PAI HOC QUOC GIA HA NOI DE THI KET THUC HOC KY HE
DAI HOC KHOA HOC TU NHIEN NAM HOC 2023-2024
_— 000

Mon thi: Toan roi rac
Ma moén hoc: MAT3500 S6 tin chi: 4 Pésb: 1
L6p hoc phan: MAT3500 Nganh hoc: KHDL
Thoi gian 1am bai: 120 phut (khong ké thai gian phat dé)

Chu y: Dé gom 5 cau/2 trang. Khong st dung tai liéu. Diém bai kiém tra nay chiém 60%
tong s6 diém ctia mon hoc. Can b coi thi khong giai thich gi thém.

Cau 1. (2 diém)

(@) Cho cic ménh dé p, g, var. Cicménh dé p — (gAr)va (p — q) A(p — r) c6 tuong
duong 16gic khong? Tai sao?

(b) Gia st x3xx1x0 (x; € {0,1} v6ii € {0,1,2,3}) la mot biéu dién nhi phan ctia mot s6
ty nhién x € IN. (Nghia 13, x = (x3x2%1%0)2.) Néunhu ta coi 01a Fva 11a T, ta c6 thé
biéu dién mot tinh chat ctia x thong qua ménh dé 16gic véi {xo, x1, X2, X3} va cac toan
tr 10gic da biét. Phuong thirc tuong tu duge st dung trong quad trinh thiét ké cac mach
16gic trong may tinh dé thuc hién cac phép toan s hoc mot cach nhanh chéng.

Vi dy, dé biéu dién tinh chat “x = 0” (chd y 1a 0 = (0000)5), ta sé tim mot ménh dé phiic
hop A cta {xg, x1,x2, x3} thda man diéu kién: A dung khi va chi khi x3 = x, = x; =
xo = 0 (= F). Mot ménh dé thda man diéu kién trén la A = —x3 A =xp A =x1 A —xg.

Hay tim ménh dé phitc hgp ctia {xo, x1, x2, x3} biéu dién tinh chat “x > 10”.

Cau 2. (2 diém) Cho s6 nguyén duong 1. Vi nhitng gia tri nao ctia n thi ludn ton tai cac
s6 nguyén khong am a,b théa man n = 2a + 11b? Chiing minh phéng doan ctia ban bang
phuong phap quy nap manh.

Cau 3. (2 diém)

(a) St dung Dinh ly Fermat nho dé tinh a; = 9% mod 7, ay = 9?9 mod 13, va a3 =
92024 mod 23.

(b) Giai hé phuong trinh dong du

x=a; (mod?7) (1)
x=a; (mod 13) )
x=az (mod 23) 3)

trong d6 ay,ap, a3 1a cac s6 dugce tinh & phan (a). St dung két qua trén va Dinh ly phan
du Trung Hoa dé tinh 92Y2* mod 2093. (Chd y rang 2093 = 7 x 13 x 23.)



Cau 4. (2 diém)
(a) C6 bao nhiéu sb c6 ba chit sb chia hét cho 5 hodc chia hét cho 8?
(b) C6 bao nhiéu s6 c6 ba chit s c6 téng cac chi s6 bang 13?
Cau 5. (2 diém)
(a) Mdi phat biéu sau day la dung hay sai? Néu dung, hay chiing minh phat biéu d6. Néu
sai, hay dua ra mot phan vi du cu thé.
(P1) Moi d6 thi hai phan déu 1a d6 thi phang.
(P2) Moi dd thi hai phan G c6 sac sb x(G) bang hai.
(P3) Moi do thi day du K, (n > 1) ¢6 duong di Euler.

(P4) Mot d6 thi G 1a do thi hai phan khi va chi khi tong bac ctia tit ca cac dinh trong do
thi 1a mot s6 chan.

(P5) Néu mot do thi G 1a do thi phéng thi G c6 duong di Euler.

(b) Chung minh réng trong mot don d6 thi vo hudng G bat ky gdbm n > 2 dinh, ludén tim
dugc hai dinh c6 cung bac.
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Loi giai 1. [2 diém]
(@ p—(gAr)va(p—q)A(p — r) tuong duong logic. Cu thé 1
p—= (A1) =-pVI(gAT) p—q=-pVy
=(-pVg)A(=pVr) Luat phan phdi
=(p—=9N(p—r) p—=q=-pVq
(b) V&i moi so x > 10, trong biéu dién nhi phan x3xox1xp clia x, tacan x3 = 1vax; =1 1
hodc x3 = 1 va x; = 1. (Khi d6, trong truong hgp thit nhat, x = x3-23 + x5 - 22 + x7 - 2! +
xg-20 > 23 421 =10. Trong truong hop thu hai, x = x3 2 4 xp 224 x -2V 4 xp-20 >
23422 = 12 > 10.) Do d¢, ta can tim mét biéu thitc B thda man diéu kién: B ding khi
vachikhixz = x; =1 (= T) hodc x3 = x, = 1 (= T). Mot ménh dé théa man diéu kién
trénla B = x3 A (x2 V x7).

Loi giai 2. [2 diém]

Ta chitng minh bang quy nap manh rang phét biéu P(n) = “Ton tai a4,b € N thoa man 0.5
n = 2a+ 11b” dung v4i moi n > 10.

Budc co so: Ta chung minh P(10), P(11), P(12), va P(13) dung. That vay, ta co 0.5

10=2-5+11-0,
11=2-0+11-1,
12=2-6+11-0,
13=2-1+11-1.

Budc quy nap: Gia st voi sO nguyén co dinh k > 13 nao do, P(j) dung véi moi j € 1
{10,...,k}. Ta ching minh P(k + 1) ding, nghia la chitng minh ton tai ¢, d € IN thoa man
k+1=2c+11d. Thatvay, tacok+1 = (k—3)+2-2.Dok > 13,tac6 10 < k-3 < k.
Theo gia thiét quy nap, P(k — 3) ding, nghia la ton tai a,b € IN sao cho k — 3 = 2a + 11b.
Dod6, k+1=(k—3)+2-2=2(a+2)+11b.Chonc=a+2 € Nvad =b € N, tacd
P(k+1) dung.

Theo nguyén ly quy nap manh, ta c6 diéu phai chiing minh.

Loi giai 3. [2 diém]



(a) Theo dinh ly Fermat nho, v6i p 1a so nguyén to va a la so nguyén khong chia het cho
p,tacéa’P~! =1 (mod p). Ap dung dinh Iy Fermat nho, ta c6 9° = 1 (mod 7), 92 =

(mod 13),va 9?2 =1 (mod 23). Do do,

a1 =9 mod 7 = [(9°)*” .9’ mod 7 = 9* mod 7 = (9 mod 7)> mod 7 = 22 mod 7 = 4 mod 7 = 4,
a; = 9% mod 13 = [(92)'8 . 98] mod 13 = 9% mod 13 = (9*> mod 13)* mod 13 = 3* mod 13 = 3,
a3 = 999 mod 23 = (9%2)* mod 23 = 1.

(b) Ta giai hé phuong trinh sau

x=4 (mod?7) (1)
x =3 (mod 13) (2)
x=1 (mod 23) ©)

Cach 1: St dung chitng minh cta Pinh ly phan du Trung Hoa.
batm; =7, my =13, m3 =23, vam = mymoms = 7 X 13 x 23 = 2093. Ta c6

* My =m/m; =13 x23 =299 vay; = 17 1la mot nghich dao cta M; theo modun
my = 7.

* My =m/my =7 x23 =161 vay, = —5la mét nghich ddo ctia M, theo modun

nmyp = 13.
* Mz =m/m3 =7x13 =91 vays = —1 la mét nghich ddo ctia M3 theo modun
ns = 23.

Nghiém ctia hé phuong trinh 1a moi s6 nguyén x théa man
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aiyiM,- (l’I’IOd 2093)
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4.17-299+3-(—5)-161+1-(—1)-91 (mod 2093)
7826 (mod 2093)
082 (mod 2093).

I
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Cach 2: St dung phuong phap thay nguoc.

Tix (1), ton tai t € Z sao cho x = 7t + 4. Thay vao (2), ta ¢c6 7t +4 = 3 (mod 13), suy
rat = —2 (mod 13). Do d6, ton tai u € Z saochot = 13u—2.Suyrax = 7t +4 =
7(13u —2) + 4 = 91u — 10.

Thay vao (3), ta c6 91u — 10 = 1 (mod 23), suy ra u = 12 (mod 23). Do d6, ton taiv € Z
sao cho u = 23v +12. Suy ra x = 91u — 10 = 91(23v + 12) — 10 = 2093v + 1082.

Do d6, nghiém ctia hé phuong trinh c6 dang x = 2093v + 1082 v6i v € Z, hay nghiém
ctia hé phuong trinh 1a cac s6 nguyén x théa man x = 1082 (mod 2093).




Theo phan (a), 9°%?* ciing 1a mo6t nghiém ctia hé phuong trinh da cho. Do do, theo Dinh

ly phan du Trung Hoa, 92924 = 1082 (mod 2093), hay 92°** mod 2093 = 1082.

0.5

Loi giai 4.

[2 diém]

(a) Do x 1a s0 ¢6 ba chir so, ta ¢6 100 < x < 999. Goi A = {x | (x € N) A (100 < x <
999) A (x chia hét cho5)} va B = {x | (x € IN) A (100 < x < 999) A (x chia hét cho 8)}.
Ta cAn tinh |A U B|. Theo nguyén Iy bu trit, |A U B| = |A| + |B| — |AN B|. Tac6

|A] = |{x | (x € N) A (100 < x < 999) A (x chia hét cho 5)} |
= [{k| (k € N) A (100 < 5k < 999)}|
= |{k| (k e N) A ([100/5] < k < [999/5])}|
= [{k| (k€ N) A (20 < k < 199)}
= 180.

|B| = |[{x | (x € N) A (100 < x < 999) A (x chia hét cho 8)}|
= [{k| (k € N) A (100 < 8k < 999)}|
= [{k| (k e N) A ([100/8] < k < [999/8])}|
=|{k| (ke N)A (13 < k < 124)}|
=112.

|ANB| = |{x| (x € N) A (100 < x < 999) A (x chia hét cho ca 5 va 8)}|

= [{x| (x € N) A (100 < x < 999) A (x chia hét cho 40)}|
= |{k| (k € N) A (100 < 40k < 999)}|
= |{k| (k € N) A ([100/40] < k < [999/40])}|
= |{k| (ke N)A (3 <k<24)}
=22

Do d6, |A U B| = 180 + 112 — 22 = 270.




(b) Goi x = x1x2x3 1a mot s6 ¢6 ba chit s6, trong d6 x; € {0,...,9} (i = 1,2,3) va x; # 0.
Ta can tinh |A| véi

= {(xl,XQ,Xg,) € NxINxIN ‘ (Xl +Xp+ X3 = 13) (1 <x1 < 9)/\(3(2 < 9)/\(3(3 < 9)}

Cach 1: St dung nguyén ly bu trur.
batx] =x1—1.Dol <x; <9,tac60 < xj <8 Taclngco |A| = |A'| véi

A= {(x],x2,x3) ENXNXN | (x]+x2+2x3=12)A(x] <8)A(x2<9)A(x3<9)}.
Dt
U={(x],x,x3) e NXxINxN | (x] +x+x3=12)},
Al ={(x],x2,x3) ENXIN x N | (x] +x2+x3 =12) A (x] < 8)},
Ay ={(x],x,x3) EINXIN XN | (x] +x20+x3=12) A (x2 <9)},
A= {(x],x2,%3) ENXIN XN | (x] +x2+x3 =12) A (x3 <9)}.
Taco A" = A| N A, N Al. Thém vao d¢, ta ciing c6 A}, A}, A} 1a cac tap con cua U va

Al =U\ AL = {(x},x2,23) ENXxIN xIN | (xf +x2+2x3 =12) A (x] >9)},

=U\ A) = {(x],x2,x3) ENXIN XN | (x] +x2+x3 =12) A (x2 >10)},
AL =U\ Ay = {(x},x2,x3) € Nx N x N | (x] +x2 +x3 = 12) A (x3 > 10)}.

Chd y rang |A'| = |U| — |A| = u| - A7 N Ay N Ay = |U| - |Aj U A3 U AL, (Luat De
Morgan cho ba tap hgp.) Do téng ctia hai s6 lon hon hodc bang 9 bat ky ludn 16n hon 13,
tacoA’ﬂA’ @véil <i<j<3.Dodé, |A]UALUAL = |Al| +|A)| + |A}|. Suy ra

A = (U] = (JAT] + | A5] + [AS]) = Cyy g — (Ciiay + Caiay +Caysy) = 69.
Cach 2: St dung ham sinh. Ta dinh nghia G(x) = (x + 2+ -+ ") (1 + x + - - + x7)%

Tir dinh nghia ctia A va G(x), ta ¢6 |A| chinh 1a hé s6 ctia x!2 trong khai trién cta G(x).
Ta co

Gx)=(x+x* 4+ +x)1+x+---+27)°
=x(1+x+--+28) 1 +x+--+27)°
1—x% [1—x10\?
I < 1—x>
= x(1—-2)(1—x19%(1 - x)73.
Taco (1—x)~ ZC’ i(—l)rC’_3xr.Do dé, hé sb cta x” (r > 0) trong khai
r=0

trién cta (1 — x) 3 la ( 1)'Cry = (-1)[(-1)Ch,, 4] = C,,.

Chu y rang hé sb ctia x'3 trong khai trién ctia G(x) chinh bang hé s6 cta x'? trong khai
trién ctia (1 —x%)(1 —x19)2(1 —x) 3 = (1 — 2% — 2210 + 2219 + x20 — x2) (1 — x) 3. Dé tao
thanh x!2, ta c6 thé nhan tuong ting x°, x? hodc x'¥ trong (1 — x% — 2x10 4 2x1% + x20 — x2%)
voi x'2, x%, hodc x? trong khai trién ctia (1 — x) 3. K&t qud cudi cing la Cj7 — C2 — 2C3 =
69.




Loi giai 5. [2 diém]
(a) 1
(P1) Moi d6 thi hai phan déu 1a db thi phang,.
Sai. Vi du K33 1a d6 thi hai phan nhung khong 1a d6 thi phang.

(P2) Moi d6 thi hai phan G c6 sac sb6 x(G) bang hai.
Ding. Néu G = (V4 UV, E) la d6 thi hai phan thi c6 thé st dung mot mau dé
td mau cac dinh trong V; va mot mau khac dé t6 mau cac dinh trong V,. Do d6,
x(G) <2
Thém vao d6, véi moi d6 thi hai phan c6 it nhat mét canh, ta khong thé t6 mau do
thi do béng mot mau.
Suy ra x(G) = 2 néu G la d6 thi hai phan.

(P3) Moi d6 thi day dt K,, (n > 1) c¢6 dudng di Euler.
Sai. Vi du do thi Kj ¢6 4 dinh bac 1é va do d6 khong c6 duong di Euler.

(P4) Mt do thi G 1a do thi hai phan khi va chi khi tdng bac cua tat ca cic dinh trong
d6 thi 1a mét s6 chan.
Sai. Vi dy, d6 thi C; c6 téng bac cta tat ca cac dinh trong dd thi la mot sé chan
nhung khong 1a d6 thi hai phan. (Moi don d6 thi vo huéng déu c6 téng bac cta tat
ca cac dinh trong d6 thi 1a mot s6 chan.)

(P5) Néumot do thi G la do thi phang thi G c6 dudng di Euler.
Sai. Vi du, do thi K4 1a d6 thi phdng nhung khong c6 dudng di Euler.

(b) Ta ching minh bang phuong phap phan ching. Gia st ton tai mét do thi G gom n 1

dinh trong d6 khong c6 hai dinh nao c6 cting bac. Do G la don dd thi ¢6 n > 2 dinh, bac
ctia méi dinh thudc tap {0,1,...,n — 1}. Do khong c6 hai dinh nao cting bac, ton tai cac
dinh u va v cé baclan luot1la 0 van — 1. Do v cé bac n — 1, v 1a dinh ké véi tat ca cac dinh
khac trong G, nghia 1a v cling phai ké v6i u. Tuy nhién, do bac ctia u bang 0, u khong ké
v6i bat ky dinh nao khéc trong G. Day 1a mot mau thuan.

Ha Noi, ngay 26 thang 07 nam 2024

NGUOI LAM DAP AN
(ky va ghi 10 ho tén)

Hoang Anh Duc




