PAI HOC QUOC GIA HA NOI DE THI KET THUC HOCKi II
DAI HOC KHOA HOC TU NHIEN NAM HOC 2023-2024
_— 000

Mon thi: Toan roi rac
Ma moén hoc: MAT3500 S6 tin chi: 4 Pé s6: 2
L6p hoc phan: MAT3500 1, MAT3500 2 Nganh hoc: KHDL
Thoi gian 1am bai: 120 phut (khong ké thai gian phat dé)

Chu y: Dé gom 5 cau/2 trang. Khong st dung tai liéu. Diém bai kiém tra nay chiém 70%
tong s6 diém ctia mon hoc. Can b coi thi khong giai thich gi thém.

Cau 1. (1 diém) Mot tap C céc toan tir 16gic duge goi la ddy dii néu moéi ménh dé phic
hgp tuong duong véi mot ménh dé phitc hop chi sir dung céc toan ti trong C. Vidy, C =
{=, A, V} 1a mot tap céac toan tir 16gic day du.

V6i cac ménh dé 16gic p va g, todn tir 16gic NAND dugc dinh nghia nhu sau: p NAND g
sai khi ca p va g déu ding, va dung trong tat cd cac truong hop con lai. DE thay rang tap
D = {NAND} la mot tap cac toan tir 16gic day di, hay chiing minh cac tuong duong 16gic
sau.

(@) -p=pNANDp (c) p Aq= (pNANDg) NAND (p NAND gq)

(b) p Ag=—-(pNANDg) (d) pV g = (pNAND p) NAND (g NAND g)
Cau 2. (1 diém) Cho cac tap hop A, B, va C. Chitng minh hodc tim phan vi du cho déng thuac
A\ (B\C)=(A\B)\C (1)

Cau 3. (2 diém) Cho 7 la s6 nguyén khong am. Dé chiing minh n” — 1 chia hét cho 21, hay
chiing minh cac phét biéu sau vdi moi s6 nguyén khong am 7.

(@) n” — n chia hét cho 3.
(b) n” — n chia hét cho 7.

Céu 4. (3 diém) Phuong trinh
X1 +x20+x3+x4 =25 (2)

c6 bao nhiéu nghiém nguyén khong am théa mén dieu kién x; > 0 véimoi i € {1,2,3,4} va
(@ x1 >8,x2>5vaxz > 2.

(b) x; > 10vaxs <7.

(0) x1 <6vax, <12

Cau 5. (3 diém)



(a) Cho G la mot don do thi phang c6 k thanh phan lién thong. Gia st G ¢6 n dinh, m
canh, va mot biéu dién phang ctia G chia mat phang ra thanh r mién. Chiing minh rang
n—m+r=k+1.

(b) Siic s6 cia mot don dd thi vo huéng G, ky hiéu x(G), 1a s6 mau nhé nhét c6 thé dung dé
td0 mau cac dinh cta G sao cho hai dinh ké nhau ludn c6 mau khac nhau. Ching minh
rang v&i moi n > 3

2 néun chén

)

3 néunlé.

X(Cn) = {
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Loi giai 1. [1 diém]
(a) Dung bang chan tri. Hai ménh de tuong duong logic khi cac gia tri cia ching & cac | 0.25
hang tuong tng trong bang chan tri 1a gidng nhau.

p | —p | pNANDp
T|F F
F| T T
(b) Dung bang chan tri. Hai ménh dé tuong duong logic khi cac gia tri ctia ching ¢ cac | 0.25
hang tuong tng trong bang chan tri la giéng nhau.
plglpiqg|=(pAq) | pNANDg
T T T F F
T|F F T T
FI|T F T T
FIF| F T T
() 0.25
pAg=-(pNANDg) Cau (b)
= (p NAND gq) NAND (p NAND g) Cau (a)
(d) 0.25
pVg=-(-pA-q) Luét De Morgan
= -pNAND —¢ Cau (b)
= (pNAND p) NAND (g NAND g) Cau (a)
Loi giai 2. [1 diém]




Ta chi ra mét phan vi du cho dang thic A\ (B\ C) = (A\ B) \ C. Chon A = {1,2,3}, 1
B={1,2},vaC={1}.Taco

AN(B\C) = {1,2,3}\ ({1,2} \ {1})

={1,2,3}\{2}
={1,3}

(A\B)\C) = ({1,2,3} \ {1,.2}) \ {1}

= {3} \ {1}
= {3}.

Dods, A\ (B\C) # (A\ B)\ C.

Loi giai 3. [2 diém]

(a) Néu n chia hét cho 3 thi hién nhién n” — n ciing thé. Ta xét truong hgp n khong chia 1
hét cho 3. Theo Dinh ly Fermat nho, n? = 1 (mod 3). Do d6, n” = (n?)°n = n (mod 3).
Suy ra n” — n chia hét cho 3.

(b) Theo Dinh ly Fermat nho, n” = n (mod 7). Suy ra n” — n chia hét cho 7. 1
Loi giai 4. Chd y rang mdi nghiém cta (2) 1a mot b cac s6 nguyén khong am (xq, x2, x3, x4).
[3 diém]
(@) batx] =x —8>0,x, =x,—5 >0, vax} = x3 —2 > 0. Phuong trinh (2) tuong 1

duong véi

X1+ x,+x5+x=25-8-5-2=10 (4)
trong d6 x}, x5, x}, va x4 1a cac s6 nguyén khong am.
Do dé, sd nghiém caa (2) théaman x; > 8,x, > 5,x3 > 2, vaxy >0 bé“mg Vi s6 nghiém
ctia (4) théa man x] > 0, x5 >0, x5 > 0, va x4 > 0, va bang C%O_j%l = C3, = 286.

(b) Goi U la tap hgp cac nghiém cta (2) thoa man x; > 10, xo > 0, x3 > 0, va x4 > 0. Goi 1
A la tap hop cac nghiém cta (2) thbaman x; > 10, x > 0,0 < x3 <7,vaxy > 0.Ta can
tinh |A].

Chuy rf?mg A = U\ A latap hop cic nghiém cda (2) théa man x; > 10, x, > 0, x3 > 8,
va x4 > 0. Thém vao do, |A| = |U| — |A].

Dt x] = x; — 10 > 0. Tuong tu nhu cau (a), |U| chinh la s6 nghiém cta phuong trinh
x]+x2+x3+x4 =25—-10 = 15thdaman x; > 0, x, > 0, x3 > 0, va x4 > 0. Do d¢,
U] = Clsly_y = Cis = 816.

Dat xj = x3 —8 > 0. Tuong tu nhu cau (a), |A| chinh la s6 nghiém ctia phuong trinh
xp+ x4+ x5 +x =25—-10—-8 =7 théaman x; > 0, x, > 0, x5 > 0, va x4 > 0. Do d¢,
A= Ly = Gy = 120

Do dé, |A| = |U| — |A| = 816 — 120 = 696.




(c)

Cach 1: Goi U la tap hop cac nghiém cua (2) thoa man x; > 0véimoii € {1,2,3,4}. Goi
Ala tap hop cac nghiém cua (2) théaman 0 < x; < 6vax; > 0véimoii € {2,3,4}.
Goi B 1a tap hgp cac nghiém caa (2) thoa man 0 < x; < 12 va x; > 0 v6i moi
i € {1,3,4}. Tacan tinh |A N B|.
Tac6 A =U\A B=U\B vaANB = U)\ (AN B). Theo luat De Morgan, ta
ciing 6 AN B = AU B. Theo quy tac bu trit, |AU B| = |A| + [B| — |[AN B|. Do do,
tacing co |[ANB| =|U|—-|ANB|=|U|—|AUB| = |U| —|A| —|B| +|ANB].
Taco |U| = Cys !y | = C3 = 3276.

Chd y rang A 1a tap hop cac nghiém ctia (2) théa man x1 > 7 vax; > 0 voi moi
i € {2,3,4}. bat x; = x; —7 > 0. Tuong tu cau (a), |A] bé“mg s6 nghiém cuda
phuong trinh x] + x2 +x3 + x4 = 25 — 7 = 18 thda man x; > 0vax; > 0 véi moi
i € {2,3,4}. Do do, |A| = Cig,_, = C3, = 1330.

Chd y rang B 1a tap hop cac nghiém cta (2) théa man x, > 13 va x; > 0 v6i moi
i € {1,3,4}. bat x), = x, —13 > 0. Tuong tu cau (a), |B| bang sb nghiém ctia
phuong trinh xq + x/ + x3 + x4 = 25 — 13 = 12 thda man x/, > 0 va x; > 0 v6i moi
i € {1,3,4}. Do do, |B| = C5/4_; = C35 = 455.

Chuy rfang ANBIla tap hop cac nghiém cta (2) théamanx; > 7, x, > 13vax; > 0
voi moi i € {3,4}. batx; = x1 —7 > 0vaxj = x, —13 > 0. Tuong tu cau (a),
| AN B| bang s6 nghiém ctia phuong trinh x{ + x} 4 x3 + x4 = 25— 13 — 7 = 5 théa
méan x} >0, x5 >0, vax; > 0véimoii € {3,4}. Dodo, [ANB| =Csi; ; = 56.
Do d6, |ANB| = |U| — |A| — |B| + |A N B| = 3276 — 1330 — 455 + 56 = 1547.

Cach 2: S6 nghiém cta (2) théaman 0 < x; < 6,0 < x <12,x3 >0, vaxg > 0lahé s6
ctia x® trong ham sinh

Gx)=(x"+xt+  +2) (P +xt + -+ ) (a2
=(1 —x7 —x13—|—x20)(1 — 2x26 —|—x52)(1 — x)’4

Chi y rang hé sb cta x" trong khai trién cta (1 —x)~* la (-1)'C", =
(=1)"((=1)"Cl,,_) = CI 5. Dé c6 x* trong khai trién ctia G(x) ta c6 thé

(i) Nhan 20 trong 1 — x7 — x'% 4+ x20 v6i 2¥ trong 1 — 2x2° 4 x°2 va vdi x* trong
khai trién ctia (1 — x) ™% Hé s6 ¢(;) ctia x* & day la hé s6 ctia x* trong khai

trién cta (1 — x) ™%

(ii) Nhan x” trong 1 — x7 — x13 + 220 v6i x0 trong 1 — 2x%° + x%2 va véi x'8 trong
khai trién cta (1 — x)~*. Hé s c(if) cua x?° & day 1a hé sb cta x'® trong khai
trién cta (1 — x) 4.

(iii) Nhan x'3 trong 1 — x7 — x!3 + x2° v6i 10 trong 1 — 2x2° 4 x°2 va v6i x!2 trong
khai trién cta (1 — x)~*. Hé s6 C(iii) cta x% & day la hé s ctia x'? trong khai
trién cta (1 — x) ™%

(iv) Nhan x? trong 1 — x7 — x'3 + x2 véi 10 trong 1 — 2x%6 + x°2 va véi x° trong
khai trién ctia (1 — x)~*. Hé s6 c(;,) ctia x* & day 1a hé s6 ctia x° trong khai
trién cta (1 — x) 2.

Hé s6 ctia x?° trong khai trién ctia G(x lg C(i) — (i) — C(iii) T Clin) = C%g’ — Cg —
Clz +C3 =1547.




Loi giai 5. [3 diém]

(@) GoiGj, 1 <i <k, la cac thanh phan lién thong caa G. Gia st G; ¢6 n; dinh, m; canh, va 1.5
mot biéu dién phang ctia G; chia mit phang thanh r; mién, vé6ii € {1,2,...,k}. Theo cong
thuc Euler, véii € {1,2,...,k}, n; — m; +r; = 2. Thém vao d¢, ta cing c6 n = 2?:1 n;,
m = Zile mi,var = Zi‘(:l ri —k +1 (do cac biéu dién phr?mg cia G; (1 < i < k) cé chung
mién vo han). Do d6,
k k k
n—m—i—r:Zni— mi+(21’i—k—|—1)
i=1 i=1 i=1

k
=Y (ni—mi+r)—k+1

=2k—k+1
=k+1.
(b) Giasu V(C,) = {vy,...,v.} va E(Cy) = {v102,...,04_10,0y01 }. 1.5

Ta chitng minh néu n chan thi x(C,) = 2. That vay, f : V(C,) — {0,1} dinh nghia béi
f(v;) = 0néuichdnva f(v;) = 1 néuiléla mot cach té mau do thi C, bang hai mau 0 va
1.

Thém vao d6, do C, c6 it nhat mot canh, ta khong thé t6 mau tat ca cac dinh ctia C,, chi
bang mot mau.

Do d6, x(C,) = 2.

Ta chitng minh néu n 1é thi x(C,) = 3. That vay, ¢ : V(C,) — {0,1,2} dinh nghia béi
¢(v;) = 0néuichan, g(v;) = 1néui < nlé, va g(v,) = 212 mot cach t6 mau dd thi C,
bf?mg bamauO,1, va 2.

Ta chiing minh rang khong thé t6 mau cac dinh ctia C,, chi bang hai mau. That vay, gia s
phan chiing rang c6 mét cach t6 mau cac dinh ctia d6 thi C, bang hai mau 0 va 1. Khong
mat tinh t6ng quat, gia st v1 c6 mau 1. Do v, ké véi vy, v2 phai c6 mau 0. Do v3 ké véi
v, va ta chi c6 hai mau 0 va 1, v3 c6 mau 1. Ap dung ly luan tuong tu, ta suy ra dugc cac
dinh v; v6i i 1é phai c6 mau 1 va véi i chan phéi cé mau 0, voi 1 < i < n. Do n 1é, v, cing
c6 mau 1. Pay la mot mau thuan vi v; cing ¢6 mau 1 va v,v; € E(Cy). Do d6, khong thé
t6 mau cac dinh ctia C, chi bang hai mau.

Suy ra x(C,) = 3.

Ha No&i, ngay 20 thang 05 nam 2024
NGUCI LAM DAP AN
(ky va ghi 16 ho tén)

Hoang Anh Duc



