khéc véi dinh nghia trong séch cla
Rosen)

60

Ly thuyét db thi |
Hoang Anh Buic



Gidi thiéu

Mét s6 vi du

Vi du 7 (Pa db thi cé huéng va cé khuyén (directed
pseudograph))

V= {v1, v2,v3,v4}

E = {(v1,v2), (v2,02), (v2,v3), (va, v4), (vg,01), (v4,v2) }
m(vi, va) = m(ve, va) = m(ve, v3) = m(ve,vs) = m(vg,v1) =1
m(vg,ve) =2

U1 V2

Uy U3

Hinh: Chi c6 céc canh cd hudng; ¢6 thé c6 nhiéu canh néi gitra hai
dinh bat ky; va co khuyén (c6 thé cd nhiéu khuyén tai mét dinh)

60

Ly thuyét db thi |
Hoang Anh Buic

Mot s6 vi dy
Binl hia v

D Gi tir ¢
Mot s6 don db thi dac bi¢
B



Gidi thiéu

Mét s6 vi du

Ly thuyét db thi |
Hoang Anh Buic

Loai Canh | C4 canh song song? | C6 khuyén? O, o
1 DBon do thi v hudng V6 hudng Khong Khéng D6 thi moi i ci
2 Pa db thi vé hudng V6 huéng Cé Khéng Mot s don d6 th déc big
3| Daddthjvd hudng cé khuyén | V6 hudng Co Cé B hi haipr
4 D6 thi cé hudng C6 hudng Khoéng Cé
5 Bon qé thi c6 hudng C6 hudng Khong Khong e
6 Da do thj c6 hudng C6 huéng Cé Khéng' v
7 | Pa db thi cé hudng va cé khuyén | Cé hudng Co Cé |
8 D6 thi hén hgp Cé hai Cé Cé Sy

m Dinh nghia da db thi cé hudng khéc véi dinh nghia trong
sach clia Rosen
m Céc db thi sé dugc dé cap trong bai gidng
m don db thi vé huéng ((simple, undirected) graph)
m do thi c6 hudng (directed graph hoac digraph)

1Khé&c véi sach clia Rosen 60



Gidi thiéu

Binh nghia va khai niém

,.{ D6 thi cé huéng ]
Mot do thi c6 hudng (d/rected graph hodc digraph) G = (V, E)
bao gdbm mat tap khac réng V gém cac dinh (vertex) (hoac
nut (node)) vamoéttap E C V x V gom cac canh co hudng
(directed edge) (hodc cung (arc)). Méi canh c6 hUGng (u,v) €
E c6 mét dinh dau (start vertex hodc tail vertex) u va mét dinh

cudi (end vertex hodc head vertex) v

J

m M6t db thi cé huéng G = (V, E) don gian 1a mot tap hop V
cung véi mét quan hé nhi phén (binary relation) E trén V

Ly thuyét db thi |
Hoang Anh Buic

Mot 6 vi di

Dinh nghia va khai nigm
Db thi mi tir db thi ci
Mot sb don db thi dac bié

60



Gidi thiéu

Dinh nghia va khai niém

Ly thuyét db thi |

m VGi mét tap V, goi [V]* 1a tap hop tat ca cdc tap con k
phan ti cda V. (N6i céch khac, [V]* 1a tAp hgp tat ca cac
6 hop chap k cla V)

Hoang Anh Buic

Mét o[
Binh nghia va khai niém
D06 thi mai ti

A D6 thi vé huéng | N [

Mét don dé thi vd hudng (simple, undirected graph) G =
(V,E) bao gébm mot tap khac réng V gém céc dinh (ver-
tex) (ho&c niit (node)), va mét tap E C [V]? gém cach canh at
vé hudng (undirected edge). Mbi canh e = wv € E (hodc
e = {u,v} € E) c6 hai dinh phan biét u # v la cac dau mut
(endpoint) clia e. Ta ndi cac dinh u, v 1a lién ké (adjacent) trong :
dd thi G, va canh e goi la canh lién thudc (incident) véi céc hi

‘dTnh u, v 3 g

m Dinh nghia trén c6 thé &p dung cho ca trudng hop V 1a tap
¢6 v6 han phan t (va do thi tuong ting dudc goi 1a do thi
v6 han (infinite graph)). Tuy nhién, trong bai giang, ching
ta chi dé cap dén cac do thi hitu han (finite graph). @



Gidi thiéu

Binh nghia va khai niém

Cho G = (V, E) la m4t db thj v6 huéng SN,

m Tap hop céc dinh ké véi dinh v clia G, ky hiéu N (v) hay
Ne(v), dugc goi la tdp ldng giéng (neighborhood) clia v. Wotsbvi

m V&i mot tap céc dinh A C V, taky hiéu N(A) hodc Ng(A) & mwmsme
dé chi tap cac dinh lién ké véi it nhat mot dinh trong A. N6i oo
céch khac, N(A) = U,c4 N(v)

m Béc (degree) cia mot dinh v, ky hiéu deg(v), la sb canh s
cla G lién thudc véi dinh dé. Mot khuyén tai dinh v (mot "
canh ndi v véi chinh né) déng gép 2 vao bac clia v

Vidu 8
m N(v1) = {va,v4}, u » b
N(vg) = {v1,v3,v4}, o
N(vs) = {v2},
N(vyq) = {v1,v2,04}
B deg(vy) = deg(vs) = 3, vy vy
deg(vy) = 6, deg(vy) =4

60



Gidi thiéu

Dinh nghia va khai niém

Ly thuyét db thi |
Hoang Anh Buic

m Mét dinh bac 0 dugc goi la mét dinh cé I4p (isolated vertex)
m M6t dinh bac 1 dugc goi la mét dinh treo (pendant vertex)

Dinh ly 1: Dinh ly bat tay (Handshaking Lemma) () ome s s

Mot sb don db thi dac bié

Cho G = (V, E) la mét dé thi vé hudng cé m canh. Ta ¢ o4 i pr

o = - ) o

VeV Ymm én the ‘

Chdng minh.

m V6i méi canh e = uv € E, e dugc dém chinh xac hai 1an 1
trong > .y deg(v): mot lan trong deg(u) va mét lan trong hdng

deg(v) st
m Do d6, ca hai vé clia dang thic trén déu bang hai lan sb
canh clia G

60



Gidi thiéu

Dinh nghia va khai niém

Ly thuyét db thi |

Dinh Iy 2 Hoang Anh Buic
Mot dé thi vé hudng ¢é mét sé chan céc dinh cé bac 1é ] :
Ching minh.

m Goi V; la tap cac dinh bac chan va V; la tap céc dinh bac
1& trong d6 thi vé hudng G = (V, E) c6 m canh
m Taco "

2m = Z deg(v) = Z deg(v) + Z deg(v)
veV veV] veVL

m )y, deg(v) 1lamot s6 chan, vi V1 Ia tap tat ca céc dinh co

bac chan o
m Dodd, >, .y, deg(v) la métso chan, do 2m va

>, cv, deg(v) déu la s6 chan
m Do V5 la tap céc dinh bac 18, d€ Y, deg(v) chan, can

phai cé mot sb chan cac dinh bac 1@ -



Gidi thiéu

Dinh nghia va khai niém

Ly thuyét db thi |
Hoang Anh Buic

Vidu9
C6 bao nhiéu canh trong mot do thi vo hudng cé 10 dinh, mbi  (ie) oo e
dinh c6 bac 67
m Téng bac clia céc dinh trong d6 thi1a 6 - 10 = 60
m Theo Dinh ly bat tay, néu m la s6 canh cla dé thi thi
2m = 60, va do dé m = 30

Vidu 10
Néu mot db thi vé hudng cé 5 dinh thi liéu méi dinh cé thé cé
bac 3 hay khéng?
m Khéng. Vi néu méi dinh c6 bac 3 thi téng bac clia cac dinh
la 3.5 = 15. Diéu ndy mau thuan véi Dinh ly bat tay: tdng
bac clia cac dinh phai la mét s6 chan

60



Gidi thiéu

Dinh nghia va khai niém

Ly thuyét db thi |

Cho G = (V, E) la mét dé th| co hu)c’jng Hoang Anh Diic
m Bic vao (in-degree) clia mét dinh v, ky hiéu deg™(v) lasé M ..
cac canh co dinh cuoi (ta|| Vertex) lawv ‘Dmh‘n?hT‘a‘v‘akha’\‘mé‘m

Mot in do thi déc bié

m Bic ra (out-degree) clia mét dinh v, ky hiéu deg™ (v) la s6 o4 il
céc canh ¢6 dinh dau (head vertex) 1a v

m Mot khuyén & dinh v dong gép 1 vao béc vao va 1 vao bac ~ »

racla v e

Vidu 11

B deg™

deg™

vy

60



Gidi thiéu

Dinh nghia va khai niém

Ly thuyét db thi |
Hoang Anh Buic

Pinh ly 3

Cho G = (V, E) la mét dé thi cé hudng. Ta cé et sban b

|E| = deg™(v) =) deg™(v)

veV veV e

Chdng minh.

m M&i canh ¢ huéng e = (u,v) € E déng gép 1 vao deg™ (v)
va 1 vao deg™ (u), véi u,v € V

m Do dd, |E| = t6ng cac bac vao = téng céc bac ra

60



Gidi thiéu

D6 thi méi tir db thi ch

Ly thuyét db thi |

m Mét dé thi con (subgraph) clia mét dé thi G = (V, E) la mét
dbthi H = (W, F)trongdd W CVvaF C E

m H = (W, F) la mdt dé thi con thuc su (proper subgraph) o
claG = (V,E)néu H ladbthiconcliaGva H # G () s

m H = (W, F) |a mét dé thi con cam sinh (induced subgraph) Mt s don 0 i g bi

Hoang Anh Buic

clia G = (V, E) néu H la db thi con clia G va véi moi cap
dinh u,v € W, uv € F khiva chi khi uv € E. Ta cling ndi §
H [a do thj con cua G cam sinh bSi W va viet H = G[W] Ve v

vy vy vy

U5 Uy U5 vy U3

vy vy vy
V3 U3 U3

G ’ H, Hy
Hinh: H, 1a db thi con thuc sy clia G nhung khong phéi db thi con
c&m sinh. H |a d6 thi con cdm sinh cla G

60



Gidi thiéu

D6 thi méi tir db thi ch

Ly thuyét db thi |
Hoang Anh Buic

Cho don db thi G = (V, E) vo huéng vacéactap V' C V E' C E
m Do thi G — V' la db thi thu dugc bang cach xda céc dinh ot sb i

trong V' va cdc canh lién thudc véi ching. Vi mot dinh (o) semmawames

ve V', taviét G —vthay vi G — {v} o8
m D6 thi ¢ — £’ 1a d6 thj thu dugc bang cach xda cdc canh
trong E'. VGi mét canh e € E’, ta viet G — e thay vi G — {¢} P

vy vy vy

Vs vy Vs vy U vy

Uy Uy vy

G G — w3 G — vy

60



Gidi thiéu

D6 thi méi tir db thi ch

Ly thuyét db thi |

Cho don d6 thi G = (V, E) vo hudng véi tap E' C [V]2 —
m D6 thi ¢ + £’ 1a d6 thi thu dugc bang cach thém cdc canh
trong E'. VGi f € ', taviet G + f thay vi G + {f} ot i
m D6 thi (/¢ 1a db thj thu dudc bang phép co (contraction) g

Hoang Anh Buic

Mot in do thi déc bié

canhe=uwv € E o
[ ] gop hai dinh u, v thanh mét dinh méi z, cac canh ké véi u va
k& vdi v chuyén thanh canh ké véi © o
m x0a cac khuyén tao thanh sau phép gop Ma
m gilf lai m6t canh duy nhét trong sb cac canh song song o

(1 v

Us V2 U5 V2

vy vy
U3 U3
G G + vivy

60



Gidi thiéu

Mot s6 don d6 thj dic biét

Ly thuyét db thi |
Hoang Anh Buic

Do thi day du

Mot j

Binh nghia v

D6 thi mdi tir db thi ci
Mot sb don dé thi dac biét
D6 th hai phé

Do thi day du (complete graph) n dlnh ky hiéu K, 1a mét don
db thi chita ding mét canh néi méi cap dinh phan biét

Puong di
Lién thong 1g ¢ i v
Lién thdng trong di i
hudéng
0 00O % % R
K K Ky K Ks

K

60



Gidi thiéu

Mot s6 don d6 thj dic biét

Ly thuyét db thi |
Hoang Anh Buic

Chu trinh et higu
Mét chu trinh (cycle) n dinh véin > 3, ky hiéu C,,, 1a mot db thi o6 it 08 s
vdi cac dinh vy, vs, ..., v, VA CAC canh vyvy, Vavs, . . ., Up—1Un, ot con e
va v, v1
Gi C1 CS C(i

60



Gidi thiéu

Mot s6 don d6 thj dic biét

Ly thuyét db thi |
Hoang Anh Buic

D4 thi banh xe |

MGt do thj banh xe (wheel) gém n + 1 dinh véi n > 3, ky hiéu
W, 1a mét do thi thu dugc bang cach thém mét dinh méi vao
C,, va noi dinh dé véi moi dinh clia C,, bang cac canh mdi

thi e

Budng di

Lién théng 1g ¢ i v

hudng

Lién théng g do thi

huéng

Budng div dang cal
Ws We

60

M6t sb don dé thi dac biét

M
3l
I3
D6 th hai phé

Wy Wy



Gidi thiéu

Mot s6 don d6 thj dic biét

Ly thuyét db thi |
] Hoang Anh Buic

Cac khoi n chiéu |

Mét khbin chiéu (n-dimensional cube), ky hiéu Q.,, la mot do tsdio
thi c6 2" dinh, méi dinh dudc biéu dién bing mot chudi nhi
phan do dai n, va hai dinh 14 lién ké khi va chi khi cac xau nhi
phan biéu dién chiing khac nhau diing mét bit

v
Binl hia v

D0 thi mai t

M6t sb don dé thi dac biét
B

10 11

0 1 00 01
o Q2

60



Gidi thiéu

D6 thi hai phan

Ly thuyét db thi |

Do thi hai phé‘n ] Hoang Anh Bic

M6t don dé thi vo hudng G = (V, E) dugc goi la mét dé thi hai
phan (bipartite graph) néu ton tai cac tap Vi C Vval, C Vv
thbamanV =V, UV, Vi # 0, Vo # 0, Vi N Va = (), va moi
canh clia G nbi mot dinh thudce Vi va mét dinh thudce Vs. Ta
cling ky hieu G = (V1 UV, E)

Mét [

Binl hia

£ i

Mot in do thi dac big
D6 thi hai phan

Vidu 12

Cj la mot do thi hai phan
Bai tap 1
Chiing minh K., khéng la dé thj
hai phan véi moin > 3. (Goi y:
St dung phuong phdp phan
ching)

Vi Va

60



Gidi thiéu

D6 thi hai phan

Ly thuyét db thi |
Hoang Anh Buic

Bai tap 2

Cho don dé thi v6 hudng G = (V, E) c6n > 3 dinh. Goi oot
H = (W, F) la mét do thi con cda G cd it nhat hai dinh. Chdng

minh rang néu G la do thj hai phan thi H cdng la dé thj hai e
phan. va
Bai tap 3 |
Chiing minh W,, khéng la dé thj hai phan véi moin > 3. (GOl y: o

St dung Bai tap 2 va két qua K5 khéng la dé thi hai phan tir
Baitap 1)

60



Gidi thiéu

D0 thi hai phan

Ly thuyét db thi |
Hoang Anh Buic

Db thi hai phan day di |

Mét dé thi hai phan day d‘u (complete bipartite graph) 1a mét o

dbd thi hai phan G = (V; U V,, E) thdéa man diéu kién véi moi e
v1 € Vi VA, € Vatacod vivg € E. N&U |Vi| = m va [Va| = n, | Ge) seminapmn

ta ky hiéu do thi G bang K, ,..

Kgﬁg K3,3

60



Gidi thiéu

D6 thi hai phan

Cho G = (V, E) la mdt don db thi vé hudng
m Mét ghép cap (matching) M trong G 1a mét tap con clia E
théa méan diéu kién khong c6 hai canh nao trong M c6
cung mét dinh lién thudc. Néi cach khéac, néu v
uv,st € M C E thi {u,v} = {s,t} hodc {u,v} N {s,t} =0 () oomrapmin
m Mot ghép cap cuc dai (maximum matching) trong G 1a mét
ghép cap c6 so canh I6n nhat cé thé P

Mét !
Pinh nghia
:

M 1a mot ghép cap M 1a mot ghép cidp cuc dai

60



Gidi thiéu

D6 thi hai phan

Ly thuyét db thi |

Cho G = (V, E) la mét don dé thi vé hudng
m Ta néi rang mot tap canh W C E bao phti (cover) mot tap
dinh A C V néu véi moi dinh u € A, ton tai mét canh §
e € W sao cho e lién thudc vdi u, nghia 1a e = uv vdi dinh B gt 1 i 4
v € V nao dé WMot b don db i da bi

Hoang Anh Buic

m Trong mét dé thi hai phan G = (V; U Vs, E), mdt ghép cdp () ot

day di (complete matching) Ging véi Vi 1a mot ghép cép

M’ C E bao phl V;, va mét ghép cap hoan hao (perfect Ma i

matching) 1a mot ghép cap M* C E bao phll V =V, UV, o
Vi Va Vi Va

M la mot ghép cap M 1a mot ghép cap
bao phu V) bao phu V' 60



Gidi thiéu

D6 thi hai phan

Ly thuyét db thi |

Hoang Anh Buic

Pinh ly 4: Dinh ly Hall (Hall’s Marriage Theorem)

Cho G = (V4 U Vu, E) la mot dé thi hai phan. Ton tai mét tsbvia
ghép cdp M C E bao phu Vi khi va chi khi véi moi S C Vi,

S| < |Na(S)|

v
Binl hia v
2 mai t

Mot in do thi dac big
D6 thi hai phan

Ching minh.

(=) Gia s tdn tai mot ghép cdp M bao phl V4. Do d6, M
cling bao phd moi tap con S ctia V;. Do dd, véi mbiv € S,
ton tai w, € Ng(v) sao cho vw, € M. Do M la mot ghép
cép, véi hai dinh v, v’ phan biét thudc S C Vi, ta cé 1
{v,w,} N {v',w, } = 0. Do dé, ‘ .
UveS{wU} ngesNg(U) :NG(S)SUY ra :

ING(S) = | [J{wo} = | [J{v} = 18]

vES veS



Gidi thiéu

D6 thi hai phan

Ly thuyét db thi |
Hoang Anh Buic

Chuing minh (tiép).
(«=) Tachting minh phat biéu P(m) sau duing véi moi m > 1 -
bang quy nap manh ot dondb o
Cho V4] = m. Néu véi moi S C Vi, |S| < |Ng(S)] thi tdn
tai mét ghép cap M C E bao phl V;

m Budc co sd: Ta chiing minh P(1) ding. That vay, do o
m =1, ta cé thé gid sit Vi = {u}. Theo gia thiét,
|Ne(u)| > [{u}| = |Vi| = 1. Do dé, ton tai, v € No(u) C Va,
nghia 1a M = {uv} |a mét ghép cap bao phi V3
m Budc quy nap: Gid st P(j) dang véi moi 1 < j < k, trong
dé k > 1 la sb nguyén nao dé. Ta chiing minh P(k + 1)
dung. Ta xét hai truong hgp
(1) V@i moi tap con thuc su S # () ctia V1, |[Ng(9)| > |S|
(2) Ton tai mét tap con thue sw T # () clia Vi, |Ng(T)| = |T)|

O

60



Gidi thiéu

D6 thi hai phan

Ly thuyét db thi |
Hoang Anh Buic

Chiing minh (tiép).

(1) V@i moi tap con thuc su S # () cia Vi, [Ng(S)| > |9| i
m Lay motcanh batky e = uwv € EViu e Vivav e Va ot b o o 1 ok
m Goi G’ = G — {u,v}. Ap dung gid thiét quy nap, ton tai mot 26 i pn
ghép cap M’ trong G’ bao phl V7. (Tai sao?) Do dd,
M = M' U {uv} 1a mét ghép cap trong G bao phl o séon
Vi = V{ U{u} e
(2) Ton tai mét tap con thuc sw T # () clia Vi, |[No(T)| = |T)
m Xét cac do thi hai phan H = G[T' U N¢(T)] va
K = G[Vi — T, Va — Na(T))]
m Ap dung gia thiét quy nap véi H va K (Tai sao?), tdn tai mot
ghép cap M, trong H bao phl T va mét ghép cdp M- trong
K bao phti Vi — T. Do d6, M = M; U M- la mot ghép cap
baopht Vi =T U (Vi = T)

O

60



Gidi thiéu

D6 thi hai phan

Ly thuyét db thi |
Hoang Anh Buic

Mot in do thi déc bié

Chl] y’: Q D4 thi hai phan
m Chiing minh trén khong cho ta mét thuét toan (hiéu qua)
dé xay dung moét ghép cap cuc dai i
m MGt chiing minh khéc cla Binh ly Hall (ma ching ta khong hu i
th&o luan & day) cho ta mét thuat toan hiéu qué (trong thai
gian da thirc) dé tim mot ghép cap cuc dai

60



Biéu dién db thi va su dang cau

Danh sach ké

M6t danh séch ké (adjacency list) biéu dién mot dé thi khong A,
c6 canh song song bang cach liét ké cac dinh lién ké vdi moi
dinh trong do thi

.
v Bi hi:
- B mai t i el
Dinh | Cac dinh lien ke Mot s don 06 th dc bi
Db thi hai pt
v Ua. Us
Us vy U1 U3, Us
V2 Uy, Vs
U3 U1, Vg, U5 Danh séch ké
Ma ti k
U4 Vg, U3 o
U4 U5 vy, Vg, U3 s
U3
’Ul Budng di
Lién thon
Dinh bat dau | Dinh ket thic e
v V3, Us hudng
1)5 /[)2 ! J ? Budng di dang c
V2 V4 o P
U3 Uy, Us
Uy
U4 U5 vy

60



Biéu dién do thi va su dang cau

Ma tran ké

Gia st G = (V, E) la mét dé thi v huéng c6 n dinh

V1,02, . .., vn. Ma tran ké (adjacency matrix) A cla G Ung vdi
thir tu cac dinh nhu trén 12 mdt ma trén kich thudc n x n trong
dé méi phan tl a;; (1 < i,/ < n) dugc dinh nghia nhu sau

s — mij néU co My Canh ViU
" 0 néu ViV ¢ F

U1
00101
U5 v2 00022
10111
02100
12100

U4
U3

60

Ly thuyét db thi |
Hoang Anh Buic



Biéu dién do thi va su dang cau

Ma tran ké

Gia st G = (V, E) la mot dé thi c6 huéng cé n dinh

V1,02, ..., vn. Ma tran ké (adjacency matrix) A clia G Gng V6i
thir tu cac dinh nhu trén 12 mdt ma tran kich thudc n x n trong
dé méi phan tl a;; (1 < i,/ < n) dugc dinh nghia nhu sau

G — mij néU co My Canh (Ui,’Uj)
“ 0 néU (’l)i7 ’Uj) ¢ B

U1
00001
U5 v2 00010
10101
01100
02000
V4

v3

Ly thuyét db thi |
Hoang Anh Buic

60



Biéu dién db thi va su dang cau

Ma tran lién thuéc

Gia st G = (V, E) la mot d6 thj vo hudng ¢6 n dinh SN,
v1,V2,...,U, VA mcanh ey, e, ..., e,. Ma tran lién thuc

(incidence matrix) A clia G tuong ting véi thit ty cac dinh va
canh nhu trén la mot ma tran kich thudc n x m trong dé cac et o ol i
phan tl a;; (1 <i < nval<j<m)dudc dinh nghia nhu sau s don 0

{1 néu canh ¢; lién thudc véi dinh v;
aij =

0 ngugc lai
(58) vatn en e
110000000
001111000
100000111
001100001
010011010

60



Biéu dién do thi va su dang cau

Su dang cAu gitra cac dé thi

Ly thuyét db thi |
Hoang Anh Buic

Sv dang cau

Hai dd thi vé huéng Gy = (Vi, Ey) va Ga = (Va, E») la dang e .
cau (isomorphic), ky hiéu Gy ~ Gy, néu ton tai mot song anh P
f: Vi = V5 théa méan diéu kién: véi moi dinh u,v € Vi, b

uv € By khiva chi khi f(u)f(v) € Ey

U1 (% W1 Wa

U3 w3 Wy
Gl G2
Hinh: G1 ~ G- do ton tai song anh f : Vi — V4 dinh nghia bdi
Fflvi) = w; (1 <4 < 4) thda man diéu kién dé ra

60



Biéu dién do thi va su dang cau

Su dang cAu gitra cac dé thi

Ly thuyét db thi |
Hoang Anh Buic
m M6t sb tinh chét hién nhién ma cac db thi dang ciu

Gy = (Vl,El) va Gy = (V27E2) can cé ru‘ ‘

m |Vi| = |Ve ot dondb o
BB\ = [Ey| . o
m VGi moi d, sO dinh bac d trong G bang so dinh bac d trong

G2 Nl h k
V... "

m Thong thuding, viéc kidm tra tht ca cac song anh co thg (D jremdvamecs
gitra hai tap dinh ctia hai db thi G, G dé xac dinh xem
chiing ¢ dang cau hay khong 1a rat khé khan: cé n! song weng
anh giira hai d6 thi n dinh
m Dén hién tai, chua biét ¢ hay khdng mot thudt todn trong

thoi gian da thirc dé kiém tra xem hai db thi 1a déng ciu hay
khéng

60



Biéu dién do thi va su dang cau

Su dang cAu gitra cac dé thi

m Dé chiing minh hai d6 thi 14 khéng dang céu, ching ta
thudng tim mot tinh chat ma chi mét trong hai db thi cé.
M6t tinh chéat nhu thé dudc goi 1a mot bat bién dé thi
(graph invariant) (vi du nhu s6 céc dinh cé bac cho trudc
nao dé, danh sach bac céc dinh cla db thi, v.v...)

Vidu 13,

G va H khong dang clu
m Do deg(a) = 2, néu tn tai mét déng cau gilta G va H, a phi
tudng ting véi mét trong bon dinh béc 2 clia H: ¢, u, z, hodc y
m Tuy nhién, méi dinh trong bon dinh ¢, u, z, y déu Ijén ké vgi mot
dinh bac hai, trong khi a khéng thda man tinh chat nay trong G

60

Ly thuyét db thi |
Hoang Anh Buic



Tinh lién théng trong db thi

Buong di

Ly thuyét db thi |

Hoang Anh Buic

,-{ Puwong di (vo huwdng) }

Cho G = (V, E) 1a mot db thi vé hudng va n 1a mot s6 nguyén e
duong. Puong di (path) do dai n tir dinh « dén dinh v trong g
G 1a mot day céac canh ey, es, . . ., e, clia db thi thda man diéu b

kién ton tai mot day cac dinh vy, v1, v, ..., v,_1,v, Sa0 cho
vy = u, v, = v, VA e; cO cac dau mut v;_; va v;, véi moi e
ief{1,2,...,n} "

J

m Ta néi rang dudng di bat dau véi « va két thic véi v :
m Mot dudng di d6 dain > 1 dugc goi la mét chu trinh (circuit = "
hoac cycle) néu né bat dau va ket thic & cing mét dinh Lenion
m Khi G khdng ¢ cac canh song song, méi dudng di c6 thé PR
dugc xéc dinh mét cach duy nhat théng qua céc dinh cla "
nd, va do dé ta co thé ky hiéu mot dudng di bang day cac
dinh ctia nd vg, v1, ..., v,

60



Tinh lién théng trong db thi

Buong di

Vidu 14
U1

(% V9

Vg

V6
V4

Vs
Hinh: v, vg, v2, v3 12 Mot dudng di do dai 3 va vi, va, vs, ve, v7,v1 12
mot chu trinh d6 dai 5

60

Ly thuyét db thi |
Hoang Anh Buic

Budng di
Lién thon
huéng
Lién thon,
hudéng
Bl
Dér



Tinh lién théng trong db thi

Buong di

Ly thuyét db thi |
Hoang Anh Buic

A Budng di (cé huéng) |

Cho G = (V, E) 1a m6t db thi c6 hudng va n 1a mot s6 nguyén e
duong. Puong di (path) do dai n tir dinh « dén dinh v trong g
G 1a mét day céac cung ey, es, . . ., e, clia db thi thda man diéu ha

kién ton tai mot day cac dlnh V0, V1, V2, - - - Un—1,Vn SAO cho
Vo = u, vy, = v, VA ; ¢6 dinh dau v;_; va dlnh cuoi v;, véi moi e
ie{1,2,...,n} wa

J

m Ta néi rang dudng di bat dau véi « va két thic véi v :
m Mot dudng di d6 dain > 1 dugc goi la mét chu trinh (circuit "
hoac cycle) néu né bat dau va ket thic & cing mét dinh Lenion
m Khi G khdng ¢ cac canh song song, méi dudng di c6 thé PR
dugc xéc dinh mét cach duy nhat théng qua céc dinh cla "
nd, va do dé ta co thé ky hiéu mot dudng di bang day cac
dinh ctia nd vg, v1, ..., v,

60



Tinh lién théng trong db thi

Buong di

Vidu 15

Vs
Hinh: vs, vg, v2, v3 12 Mt duwdng di do dai 3 va v, vr, ve, vs, va,v1 12
mot chu trinh d6 dai 5

Ly thuyét db thi |
Hoang Anh Buic

Budng di
Lién thon
huéng

60



Tinh lién théng trong db thi

Buong di

Ly thuyét db thi |
Hoang Anh Buic

m D6 dai (length) clia mot duong di la sé canh cla duding di
dé Motabvia

m Mot dudng di goi 1a don (simple) néu né khdng chita cung
mot canh (cung) nhiéu hon mét 1an
Baitap4 o
Hay tim trong do thi & hinh bén ——

(a) Mgt dudng di cé do dain
Vdine {1,2,,7} Dub‘ngd\‘

(b) M6t dudng di don cé dé g o
dain vdin € {1,2,...,7} v g s

(c) Mot chu trinh c6 dé dain g d o
VOin € {3,...,7}

60



Tinh lién théng trong db thi

Lién thong trong dé thj vé huéng

Ly thuyét db thi |
Hoang Anh Buic

m Mét d6 thi vé huéng G = (V, E) dudgc goi 1 /ién théng
(connected) néu cé dudng di gilta moi cap dinh phan biét
clia G. Ngudc lai, néu khong ton tai dudng di giira mot cap
dinh phan biét nao dé trong G, ta goi G 1a db thi khong lién
théng (disconnected)

a b c a b c Ma

0 Lién thong trong dd thi vo
hung

G 1a d6 thi lien thong G 1a d6 thi khong lien thong o

60



Tinh lién théng trong db thi

Lién thong trong dé thj vé huéng

Ly thuyét db thi |
Hoang Anh Buic

m Hop (union) cha hai dd thi G, = (Vi, Ey) va Gy = (Va, Es)
la mot db thi G = (V, E) cé tap dinh V = V; U V;, va tap S
canh E = E; U E,. Tacling viét G = G1 U G o i i
m MGt db thi khong lién thong G ¢é thé dudc xem nhu la hop [l 1o
clia hai hay nhiéu dé thi con lién théng trong dé khéng c6
dinh chung nao gitta méi cap db thi con nay. Ta goi cac dd o
thi con nay l1a cac thanh phan lién théng (connected S
component) clia G
m Cu thé, mét thanh phan lién théng (connected component)
H = (V',E') clia G la mét db thi con lién thong cuc dai s
clia G, nghia 1a, H 1a mot dé thi con lién thong cla G va () ypesremosmne
véi moi dé thi con lién thong K cla G, H khong la db thi b pong o
con thuc sy clia K e
m G la do thi lién thong khi va chi khi G ¢é chinh xac mot
thanh phan lién thong

60



Tinh lién théng trong db thi

Lién thong trong dé thj vé huéng

Ménh dé 5

Cho G = (V, E) Ia mét db thi vo hudng lién théng cd it nhat
hai dinh. V@i hai dinh bat ky u,v € V ctda G, ton tai mét dudng
di don gitra u va v

Chdng minh.

m Do G lién théng, ludn ton tai mét dudng di gita hai dinh
u,v. GOi P = ey, eq, ..., e la mot dudng di co do dai nhd
nhat trong sb tat ca cac dudng di gitta u va v. Ta chiing
minh P la mét dudng di don

m Gia s P khong phai dudng di don. Suy ra, ton tai i, j thda
mén0§i<jSkVé€i=6j.DOdé,

P =ey,ea,...,¢,¢j11,...,e; lamot dudng di gitra u va v
va P’ c6 do dai nhé hon do dai k cla P. Diéu nay mau
thuan vai dinh nghia cla P

Ly thuyét db thi |
Hoang Anh Buic

Lién thong trong dd thi vo
hung

Lién thon,

hudéng

Bung di

!

60



Tinh lién théng trong db thi

Lién thong trong dé thj vé huéng

Ly thuyét db thi |

Cho db thj v6 huéng G = (V, E) o
m M6t dinh v € V dugc goi la dinh cat (cut vertex) hodc diém
khdp (articulation point) néu G — v ¢ nhiéu thanh phan :
lién théng hon G b imi
m M6t canh e € E dudc goi 1a canh cat (cut edge) hoac cau !
(bridge) néu G — e cé nhiéu thanh phan lién thong hon G

a b c d e
@ :.ién t”nar“g trong db thi v&
huéng
O/ O/ R
g / 2
G

Hinh: Céc dinh cét clia G 1a £, g, h. Cac canh cét cla G 1a ah, gf

60



Tinh lién théng trong db thi

Lién thong trong dé thj vé huéng

Ly thuyét db thi |

N ” P R . 2 . . Hoang Anh Buic

m Mot d6 thi khong cé dinh cat nao dugc goi la do thi khdng
thé tach roi (nonseparable graph)

Baitap 5
Chitng minh rdng néu G la don dé thi vé hudng cé chinh xdc

hai dinh bdc 16 u, v thi cdc dinh nay phai thudc cung mét thanh
phan lién théng ctia G va i
Baitap 6

Cho G = (V, E) la mét don dé thi vé hudng lién théng gém

n > 1dinh va G # K,,. Chifng minh rang luén tén tai mét tap L ongrg 6 i
cdc dinh V' sao cho G — V' la dé thi khéng lién théng i

m Tap dinh V'’ clia mdt don do thi vo hudng lién thong G
thoa méan diéu kién & Bai tap 6 duoc goi la mét tap phan
tdch (separating set (of vertices)) clia G

60



Tinh lién théng trong db thi

Lién thong trong dé thj vé huéng

Ly thuyét db thi |

Cho G = (V, E) la mét dé thi vé huéng Hong Anh Dic

m S6 lién théng dinh (vertex connectivity) clia G, ky hiéu
#(@), 1a s6 dinh nhd nhét can bd di tir G dé thu dugc mot
dd thi con G’ khéng lién théng hodc chi cé mét dinh.

m (@) = 0 néu G khong lién thong hoac chi cé mét dinh

W i(Kn) =11 , ,

m ~(G) 1a s0 phan t&r nhd nhat trong mot tap phan tach (neu P
cd) cla G v

m G 14 k-lién théng (k-connected) néu x(G) > k

m Néu G 1 k-lién théng thi cling 12 j-lién thong véi moi
0<j<k ) .

m G la 1-lién théng néu G la lién thdng va c6 nhiéu hon mot e
dinh hétng

m G |4 2-lién thdng néu G khdng c6 dinh cat va cé it nhat 3 iy
dinh

m Néu x6a di tbi da k — 1 dinh bat ky tit G thi d thi thu dugc
luén la do thi lién théng

Lién thong trong dd thi vo
wéng

60



Tinh lién théng trong db thi

Lién thong trong dé thj vé huéng

Baitap 7
Cho G = (V, E) la mét don dé thi vé hudng lién théng gém
n > 2 dinh. Chiing minh rang luén ton tai mét tdp canh E’' sao
cho G — E' la mot dé thi khéng lién théng
m Tap canh E’ clia mdt don do thi v huéng lién thong G
thda man diéu kién & Bai tap 7 dugc goi 1a mot tdp canh
phén tach (separating set of edges) clia G
m S6 lién théng canh (edge connectivity) clia G, ky hiéu
@), 1a sb6 canh nhd nhéat can b di ti G dé thu dugc mot
dd thi con G’ khéng lién théng hodc chi cé mét dinh
m G dudc goi 1a k-lién théng canh (k-edge connected) néu
MG) > k. )
m \(G) = 0 néu G khong lién thdng ho&c chi c6 mét dinh
B A(Kn)=n-1
m Néu G la k-lién thong canh thi cling 1a j-lién thdng canh véi
moio<j<k
m Néu x6a di t6i da k — 1 canh bat ky tir G, d6 thi thu dugc
luén la do thi lién théng

Ly thuyét db thi |
Hoang Anh Buic

Lién thong trong dd thi vo
hung
) thn

]

60



Tinh lién théng trong db thi

Lién thong trong dé thj vé huéng

N oA Ly thuyét db thi |
Bal tap 8 Hoang Anh Buic
Chitng minh rang vdi moi dé thi vé hudng lién théng G = (V, E)

k(G) < mi‘r/ldegG(v) (1) b it 116
veE Mot ) thi dac bid
< . E pr
MG) < mindegg (v) ()
Baitap 9 S
Xdc dinh x(G;) va \(G;) trong cdc do thi G; vdii =1,2,3 sau 0 clog oo i
U1 U2 U1 U2 U1 U2
Q :lj; n(‘:bnglrong db thi vo
U3 ‘
V4 U3 Uy 5 Uy Us

G] GQ G3 60



Tinh lién théng trong db thi

Lién thong trong dd thi cé hudng

Ly thuyét db thi |

Cho G = (V, E) 1a mét db thi c6 huéng
m G dudc goi 1a lién théng manh (strongly connected) néu
véi méi cdp dinh u, v € V, tdn tai mot dudng di cé hudng e
tir u dén v va mét duding di cé hudng tir v dén u o i 1
m G dudc goi 1a lién théng yéu (weakly connected) néu dd thi [l v s
v huéng thu dudc bang céch bd qua hudng clia cac cung
clia G 1a mot db thi lién théng

Hoang Anh Buic

Vidu 16 RS
a b a b -
¢ ¢ hiing |
Lién théng trong dé thi c6
huéng
e d e d
G H

Hinh: G 1a d6 thi lién théng manh. H khéng la dé thi lién thong manh
nhung la do thi lién thdng yéu

60



Tinh lién théng trong db thi

Lién thong trong dd thi cé hudng

N Ly thuyét do thi |
Cho G = (V, E) 1a mdt b thi c6 hudng Hoing o e
m Mbt thanh phan lién théng manh (strongly connected
component) clia G la mot do thi con lién théng manh cuc e
dai H cla G, nghia la, H la mét do thj con lién théng ob i
manh cla G va khong 1a do thi con thyc s clia bat ky do w
thi con lién thdng manh nao khac
Vidu 17
m G khong 1a db thi lién théng manh o

m D& thi Gy = (V1. By) Voi d 2 :
Vi ={a,b,d} va Bung
E, ={(a,b),(b,d),(d,a)} la mbt Lin iheng rong db i vo
thanh phan lién théng manh cla G (&) s vongvong it
m D6 thi Gy = (Va, Ey) Véi 4 V0 oo aimaigine
Vo = {c,e, f} va ¢ Z; !

Ey ={(c, [), (f.e), (e,c)} la mot
thanh phan lién thong manh clia G

60



Tinh lién théng trong db thi

Lién thong trong dd thi cé hudng

m Mot dé thi cé hudng khdng cd chu trinh (directed acyclic
graph — DAG) la mét d6 thi co hudng khong chira khuyén
hodc chu trinh ¢6 hudéng.

d 4 e d b e

a c f a c !

G H
Hinh: G 12 m6t db thi c6 hudng va cé chu trinh. H 1a mét db thi cé
hudéng va khéng c6 chu trinh

Ly thuyét db thi |
Hoang Anh Buic

Lién théng trong dé thi c6
huéng
Budng di ding chd

60



Tinh lién théng trong db thi

Pudng di va su dang chu

Ly thuyét db thi |

m Nhac lai: D& chitng minh hai db thi 1a khéng dang cau,
ching ta thudng tim mot tinh chat ma chi mét trong hai dé
thi c6. Mot tinh chat nhu thé dudc goi 1a mot bat bién do
thi (graph invariant)

m s0 céc dinh c6 bac cho trudc nao doé
m danh sach bac cac dinh clia dd thi

m M6t bat bién do thi hitu ich la su ton tai ctia cdc chu trinh

don véidé daik > 3 P
Bai tap 10 chu gl
Céc db thi sau cé de?ng cau khéng? Vi sao?

wy

Hoang Anh Buic

£
L
h
Lién thon,
huéng

@ Puding di va sy ding cu
Dém sb dudng di giit

w3 ws

Wy

G Gy b



Tinh lién théng trong db thi

Pudng di va su dang chu

Ly thuyét db thi |
Hoang Anh Buic

m Chung ta ciing c6 thé st dung dudng di dé tim cac anh xa
gita hai do thi dang cau
Bai tap 11 ‘
Céc dé thi sau c¢d dang cau khéng? Vi sao?

vy vy w wy

huéng
@ Puding di va sy ding cu
Dér )

60



Tinh lién théng trong db thi

Dém sb duong di gitta céc dinh

Ly thuyét db thi |
Hoang Anh Buic

Dinh ly 6

Cho G la mot dé thi véi ma trdn ké A tuong tng vdi thi? tu Mo
cdc dinh vy, vs, ..., v,. S6 cdc dudng di khdc nhau do dair tir imt
v; i v, trong d6 r la mét s6 nguyén duong, béng gid trj cia haip
phan ti (i, j) ctia ma tran A”.

Chdng minh. e
Ta chiing minh Binh ly bang quy nap theo r ‘
m Budc co sd: Theo dinh nghia ma tran ké, Dinh ly 6 diing
voir=1 L
m Bwdc quy nap: Gia st Dinh ly 6 ding véi moi 1 < r < k. Lo
Ta chiing minh Dinh ly 6 dung véi r = k + 1, tuc 13, sb cac () ot by i
duong di khac nhau d6 dai k + 1 tU v; t6i v; bang gia tri i
clia phan ti (i, j) clia AF+1,
m MOt duong di d6 dai k + 1 tU v, dén v; dugc tao thanh bdi
mot dudng di d6 dai k tU v; dén v, nao do, va canh {v,v;}. (e
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Noi dung

Puong di Euler va Buong di Hamilton
Puong di Euler
Puong di Hamilton

Bai toan duding di ngan nhét
D0 thi co trong so
Thuét toan Dijkstra

D6 thi phang
Dinh nghia va khai niém
Cong thic Euler
Dinh ly Kuratowski

T6 mau db thi
Gidi thiéu
Mot sb tinh chét co ban
T6 mau db thi phang

Ly thuyét db thi Il
Hoang Anh Buic
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Pudng di Euler va Buong di Hamilton

Bay cay cau & Kénigsberg

Ly thuyét db thi Il
Hoang Anh Buic

Dudng di Euler

Pudng di Hamilton

Hinh: Leonhard Euler .
1707-1783 (Wikipedia) Hinh: Ban d6 Koénigsberg cl (Wikipedia)

Bay cay cau & Kénigsberg
Tim mét tuyén dudng di qua méi cay cau chinh xac mot 1an va
quay lai vi tri xuat phat

45



Pudng di Euler va Buong di Hamilton

Bay cay cau & Kénigsberg

Ly thuyét db thi Il
Hoang Anh Buic

Pudng di Euler va
Puding di Hamilton
Dudng di Euler
Buding di Hamilton

Bai toan dudng di

ey |E

bo
Thuat toan Dijkstra
=
/ j—:{\ D6 thi phang
— Pinh nghia va khai nigm
&A\/ /\\ L‘,mu,u]mmmm
o Binh Iy Kuratowski
(a) Ban dd Konigsberg cii (Wikipedia) (b) Ban db Kénigsberg cii don gian héa To mau dé thi
Gidi thiéu
' Mot sé tinh chét co ban
- 96 thl tlfdng l:fng: Té mau dé thi phing
= . PN Refere
A D m Moi vung dat (ng véi mot
dinh , ,
m Méi cay cau nbi hai viing dét
B Uing véi mét canh
(c) Db thi tuong ting m Tim chu trinh don trong d6 thi

chira tat ca cac canh

45



Pudng di Euler va Budng di Hamilton

Puong di Euler

Cho d6 thi G = (V, E). Mét duong di/chu trinh Euler (Eulerian L::::;i::;i:
path/circuit) trong G la mét dudng di/chu trinh don c6 chia moi
canh cla G

Vidu uevatie

N

Gy ' Gy Gy

m G cb chu trinh Euler, G, va G3 khdng cé
m G- co dudng di Euler, G3 khdng cé
Bai tap 1
Chitng minh réng néu G = (V, E) la mét da dé thi vé hudng
théa man deg (u) > 2 vdi moiu € V thi G ¢ mdt chu trinh don (s



Pudng di Euler va Budng di Hamilton

Puong di Euler

Ly thuyét db thi Il
Hoang Anh Buic

Pinh 1y 1 :

MGt da do thi vé hudng lién théng c6 mét chu trinh Euler khi
va chi khi méi dinh cua dé thi cé bac chan ginanét

Chdng minh.

(=) Gia sl mot da dé thi vo huéng lién théng G = (V, E) c6 S

mot chu trinh Euler ey, e, ..., e, trongdbé e; = 2;_12;, € E .
voil<i<mvazy=x,=u.

m V6iv=uz; (2<i<m-—1):chutrinhdivao v quae; vadira

qua eit1
m Vi u = xo = =m: chu trinh di ra « qua e; va trd lai  qua e,

O

45



Pudng di Euler va Budng di Hamilton

Puong di Euler

Chung minh (tiép). oy
. oang Anh Dic
(«<=) Gia st moi dinh clia G déu c6 bac chan. Lap lai qua trinh
chon chu trinh sau cho dén khi da chon hét cac canh ‘
(Thuat toan Hierholzer (1873)) i
m Xuat phat tir dinh zo = a bat ky
m Xay dung mdt dudng di don bang cach chon tlly y cac canh
ToT1, T1T2, . .., Th_12k A& thém vao dudng di cho dén khi
khdéng chon dugc nira
m Do bac clia méi dinh la ch&n, véi méi dinh z;, ta luén cé thé
di vao tir canh ;_12; va di ra tif canh x;x;.1. Do bac cla a
cling phai la chdn, canh cubi cung dugc chon sé cé dang ya

m BA di c4c canh da chon va a, b

cac dinh khong ké véi cac
canh con lai l

Cubi cung, ghép céc chu trinh o . &4
trén thanh moét chu trinh Euler. f
(Thuat toan chay trong thoi gian pvs g

O(|E)




Pudng di Euler va Budng di Hamilton

Puong di Euler

Vi du 2 Ly thuyét @6 thi Il
. N 2 . Hoang Anh Buic
Tim chu trinh Euler trong db thi sau

Dudng di Euler

m Bat dau tf 2y = a, chon tly y cdc canh zozy, 2120, . . .,
Th_1Tk, pa. Vi du: ae,ef, fi,ij,jh, hg, gd, db, ba
m BJ di cac canh da chon va céc dinh a, j T b i
m Bat dau tl =y = ¢, chon tly y c4c canh zox1, 2129, . . .,
x_1ay, zyc. Vidu: b, be, ei, ih, hk, kg, gf, fd,dc
m BO di cac canh da chon va céac dinh c6 18p con lai
m Ghép hai chu trinh da chon thanh mét chu trinh Euler:
m ae,ei,ih, hk,kg,gf, fd,dc,cb,be,ef, fi,ij, jh, hg, gd,db, ba
m ae,ef, fd,dc,cb, be, ei,ih, hk, kg, gf, fi,ij,jh, hg, gd,db, ba
m ... 45



Pudng di Euler va Budng di Hamilton

Puong di Euler

Ly thuyét db thi Il
Hoang Anh Buic

Bai tap 2
Tim chu trinh Euler trong dé thi sau. (o) oungasum

45



Pudng di Euler va Budng di Hamilton

Puong di Euler

Ly thuyét db thi Il
Hoang Anh Buic

Pinh ly 2

Mot da dé thi vo hudng lién théng G cé dudng di Euler nhung uing 4 Bk
khéng c6 chu trinh Euler khi va chi khi ¢é dung hai dinh cua e
G ¢6 béc Ié.

Ching minh.
(=) Gia sl G cé dudng di Euler nhung khéng c6 chu trinh o Karton
Euler
® Hai dinh & hai dau mut clia dudng di c6 béc 1& Vit o chdt o
m Céc dinh con lai c6 bac chan o
(<) Gia st G ¢6 chinh x&c hai dinh bac 1 u,v
m Tim chu trinh Euler cGa dé thi G + uv

m Xda canh uv trong chu trinh dé thu dugc dudng di Euler
trong G

45



Pudng di Euler va Buong di Hamilton

Trd chai “Vong quanh thé gi¢i” (1857)

Ly thuyét db thi Il
Hoang Anh Buic

Hinh: Sir William Rowan ’ o Ko
Hamilton 1805-1865 Hinh: Trd choi “Vong quanh thé giéi” o
(Wikipedia) (Wikipedia) Mot sb e co v

Tro chai “Vong quanh the giéi”

M&i dinh trong 20 dinh clia khdi 12 mét dai dién cho mét thanh
phé. Tim dudng di xuat phat tir mot dinh doc theo céc canh
cla khdi, ghé tham méi dinh con lai mot 1an, va quay lai vi tri
ban dau
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Pudng di Euler va Buong di Hamilton

Trd chai “Vong quanh thé gi¢i” (1857)

Ly thuyét db thi Il
Hoang Anh Buic

Pudng di Eul
Buong di Hamilton

A

(a) Tro chai “Vong quanh thé gi¢i” (b) Db thi d&ng cu vai khdi 12 mét
(Wikipedia) (Wikipedia)
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Pudng di Euler va Budng di Hamilton

Puong di Hamilton

Ly thuyét db thi Il

Cho G = (V, E) 1a mét db thi vé hudéng
m Mot duong di Hamilton trong G la mét dudng di don
L0, X1,y Tn_1, Ty thda man diéu kién
V=A{xo,21,...,zpfvax; #2; V6i0<i<j<n oo oo
m MGt chu trinh Hamilton trong G 1a mét chu trinh don
T0, X1, Tn1, Tn, To thda man diéu Kién zo, 21, Tn_1, xn 12 ‘
mot dudng di Hamilton Thugt todn Dis

Hoang Anh Buic

Bai tap 3 v
Céc dé thi sau cé chu trinh/dudng di Hamilton khéng? ih 1 Kurat
Gl G2 G:! ”

a b a b a b g Motsb
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Pudng di Euler va Budng di Hamilton

Puong di Hamilton

Ly thuyét db thi Il

m Chua cd diéu kién can va di dé kiém tra xem mot db thi
¢6 chu trinh Hamilton hay khéng
m M6t sb tinh chat c6 thé dugc sl dung dé chi ra mét do thi cng i
khéng cd chu trinh Hamilton Dueng di Hanilon
m Db thi cd chira dinh bac 1 khdng ¢ chu trinh Hamilton
m Néu dinh v clia d6 thj G ¢ bac 2 thi hai canh ké vdi v thubc o
moi chu trinh Hamilton ctia G (néu cd) '
m M0t chu trinh Hamilton khéng chiia mét chu trinh con nao .
¢6 sb dinh nhé hon né e i e

a d e a d

0—0 S

Hoang Anh Buic
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Pudng di Euler va Budng di Hamilton

Puong di Hamilton

B‘a| tép 4 Ly thuyét 6 thi Il
Hay cho vi du vé mét do thi ma chu trinh Euler ctia nd ciing la e Ao
chu trinh Hamilton

Bai tap 5 (1) utm aamiin
Trong céc dé thi sau, do thi nao ¢d chu trinh Hamilton? Tai sao?

a € a € Thuat todn Dijkst

) G’3 J 45



Pudng di Euler va Budng di Hamilton

Puong di Hamilton

Pinh ly 3: Dinh ly Dirac | R

) Hoang Anh Blic
Néu G = (V, E) la mgt don do thj vé hudng gomn dinh (n > 3)
théa man diéu kién bdc cua moi dinh trong G I6n hon hodc utng 0
bang n/2 thi G ¢ mét chu trinh Hamilton oumo itamter
Bai tap 6 ((x) Chirng minh Binh ly Dirac) o6 1o o
(a) Dé théy Binh Iy ding véin = 3. Gid sitn > 4
(b) G phailién théng (Tai sao?) g o Cur
(c) Goi P = vy, v1,...,v; 1& duding di don cd df dai I6n nhét
frongG (0 <k<n-1).
m Moi dinh ké vdi vy hodc vy, q’éu phai thuéc P (Tai sao?) To mau a8 ¢
m Do deg(vi) > n/2, €0 it nhatn/2 canh phan biét v;v;+1 cla
P théa man vivy, € E. Tuong t, do deg(vo) > n/2, ¢ it
nhat n/2 canh phéan bigt v;v;.. cua P théa man vov;+1 € E
m Do P ¢6 it honn canh, ton tai mét canh vqvq+1 théa mén
dong thai hai diéu kién trén: vqu, € E vavgvgy1 € E
(d) P chita tat ca cdc dinh ctia G (Tai sao?)
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Pudng di Euler va Budng di Hamilton

Puong di Hamilton

Ly thuyét db thi Il
Hoang Anh Buic

Dinh ly 4: Dinh Iy Ore |

Néu G = (V, E) la mét don do thi vé hung gém n dinh (n > 3) | () o
théa man diéu kign deg(u) + deg(v) > n vdi moi cdp dinh u, v
khéng ké nhau trong G thi G ¢6 mét chu trinh Hamilton B

Baitap 7 o
Chitng minh Binh ly Dirac (Pinh ly 3) bdng céch sit dung Binh
ly Ore

Bai tap 8

Cho G = (V1 U Vi, E) la mét dé thi hai phan véi |Vy| = |Va| = n

(n > 2). Chitng minh rdng néu deg(v) > n/2 vdi moi dinh
veV =V,UV, thiG ¢ mét chu trinh Hamilton
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Pudng di Euler va Budng di Hamilton

Puong di Hamilton

Ly thuyét db thi Il
Hoang Anh Buic

Bai tap 9
VGi méi dé thi sau, hdy xdc dinh wong o

(i) 6 thé st dung Binh Iy Dirac dé chiing minh dé thi c6 chu I
trinh Hamilton khéng?

(i) cd thé st dung Pinh ly Ore dé chifng minh dé thj ¢6 chu
trinh Hamilton khéng? i i

(ili) db thi ¢é chu trinh Hamilton khéng? o o

SESP-PHIN
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Bai toan dudng di ngan nhat

D0 thi cé trong s6

Ly thuyét db thi Il

m MGt do thi co trong s6 (weighted graph) G = (V, E,w) gdm e e
tap dinh V, t4p canh E, va m6t ham w : E — R gan moi
canh (cung) e € E bdi mét sb thuc w(e) goi 1 trong sé
(weight) clia canh (cung) e oot
m Trong bai giang, chiing ta chi xét cac dé thi cé trong sé
duong, nghiala, w : E — RT (%) obmesnoss

San Francisco
$39 “

Los Angeles

Hinh: D0 thj c6 trong s6 mo ta gid vé clia cac chuyén bay gitta mot sb
thanh pho & My (tr [Rosen 2012], Chuong 10) p



Bai toan duong di ngan nhat

D0 thi cé trong s6

Cho G = (V, E,w) la don db thi c6 trong sb
m M6t duding di tir u dén v qua cac canh (cung) ei, ez, .. . ey
c6 chiéu dai (length) c(u,v) = > "1 w(e;)
m Khodng cdch (distance) gilta hai dinh u, v, ky hiéu )
dg(u,v), 1a chiéu dai nhd nhat cla mot duong di tir u den v

Bai toan dwong di ngan nhat }

m Input: Don db thi vé huéng G = (V, E, w) trong dé
V= {vw=a,v1,...,0, =z}, w : [V]* = RT U {oo} V6i
w(v;,vj) = co Néu vv; ¢ B

m Output: Khoang céch dg(a, 2)

Ly thuyét db thi Il
Hoang Anh Buic

Db thi c6 trong sb
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Bai toan dudng di ngan nhat

Thuat toan Dijkstra

Ly thuyét db thi Il

Bai toan dwong di ngan nhat } Hoarg Arh B

m Input: Don db thj vo huéng G = (V, E, w) trong dé eng diH
V= {0 = a,01,..,0n = 2}, w: [V]? = R+ U {00} Vi
IU(’UZ',’U]-) = 0o héu ViV ¢ B

m Output: Khodng céch d¢(a, 2) (0) ko s

Y twdng: Tim dudng di ngan nhat tif « t6i cc dinh ké tiép cho 0
dén khi dat dén z. Chu y rang véi cac dinh a,b, ¢, do dai duong =
di ngan nhét ttr a dén ¢ di qua dinh b ké vdi c bang khodng o

céch giita a va b cdng véi trong s6 canh nbib va ¢ Mot b o b i

d0<a, b)

a b c
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nhat

Bai toan dudng di ngan

Thuat toan Dijkstra

A Thuat toan Dijkstra |

m Khdi tao: Gan nhan L(a) := 0, L(v;) := oo v&i moi v; # a,
va lay mot tap S := 0.
m Trong khi z ¢ S, 13p lai cac budc sau:
m Goi u 1a dinh khong thudc S Vi L(u) nhd nhéat. Thém w
vao S.
m VGi moi dinh v khéng thudc S
B Néu L(u) + w(u,v) < L(v) thi gdn L(v) := L(u) + w(u, v)
(Slra ddi nhan clia cac dinh khong thudc S)
m Cubi clng, L(z) la d dai dudng di ngén nhéat (khoang
céach) tif a dén z.

N

Ly thuyét db thi Il
Hoang Anh Buic
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Bai toan dudng di ngan nhat

Thuat toan Dijkstra

Ly thuyét db thi Il
Hoang Anh Buic

Vidu 3 ‘
St dung thuat toan Dijkstra dé tim khoang cach gilta hai dinh o f§ “
va z trong do thi sau

45



Bai toan dudng di ngan nhat

Thuat toan Dijkstra

Ly thuyét db thi Il
Hoang Anh Buic

Thuat todn Dijkstra




Bai toan dudng di ngan nhat

Thuat toan Dijkstra

Ly thuyét db thi Il
Hoang Anh Buic

a (& €
o 2(a) 5(a,d) 2(a) 5(a, d) e
Bai tap 1
Ap dung thuét todn Dijkstra dé tim khoang céch tir a dén = o
trong moi dé thj sau

45



Bai toan dudng di ngan nhat

Thuat toan Dijkstra

Ly thuyét db thi Il
Hoang Anh Buic

m Tinh ding dan cla thuat toan Dijkstra cé thé dudc chiing
minh bang cach st dung bat bién vong Iap. Cu thé, truéc
méi lan lap, ham L va tap S théa man céc tinh chét sau:

(1) V6imoiv € S, L(v) lakhoang cach tif a dénv

(2) Voimoiv € V — S, L(v) la d6 dai dudng di ngan nhat tif a
dén v chi qua cac dinh thudc S U {v}

(8) V6imoiue SvaveV —S, L(u) < L(v) Thuat todn Dikstra

m Thong thudng, thuét toan Dijkstra chay trong thai gian
O(n2), V6in — |V|

m V6i cAu tric di liéu “dong Fibonacci” (Fibonacci Heap),
thuat toan Dijkstra c6 thé dugc lap trinh dé chay trong thoi
gian O(m + nlogn), véi n = |V|va m = | E|. Hiéu qua cla
céch lap trinh nay dudc thé hién khi chay véi cac “dd thi
thua” (sparse graph) cuc 16n (cac do thi cé m rat nhd so
véi n?)

m Thuat toan Dijkstra ciing cé thé dugc lap trinh dé xuét ra
mét dudng di ngan nhat ti « dén méi dinh khac trong dd
thi A



P thi phang

Dinh nghia va khai niem

Ly thuyét db thi Il

m M6t db thi vé hudng dudc goi 1a dé thi phang (planar
graph) néu né ¢ thé dugc vé trén mat phang sao cho
khong cé hai canh nao cat nhau (& mot diém khong phai 1a
dau mut cGa canh).

m Hinh vé nhu thé dudgc goi 1a mét biéu dién phang (planar
representation) clia do thi. D5 thics o

Vidu4 ne

Hoang Anh Buic

Dinh nghia va khai niém

Qs
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P thi phang

Dinh nghia va khai niem

Ly thuyét db thi Il
Hoang Anh Buic

Bai tap 11
Tim mét biéu dién phang ctia cdc dé thi phang sau o6 e s

/ Binh nghia va khéi nigm
ng thic Euler
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P thi phang

Dinh nghia va khai niem

VII dU 5 Ly thuyét dé thi Il
n R A . 2 Hoang Anh Blic
K3 3 khdng la db thi phang
Ul ,U2 ,US Budng di Eule
Buang di Hamilton
Db thi c6 trong s
Thuét toan Dijkstra
V4 Vs Ve

Ta chitng minh khang dinh trén bang phan chiing. Gia st K3 3 () orn e

Dinh Iy Kuratowski

1a dé thi phang

m Trong bt ky biéu dién phang
nao clia K3 3 ta cd vy va vy
déu phai ludn noi véi vy va vs
Céc dinh nay chia mét phang
thanh hai mién R; va R,.

m Dinh v thudc Ry hodc R;

m Vitri cla vg?




P thi phang

Cong thuc Euler

LR 3 2 > n 2 . 2 . o Ly thuyét dé thi Il
[ Ble,u dien phang cua mot do thi prlanqg G = (V, E) chia mat Hoang Anh Dic
phang thanh cac mién (region), ké ca mién vé han
(unbounded region)

m Hai diém bét ky trong cung mot mlen c6 thé duoc nbi véi S
nhau bing mot nét lién ma khong cét bat ky canh nao
m Bac (degree) clia mot mién £, ky hiéu deg(f), 1a sb canh
cla G trén bién cla f e
VI’ du 6 @ Cong(huc Euler o
Biéu dién phang clia K4
m chia mt phang thanh 4
mién f1, fa, f3, va fa; va
B deg(f1) = deg(f2) =
deg(fs) = deg(fs) =3
m ChU ¥: > ian  cta ¢ deg(f) < 2|E| (MGi canh thudc t6i da
hai mién) .




P thi phang

Cong thuc Euler

Ly thuyét db thi Il

Pinh Iy 5: Céng thirc Euler } Hoing Anh i

Gid st G la mét don do thi phang va lién théng gém m canh,
n dinh, var mién. Tacén —m +r =2 g & lr

Chdng minh.

m Xay dung day d6 thi G1,Gs,...,Gp =G Tt oD
m Chon mét canh bt ky clia G 1am G e
m G, dudc tao thanh tu Gio1 bang céch thém mot canh bat ky  (s0) cons nic ever
lién thude véi mot dinh cla G (i € {2,3,...,m})
m Goi n, M, T 1an luot 13 s6 dinh, canh, va mién cla mot
biéu dién phéng clia G; Hes e e
m Cong thic Euler dung véi moi G;
[ ] Tacénl—m1+r1=2—1+1=2
m Gid sl cdng thirc Euler dung véi G, tic la n; — m; +7; = 2
Goi ai1bi11 12 canh thém vao G; dé tao thanh G, 1. C6 hai
kha nang:
® mét trong hai dinh a;11, b;+1 khéng thudc G;—1
W ca Q541 va bit1 thudc G;_1 5




P thi phang

Cong thuc Euler

Ly thuyét db thi Il
Hoang Anh Buic

Gi st G 1a mot dé thi phang lién thong gomm canh van dinh ungs
(n > 3). Khi d6, m < 3n — 6. Thém vao do, néum = 3n — 6 thi
méi mién ctia G ¢ chinh xdc 3 canh trén bién.

Chdng minh.

m Nhan xét ring méi mién clia G ¢6 it nhat 3 canh trén bién,
doddé > deg(f) > 3r. Matkhac, ta cling c6
mién f cla G e
Z deg(f) < 2m. Suy ra 3r < 2m.
mién f clia G
m Ap dung cong thiic Euler, ta ¢6
2=n—-m+r<n-—m+2m/3,suyram < 3n—6.
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P thi phang

Cong thuc Euler

Ly thuyét db thi Il
Hoang Anh Buic

Baitap 12 P
Gid st G la mét db thj don phang va lién théng gom 20 dinh,

moi dinh cé béc 3. Mot biéu dién phang cta G chia mat phang

thanh bao nhiéu mién?

B‘ai tép 13 C:é:ng(h\'lchler‘ o
Chiing minh K5 khéng la do thi phang
Bai tap 14 o a1
Chung minh rang néu G la mét doin dé thi phéng va lién théng

thi G ¢6 mét dinh ¢é bac nhé hon hodc bang 5
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P thi phang

Dinh Iy Kuratowski

Ly thuyét db thi Il

m Cho db thi G. Mot phép phan chia (subdivision) mot canh e
clia G dugc thuc hién bang cach thay thé e bang mot
dudng di don

m Hai do thi G, va G, dugc goi 1a déng phdi (homeomorphic) B o=
néu chiing dudc xay dung tir cing mét db thi théng qua
mot day cac phép phan chia

Vidu7 gt tin i

Hoang Anh Buic

ng thic Euler
M M Binh I Kuratowski
Gisi thi
Mot sb tinh chét co
G G\

Go

Dinh Iy 7: Dinh Iy Kuratowski |

G la db thi phang khi va chi khi n khéng chita bat ky do thi
nao déng phéi vdi K5 hodc K3 3
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P thi phang

Dinh Iy Kuratowski

Ly thuyét db thi Il

Bé.' té.p 1 5 Hoang Anh Buic
S& dung Dinh ly Kuratowski, hdy chitng minh dé thi sau khéng
14 d6 thi phang ST
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T6 mau dd thi

Gidi thigu
Cho don db thi vé hudng G = (V, E) e
m 76 mau mét do thi don 1a s gan mau cho céac dinh clia do

thi sao cho khong cé hai dinh lién ké dugc gan cling mot

mau. Cu thé, véi cac “mau” 1,2,..., k, mot cdch té mau g
cdc dinh (vertex k-coloring) clia G' 1a mot ham

f:V ={1,2,... k} thbaman f(u) # f(v) véi moi S
u,v € Vvliuw € E

Gidi thiéu
Mot s tinh

m Sdc s6 (chromatic number) clia G, ky higu x(G), 1a s t6i
thiéu cac mau can thiét dé t6 mau ¢
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Té mau dob thi

Gidi thieu

Ghi chép s6m nhét vé bai toan t6 mau db thi cé 18 1a vao nam 1852
khi Francis Guthrie (1831-1899), Itic d6 la mét sinh vién 6 Dai hoc
Cao déng London (University College London), t& mau mét ban dé
cé4c quan clia Anh va nhan ra la ¢6 1& chi can bon mau dé t6 mau ban
dd sao cho hai quan lién ké nhau c¢é mau khac nhau

Hinh: [Lewis 20211, Hinh 1.7

45

Ly thuyét db thi Il
Hoang Anh Buic




T6 mau dd thi

Gidi thieu

Ly thuyét db thi Il

m Phdng doan clia Guthrie dugc cho la phat biéu dau tién cla Dinh
ly bon mau (Four Color Theorem)

Hoang Anh Buic

Pinh ly 8: Binh ly bon mau ]

J uong di
Vi moi do thi phang G, ta luén cd x(G) < 4 ] o Haritr

m N&m 1879, Kempe dé xuét mét chitng minh cho Binh Iy b6n mau.
Khoang 10 nam sau dé, Heawood chi ra 16i sai trong chitng minh
clia Kempe va chinh sira lai chitng minh clia Kempe dé chi ra o
rng nam mau la di dé t6 mau bét ky dd thi phng nao trg e Eer
m Nam 1976, Kenneth Appel and Wolfgang Haken (Pai hoc lllinois)
[Appel and Haken 1977]; [Appel, Haken, and Koch 1977] chiing Gidi tiew
minh dinh Iy bén mau bang céch gia st néu Dinh ly bbn mau 1a v
sai thi s& c6 mét phan vi du thudéc mét trong 1936 loai khac nhau,
va chi ra ring khong c6 loai no dan dén phan vi du. Céc trudng
hop nay dudc phan tich can than nhd may tinh
m Robertson, Sanders, Seymour, va Thomas [Robertson, Sanders,
Seymour, and Thomas 1997] dua ra mét chirng minh don gian
hon véi 633 loai can kiém tra

45



Té mau dob thi

Mot sb tinh chét co ban

Ly thuyét db thi Il

m Dé chira x(G) = k vdi do thi G nao dd, ta can:
m Chi ra mét cach t6 mau céc dinh clia G bang k mau.
m Chi ra rang khdng thé dung it hon k mau dé t6 mau cac
dinh clia G. wong d
m M6t s6 nhan xét .
(1) Moi dé thi G gém n dinh c6 thé dugc t6 mau bang n mau
(2) x(Kyn)=mn(Tai sao?) o e
(3) Taky hiéu w(G) la so0 nguyen duong 16n nhat r > 1 thda
man K, la db thi con clia G. V& moi db thi G, ta ¢6 e
w(G) < x(G). Thong thudng, w(G) # x(G), o 1 Kura
4) x(Cn) =2néun >4chdnvax(C,) =3néun> 318 (Tai
sao’?) A N @ M‘t‘)‘\sgﬂ'nhchétcdbén
(5) G la dé thi hai phan khi va chi khi x(G) = 2 (Tai sao?) T mau ab
m Chua biét c6 ton tai hay khong mét thuat toan chay trong
thoi gian da thirc dé xac dinh xem mét do thi G ¢6 thé
dugc td6 mau bang 3 mau hay khéng

Bai tap 16
Tinh X(Wn), X(Km,n): va X(Qn)

Hoang Anh Buic
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Té mau dob thi

Mot sb tinh chét co ban

Goi A(G) 1a bac I6n nhét ca cdc dinh cta dé thi G L5 huyét a6 h
Hoang Anh Buic
Pinh Iy 9 ’

Cho G = (V,E) la don db thj v6 hudng cd n dinh. Ta c| J ..
X(G) < A(G) +1

Chdng minh. :
Mbt thuat todn tham lam dé t6 mau céc dinh clia G bang
A(G)+1mau{l,...,A(G) + 1} la nhu sau: I,
1. Gan nhan vy, vs, ..., v, cho cac dinh cla G mét cach tuy y ‘
2. V6iitlr 1 dén n, t6 mau dinh v; bdng mau nhd nhét trong () s

Mot s tinh chét co ban

s6 cac mau chua dugc t6 cho bat ky dinh nao trong N (v;) o 6

Ta chiing minh rang Budc 2 cla thudt todn luén thuc hién duoc
vOi A(G) + 1 mau. That vay, dinh v; cé tbi da A(G) dinh ké véi

né, do dé s6 mau toi da s dung dé t6 mau cac dinh trong

N(v;) 1a A(G), nghia 1a ludn ¢ it nhat mot trong s6 A(G) + 1

mau khong dudc st dung cho bét ky dinh nao ké véi v;, va ta

c6 thé t6 mau v; bang mau nhd nhat trong s6 cdc maundy o (s




Té mau dob thi

Mbt sb tinh chét co ban

Bél té_p 17 Ly thuyét 6 thi Il
) ? A < , A . Hoang Anh Buic
Stt dung thuét toan & Dinh ly 9 dé té mau cac do thi sau e

@ - —— S

(b) SR

Gisi thi
(40) Mot s tinh ché o bin
T6 mau do thi phang

Trén thuc t&, véi phan 16n cac dé thi, chi can A(G) mau la dd
Dinh Iy 10: Dinh Iy Brook |

Néu G khéng phai la mét chu trinh dé dai Ié hodc mét do thi
ddy di thi x(G) < A(G)
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Té mau do thi

T6 mau db thi phang

Ly thuyét db thi Il

B6 dé 11

- ; . B Hoang Anh Buic
Moi don dé thi phang va lién théng G gom n dir]h c6 mét cdch sap thu tu
cac dinh vy, vy, . .., v, sao cho méi dinh ké vdi toi da 5 dinh diing trudc né

Chiing minh. weng d
Ta chitng minh bang quy nap theo n.
m Budc co sd: Vi n < 6, bat ké thit tu sdp xép cac dinh nao déu thda
man B§ dé
= Budc quy nap: joh nghia
m Gia st BS dé ding véi moi 6 < n < k, trong d6 k > 6 1a mét s nguyén ng thic Evler
nao dé. Ta chiing minh BS dé ding véi n = k + 1. !
m That vay, gia st G |a dd thi bat ky gdm k + 1 dinh. TU Bai tap 14, ton tai
mét dinh v clia G thda man deg(v) < 5. S
m Do thi G — v: ° T6 mau dé thi phing
W c6 t6i da 5 thanh phan lién théng G1, G, ..., G5
m mbi G; cén; < kdinh (1 <i<5)
mvan,+---+ns==k

m Tur gi thiét quy nap, tn tai mét thit ty v, . .., v cac dinh clia G — v théa
man Bo dé.

m Datvgy =v,tacd vy, ..., vk, vrer l@ MOt th tu cc dinh cla G thda man
B6 dé

o 45



Té mau do thi

T6 mau db thi phang

iy 12 e
Moi dé thi phdng G ¢6 x(G) < 6 ]

Ching minh. .
Ta chi ra mét cach t6 mau don db thi phang va lién thong G
bang 6 mau o ok
1. Tim thd tu cac dinh vy, v, . .., v, clia G thda man BS dé biprbg
11: m6i dinh ¢6 t6i da 5 dinh ké diing trudc nd g i Euer
2. Ap dung thuat toan tham lam & Binh ly 9 véi thit tu dinh .
tim dugc & Budc 1 cath
Chu y réng @ To mau dé thi phéng
m Khuyén va canh song song (néu c6) khéng &nh hudng gi
dén qua trinh t6 mau

= Néu dé thi phang dé cho khong lién théng, ta c6 thé &p
dung qua trinh t& mau riéng biét cho tirng thanh phan lién
théng
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Té mau do thi

T6 mau db thi phang

Bél tép 18 Ly thuyét dé thi Il
S dung thuat toén & Binh Iy 12 dé t6 mau céc do thi phang e Ao
sau bang 6 mau {1,2,3,4,5,6}

(?\) uong di Hamiltor

o8 o oo o0

(b)

() Tomaug g
Néu c6 thé, hdy tim mét cdch té mau céc do thi trén bang 5
mau hoac it hon
Bai tap 19
Chuing minh Binh ly 12 bé‘ng phuaong phap quy nap. (Goii y:
Xem lai chitng minh B6 dé 11) p
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Ly thuyét db thi Il
Hoang Anh Buic
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NGi dung

Gidi thiéu

Mét s6 tinh chat clia cay
Cay c6 gbc

Cay bao trum

Cay bao trum nhd nhat
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Ly thuyét do thj 11l
Hoang Anh Buic



Cay

Gidi thiéu

Ly thuyét do thj 11l
R Hoang Anh Buic
m Don d6 thi vo hudng T' = (V, ) dudc goi la mét cay (tree)
néu T la do thi lién théng va khéng ¢6 chu trinh
m Don d6 thi vé hudng 7' = (V, E) dugc goi la mét rimg
(forest) néu T la do thi khéng cé chu trinh

a b a b a b a b

c d c d c d c d

e f e f e f e f
Gy Gy Gs Gy

Hinh: G1, G2 la cay. Gs, G4 khdng la cay. G4 la riing. Gs khong la riing

Gidi thiéu
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Cay

Mét sb tinh chét clia cay

A ’ Ly thuyét do thj 11l

Dlnh Iy 1 Hoang Anh Buic
Mot dé thi vé hudng G la mét cay khi va chi khi giira hai dinh

bat ky cla G ton tai mét dudng di don duy nhat Mot sbinh ot la

Chdng minh.
(=) Gia sl G lacay
m Do G lién thong, v6i hai dinh batky u,v € V, tén tai mot
dudng di don gilra u va v
m Ta chiing minh dudng di nay 1a duy nhat. Gia st phan
chiing ring c6 it nhat hai dudng di don P = vo, v1, ..., v, Va
Q = wo, w1, ..., we khdc nhau gitta hai dinh u va v, véi
Vo =Wy =uVa v =Wy =V
® Do vy = wo, tdn tai i thda méan v; = w; v6imoi 0 < j < iva

Vigl #F Witl .
B Do v, = wy, ton tai p > i + 1 nho nhat théa man

vp € {w;, ..., we} hodc wy € {v;,...,vx}. Gid sl v, = wq
véi ¢ > i nho nhat c6 thé
W U, U4, .., 0p VAW, ..., wit1,w; tao thanh mot chu trinh

trong G, mau thuén véi gia thiét G 1a cay "



Cay

Mét sb tinh chét clia cay

Ly thuyét dé thi Ill
Hoang Anh Buic

, Mét s6 tinh chét clia
Chung minh (tiep). °“‘y
(«=) Gia sl v6i moi cap dinh u,v € V, ton tai mot dudng di don
duy nhéat giita v va v trong G
® Theo dinh nghia, G la lién théng
m Ta chiing minh G khéng c¢6 chu trinh. Gia st phan chiing
rang ton tai moét chu trinh C trong G. Do dé, véi hai dinh u, v
béat ky thudc C, cé hai dudng di don khac nhau ndi  va v,
mau thufin vdi gid thiét ton tai duy nhat mét dudng di don
giita hai dinh béat ky trong G
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Cay

Mét sb tinh chét clia cay

Ly thuyét do thj 11l

Hoang Anh Buic

Dinh ly 2 ]

Moi cdy T = (V, E) vdi |V| > 2 ¢6 it nhét hai dinh bac 1

Mét s6 tinh chat clia

Chuting minh. cay
Lay mot dudng di don dai nhat V0, V1, -+, U, trong T. Bac clia vo va
v, déu bang 1, néu khéng ta cé thé tim dugc mét duong didai hon o

Pinh ly 3
Moi cay gém n dinh ¢6 chinh xdcn — 1 canh ]

Chudng minh.
Quy nap theo n
m Budc co sd: VGin = 1, cay gém 1 dinh c6 0 canh
m Budc quy nap: Gia si moi cay gom k dinh cé chinh xac k — 1
canh, vdi k > 1. Ta chiing minh moi cay 7' goém k + 1 dinh c6
chinh xéc k canh. That vay, do T' la mét cay, T' c6 mét dinh u bac
1 nao dé. T — u la mot cay gom k dinh va theo gia thiét quy nap
c6 k — 1 canh. Do do, T'cé (k— 1)+ 1 = k canh
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Cay

Mét sb tinh chét clia cay

Ly thuyét dé thi Ill

Bai tap 1

Chitng minh rdng mét dé thi G = (V, E) la mét cay khi va chi
khi G khéng cd chu trinh va vdi moi cdp dinh u,v € V th6a man (e« i st eia
wv ¢ E, dé thi G + uv ¢6 chinh xdc mét chu trinh &y

Hoang Anh Buic

Bai tap 2

Gid stt mot cay T = (V, E) ¢d sb cdc canh la mét s6 chan.
Chitng minh rang tén tai mét dinh trong T' cé bac chan
Baitap 3

ChoT = (V, E) la mét cdy. Goi A Ia bac I6n nhat cla mét dinh
trong T, nghia la, A = max,cy degy(v). Chiing minh rdng T ¢6
it nhat A dinh bac 1

Bai tap 4

ChoT = (V, E) la mét céy vdi |V| > 1. Gid st néu v la mét
dinh lién ké véi mét dinh bac 1 trong T thi deg,(v) > 3. Chifng
minh rdng ton tai hai dinh bac 1 trong T' ¢6 chung mot dinh lién
ké vdi hai dinh d6 «



Cay

Cay c6 gbc

Mot cay co géc (rooted tree) la mét cay trong dé moét dinh dugc
coi la q’/’nh goc (root) va moi canh dugc dinh hudng xa khoi
dinh goc. Ta ky hiéu mét cay T vdi goc r bang cép (T, r)

<

Cay T Cay T v6i goc a Cay T v6i goc ¢

Théng thuding, mot cay ¢6 gbe (T',r) dugc vé véi dinh géc &
trén dinh ctda do thi. Khi dé, ta c6 ,thé’ bd qua cac huéng cua
céc canh, do viéc lua chon dinh goc déa xac dinh cac hudng nay

42

Ly thuyét dé thi Ill
Hoang Anh Buic

Cay c6 gbc



Cay

Cay c6 gbc

, , Ly thuyét do thj 11l
m V6i mét dinh v khdc dinh goc clia mét cay ¢6 goc T Hoang Anh Ditc
m Dinh cha (parent) cla v 1a dinh « duy nhat sao cho ¢é mdt
canh ¢ huéng tif u dén v. Ta cling goi v |a dinh con (child)
cla u.
® Dinh v dugc goi 1a dinh 14 (leaf) néu v khong c6 dinh con.  (Jcw e
Céc dinh ¢6 dinh con dudc goi la cdc dinh trong (internal
vertices)
m Céc dinh ¢6 chung mét dinh cha dudc goi la cdc dinh anh
em (siblings)
m Cdc dinh 6 tién (ancestors) clia v 1a cac dinh trén dudng di
tl gbe t6i dinh dé. Cdc dinh con chdu (descendants) clia v
la céc dinh c6 v 1a mét dinh 6 tién
m Céy con (subtree) vdi gbc v 1a d6 thi con clia T’ cam sinh béi
v va cac dinh con chau clia né
m Dinh gbc 1a dinh duy nhét trong cay khdng cé dinh cha va
la t6 tién ctia moi dinh con lai. Binh gbc ludn 1a mot dinh
trong, trlf trudng hop cay chi cé mét dinh duy nhét 1a dinh
goc thi dinh goc la mot dinh 14
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Cay

Cay c6 gbc

; Ly thuyét do thj 11l
m Mot cay c6 goc T' dugc goi la mét cdy m-phan (m-ary tree) Hoéing Anh Bic
néu tat ca céc dinh trong clia T' ¢6 toi da la m dinh con.
Neu nhu mai dinh trong clia T' ¢ chinh x&c m dinh con, ta
goi T' la mot cdy m-phan day du (full m-ary tree)
m Cay m-phan v6i m = 2 dugc goi la cay nhi phan (binary
tree)

Baitap 5
Trong sé cac cdy sau, vdim la s6 nguyén duong nao do, céy
nao la cdy m-phan? Cay nao la cdy m-phan day du?

Cay c6 gbc

T1 Tg T&
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Cay

Cay c6 gbc

Ly thuyét do thj 11l

m Mot cdy cé gdc duoc sap thit tu (ordered rooted tree) 1a Hodng Anh Blc
mot cay cé gbc trong dé céc dinh con clia méi dinh dugc
sap xép theo mot thi tw nao dé
m Ta thuong vé cay co goc dugc sap thi tu theo cach théng oy
thuding véi hiéu ngam rang cdc dinh con ctia méi dinh e
duoc sap xép theo thi? tu tir trdi sang phai
m V6i mot cay nhi phan dudc sap thit tu, néu mot dinh trong
u ¢6 hai dinh con thi dinh thi nhat dugc goi la dinh con
tréi (left child), dinh th(t hai dugc goi 1a dinh con phdi (right
child). Tuong tu, cay con ¢ gbc la dinh con tréi dugc goi
la cay con trdi (left subtree) va cay cé gbc 1a dinh con phai
dudc goi la cdy con phai (right subtree) clia u
m Cdc cay c6 goc sap thi tu dugc (ing dung rong rai trong
khoa hoc may tinh, vi du nhu céc cay phan tich cu phap
(parse trees), cAu tric cay trong cac tai lieu XML (XML
documents), cau tric cay mé ta cac thu muc va tép
(directories and file system), v.v...
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Cay

Cay c6 gbc

Ly thuyét do thj 11l

Dinh Iy 4 Hoang Anh Buic

VGi moi m > 1, moi cdy m-phan day du vdi i dinh trong cé
chinh xdcn = m i+ 1 dinh

Cay c6 gbc

Chdng minh.
Moi dinh khac dinh géc la con clia mét dinh trong nao dé. Do
dé 6 m - i dinh con (clia céac dinh trong) va 1 dinh goc

r

/?\ con ciia, T
Hes

Q)
NI A NS4 AN
Sfc)ecaeRe | eyeRe

d e f 7 k1

con cua a con cua b con cua ¢
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Cay

Cay c6 gbc

Ly thuyét dé thi Ill
Hoang Anh Buic

m Miic (level) cia mét dinh trong mét cay c6 gbc 1a do dai
clia dutng di duy nhat tuf goc den dinh dé. Murc cla dinh
goclao

m D6 cao (height) h clia mét cdy c6 gbc la do dai Ion nhét
clia mét dudng di tlr goc dén dinh I4. N6i céch khéc, do
cao clia mot cay la mirc I6n nhat ciia moét dinh trong cay
dé

m Mot cay m-phan c6 do cao h dugc goi la can doi
(balanced) néu tat ca cac dinh 1a c6 mdc h — 1 hodc h

Cay c6 gbc

42



Cay

Cay c6 gbc

Ly thuyét do thj 11l

Dinh |y 5 . Hoang Anh Blic

VGi moim > 1, mét cdy m-phan day du voi
(i) n dinh céi = (n —1)/m dinh trong va Céy o6 gbe
I =((m—1)n+1)/m dinh I4;
(ii) i dinh trong cén = mi+ 1 dinhval = (m — 1)i + 1 dinh
13;
(iii) I dinh Id c6n = (ml — 1)/(m — 1) dinh va
i=(—-1)/(m— 1) dinh trong

Baitap 6

S dung Dinh ly 4, hdy chiing minh Dinh ly 5

Bai tap 7

Chitng minh réng véi moi m > 1, ¢6 nhiéu nhat m” dinh I4
trong mét cdy m-phdn cé dé cao h. (Goi y: Quy nap theo h)
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Cay

Cay c6 gbc

Ly thuyét do thj 11l

Mét (tng dung cla cay nhi phan dugc thé hién trong dinh ly sau

Hoang Anh Buic

Pinh Iy 6

Moi thuét todn sdp xep n phan ftr nao do dua trén cdc phép so o
sanh hai phan tir bat ky can st dung it nht [log,(n!)] phép e
s0 sdnh trong truding hojp xau nhéat

m Do log,(n!) = ©(nlogn), mét thudt todn sap xép n phan tir
trong truong hop xau nhét can ©(nlogn) phep so sanh la
mt thugt toan t6i Lu, theo nghia la khéng ton tai thuat
todn sap xép nao khac cé thdi gian chay trong thdi gian
xau nhat tét hon

m Y twdng: M6 hinh cac thuat todn bing cay nhi phan day
du véi cde dinh trong la cdc phép so sanh va cdc dinh 14 1a
cdc két qua thu duoc khi di tir goc (goi 1a cdy quyét dinh
(decision tree)). S6 phép so sanh st dung dé ra mot két
qua chinh 1a dé dai duong di tir gbe dén niit 14 tuong tng
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Cay

Cay c6 gbc

Ly thuyét do thj 11l
Hoang Anh Buic

Cay c6 gbc

Hinh: M6 hinh thuét todn sap xép day ba phan t a, b, ¢ bang cay
quyét dinh

Bai tap 8
VGi moim > 1, chitng minh rdng trong mét cdy m-phén cd |
dinh Ild va c6 dj cao h, ta c6 h > [log,, !]
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Cay

Cay bao trum

Ly thuyét do thj 11l
Hoang Anh Buic

Cho G = (V, E) la mdt don db thi. Mot cay bao trum (spanning
tree) cla G la mét do thi con T' clia G théa man diéu kién T 1a
mot cay va T chifa tat ca cac dinh cla G

@ Cay bao trum
a b c d
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Cay

Cay bao trum

Ly thuyét do thj 11l
Hoang Anh Buic

Dinh ly 7

Moi don do thi lién théng G c6 mét cdy bao trum ]

Cay bao trum

Chdng minh.
Ta xay dyng mét cay bao trum cla G nhu sau
m L4y mét chu trinh trong G néu ¢
m X6a mot canh tir chu trinh dé. Do thi méi thu dugc van 1a
lién théng
m L3p lai cac budc trén cho dén khi khong cé chu trinh trong
G

Do G ¢6 hitu han s6 dinh, cudi cling ta thu dugc mét do thi lién
thong khéng c6 chu trinh chita tat ca céc dinh clia G—mot cay
bao trum clia G O
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Cay

Cay bao trum

1
2
3

N~ o a &

©

Ly thuyét dé thi Ill

Cho G = (V, E) la mét don dé‘ thi vé hudng lién thdng. Ta trinh
bay thuat toan duyét theo chiéu sau (depth-first search, DFS)
dé tim mot cay bao trum cla G

Hoang Anh Buic

Thuat toan 1: Duyét theo chiéu sau

Input: G: don db thi vo hudng lién thong véi cac dinh (18)cay bao rim
V1,02,...,Up

Output: Cay bao trum T

procedure dfs(G):

T := céy cb chinh xac mét dinh v,

visit(vy)

procedure visit (v: mét dinh cla G):
for méi dinh w lién ké vdi v va chua thudc T do
Thém w va canh vw vao T
L visit(w)

return T'
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Buic

Vidu 1
Tim mot cay bao trum 7' clia d6 thi G = (V, E) sau bang thuét
toan duyét theo chiéu sau

>T\fij

U11

G

Cay bao trum
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Cay

Cay bao trum

Ly thuyét do thj 11l
Hoang Anh Buic

@ Cay bao trum

42



Cay

Cay bao trum

Ly thuyét do thj 11l
Hoang Anh Buic

Cay bao trum

42



Cay

Cay bao trum

Ly thuyét do thj 11l
Hoang Anh Buic

Cay bao trum

Thi tv cac dinh dugc thém vao
T (hay thi tu cac dinh thuc hién
thl tuc visit()) lan luot 1a: vy,
Us, Ve, V2, U7, Ug, U3, V9, V4, V11,
V10
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Cay

Cay bao trum

Ly thuyét dé thi Il
m Trude méi 1an 13p trong thi tuc visit (), 7' la cay chia Hoéng Anh Bic
toan bd cac dinh da dugc goi béi thi tuc visit ()
m Thuéat todn DFS chay trong thdi gian O(n?2) véi don db thi
vé huéng lién théng G = (V, E) bét ky, trong d6 n = |V/|
m visit() dugc goi cho méi dinh chinh xac mét lan Cay bao trim
= Mot canh e trong G dudgc xét tbi da hai lan dé xéc dinh xem
e va mot dau mut cla e ¢ thé dugc thém vao cay T hay
khéng
m Do dé, thuat toan DFS chay trong thdi gian O(|E|). Chu y
rang |E| < n(n —1)/2 = O(n?)
m Thuat todn DFS c6 thé dugc st dung nhu' 1a co s& dé gidi
quyét nhiéu bai toan khac, vi du nhu bai toan tim cac
duding di va chu trinh trong dé thi, bai toan xac dinh cac
thanh phan lién théng, bai toan tim dinh cét, v.v... DFS
ciing 1a cd s@ cho ky thudt quay lui (backtracking
technique) dudc st dung dé thiét ké cac giai thuat cho
nhiéu bai toan khé
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Cay

Cay bao trum

Cho G = (V, E) Ia mét don db thi vo hudng lién thong. Ta trinh bay Ly thuybt bt
thuat todn duyét theo chiéu rong (breadth-first search, BFS) dé tim Hoang Anh Bie
mot cdy bao trum cla G

Thuat toan 2: Duyét theo chiéu rong
Input: G: don dé thi vé hudng lién thong véi cac dinh vy, va, ..., vy
Output: Cay bao trim T (24)cty bsovim
T := cay chi chita duy nhat mot dinh v,
L := danh sach réng
Thém v, vao danh sach L cac dinh chua xét
while L khdc réng do
B4 di dinh thit nhat v tir L
for méi dinh w lién ké véiv do
if w khéng thudc L va w khéng thuéc T then
Thém w vao cudi danh sach L
L Thém w va canh vw vao T'

© o N O o B WN =

10 returnT
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Cay

Cay bao trum

Ly thuyét dé thi Ill
Hoang Anh Buic

Vidu2
Tim mot cay bao trum 7' clia d6 thi G = (V, E) sau bang thuét
toan duyét theo chiéu rong

>T\fij

U11

G

Cay bao trum
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Cay

Cay bao trum

Ly thuyét do thj 11l
L = (v5) Hoang Anh Buic

5

@ Cay bao trum

U10 V11 V10 U11
G
L = (s, v10)

Uy V2 U3 Uy

U10 V11
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Cay

Cay bao trum

Ly thuyét do thj 11l
Hoang Anh Buic

Cay bao trum
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Cay

Cay bao trum

Ly thuyét do thj 11l
Hoang Anh Buic

@ Cay bao trum

V10 U11
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Cay

Cay bao trum

Ly thuyét dé thi Ill
m Trude mbi lan 13p vong while, 7' 1a cay chita cac dinh da Hong Anh Bic
xét (= cac dinh da bd di tir danh sach L)
m Thuéat toan BFS chay trong chay trong thai gian O(n?) véi
don do thi vé huéng lién théng G = (V, E) bt ky, trong dé
n=|V]| (29) cay bao trim
m V6i méi dinh v, thuat toan xét céc dinh lién ké véi v va thém
cac dinh chua xét vao puéi danh sach L
m M0i canh dugc xét nhiéu nhat hai lan dé xac dinh xem cé
cén thém canh dé va mét dinh dau mt vao cay T hay
khéng
m Do dé, thuat toan BFS chay trong thoi gian O(|E|), hay néi
cach khac O(n?)
m Thuat todn BFS 13 co s8 dé thiét ké cac thuat todn giai
nhiéu bai toan khac nhau, vi du nhu bai toan tim cac thanh
phan lién thong, bai todn xac dinh xem mdt db thi cé phai
db thi hai phan hay khong, bai toan tim dudng di ngan
nhéat giira hai dinh, v.v...
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Cay

Cay bao trim nhd nhat

Ly thuyét do thj 11l
Hoang Anh Buic

Cho G = (V, E,w) 1a mot db thi lién théng vé hudng cé trong
s6. Mot cdy bao trim nhd nhat (minimum spanning tree) clia G
la mot cay bao trum clia G ¢6 téng trong sé cac canh clia cay
la nhd nhat c6 thé

@ Cay bao trum nhd nhét

m Input: D4 thi lién théng vé huéng cé trong s6
G=(V,E,w)

m Output: Mot cay bao trum nhd nhat 7' clia G

m Thuét toan Prim
m Thuat toan Kruskal
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Cay

Cay bao trim nhd nhat

Ly thuyét dé thi Ill
Hoang Anh Buic

Thuat toan 3: Thuat toan Prim

Input: G = (V, E, w): db thi lién théng v hudng c6 trong sb
Output: Mot cay bao trum nhd nhat 7" clia G
1 T := mot canh c6 trong sb nhd nhat
fori:=1ton—2do
e := mot canh ¢é trong s6 nhd nhat lién thudc véi mot
dinh clia T thda man T + e khéng ¢6 chu trinh
T:=T+e

return T'

Cay bao trum nhd nhét

w N

SN

o
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Cay

Cay bao trim nhd nhat

, Ly thuyét do thj 11l
Vl dU 3 Hoang Anh Buic
Tim mét cdy bao trum nhé nhét T clia d6 thi G = (V, E,w) sau
bang thuat toan Prim

a 9 b 3 c
O O O Cay bao trim nhd nhét
3 1 2
4 3
LO——0——0,
4 2 4

O

w

Q =0
w

~O
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Cay
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Ly thuyét do thi Il

Hoang Anh Buic

T
<
=
0
=
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Cay

Cay bao trim nhd nhat

Ly thuyét do thj 11l
Hoang Anh Buic

e Cay bao trum nhd nhét
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Cay

Cay bao trim nhd nhat

Pinh ly 8 Ly thuyét b thi Il

Hoang Anh Buic

Néu T la mét cdy bao trum xuét ra béi thudt toan Prim vdi do
thi dau vao G = (V, E,w) thi T la mdt cdy bao trum nhd nhat
cta G

Ching minh.
m Thuat toan Prim luén xuét ra mot cay bao trum
= G cac budc trung gian, T luén la cay
m Moi budc trung gian, thuat toan thém maét canh va mét dinh
mdivao T
m Ta chiing minh lgéng phan chiing. Gia slt T' khong cé téng
trong s6 nho nhat
m Goi ET = (ey, ea,...,€n) la day cac canh dugc chon theo
thi tu thue hién cla thuat toan Prim
m Goi U la mt cay bao trim nhd nhét thda man diéu kién U
c6 chita k canh dau tién cla ET vdi k 16n nhat co thé,
nghiala ey, es,. .., e, thudc U va ex1 = zy khdng thudc U (=

Cay bao trum nhd nhét



Cay

Cay bao trim nhd nhat

Ly thuyét do thj 11l

Chuing minh (tiép).

m Goi IV |a tap cac dinh clia T tinh dén thoi diém ngay trudc khi
ep+1 = xy duoc chon .

m Goi P la mét dudng di gilta 2 va y trong U (chu y rang xy
khong la mot canh cla U) va goi ab la canh dau tién ctia P ¢6
mot dau mut (a) thuéc W va mét dau muat (b) khéng thuée W

m Xétcay baotrim S =U —ab + xy

m Néu w(a,b) > w(z,y): Téng trong
s6 clia S nhé hon clia U, mau
thuan véi gia thiét U 1a cay bao
trum nho nhét

m Néu w(a,b) = w(z,y): S 1a mot
cay bao trum nhd nhat va S ¢é
chia nhiéu canh clia ET hon U,
mau thuan véi dinh nghia clia U

m Néu w(a,b) < w(z,y): Thuat todn
Prim sé chon canh ab thay vi canh
zy, Mau thudn véi gia thiét ban
dau 1a zy 1a canh dugc chon

@ Cay bao trum nhd nhét




Cay

Cay bao trim nhd nhat

Ly thuyét dé thi Ill
Hoang Anh Buic

m Thuét todn Prim la mét thuat toan tham lam
m 3 méi budc xay dung cay bao trum nhd nhat T, thuat toan
Prim chi thém cdc canh c6 trong s& nhd nhat lién ké véi mot
dinh clia cay T tinh dén hién tai ma khong tao thanh chu
trinh mi
m Thuat todn Prim c¢6 thé dudc lap trinh dé chay trong thoi
gian O(mlogn) véi dé thi G = (V, E, w) théa man m = |E|
van = |V]
® Thuét todn Prim tuong tu nhu thuét toan Dijkstra tim
duding di ngan nhét giita hai dinh da gidi thiéu trudc do

Cay bao trum nhd nhét
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Cay

Cay bao trim nhd nhat

Ly thuyét dé thi Ill
Hoang Anh Buic

Thuat toan 4: Thuat toan Kruskal

Input: G = (V, E, w): db thi lién théng v hudng c6 trong sb
Output: Mot cay bao trum nhd nhat 7" clia G
1 T := db thi réng (khdng c6 dinh va canh)
fori:=1ton—1do
e := mot canh ¢6 trong s6 nhd nhat théa man T + e
khong ¢6 chu trinh
T:=T+e

return T'

@ Cay bao trum nhd nhét

w N

S

o
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Cay

Cay bao trim nhd nhat

Ly thuyét do thj 11l

Vl’ du 4 Hoang Anh Buic
Tim mét cay bao trum nhé nhat T cla dd thi G = (V, E,w) sau
bang thuéat toan Kruskal

a b
2 3
O O

S
O-

@ Cay bao trum nhd nhét

3 1 2
4 3
JO——0—0,
4 2 4

O

w

Q ~0O
w

~ O
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Cay

Cay bao trim nhd nhat

Ly thuyét do thj 11l
Hoang Anh Buic

0 Cay bao trum nhd nhét
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Cay

Cay bao trim nhd nhat

Ly thuyét dé thi Ill
Hoang Anh Buic

Bai tap 9
Chitng minh réng néu T la mét cdy bao trum cta G = (V, E, w)
xudt ra bdi thuat todn Kruskal thi T la cdy bao trim nhé nhat
(Go'i y: xem lai chitng minh tinh ding dan cla thudt todn Prim) (i) cay sao wm s it
m Thuét todn Kruskal 1a mot thuat toan tham lam
m 8 méi budc xay dung cay bao trim nhd nhat T, thuat todn
Kruskal chi thém cac canh c6 trong sb nhd nhat ma khong
tao thanh chu trinh méi
m Khdac vai thuat todn Prim, & cdc budc trung gian cua thuat
todn Kruskal, T c6 thé khdng 1a cay

m Thuat todn Kruskal c6 thé dugc Iap trinh dé chay trong thoi
gian O(mlogm) véi do thi G = (V, E,w) théa man m = |E|
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Noi dung

Ham Boole
Biéu dién cac ham Boole
Céc céng logic

Rut gon ham Boole
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Dai s6 Boole

Hoang Anh Buic



Ham Boole

Dai s6 Boole

Hoang Anh Buic

m Dai s6 Boole (Boolean Algebra) dua ra céc phép toan va

quy tac lam viéc véi tap {0,1} (Gng v6i {F,T}) (Dremeece
m Céc phép toan dugc st dung nhiéu nhat trong Dai sb
Boole
m Phén b (complement): 0 =1va1=0 (ting véi )
m T6ng (sum):04+0=0,0+1=1,1+0=1,val+1=1
(Ung vai V)
m Tich (product):0-0=0,0-1=0,1-0=0,val-1=1(ling
vai A)
Bai tap 1
Tinh1-0+ (0+ 1)
Bai tap 2

Dich tuong duong Iégic (T A'T) v ~F = T sang mét dang thiic
trong Dai so Boole.

34



Ham Boole

Giasl B = {0,1} 92156 Boole
Hoang Anh Buc
B B" = {(x1,22,...,2p) | s € BVEi 1 <i<n}
m Mot bién = dudc goi la mét bién Boole (Boolean variable)
néu né chi nhan céc gia tri tv B
m M6t ham F: B™ — B dugc goi la mét ham Boole bac n
(Boolean function of degree n). Céc gia tri cia mét ham
Boole thudng dugc cho bdi cac bang
m Céc biéu thiic Boole (Boolean expression) véi cac bién
Z1,T9,...,x, dugc dinh nghia mét cach dé quy nhu sau:
® 0,1,21,2s,..., 7, la cac biéu thirc Boole
m Néu E; va E» la céc biéu thic Boole thi E, (E1 + Es), va
(E1 - E2) clng la
m Méi biéu thirc Boole biéu dién mét ham Boole. CAc gid tri
clia ham nay nhan dudc bang céch thay 0 va 1 cho cac
bién trong biéu thiic d6
m Ham Boole F bac n cling ¢6 thé dudc biéu dién trén do thi
., bang cach danh dau céc dinh tuong ting véi céc bd
(x1,29,...,2,) thGaman F(zy,...,2,) =1

Ham Boole

34



Ham Boole

Vidu 1

Ham F(z,y,z) =2y +Z

zly |z |ay|Z| Fz,y2)
T[1[1[1]o0 1
11011 1
1{ol1]0]o0 0
1jolofo |1 1
o110 10 0
ol1]0]| 0|1 1
ojo|l1] 0|0 0
ojolo| o0 |1 1

Dai s6 Boole

Hoang Anh Buic

Ham Boole

34



Ham Boole

Dai s6 Boole
m Céac ham Boole bac n F va G dugc goi la bang nhau Hoang Anh Biic
(equal) khi va chi khi F(by, bs, ... b,) = G(by,ba, ... by)
véi moi by, bs,...,b, € B
m Hai biéu thiic Boole biéu dién cting mét ham Boole dugc
goi 1 hai biéu thiic tuong duong (equivalent)
m Phan bu (complement) cia ham Boole F' 14 ham F dudc
dinh nghia bdi F(zy,xa,...,7,) = F(z1,29,...,7,)
m 76ng Boole (Boolean sum) clia hai ham F va G la ham
F + G dugc dinh nghia bdi (F + G) (21, T2,...,T,) =
F(xy,29,...,2n) + G(x1,22,...,2y)
m Tich Boole (Boolean product) clia hai ham F va G |a ham
F - G dugc dinh nghia bdi
(F-G)(x1,29,...,2,) = Fx1,22,...,2,) - G(x1,22,...,2n)
Bai tap 3
CG tat ca bao nhiéu ham Boole bac n khdc nhau?

Ham Boole
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Ham Boole

M6t sb hang dang thirc quan trong trong Pai sb Boole

Tén goi Pang thuc
Luat phan bu kép .
(Law of the double complement) e
Luat Idly dang T4z =1x
(Idempotent laws) T-r==x
Luat dong nhat r+0==2x
(Identity laws) z-l==x
Luat nuot r+1=1
(Domination laws) z-0=0
Luat giao hoan r+y=y+uz
(Commutative laws) Ty = yr

Luét ket hgp
(Associative laws)

(9 +e=a+(y+2)
#(y2) = (x9)>

Luat phan phoi
(Distributive laws)

z+yz=(z+y)(z+z)
x(y+z) =zy+az

34

Dai s6 Boole

Hoang Anh Buic

Ham Boole



Ham Boole

Dai s6 Boole

M6t sb hang dang thirc quan trong trong Pai sb Boole (tiép)

Hoang Anh Buic

Tén goi Pang thire Ham Boole
Luat De Morgan | (zy)=Z+7
(De Morgan laws) | (z +y) = =y

Luat hap thu r+ay==x
(Absorption laws) | z(z +y) =«
Tinh chat don vi

(unit property)
Tinh chat khong
(zero property)

r+x=1

zx =0

Bai tap 4

Bang céch str dung bang dé biéu dién cdc ham Boole, hay

chung minh ludt phan phoi x + yz = (z + y)(z + 2)

Baitap 5

Béng céch sit dung cac dang thifc quan trong khéc trong bang,
hay chi’ng minh ludt hap thy xz(x +y) = x w



Ham Boole

Dai s6 Boole

m Db ngau (dual) cha mot biéu thirc Boole 1a biéu thirc thu
dugc bing céch thay tdng (tich) bang tich (t8ng) va thay 0 (1)

Hoang Anh Buic

bangl( ) HémBoo\e
4= m0=1
m =+ m1=0

m Dbi ngau cla mot ham Boole F dudgc bidu dién bdi mot biéu
thirc Boole 13 mét ham Boole dugc biéu dién bai d6i ngau clia
biéu thic d6

m Dbi ngau clia mot ham Boole F dugc ky hiéu la F¢ va khong
phu thudc vao biéu thiic Boole cu thé biéu dién ham Boole dé

m Nguyénly dbi ngau (duality principle): dang thiic van dung khi
lay dbi ngau ca hai vé

Vidu2

m Doingau clia z(y +0) laz + (y-1)

m Doingauclaz -1+ (F+2)1a(z+0) (7-2)
Vidu3

m Taco z(z + y) = = (uat hap thy) )

m Lay doi ngau ca hai ve, ta c6 = + xy = x (luat hap thu)

34



Ham Boole

m Céc dinh nghia va két qua chiing ta da dé cap c6 thé dugc
chuyén sang cac két qua cho cac ménh dé hoic tap hop

m Do d6, sé rat hitu ich néu ta c6 thé dinh nghia dai s6 Boole mét
cach triiu tugng

,' Dai s6 Boole l

Mét Pai s6 Boole (Boolean algebra) 1a mot tap B vdi hai todn tl hai
ngdi (binary operation) V va A, cac phan t& 0 va 1, v mt toan t0r
mot ngdi (unary operation) —, ky hiéu [B,V,A,,0,1], sao cho cac
tinh chat sau ding véi moi z, y va z thudc B
m Luat dong nhét (identity laws): 2 VO =z vaz Al =z
m Luat bu (complement laws): x VZ =1vaz AT =0
m Luat két hop (associative laws): (z Vy)Vz =z V (yV z) va
(zAy)Az=aA(YA=2)
m Luat giao hoan (commutative laws): x Vy =y V x va
TANYy=yANx
m Luat phan phéi (distributive laws): 2 V (y A z) = (2 Vy) A (z V 2)
vazA@yVz)=(@Ay)V(xAz)

~N
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Hoang Anh Buic
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Ham Boole

Dai s6 Boole

Hoang Anh Buic

o Ham Boole

® [B,+,-,7,0,1],trong d6 B = {0,1} va +,-,~ la c4c toan ti
da dinh nghia & phan dau bai giang, 1a mét dai s6 Boole

m [P,V,A,~,F,T], trong d6 P la tap cac ménh dé logic va
V, A, - la céc todan tl 16gic, 1a mét dai so Boole

m [P(U),U,n, ,0,U], trong d6 U la tap vi try nao d6, P(U)
|a tap tat c& cac tap con clia U, va U, N,  la céc toan ti
tap hop, la mot dai s6 Boole

34



Ham Boole

Dai s6 Boole

Vi dU 4 Hoang Anh Dic
S dung dinh nghia, chitng minh rang trong mdt dai sé Boole Ham Boole
[B,V,A,7,0,1],v6imoiz € BtacozVz=zvaz Az =z (luat

Ity dang (idempotent laws))

Vz=(zVz)Al luat dong nhat
=(@Vz)A(zVT) luat bu
=z V(zAT) luat phan phéi
=xzVO0 luat bu
=z luat dong nhat
xAz=(xAz)V0 luat déng nhét
=(xAz)V(rAT) luat bu
=z A(zV7) luat phan phéi
=xA1l luat bu

=z luat déng nhat »



Biéu dién cac ham Boole

Dai s6 Boole

Hoang Anh Buic

Biéu dién cac ham
Boole

Hai bai toan quan trong trong dai s6 Boole
m Cho céc gi4 tri clia mot ham Boole, fim mét biéu thiic
Boole biéu dién ham dé
m Moi ham Boole c6 thé dugc biéu dién bing biéu thiic chi cé
cdc toan tr v, A, va—
m Biéu dién moi ham Boole bing biéu thiic véi cang it toan
tl cang tot
m Moi ham Boole c6 thé dugc biéu dién bang biéu thirc chi cé
mat toan t

34



Biéu dién cac ham Boole

Dai s6 Boole

Hoang Anh Buic

= Mot bién Boole hodc phan bu ctia né dugc goi 1a mét tuc Biéu cin e hém
bien (literal)

] Tl'ph Boole y1ys . ..y, trong d6 y; = z; hoac y; = 7; vdi cac
bien Boole x1, 2, ..., x, dugc goi la mét tieu hang
(minterm). N6i cach khac, moi tiéu hang la tich clia cac tuc
bien

m Tiéu hang y1y2 . . .y, CO gid tri bing 1 khi va chi khi y; = 1
v6i moi 1 < i < n, nghia la khi va chi khi y; = 2; néu z; = 1
Véyi :CL‘_inéU$i =0

m Téng Boole clia cac tiéu hang cé gia tri bang 1 chi khi mot
trong cdc tiéu hang cla tong ¢ gia trj 1

34



Biéu dién cac ham Boole

Dai s6 Boole

Vl’ dU 5 Hoang Anh Buic
Tim biéu thiic Boole biéu dién cac ham F va G c¢6 céc gia tri
cho bdi bang sau (14) Biéu dién o ham

Boole

m Mot biéu thire biéu dién F can cé
giatrilkhiz=z2=1vay=0,
va co gia tri 0 trong cac trung
hgp con lai

m LAy F(z,y,2) = a7z

m M@t biéu thirc biéu dién G can c6
giatrilkhiz=y=1vaz=0
hodcx=z=0vay=1,vacod
gia tri 0 trong céc truong hop con
lai

m Lay G(z,y,2) = zyz + TyZ

Céc biéu thirc nhu trén dudc goi la khai trién téng cdc tich
(sum-of-products expansion) hay dang tuyén chuén tac
(Disjunctive Normal Form - DNF) cGa cac ham F va G w

OO OO MR
OO == OO R
O~ O~ OO RN
coococoro ol
cor oo oo




Biéu dién cac ham Boole

Dai s6 Boole

Mét khai trién ;‘5/79 cdc tich (sum-of-products expansion) hay dang
tuyén chuan tac (Disjunctive Normal Form - DNF) cla ham Boole F |a
moét biéu dién clia F dudi dang téng cac tiéu hang. Ngoai cach dung

Hoang Anh Buic

bang cac gié tri, ta cling c6 thé tim dang khai trién t6ng céc tich thong B diéncéc
qua cdac dang thic da biét
Vidu6
Tim khai trién t8ng céc tich clia F(z,y,2) = (z + y)z
(x+y)Z=12Z+yz luat phan phbi
=21z + lyz luat ddng nhét
=z(y+79)zZ+ (z+7)yz tinh chat don vi
= 2yZ + aYZ + xYZ + TYZ luat phan phdi
= Y7 + aY7 + TYZ luat Idy dang

Tuong tu, ta ciing c6 thé tim cac biéu thirc biéu dién mdt ham Boole

F bang céch lay tich Boole clia cac téng Boole. Biéu thiic tim dugc

goi 1a khai trién tich cdc téng (product-of-sums expansion) hay dang

hoi chuén tac (conjunctive normal form - CNF) cla F -



Biéu dién cac ham Boole

Dai so Boole
Hoang Anh Buic
m Méi ham Boole déu cé thé dugc biéu dién dudi dang téng
Boole clia c4c tiéu hang, trong d6 méi tiéu hang 1a mot tich () s, aén e
Boole cla céac bién Boole hoac cac phan bu cla ching Boole
m Noi céch khac, méi ham Boole c6 thé duoc biéu dién bang
céch dung céc toan t&t Boole +, -, . TAp cdc toan ti
{+,-,7} dudc goi la mét tap day du (functionally complete)

m Liéu ta c6 thé tim dugc mot tap cac toan i day di nhd
hon hay khéng?

m Tap {+,} 1a mét tap day dd (luat De Morgan)

m Tap {-,~} la mét tap dy di (luat De Morgan)

m Tap {+, -} khong 1a mét tap day dl (vi du, ta khong thé biéu
dién F(x) = Z bang mét bidu thiic Boole chi c6 hai phép
todn + va )

m Liéu ¢ ton tai mot tap céc toan t& ddy dl chi cd diing mét
phan ti hay khong?

34



Biéu dién cac ham Boole

Dai s6 Boole

Hoang Anh Buic

Ta dinh nghia hai toan t&t | hay NAND va | hay NOR

x|y |xz|y(@NANDy) | ]y (z NORy) By e caenem
111 0 0
110 1 0
011 1 0
010 1 1

Céc tap {|} va {|} déu la céc tap day du

Baitap 6 Baitap 7

Chitng minh rang Chitng minh rang

(@ z=xx @ zTz=zlux

(b) zy=(z|y)|(z]|y) () zy=(zlz)l(yly)

€ x+y=(z]z)|(yly) © zt+ty=(xlyl(zly

34



Céc cong logic

Dai s6 Boole

Hoang Anh Buic

m Dai §6 Boole cé thé duoc st dung trong viéc md hinh hoa
S0 d6 cac mach trong céc dung cu dién tr

= MGi mot dau vao va mét dau ra ctia mot dung cu nhu vay
c6 thé dugc xem nhu mot phan tl clia tap {0,1} (18) céc céng gic
m M6t dung cu dugc tao bdi cdc mach (circuit) khac nhau.
Céc phan t& co ban clia cac mach nay dudc goi 1a cac
cong (gate). Mbi loai céng thuc hién mot toan tr Boole
m Trong bai gidng, chiing ta sé
m Dinh nghia mot sb loai cdng
m S0 dung céc cdng nay va cac quy tic trong Dai sb Boole dé
thiét ké cac mach thyc hién nhiém vy nao dé
m Céc mach ma ta sé dé cap sé cho ra dau ra chi phu thudc
vao dau vao ch khdng phu thudc vao trang thai hién thoi
clia mach. Néi cach khac, cac mach nay khéng c6 kha néng
nhé. Nhitng mach nhu vay goi la cadc mach t6 hop
(combinatorial circuit)

34



Céc cong logic

Dai s6 Boole

m B¢ déo (inverter): dau vao la gia tri clia mot bién Boole va Hoang Anh Bie
dau ra la phan bu cla gi4 tri dau vao

] ang OR (OR gate): dau,vao la gia tri clia hai hay nhiéu

bien Boole va dau ra la tong Boole cla céac gia tri dé (19) éc céng ogic
m Céng AND (AND gate): dau vao la gia tri clia hai hay

nhiéu bién Boole va dau ra la tich Boole clia cac gia tri d6

J x T
Bo déao

T
v :
T
T >
Céng AND ¥ —’D_x,‘/ o —>D_IL Ty oy
S Ty : -
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Céc cong logic

, Dai s6 Boole
Vl dU 7 Hoang Anh Buic
Mach t6 hop c6 dau ra la (z + y)=

@ Céc cdng logic
Céach 1
Céch 2
Bai tap 8

Vé cdc mach t6 hop cé dau ra
(@) Z(y +2) (0) (z+y+2)T+Yy+7)

34



Céc cong logic

Dai s6 Boole

VI’ dU 8 Hoang Anh Blic
Dai khi mot hé théng dén cb dinh duoc diéu khién béi hai hay
nhleu cong tac Céc mach dién can dugc thiét ké sao cho khi
an mot cong tac bat ky thi hé thong dén dang bat sé tit va hé
thong dén dang tat §e bat. Ta thiét ké mét mach thuc hién diéu
dé khi cé hai cong tac
m Gi& s{f = = 1 khi cong tac thir nht déng va x = 0 khi n6
mé&. Tuong tu, y = 1 khi céng tac th hai déng va y = 0 khi
né mé
m Gid sl F(z,y) = 1 khi dén séang va F(z,y) = 0 khi dén tat
m Ta chon dé dén sang khi ca hai cong tac déng, nghia la
F(x,y) = 1 khiz =y = 1. Theo yéu cau & trén, khi mot
trong hai cong tac mé, dén sé tat, nghia la F(z,y) = 0 khi
x=1vay=0hodc z = 0vay = 1. Cudi clng, khi ca hai
cbng tac ma, dén sé lai séng, nghia 1a F(z,y) = 1 khi
zr=y=0
m M6t biéu dién cla F(z,y) 1a 2y + Ty @

Céc cdng logic



Céc cong logic

Dai s6 Boole

Hoang Anh Buic

Mach véi hai cong tac thiét ké theo yéu cau la

€ Y F(l’, y) Céc cdng logic
1)1 1
110 0
01 0
0|0 1

Bai tap 9
Hay thi thiét ké mach theo yéu cau trong Vi du 8 vdi ba cong
tac

34



Rut gon ham Boole

Dai so Boole
m Hiéu qua clia mot mach t6 hop phu thudc vao sb cac cdng Hoang Anh Bic
va su bb tri cac cbéng dé
m Chung ta ludn c6 thé sir dung khai trién t6ng cac tich clia
mach dé tim tap cac céng logic thuc hién mach dé. Tuy
nhién, khai trién t6ng cac tich cé thé chira nhiéu sé hang it gon i Boole
hon muic can thiét

m Viéc rut gon (minimization) ham Boole nghia la tim dang
biéu thiic Boole don gian nhat dé biéu dién ham Boole dé

Vidu9
m Xét mach c6 dau ra bang 1 khivachikhiz =y =2=1
hodcx=z2z=1vay=0
m Khai trién tdng céc tich clia mach nay 1a zyz + 27z. D&
biéu dién mach nay, ta can ba cong va mét bd dao

m Mat khéc, ta c6 thé viét zyz + 272 = z2(y +7) =z Lic
nay, ta c6 thé bidu dién mach chi véi mot céng

34



Rut gon ham Boole

Dai s6 Boole

Hoang Anh Buic

Mbt sb phuong phép rit gon ham Boole
m Phuong phap bién doi dai s6 dya vao céc déng thic da
blét @ Rut gon ham Boole
m Phuong phdp so dé Karnaugh (Karnaugh Maps)

m Phuong phdp Quine-McCluskey (Quine-McCluskey
Method)

Nguyén ly ca ban clia cac phuong phép rit gon trén dudc thé
hién trong dang thiic

roytr-y=w-(yt+y) =z

34



Rut gon ham Boole

Dai s6 Boole

m Phuong phép so dé Karnaugh (Karnaugh Maps) thudng chi
dudc ap dung cho cac ham Boole ¢6 6 bién hoic it hon

m Y twdng: |a tim céc sb hang trong biéu dién clia ham Boole
¢6 thé t6 hap dugc

So dd Karnaugh cho ham Boole ¢6 2 bién

m Bang gom 4 6 vudng nhu trong hinh bén. Riit gon ham Boole
Néu cac tiéu hang cé mat trong biéu thirc
biéu dién ham Boole thi viét 1 vao cac 6
twong Ung Yy

m Hai 6 ké nhau néu céc tiéu hang tuong
ng chi khac nhau mét tuc bién x| xoy | x-

m Bat cu khi nao ¢6 2 6 ké nhau c6 sb 1 thi
cdc tiéu hang dugc biéu dién béi cac 6 dé
c6 thé duac t6 hap lai thanh mét tuc bién

m Néu ca 4 6 déu c6 sb 1 thi céc tiéu hang
dugc biéu dién bdi cac 6 d6 c6 thé dugc
t6 hap lai thanh mot sb hang duy nhét:
biéu dién Boole cla 1

Hoang Anh Buic

<

<

S
=
@
8
<
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Rut gon ham Boole

Dai s6 Boole

Vl’ dU 1 0 Hoang Anh Buic

Rt gon céc khai trién t6ng cac tich sau bang so dé Karnaugh

(@) zy +my
(b) 2y + 7y
() 25+ Ty + 77

@ Rut gon ham Boole

:c/l\ T 1 T /1\

(a) zy + 7Y (b) zy + Ty (¢) 2y +Ty + 7Y

L

Y T+

34



Rut gon ham Boole

So dd Karnaugh cho ham Boole ¢6 3 bién HZ’::‘;:"E'LC

m Bang gdm 8 & vudng nhu trong hinh dudi. Néu céc tiéu hang ’
¢6 mat trong biéu thiic biéu dién ham Boole thi viét 1 vao cac
0 tuong Ung

m Hai 6 ké nhau néu cdc tiéu hang tuong ting chi khac nhau
mot tuc bién

m Céc tiu hang clia 2 6 ké nhau c6 s6 1 ¢6 thé t& hop thanh
tich clia hai tuc bién

m Cac tiéu hang clia 4 6 k& nhau ¢6 s6 1 ¢6 thé t§ hap thanh
mdt tuc bién duy nhét

m Cac tiéu hang clia 8 6 k& nhau ¢6 s6 1 t6 hop lai thanh mot s6
hang duy nhat: biéu dién Boole cla 1

Rut gon ham Boole

Yz Yz zZ yz

<|

z | xyz | xyz | a2y

)l
8
<|
I8y

S
5
<
Q
Sl
<
l
8|
<|
Sl
8|
<|
Q
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Rut gon ham Boole

- Dai s6 Boole
Vl d U 1 1 Hoang Anh Buic
Yz Yz vz Yz yz Yz vz Yz
@ T
T T @ Rut gon ham Boole
vz
Yz yz yz vz Yz Yz yz gz
x x
T T

3]
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Rut gon ham Boole

Dai s6 Boole

Hoang Anh Buic

m Phuong phép so dd Karnaugh rat khé st dung khi sé bién
cua ham Boole |16n han 4. Thém vao do, phuong phap nay
can ra soat truc quan dé nhan dang cac sb hang can
nhém lai

m Phuong phdp Quine-McCluskey (Quine-McCluskey
Method) khac phuc dugc nhitng nhugc diém trén

® Tim céc sb hang la c4c ting vién dé dua vao khai trién rut
gon nhu mot tdng céc tich Boole

m Xé&c dinh xem trong sb cac (ing vién dé, céc sb hang nao la
thue sy dung dugc

e Rut gon ham Boole
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Rut gon ham Boole

Dai s6 Boole

Hoang Anh Buic

Vidu 12
ROt gon xyz + a7z + Tyz + Tz + T z bang phuong phap
Quine-McCluskey

- - " N . <. Rut gon ham Boole
] Biéu dién mai tiéu hang bang mot chudi nhi phan: thay moi
bién bang 1 va moi pht dinh clia bién bang 0

Tiéu hang | Chubi nhi phan | S6 cac so6 1
TYz 111 3
77z 101 2
Ty2 011 2
Tz 001 1
F5% 000 0

m Nhém céc chudi nhi phan theo s6 céc sb 1

34



Rut gon ham Boole

m T8 hop céc s6 hang cé thé va xay dung cac bang duéi day o o
theo céc nguyén tac sau e
m Céc tiéu hang ¢ thé t8 hop lai néu chiing chi khac nhau
mét tuc bién. Do dé, hai s6 hang ¢ thé t6 hop dudc thi cdc
chudi nhj phan tuong ting vdi chiing chi khdc nhau mét sé 1.
m DA&u “” biéu thi mot bién khdng xuét hién trong két qua thu it gon ham Boole
dugc sau khi t6 hgp. Dau “v” biéu thi s6 hang c6 thé t6 hop
véi sb hang khac

S6 hang  Chubi bit S6 hang  Chubi bit
1 Yz 11 v (1,2) xz -1 v
2 ay: 01V mmy (13) g A1 v
3 Tyz 011 v 2.4) w2 01V
4 Tyz 001 v (3,4) Tz 0-1 v
5 Tz 00 v OO 00
Sé hang  Chudi bit
(1,2,3,4) 2 -1
(1737214) z --1 34



Rut gon ham Boole

m Trong cdc bang trén, chiing ta da chi ra cac s6 hang dugc
st dung dé tao ra cac tich co so tuc bien nhoé hon nhung
khong nhat thiét co mat trong biéu dién rat gon ham Boole

= Ta xay dung biéu thic rit gon clia ham Boole theo nguyén
tac sau:

m Xét cac tich chua dudc st dung dé xay dung cac tich c6 sb
tuc bién nhd hon (cac sb hang khdng ¢é danh dau v tuong
ing): zvazTy

m Lap bang kiém tra xem cac (ng vién z va zy cé thuc su phd

hét cac tiéu hang gbc ctia ham F(z, y, z) ban dau hay
khong

| TYZ Yz TYz
X X X

0
8|

Yz

z
Ty

o

X

m Do d6, két qua cudicung 1a F(z,y,2) = 2+ Z7

Dai s6 Boole

Hoang Anh Buic

Rut gon ham Boole
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Rut gon ham Boole

V|' du 13 Dai s6 Boole
2 , . 2 . LR R Hoang Anh Buic

Su dung phuong phap Quine-McCluskey dé rut gon biéu dien ’

cla F(w,x,y,z) sau wzyz + wryz + wryz + wryz + wryz +

wITYz +WwIT Yz

S6 hang  Chubi bit S6 hang  Chubi bit
1 zZ 1110 v (1,4) 1-10 Rt gon ham Boole
2 1011 v (2,4) 101-
3 z 0111 v :D (2.6) 011
4 zZ 1010 v (3,5) 01-1 v
5 z 0101 v (3.6) 0-11 v
6 z 0011 v (5.7) 001 ¢
7 0001 v (6,7) 00-1 v
S6 hang  Chudi bit
(3,5,6,7) wz 0--1
(3,6,5,7) wz 0--1
wryz wrTyz Wryz wWIYzZ WIYz WITYz WIYz
wz X X X X
X X
X X
X X
Do d6, F(w,x,y,z) = Wz + wyz + wTy hodc F(w,x,y,z) = Wz + wyz + Tyz 34



Rut gon ham Boole

Dai s6 Boole

Hoang Anh Buic

Bai tép 1 O (34) Rt gon ham Boole
Duing so dé Karnaugh va phuong phap Quine-McCluskey dé

rdt gon cdc khai trién téng céc tich sau

(@) zyz+2yz+TYz+TYZ

(b) Yz + 2yz+TYyz +TY2 +TYZ

(€) xyz+xyz+2yz+2yz+TYyz + Yz +TYZ
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