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Gidi thiéu

m Ly thuyét sé (number theory) nghién ciiu cac tinh chat va
moi lién hé gitra cac loai s6
m quan trong nhat 1a cdc so nguyén duong (positive integers)
m dac biét la cac s6 nguyén to (prime numbers)
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Ly thuyét sb co ban
Hoang Anh Buc

Gidi thiéu

Dinh nghta va tinh chat co
ban

DPdng du theo médun m

Biéu dién theo hé b-phan
Cong va nhan cac s6 nhi
phan

Biéu dién cac sb nguyén
am theo hé nhi phan

Tinh IGy thra médun

S6 nguyén to

Uéc chung 16n nhat

Gidi thiéu
Dinh ly phan du Trung Hoa
Dinh ly Fermat nho



Tinh chia hét va phép toan médun

Pinh nghia va tinh chat co ban

Ly thuyét sb co ban
Hoang Anh Buc

m Cho cac s0 nguyén a va b vdi a # 0. Ta néi b chia hét cho
a, Ky hiéu b : a, néu tén tai mot s6 nguyén ¢ sao cho b = ac.

m Trong trudng hop nay, ta cling ndi a la vdc (factor) cua b N
hay b la bdi (multiple) cua a va ky hiéu a | b. i

m Talan luot Sl], dung cac ky hiéu b 7 a va a + b dé chi b
khong chia hét cho a va a khoéng la udc cua b

Biéu dién theo hé b-phan

Cong va nhan cac s6 nhi
phan

Biéu dién cac sb nguyén

a Binh Iy’ 1 am theo hé nhi phan

Tinh IGy thra médun

(1) Néua|bvaalec, thia| (b+c)
(2) Néua | b, thia | be S s o
(3) Néua|bvab|ec thia|c

Gidi thiéu

Dinh ly phan du Trung Hoa
Dinh ly Fermat nho

Bai tap 1
Chung minh Dinh ly 1
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Tinh chia hét va phép toan médun

Pinh nghia va tinh chat co ban

A Dinh ly 2

VBia € Z vad € Z*, ton tai duy nhét cdc sé nguyén q var, vdi

0<r<d,thdamana = dq +r

Ching minh.

m TOn tai cac s nguyén g va r véi 0 < r < d thda man
a=dq+r
m Chon ¢ la s6 nguyén 16n nhat thda man dg < a
m Chonr=a—dgq. Taco 0 <r < d(Taisao?)

m Gia sU ton tai cac cap sO nguyén ¢, 1 Va ¢o, » thda man
a=dg +rivaa=dgy+12, VO 0<r <ry<dva
(q1,71) # (g2,72)

B Néugi =qthiri=a—dp =a—dg: = s

m Do dd, ¢1 # ¢2. Theo gia thiet a = dg1 + r1 = dgo + 72 va do
dod = (?“Q—Tl)/(ql—QQ). DOOS’I"l < 1o <d,tacé
0<7rs—1r1 <d= (7"2 —rl)/(ql — QQ). Do dé,

0 <q1 — g2 < 1. Bay la mét mau thuan (Tai sao?)

Ly thuyét sb co ban
Hoang Anh Buc

Dinh nghia va tinh chat co
ban
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Tinh chia hét va phép toan médun

Pinh nghia va tinh chat co ban

m Trong Binh Iy 2, a la s0 bi chia (dividend), d |a so chia
(divisor), g la thuong (quotient), va r la s6 du' (remainder)

m Ta ciing viét ¢ = a div d va r = a mod d. Chu y rang véi d
cO dinh, a div d va a mod d la cac ham tu Z dén Z

mTacdg=l|a/d]var=a—dg=a—d|la/d]

Vidu 1
m 101 div1l =9va 101l mod 11 =2
l—lldiv\3:—4vé—11mod3:1 )
(Chua y rang méc du —11 = 3(—3) — 2 nhung s0 du' cua
phép chia a = —11 cho d = 3 khéng bang —2 do r = —2
khong thda man 0 < r < d)
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Ly thuyét sb co ban
Hoang Anh Buc

Dinh nghia va tinh chat co
ban

DPodng du theo modun m

Biéu dién theo hé b-phan
Cong va nhan cac s6 nhi
phan

Biéu dién cac sb nguyén
am theo hé nhi phan

Tinh IGy thra médun

S6 nguyén t6

Uéc chung 16n nhat

Gidi thiéu
Dinh ly phan du Trung Hoa
Dinh ly Fermat nho



Tinh chia hét va phép toan médun

Pinh nghia va tinh chat co ban

1
2
3
4

10

Ly thuyét sb co ban

Thuét toan 1: Tim thuong va sé du Hoang Anh Bijc

Input: a € Z,dc2*
Output: Thuong q va so du r cua phép chia a cho d

procedure le—mOd(a’ d) . E;r:]h nghia va tinh chét co
q:=0
r:=|al

whiler > ddo // Tiép tuc trit d ti r va tiang ¢
cho dén khi r <d

r.=r—d

L qg:=q+1

if a <0 var > 0then // Trudng hop a &m
r.=d-—r

L q:=—(¢g+1)

return (q,r) // q=a div d 14 thuong,

r=amodd 1a sb du
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Tinh chia hét va phép toan médun

Poéng du theo médun m

m V&iabeZvameZt, adbng du vdib (theo) médun m,
Ky hiéu a = b (mod m), khi va chi khim | (a —b)

A Dinh ly 3

VGia,b € Zvam € Z%, a = b (mod m) khi va chi khi a mod
m = b mod m

Ching minh.

(=) Giaslia=b (mod m). Gia st a = ¢;m + r, va
b=qgom+1r3V0iqi,qgo €Z,0<r; <m,val<ryg <m.Ta
ching minh ¢ mod m = r; = ro = b mod m

m Doa=b (mod m),tacom| (a—0b)

mSuyram| ((g1 —g2)m+ (r1 —r2)). Doddo m | (r1 — re),
nghialar; —ro =mpvlip € Z

[ DOOSTl,T2<mnén—m<T1—T2<m

mSuyra-m<mp<mvadoddp=0,nghialar; =,

(<) Giastamodm=bmod m=r.Suyraa=qm+rva
b= qgom+rVGiqy,q € 2. Do dod, a—b= (¢ —g2)m, nghia
|‘am\(a—b) 74

Ly thuyét sb co ban
Hoang Anh Buc

Ddng du theo mddun m



Tinh chia hét va phép toan médun

Péng du theo médun m

Ly thuyét sb co ban
N, A Hoang Anh Burc
Bai tap 2
Chuing minh rang quan hé dong du’ theo médun m ‘=
(mod m)” la mét quan hé tuong duong trén tap cac sé nguyén

Dinh nghta va tinh chat co
ban

Ddng du theo mddun m

A Pinh Iy 4

. ] Biéu dién theo hé Z)—Phén
VGia,b € Zvam € Z1, a = b (mod m) khi va chi khi tén tai Gorg va v oo s
k€Zsaochoa=0b+km

Tinh IGy thra médun

Chung minh.

(=) Gié‘Sl?J’ a =b (mod m). Theo dinh nghia, m | (a — b), nghia
latontaik € Zsaochoa—b=kmhaya =0+ km Gidi thieu

Dinh ly phan du Trung Hoa

(<) Gidsttontaik € Zsaochoa =b+km.Suyraa—b="km oo
va do doé m | (a — b). Theo dinh nghia, a = b (mod m)

S6 nguyén t6

Uéc chung 16n nhéat

O
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Tinh chia hét va phép toan médun

Poéng du theo médun m

Ly thuyét sb co ban

~ 'Blnh Iy' 5 Hoang Anh Buc
VGi a,b,c,d € Zvam € Zt, néua = b (mod m) vadc = d
(mOd m) thi CL _l_ C = b —I_ d (mOd m) Vé afc —_— bd (mOd m) Dinh nghia va tinh chét co

Ddng du theo mddun m

Chung minh.

Biéu dién theo hé b-phan

Gidslia=b (mod m)vac=d (mod m). Theo Dinh ly 4, ton e ese st
tai s,t € Zthbamana =b+ smva c = d+ tm. Do do, am thoo ne i phan

Tinh IGy thra médun

a+c=(b+d)+ (s+t)mva
ac = (b+ sm)(d+tm) = bd + (bt + sd + stm)m. Theo Dinh ly 4,

S6 nguyén t6

a+c=b+d (mod m)vaac=bd (mod m) O U6 chung e nit
A -~ Gii thiéu
d He qua 6 Dinhlr;?phén du Trung Hoa

Dinh ly Fermat nho

B (a+b) mod m = ((@a mod m)+ (b mod m)) mod m

® ab mod m = ((@ mod m)(b mod m)) mod m
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Tinh chia hét va phép toan médun

Poéng du theo médun m

Ly thuyét sb co ban

Bél tép 3 Hoang Anh Burc
Chutng minh rang néu a = b (mod m) va ¢ = d (mod m), trong
déa,b,c,d cZvaméeZthcamanm > 2,thia —c=b—d
(mod m)

Bai tap 4

Tinh cdc biéu thirc sau

(@) (=133 mod 23 + 261 mod 23) mod 23
(b) ((457 mod 23) - (182 mod 23)) mod 23
(c) (992 mod 32)3 mod 15

(d) (3* mod 17)? mod 11

Baitap 5
Chuing minh rang tich cla ba s6 nguyén lién tiép bat ky chia
hét cho 6
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iéu dién sO nguyén
Bi€u dién theo hé b-phan

Ly thuyét sb co ban

m Thong thudng, ching ta bi€u dién cac sb theo hé co sé
(base) 10, st dung cac chir so (digit) tU 0 dén 9

m Trén thuc té, ta co thé biéu dién cac s6 theohé cosd b > 1
bat ky

m V& moi n, b € ZT, ton tai duy nhat mét day aras_1 - . . a1ao
gdm cac chir s6 a; < b (0 < i < k) thda man

Hoang Anh Buc

k
n=ab®+ap_ 151 +ap ob" 24+ +ab +ag = Z a;b
i=0

Biéu dién theo hé b-phan

Ta cing ky hiéu n = (agag_1 ...asa1a9)p
m Mbt s6 hé cd sb pho bién
m Hé co s6 10 (hé thap phan (decimal)): s dung 10 ch{ sb
0,1,2,3,4,5,6,7,8,9 (do chung ta c6 10 ngon tay)
m Hé co so 2 (nh| phan (binary)): st dung 2 chir s0 0, 1
(dung trong tat ca cac hé thong may tinh hién dai)
m Hé co so 8 (hé bat phan (octal)): si dung 8 chii s6
0,1,2,3,4,5,6,7 (tudng Ung vGi cac nhom 3 bit)
m Hé co sO 16 (he thap luc phan (hexadecimal)): si dung
16 chrs6 0,1,2,3,4,5,6,7,8,9, A, B,C, D, E, F (tuong
ung vai cac nhém 4 bit) 74



Biéu dién s6 nguyén

Bi€u dién theo hé b-phan

Ly thuyét sb co ban

Vi du 2 (Phan quyén tép tin (file permission)) Hoang A B
Ky hiéu s6 trong hé bat phan st dung dé biéu dién phan quyén
tép tin trong cac hé diéu hanh Linux

Thoéng tin tép trong Linux

-rw-r—--r-—|1 hoanganhduc hoanganhduc 1085121 Oct 21 15:17 Basic_Number_Theory.pdf

Thoéng tin thu muc trong Linux

Biéu dién theo hé b-phan

drwxr-xr-x| 3 hoanganhduc hoanganhduc 4096 Oct 21 15:24 Basic_Number_Theory

Phan quyén Phan quyén Phan quyén
Loai owner group public
- r|w|- rl-1- rl-1-
=
d r|wl|x rl-|x rl-|x
Ky hiéu sb tuong ting clia cac quyén r (read, doc), w (write, ghi), x (execute, thuc thi)
Phan quyén owner Phan quyén group Phan quyén public
r WX r WX r WX
400 200 100 40 20 10 4 2 1
rw-—r—r—— 644

ITWXTr—XIr—X 755 74



iéu dién s6 nguyén
Biéu dién theo hé b-phan

Vi du 3 (Ma mau)

Céc sb trong hé thap luc phan dugc su dung dé biéu dién ma
mau (color code) (nham dam bao cac mau sac dudc st dung

mot cach chinh xac)

#DFFFO0O
223, 255, 0

#9FE2BF
159, 226, 191

#FFBFO0O
255,191, 0

#40EODO
64, 224, 208

#FF7F50
255, 127, 80

#6495ED
100, 149, 237

#DE3163
222, 49, 99

#CCCCFF
204, 204, 255

Hinh: M6t s6 ma mau ti trang https://htmlcolorcodes.com/
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Biéu dién s6 nguyén

Biéu dién theo hé b-phan

=

Chuyén so tir hé b-phan sang hé thap phan (b € Z1) |—

k
(akak_l ce alao)b = Z aibi
1=0

m (101011111), =
1-2840-2741-2640-2°41-2441-234+1-224+1-21+1.20 = 351

| (2AEOB)16 =
2.16*+10-163+14-162+0-16' + 11 -16° = 175627
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Cong va nhan cac s6 nhi
phan
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Biéu dién s6 nguyén

Bi€u dién theo hé b-phan

4 Chuyén so tir hé thap phan sang hé b-phan (b € Z) —

(1) Tim gid tri cGa chit s6 ngoai cling bén phai bang céch
tinh n mod b

(2) Gann :=ndiv b
(3) Lap lai cac budc (1) va (2) cho dén khin = 0

n = bqy + ag n = qq
= b(bQ1 +a1) + ag
= bqu + ba1 + ag n .=qi

= bk(() + ay) + Vo lar 1+ ... 0%3 +b%as +bay +ag n:=0
= bFa, + 05 tap_1 +...b%a3 + b%as + bay + ag
Bai tap 6

Mé ta thuét toan trén bang gid ma
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Dinh ly phan du Trung Hoa
Dinh ly Fermat nho



Biéu dién s6 nguyén

Bi€u dién theo hé b-phan

Vll d u 4 Ly thuyét sb co ban

Hoang Anh Burc

(12345)19 = (7)s
12345 — 8 : 1543 —|’ ]- E)i):]g du theo médun m
1543 — 8 | 192 _|_ 7 @ Biéu dién theo hé b-phan
192 — 8 . 24 _|_ O gr?ggvénhéncécsénhi

24 — 8 . 3 —I— 0 im:wleothhenm pjgén
3=8-0+4+3

S6 nguyén t6

DO dé, (12345)10 — (30071)8 Udc chung 16n nhat
Bé.i tép 7 Sii:'ihtlr;i:wénduﬂung Hoa
(@) (17713010 = (%);

(b) (177130)10 = (?)s

(C) (177130)10 (?)16

Dinh ly Fermat nho
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Biéu dién s6 nguyén

Chuyén déi gilta cac hé nhi phan, bat phan, va thap luc phan

Ly thuyét sb co ban

Hoang Anh Buc

- Chuyén doi gitra hé nhi phan va bat/thap luc phan

m Mai chir s6 trong hé bat phan tuong Ung véi mot khdi 3

bit trong bi€u dién nhi phan
i~ ~ ~ A A A , . A bén
| Mél ChU’ SO trong he thap IUC phan tuo,ng ung le mot DPdng du theo médun m

khoi 4 bit trong biéu dién nhj phan

Biéu dién theo hé b-phan

Cong va nhan cac s6 nhi

phan
Thapphan |0f1[2 3| 4|5 |6 | 7| 8 | 9 | 10| 11 | 12 | 13 | 14 | 15 e o
Thaplucphan|Ol1|[2 (3|4 |56 | 7] 8] 9| A | B|C|D]J|E]|F Tinh Iy thita médun
Bat phan 01112131 4 5} 6 7 10 11 12 13 14 15 16 17
Nhi phan 0}1(10]11]100 101|110 111 (1000|1001 1010|1011 |1100 {1101 |1110]| 1111
S6 nguyén t6
Uéc chung 16n nhat
(111110 1011 1111)y = (3EBF)ig
A A Af Gi6i thiéu
Dinh ly phan du Trung Hoa
—‘7 Dinh ly Fermat nho
(A3D); = (1010 0011 1101),

. b
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Biéu dién s6 nguyén

Chuyén déi gilta cac hé nhi phan, bat phan, va thap luc phan

Bai tap8

~—~
et
ot
p—d
p—t
p—t
-
Y
-
p—d
p—d
p—t
p—t
-
-]
\_/
| |

()8

(?)16

p—t
—_
p—t
p—d
p—
-
—_
-
—_
p—t
ek
p—
-
-]

\_/

| |
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Biéu dién s6 nguyén

Cong va nhan cac s6 nhij phan

Ly thuyét sb co ban

pé cbng hai so nhi phan a = (a,_1an_2...a1a9)2 VA
b= (bp_1bn_2o...b1bg)2
m Cong hai ch s6 nhi phan ngoai cling bén phai
ap + bop = co - 2+ sp,
trong dé s, 1a chir s6 ngoai cung bén phai trong biéu dién
nhi phan clia téng a + b va nhd (carry) ¢
m Cong hai ch sb nhi phan tiép theo va nhd ,
a1 +b1+cog=cq-2+ s, () e hen cae so
trong dé s; 1a chi¥ s tiép theo (tinh tir bén phai) trong biéu
dién nhij phan cla tong a + b va nhé ¢;

m Tiép tuc cong hai chu sO nhj phan tiép theo va nhé dé xac
dinh chu so tiép theo (tinh tU bén phai) trong biéu dién nhi
phan cla tong a + b va nhd

m O budc cubi cung, tinh

A1+ bp 1+ Cn2=Cpno1-24 Sn_1,
va chir s6 dau tién trong biéu dién nh| phan cla tong a + b
la s, =c,_1
Thuattoantrénchotaa+ b= (spSp_1.--5150)2

Hoang Anh Buc
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Biéu dién s6 nguyén

Cong va nhan cac s6 nhij phan

1
2
3
4
5
6

0 ~N

Ly thuyét sb co ban
Hoang Anh Buc

Thuat toan 2: Cong hai s6 nhi phan
InPUt: a = (CLn_l e ao)g, b= (bn—l e bo)g: bléu dlén nhl

V4

phén cla cac so nguyén duang a, b
Output: s = (s,5,_1...50): biéu dién nhi phan cla

s=a-+b
procedure add (a, b): (20) Cong vasvan e
c:=0

forj.=0ton—1do

d = L(CLj‘Fbj—l—C)/QJ
sj:aj—l—bj+c—2d
c:=d

Sp 1= C
return (sg, s1,...,5n)
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Biéu dién s6 nguyén

Cong va nhan cac s6 nhij phan

Ly thuyét sb co ban
Hoang Anh Buc

Vidub5
Cong hai s6 a = (10111), va b = (11100),

Dinh nghta va tinh chat co
ban

10 1 1 1 ‘ 10 1 1 1 Déng du theo médun m
_|_ ﬂ h 6 O _|_ _|_ ﬂ h 6 1 Biéu dién theo hé b-phan
11100 11100 11100

phan

Biéu dién cac sb nguyén

1 1 am theo hé nhi phan
1 1 1 O Tinh IGy thra médun

10111 L o
+ +
11100 11100 Gidi thiéu

0011 %10011 '

Dinh ly Fermat nho
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Biéu dién s6 nguyén

Cong va nhan cac s6 nhij phan

Ly thuyét sb co ban
Hoang Anh Buc

Pé nhan hai sb nhi phan a = (a,p_lan_g ...a1ap)2 Va
b= (bn_lbn_g e blbo)g, chu y réng
ab = a(b020 + b121 + -+ bn_12n_1)

= a(bOZO) -+ a(6121) + -0+ a(bn_12”_1)

Phuong trinh nay cho ta cach tinh ab:
m Chlyrang ab; =anéub; =1vaab; =0néub; =0 oran
m Mbi lan nhan mét s6 hang vai 2, ta dich chuyén biéu dién
nhi phan cua so do6 sang trai mét don vi va thém 0 vao
dubi cua biéu dién. N6i cach khac, ta c6 thé thu dugc biéu
dién nhi phan cla (ab;)2’ bang cach dich chuyén biéu
dién nhi phan cla ab; sang trai j don vi va thém j s 0 vao
dudi clia biéu dién
m Cuoi cling, ta nhan dudc ab bang cach cong biéu dién nhi
phan cla n so (ab;)27 v6i j € {0,...,n — 1}
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Biéu dién s6 nguyén

Cong va nhan cac s6 nhij phan

1
2
3
4

10

11

Ly thuyét sb co ban

Thuat toan 3: Nhan hai s6 nhi phan

Input: a = (an_1...a0)2,b = (bp_1...bo)2: bi€u dién nhi
phan cla cac sbé nguyén duong a, b

Output: biéu dién nhj phan cla p = ab

procedure multiply(a, b):

forj .=0ton—1do

Hoang Anh Buc

if b] — 1 then gr?gr?vanhéncécsénhi
| ¢; := asau khi di chuyén j don vj sang trdi

else
| =

// co,...,Ch_1 1l& cac tich thanh phan

p =

forj.=0ton—1do
L p = add(p, c¢;)

return p
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Biéu dién s6 nguyén

Cong va nhan cac s6 nhij phan

Ly thuyét sb co ban
Hoang Anh Buc

Vidu 6
Nhan hai s6 a = (110), va b = (101),

Dinh nghta va tinh chat co
ban

. 10 _ 10 _ 10 Péng du theo mddun m

>< >< >< Biéu dién theo hé b-phan

1 1 1 @ Cong va nhan cac sb nhi
phan

Biéu dién cac sb nguyén
am theo hé nhi phan

] 1 O ] 1 O y 1 O Tinh Idy thita médun
OOOO | OOOO Sb6 nguyén tb
OO Uéc chung 16n nhéat
Gidi thiéu
1 1 1 1 O Dinh ly phan du Trung Hoa
Dinh ly Fermat nho
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Biéu dién s6 nguyén

Cong va nhan cac s6 nhij phan

Ly thuyét sb co ban
Hoang Anh Buc

Bai tap 9

Tinh téng va tich cdc sé nhi phan sau

(a) (1000111), va (1110111),
m Két qua: Toéng = (10111110)s, Tich = (10000100000001)

(b) (11101111)5 va (10111101),
m Két qua: Toéng = (110101100)2, Tich = (1011000001110011)
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Biéu dién s6 nguyén

Biéu dién cac sb nguyén am theo hé nhi phan

Ly thuyét sb co ban
Hoang Anh Buc

m Trong thuc hanh, chiing ta can biéu dién khéng chi cac s6
duong (positive integers) ma ca cac so am (negative
integers)
H Khi Sl} dung ,“giéy Vé. ‘bljt”, CéC 86 é.m dUdC théo hién b\é.ng @ ?ié’L:hdiénh(Eéchgér:lguyén
cach thém dau “—” dang truéc ams
m Khi s dung may tinh, tat c& céc loai dif liéu déu dugc biéu
dién trong hé nhi phan
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Biéu dién s6 nguyén

Bi€u dién cac s6 nguyén am theo hé nhi phan

Ly thuyét sb co ban
Hoang Anh Buc

Biéu dién thdng qua dinh dang dau-luong (sign-magnitude
format)
m Bit ngoai cung bén trai dung dé biéu dién dau (0 1a duong,
1 la am)
m Phan con lai bi€u dién dd 1&n (hay tri tuyét doi) clia s6
m M6t chubi nhi phan n bit ¢o thé biéu dién bat ky s6 nguyén & e
i nao thbaman —(2» ! —1) <i<2" 1 -1
m Vi du: biéu dién nhj phan cta 93 14 01011101 va biéu dién
nhi phan ctua —93 1a 11011101

m Han cheé: S6 0 ¢ hai biéu dién nhj phan: 000. .. 00 (biéu
dién +0) va 100...00 (biéu dién —0)
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Biéu dién s6 nguyén

Bi€u dién cac s6 nguyén am theo hé nhi phan

Ly thuyét sb co ban
Hoang Anh Buc

Biéu dién thdng qua ky hiéu phan bu mét (one’s complement
notation)
m Bit ngoai cung bén trai dung dé biéu dién dau (0 1a duong,
1 la am)
m Khi bi€u dién bang ky hiéu phan bu mot, néu
+a = (Cl,n_l . CLQ)Q thi —a = (an_l .. CL())Q, trong do
a/n_l o o e CLO ‘lé phé.n bU Cﬁa a/n_l o o e CLO thU dUdC théng qua @ E&ié’L:hdiénhgéchgér:lguyén
tinh todn bang todn t& 16gic ~ (phl dinh) theo tiing bit e
m M6t chubi nhj phan n bit ¢ thé biéu dién bat ky s6 nguyén
i nao théaman —(2"~1 —1) <i<2n 1t —1
m Vi du: biéu dién nhj phan cla 93 13 01011101 va biéu dién
nhi phan cua —93 la 10100010

m Han ché: S6 0 c6 hai biéu dién nhi phan: 00. .. 00 (biéu
dién +0) va 11...11 (biéu dién —0)
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iéu dién s6 nguyén

Biéu dién cac sb nguyén am theo hé nhi phan

Ly thuyét sb co ban

Biéu dién thdng qua ky hiéu phan bu hai (two’s complement
notation)
m Bit ngoai cung bén trai dung dé biéu dién dau (0 1a duang,
1la am)
m Khi biéu dién bang ky hiéu phan bu hai, néu

Hoang Anh Buc

a=(ap_1...0a0)2 thi —a = (a,_1...ag)2 + 1, trong do
an_1 ... ap laphanbucla a,_; ...ao thu dugc théng qua
tinh todn bang toan t{ 16gic ~ (phl dinh) theo trng bit o
m Trong trudng hgp nay, mot chudi nhj phan n bit c6 thé biéu (20) Buaincioss e
dién bat ky s6 nguyén i ndo thda man —27—1 < j < 21

Vidu 7 (V&in = 3)

Gia tri | Chuoi 3-bit | Gia tri | Chuoi 3-bit
3 011 —3 101

2 010 —92 110

1 001 —1 111

0

000 —4 100
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Tinh chia hét va phép todn médun

Tinh [0y thira médun

Ly thuyét sb co ban

Hoang Anh Bic
m Trong cac thuat toan ma hda hién dai, mét bai toan quan
trong la tinh b mod m mét cach hiéu qua ma khéng can
si dung qua nhiéu bd nhd, dac biét 1a khi b, n, m 1a cac sb
nguyén lon
m Viéc tinh b™ rdi tim sé du khi chia né cho m Ia khéng thuc
té, do b™ cd thé cuc I8n va ta sé can moét lugng I8n bd nhé
chi dé luu gia tri clia b”
m Ta cd thé tinh b mod m bang céch lan luot tinh b* (20) mion oy i o
mod m cho k =1,2,...,n, sl dung tinh chat
b1 mod m = b(b* mod m) mod m. Tuy nhién, huéng tiép
can nay clng khong thuc té, do ta can thuc hién n — 1
phép nhan cac so nguyén va n co thé rat I6n
m Ta trinh bay mét hudng tiép can hiéu qua dua trén biéu
dién nhi phan cua n
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Tinh chia hét va phép todn médun

Tinh [0y thira médun

Ly thuyét sb co ban
Hoang Anh Buc

m Chuy rang

Bidu dién nhi phan clia n
- -
bt — bak_12k_1—|—ak_22k_2+---+a121+a020

— <b2k_1)ak—1 % (b2k_2)ak—2 X oo X (b21>a1 X (b20>a0

m Chiing ta c6 thé tinh céc gid tri b’ bang cach lién tuc binh

phlj’dng Tinh IQy thira modun
m Sau d6 ta chi can nhan céc gia tri nay véi nhau dé tao

thanh mat tich thanh phan, tuy thudc vao a, cé bang 1 hay

khong
= Quan trong la, sau mdi budc nhan, dé tang tinh hiéu qua

va tiet kiém bé nhd, ta co thé lay mod m cua ket qua dé

tiép tuc thuc hién tinh toan
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Tinh chia hét va phép toan modun

Tinh [0y thira médun

Vidu 8
Ta tinh 3% mod 645

644 =1 x 22+ 0x 22+ 1x2"4+0x2040x%x2°4+0x2*
TO0x224+1x224+0x2+0x2Y

9644 _ (329)1 v (328)0 > (327)1 % (326)0 % (325)0 v (324)0
< (323)0 > (322)1 < (321)0

74

Ly thuyét sb co ban
Hoang Anh Buc

Dinh nghta va tinh chat co
ban

DPdng du theo médun m

Biéu dién theo hé b-phan
Cong va nhan cac s6 nhi
phan

Biéu dién cac sb nguyén
am theo hé nhi phan

Tinh 10y thtra médun

S6 nguyén to

Uéc chung 16n nhat

Gidi thiéu
Dinh ly phan du Trung Hoa
Dinh ly Fermat nho



Tinh chia hét va phép todn médun

Tinh [0y thira médun

Ta tinh cac gia tril32j mod 645 (1 < j < 9) bang cach lién tuc
binh phuong va lay mod 645

mod 645 = 9

mod 645 = (32 )2 mod 645 = (3%
mod 645 = (3%°)? mod 645 = (3%
mod 645 = (32")2 mod 645 = (32
mod 645 = (32°)2 mod 645 = (3%
mod 645 = (32 )2 mod 645 = (32
mod 645 = (32°)2 mod 645 = (3%
mod 645 = (32")2 mod 645 = (3%
mod 645 = (32 )2 mod 645 = (3%

mod 645)* mod 645 = 81
mod 645)% mod 645 = 111
mod 645)* mod 645 = 66
mod 645)% mod 645 = 486
mod 645)% mod 645 = 126
mod 645)% mod 645 = 396
mod 645)% mod 645 = 81
mod 645)% mod 645 = 111

Ly thuyét sb co ban
Hoang Anh Buc

Tinh 10y thtra médun
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Tinh chia hét va phép toan modun

Tinh [0y thira médun

Ly thuyét sb co ban
Hoang Anh Buc

Do do,

Dinh nghta va tinh chat co
ban

3644 1od 645 = (32 x 37 x 32°) mod 645
((((322 mOd 645) < (327 mod 645)) mod 645) Biéu dién theo hé b-phan

Cong va nhan cac s6 nhi

phan

< (329 mOd 645)) mOd 645 Biéu dién cac sb nguyén

am theo hé nhi phan

((81 x 396) mod 45) x 111) mod 645 (54) Ton iy i mon
36

— (471 x 111) mod 645

S6 nguyén to

Uéc chung 16n nhat

Gidi thiéu
Dinh ly phan du Trung Hoa
Dinh ly Fermat nho
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Tinh chia hét va phép todn médun

Tinh [0y thira médun

Ly thuyét sb co ban

Thuat toan 4: Tinh lGy thira mdédun nhanh Hoang Anh Blic

Input: b: s6 nguyén, n = (ax_1ax—2 . ..aiag)2: biéu dién nhi
phan clia so nguyén duong n, m: sO nguyén duong
Output: b” mod m

1 x:=1 // dé luu trit k&t qud
2 127 :=bmodm // b®, d3u tién i =0
3 for:.=0tok —1do // xét tidt cd k bit clha n
4 if a; = 1 then m theo he nhi p
5 L = (:U . b2fl) mod m Tinh 10y thura médun
6 | 02i:=(b2i-b2i) mod m /] b2 = (%) (b))
7 return «
Bai tap 10

S dung thuat toan tinh b mod m théng qua biéu dién nhij
phén cua n da mé ta d trén dé tinh 75** mod 645
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S6 nguyén to va Udc chung 16n nhat

S6 nguyén t6

; B B Ly thuyét sb co ban
m Mot s6 nguyén p > 1 la mét s6 nguyén to (prime number) Hoaing Anh BUc
néu cac udc so6 duong duy nhat ctia p 1a 1 va chinh nd
m Vidu:2 3,5 11,...
m C&c s6 nguyén I6n hon 1 va khong phai la s6 nguyén to
dugc goi la cac hop so (composite number)
Bai tap 11
Cht'ng minh rang néu p la mét sé nguyén té va p | ab Vi
a,b € Z* thip|a hodcp | b. (Goi y: Gia su'p t a, chiing minh
p | b. S dung Dinh ly Bézout (Dinh ly 12)) sé dé c4p ¢ phan
sau.) Phat biéu trén co dung voi p la hop s6 hay khéng? Tai (36) b nguyen s
sao?

Bai tap 12
Su aung quy nap, hay ching minh phat biéu téng quat: néu p

la mét sé nguyéntévap | aias...a,, trong do a; € Z voi
1<i<mn,thip|a; voijnaodo (1 <j<n)
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S6 nguyén to va Udc chung 16n nhat

S6 nguyén t6

A Dinh ly 7: Dinh ly co ban cta so6 hoc

Moi s6 nguyén duong lon hon1 co thé duoc viét mot cdch duy
nhat auoi dang mét s6 nguyén t6 hodc moét tich cla cdc udc
nguyén tb cla nd theo thi? tu ting dan

Goi y.

m Ta da chung minh bang phu’dng phap quy hap: néun > 1
la mét s6 nguyen thi n co thé duoc biéu dién dudi dang
tich clia cac s6 nguyén to

m Dé chi ra tinh “duy nhat”, ta chérng minh bang phan
chitng: gia s s6 nguyén duong n > 1 c6 thé dugc biéu
dién dudi dang tich cac s6 nguyén tb theo hai cach, vi du
NhU n = p1ps...ps VAN = qiqs - . . ¢, trong d6 moi p;
(1<i<s)vag; (1<j<t)lamotsonguyén té thda man
p1<p2<--<psvaq < g <--- < g SUdung Bai
tap 12 dé chi ra mau thuan

Ly thuyét sb co ban
Hoang Anh Buc

S6 nguyén to
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S6 nguyén to va Udc chung 16n nhat

S6 nguyén t6

. g Ly thuyét sb co ban
-~ Dinhly 8

Hoang Anh Buc

Néun € Z* la mét hop sb, thi n ¢ mot ude nguyén té nhé
hon hoac bang /n

Chung minh.

m Theo gi thiét, n € Z* |a hgp s0, do dé n c6 mot udc so a
thoa man 1 < a < n. Do dd, ton tai sO nguyén b > 1 sao
cho n = ab.

m Ta ching minh a < /n hodc b < /n. That vay, gia si/
a> /nvab> /n.Suyra, ab > /n- /n=n, mau thuan B
véi dinh nghia cta a,b. Do dé a < v/ hodc b < +/n, nghia = woom
12, n c6 mdt uéc s6 16n hon 1 va khdéng vuct qua /n (a
hoac b)
m Theo Pinh ly co ban clia s6 hoc, udc sé nay 1a mot s6
nguyén t6 hoac cé mot udc nguyén td nhé hon nd. Trong
cd hai trudng hap, n cé mdt udc nguyén té6 nhdé hon hoac
bang /n -




S6 nguyén to va Udc chung 16n nhat

S6 nguyén t6

Ly thuyét sb co ban
Hoang Anh Buc
m Ménh dé phan dao cta Dinh ly 8: M6t s nguyén n > 1 la
sO nguyen t6 néu né khong chia hét cho bat ky s6 nguyén
t6 ndo nhd hon hodc bang n

m Tim céc sb nguyén t6 gilta 2 va n bang Sang Eratosthenes
(The Sieve of Eratosthenes)
(1) Viétcac so 2,...,n vao mdt danh sach. Gan i := 2
(2) B di tat c cac bgi clia i trir chinh né khdi danh séch
(3) Goi k la s6 nho nhat hién cé trong danh sach thda man
kE>i.Gani:=k
(4) Néu i > /n thi dirng lai, nguac lai thi quay lai buéc (2) (39) 56 nguyen 1
m Viéc kiém tra xem mot s6 c6 phai 1a sd nguyén to hay
khong c6 thé dugc thuc hién trong thdi gian da
thiric [Agrawal, Kayal, and Saxena 2004] (da thiic cla sb
bit s dung dé mé ta sb dau vao)
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S6 nguyén to va Udc chung 16n nhat

S6 nguyén t6

Ly thuyét sb co ban

'Blnh Iyr 9 Hoang Anh Buc
E

6 v6 han sb nguyén to

Chung minh (theo Euclid).

m Gia st chi ¢ hitu han cac so nguyén t0 p, ps, . .., p,. Dat
Q=pip2...pn+1

m Theo Dinh ly co ban cla so hoc, (a) @ 1a mét so nguyén to
hoac (b) @ co thé dugc viét thanh tich cua it nhat hai so
ngUYén t6 @ S6 nguyén t6

m (a) dung: Do d6, @ la s6 nguyén 0. Theo dinh nghia,
Q ¢ {p1,...,pn}, Mau thuan véi gia thiet toan bd cac so
nguyéntola py,...,p,

m (b) dung: Do dd, ton tai j théa man p,; | Q v6i1 < j < n.
Chay rang p; | (pipz - ..py), vado dé p; | (Q —pipz2 - - - pn),
suy ra p; | 1, mau thuan vdi gia thiét p; la s6 nguyén t6
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S6 nguyén to va Udc chung 16n nhat

Uédc chung 16n nhat

Ly thuyét sb co ban

m Cho a,b € Z va a, b khong dong thdi bang 0. Udc chung
I6n nhét (greatest common divisor) cla a va b, ky hiéu
gcd(a, b), 12 s6 nguyén I6n nhat dthéamand |avad | b

m Cac sO nguyén a va b dugc goi la nguyén t6 cuing nhau
(relatively prime hoac coprime) khi va chi khi ged(a, b) = 1

m MOt tap cac so nguyén {ai, as, as, ..., a,+ dugc goi la doi
mét nguyén té cung nhau (pairwise relatively prime) néu
MOi ¢p a;,a; VGi 1 < i < j < n la nguyén t6 cing nhau

m Néu cac s6 nguyén duong a va b dugdc phan tich thanh
tich cac s6 nguyén to

Hoang Anh Buc

ai, .as bl bQ b

a , . %
a = pl p2 .. .pnn b ) pl p2 .. 'p’l’bn @ Udc chung 16n nhét

trong d6 cac s mii la cac s6 nguyén khong am (co thé
bang 0), thi

min(ai,b1) min(asz,bs) min(an,by)

ged(a, b) = py Dy R 7
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S6 nguyén to va Udc chung 16n nhat

B6i chung nho nhat va lién hé véi Udc chung I6n nhat

Ly thuyét sb co ban

m Cho a,b € Z+. B6i chung nhé nhat (least common
multiple) cla a va b, ky hiéu lcm(a, b), 14 s6 nguyén nho
nhatdthéamana|dvab|d

m Tap cac boi chung cla a va b co it nhat mot phan t0 ab
m Tinh sap thy tu tot: Moi tap con khac rdng clia Zt ¢6 phan
t& nhd nhat

m Néu a va b dugdc phan tich thanh tich cac sé nguyén t6

Hoang Anh Buc

ai, as b1, bo

a=p;'py® ... py" b= py'py -“pfl:)zn

trong d6 cac so mii la cac s6 nguyén khong am (co thé
bang 0), thi

lem(a, b) = px@b) ymax(azbe)  max(ar b,) (2) e s
Dinh Iy 10
[-Vé’i a,b € 2", ab= ged(a,bd) - lem(a, d)
Bai tap 14

Chung minh Dinh ly 10
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S6 nguyén to va Udc chung 16n nhat

Thuat toan Euclid

Ly thuyét sb co ban
Hoang Anh Buc

A Bo de 11

Cho a = bqg+r VBia,b,q,r 14 cdc s6 nguyén. Ta c6 ged(a,b) =
ged(b, ). Do do, ta cung co ged(a, b) = ged(b, (a mod b))

Chung minh.
m Goi D, la tap céc udc so chung cla a va b, Vi cac so
nguyén a, b bat ky. Ta chieng minh D, = Dy,

m D, C Dy,:Gidsltz € Dy Theo dinh nghia, z | a va z | b.
Theo Binhly 1,z | (a —bg) vado dé = | r, suy rax € Dy, (%) vsconngien e

m D, C Dy:Giastx € Dy,.. Theo dinh nghia, z | bva z | r.
Theo Dinhly 1,z | (bg+7r)vadodo x | a, suyrax € Dy,

m T Dy, = Dy, ta cd ged(a,b) = ged(b, r)
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S6 nguyén to va Udc chung 16n nhat

Thuat toan Euclid

Ly thuyét sb co ban

Hoang Anh Buc

Thuat toan Euclid
[-Y' twdng: Si dung dang thiic ged(a, b) = ged(b, (@ mod b))

Vi du 9 (Thuat toan Euclid)
Tim ged(372,164)

ecd(372,164) = ged(164, 372 mod 164) = ged(164, 44)

= gcd (44,164 mod 44) = ged(44, 32)

= gcd (32,44 mod 32) = ged(32,12)

— gcd (12,32 mod 12) = ged(12, 8) (44) oo g on i
= gcd(8,12 mod 8) = ged (8, 4)

= gcd(4,8 mod 4) = ged(4,0)

=4
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S6 nguyén to va Udc chung 16n nhat

Thuat toan Euclid

Ly thuyét sb co ban

Hoang Anh Buc

Thuat toan 5: Thuat toan Euclid

Input: «, b: cac s6 nguyén duang
Output: gcd(a, b)

1 x:=a

2 y:=0>

3 while y # 0 do

4 r:=x mody

5 x =1y

6 Yy =r @ Udc chung I6n nhét

7 return z // x = gecd(a,b)
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S6 nguyén to va Udc chung 16n nhat

Thuat toan Euclid

Ly thuyét sb co ban
Hoang Anh Buc

Bai tap 15

S dung thuat toan Euclid dé tim
(a) ged(12,18)

(b) ged(111,201)

(c) ged(1001,1331)

Bai tap 16

Chuing minh rang néu a,b,m 1 cdc s0 nguyén vdim > 2 va (3 uln
a=0b (mod m) thi gcd(a m) = ged(b,m). (Go’i}i Chi’ng minh

tap cdc udc chung cua a va m bang vdi tdp cac udc chung cua

bvam.)
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S6 nguyén to va Udc chung 16n nhat

U6c chung 16n nhat va t6 hop tuyén tinh

Ly thuyét sb co ban

A Dinh Iy 12: Dinh Iy Bézout Hoang Anh B

Cho cdc sé nguyén duong a,b. Ton tai cdc sé nguyén s, t sao
cho ged(a,b) = sa + tb

m Cac sb nguyén s, t théa man Pinh ly Bézout dugc goi 1a
cac hé so Bézout (Bézout's coefficients) clia a va b
m Phuong trinh ged(a, b) = sa + tb dugc goi 1a dang thirc
Bezout (Bézout’s identity)
Chuy:
m Chung ta khong trinh bay chirng minh cua Binh ly Bézout
m Chiing ta sé dé cap hai phuong phap dé tim motté hgp () veeommanmi
tuyén tinh cla hai s6 nguyén bang véi udc chung 16n nhat
cla chung (Trong phan nay, ta ludn gia thiét cac t6 hop
tuyén tinh chi cé hé s6 nguyén)
(1) Bi ngudgc lai theo cac phép chia cua thuét toan Euclid
(2) Thuat toan Euclid mad rong (The extended Euclidean
algorithm) 74



S6 nguyén to va Udc chung 16n nhat

U6c chung 16n nhat va t6 hop tuyén tinh

Vidu 10

Biéu dién ged (252, 198) = 18 dui dang t6 hdp tuyén tinh cla

252 va 198

m Thuat toan Euclid st dung cac phép chia nhu sau

m 252=1-198+54
m 198 =3-54+ 36
mo54d=1-36418
m36=2-184+0

m Taco

18 =54 —-1-36

—54—1-(198 — 3-54)
—4-54—1-198

—4.(252 —1-198) — 1-198
—4.252 —5-198

74

Ly thuyét sb co ban
Hoang Anh Buc

Dinh nghta va tinh chat co
ban

DPodng du theo modun m

Biéu dién theo hé b-phan
Cong va nhan cac s6 nhi
phan

Biéu dién cac sb nguyén
am theo hé nhi phan

Tinh IGy thra médun

S6 nguyén to
Uéc chung 16n nhat

Gidi thiéu
Dinh ly phan du Trung Hoa
Dinh ly Fermat nho



S6 nguyén to va Udc chung 16n nhat

U6c chung 16n nhat va t6 hop tuyén tinh

1

0 N o o »~

Ly thuyét sb co ban
Hoang Anh Buc

Thuat toan 6: Thuat toan Euclid ma rong

Input: «, b: cac s6 nguyén duang
Output: (d, s,t): d = ged(a,b) va s,t théa man d = sa + tb
procedure ExtEuclid(a, b):
if b = 0 then
| return (a,1,0)

(dy,s1,t1) := ExtEuclid (b, a mod b)
d = dl
S = tl @ Uéc chung 16n nhat

.= S1 —(adivb)-t1
return (d, s, t)
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S6 nguyén to va Udc chung 16n nhat

U6c chung 16n nhat va t6 hop tuyén tinh

Vidu 11

ExtEuclid (252, 198) = (18,4, —5)
Goi ExtEuclid(-, -) a b d S t
1 252 | 198 | 18 | 4«| —5
2 198 | 54 [ 18 | —1<| 4
3 54 | 36 | 18 | 1] —1
4 36 | 18 | 18 | 0] 1
5 18 | 0 |18] 1 |70

Bai tap 17

Biéu dién udc chung I6n nhét cua cac cdp sb sau dudi dang t6

hop tuyén tinh cda ching
(a) 10,11
(b) 21,44
(c) 36,48

(d) 34,55

(e) 117,213

(f) 1023, 36

Ly thuyét sb co ban
Hoang Anh Buc




S6 nguyén to va Udc chung 16n nhat

U6c chung 16n nhat va t6 hop tuyén tinh

Ly thuyét sb co ban
Hoang Anh Buc

A Dinh Iy 13

Cho céc sé nguyén duong a,b,c théa man ged(a,b) = 1 va D gt v o
a ‘ bC. Ta CO, a | C Pong du theo mddun m

Biéu dién theo hé b-phan
, . Cépg va nhan cac so nhi
Chung minh
" Biéu dién cac sb nguyén

am theo hé nhi phan

m Theo Dinh Iy Bézout, ton tai cac s6 nguyén s, t thda man Tinh oy thia modor
ged(a,b) =1 =sa+tb

m Do a | be, ta cling c6 a | the oo i

m Mat khac, a | sac .

m Suyra,al (tb+ sa)c, haya | c ;::i‘;“mdtgg s

74



S6 nguyén to va Udc chung 16n nhat

U6c chung 16n nhat va t6 hop tuyén tinh

Ly thuyét sb co ban
Hoang Anh Buc

A Dinh ly 14 .

Dinh nghta va tinh chat co
ban

Cho s6 nguyén duong m va cdc sé nguyén a, b, c. Néu ac = be o s

(mOd m) Vé ng(C) m) — 15 thi a = b (mOd m) Biéu dién theo hé b-phan
Cong va nhan cac s6 nhi
phan

Biéu dién cac sb nguyén

Chung minh.

Tinh IGy thra médun

m Theo dinh nghia, do ac = be (mod m),tacd m | (a — b)c

m Két hop v6i ged(c,m) =1 vaBinhly 13,tacod m | (a — b), U6 ohung én
nghialaa =b (mod m)

Gidi thiéu
O Dinh ly phan du Trung Hoa
Dinh ly Fermat nho
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Phuong trinh dong du

Gidi thiéu

Ly thuyét sb co ban

m Mot phuong trinh déng du’ (congruence) c6 dang Hoaing Anh Bic
ar =b (mod m)

VGi a,b € Z, m € Z*, va x 1a mot bién, dudgc goi 1a mét
phuong trinh déng du tuyén tinh (linear congruence)
m Viéc gidi phuong trinh ddng du nghia la tim gia tri cla z
thda man phuong trinh do

m M6t nghich dao (inverse) cla a theo mddun m 14 bat ky s6
nguyén s nao thdéa man sa =1 (mod m)

m Vidu, 51a mdt nghich dao ctua 3 theo moédun 7, vi5-3 =1
(mod 7)

m Déi khi ta cling dung ky hiéu @ hodc ! dé chi mét nghich
dao cua a

m Chu y rang néu ta cd thé tim dugc s thda man diéu kién
trén, ta c6 thé gidi az = b (mod m) bang cach nhan ca hai
vé Véi s, nghia 13, saz = sb (mod m), suy ra z = sb
(mod m)

Gidi thiéu
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Phuong trinh dong du

Gidi thiéu

Ly thuyét sb co ban

A Dinh Iy 15

Hoang Anh Buc

Néu ged(a,m) = 1 vam > 1 thi ton tai nghich ddo s cla a.
Thém vao do, nghich dao nay la duy nhat theo médun m

Chung minh.

m Ton tai s6 nguyén s thda man sa =1 (mod m)
m Theo dinh ly Bézout, ton tai cac s6 nguyén s, ¢ thda man
sa+tm =1.D0d0 sa+tm =1 (mod m)
m Dotm =0 (mod m),tacd sa =1 (mod m), vado do s la
mot nghich dao clia a theo médun m

m Néu ton tai hai s6 nguyén s, thda man sa = 1 (mod m)
vara =1 (mod m) thi s =r (mod m)
m Nhac lai: V6i cac s6 nguyén a, b, c va sb nguyén duong m, (%) care.
néu ac = bc (mod m) va ged(c,m) = 1thia =b (mod m)
Bai tap 18 O
Chutng minh rang néu ged(a, m) > 1 Vdia € Z bat ky vam > 2
thi khéng ton tai mét nghich dao cua a theo médun m
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Phuong trinh dong du

Gidi thiéu

Pinh ly 15 cho ta moét phuang phap tim mét nghich dao cla Ly;:aygtAh;jc
a € Z theo mdédun m € Z* khi ged(a,m) =1vam > 1
Vidu 12

Tim moét nghich dao cua 3 theo moédun 7
(1) Timcacsé nguyén s.tthdamanl=s-3+¢-7

m Thuat toan Euclid tim udc chung 16n nhét clia 3 va 7 bang
cach st dung phuong trinh

7T=2-3+1
m Tu phuong trinh trén, ta c6

1=-2-341-7

Gidi thiéu

nghialas=—-2vat=1
(2) Theo Binh ly 15, s = —2 1& mét nghich dao cua 3 theo
modun 7. Chu y rang moi s6 nguyén ¢ thoa man ¢ = —2
(mod 7) (vi du nhu 5,—9,12,...) déu la nghich dao cla 3
theo médun 7 4



Phuong trinh dong du

Gidi thiéu

Ly thuyét sb co ban
Hoang Anh Buc

Vidu 13
Giai phuong trinh 3z = 4 (mod 7)

m TU vi du trudc, ta biét rang —2 1a mot nghich dao clia 3
theo modun 7. Nhan ca hai vé clia phuong trinh véi —2, ta
cO

—2.3xr=-2-4 (mod 7)

m Do—6=1 (mod 7)va —8 =6 (mod 7), néu z la nghiém
cua phuong trinh thi z = 6 (mod 7)

m That vay, v8i moi x théa man z = 6 (mod 7)

3r=3-6=18=4 (mod 7)
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Phuong trinh dong du

Gidi thiéu

Ly thuyét sb co ban
N, A Hoang Anh Burc
Bai tap 19
Tim nghich dao cua a theo médun m VJi
(1) a = 47 m =9 Pinh nghia va tinh chét co

ban

a = 197 m = 141 DPodng du theo modun m

(2)
(3) a = 55, m = 89 Bidu dién theo hé b-phan
(4)

Cong va nhan cac s6 nhi

a =89, m = 232 o
iéu dién cac s6 nguyén
am theo hé nhj phan

Bai tap 20 |

Giai cdc phuong trinh dong du sorauink
(1) 4x =5 (mod 9)

(2) 192 =4 (mod 141)
(3) 552 = 34 (mod 89) B
(4)

4) 89x = 2 (mod 232)
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Phuong trinh dong du

Gidi thiéu

Ly thuyét sb co ban

Hoang Anh Buc

Bai tp 21

Cho céc s0 nguyén duong mi, ma, ..., m, théa manm; > 2 va
ged(m;,m;) =1voimoii+ jval <i,j <n.Chudng minh rang
néua="b (mod m;) vdimoil <i<n, thia =b (mod m) Vdi
m=mims...my,. (GOIiy: Chung minh véin = 2)
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i

Phuong trinh dong du =

Pinh ly phan du Trung Hoa

04 HOC TY NHIEN

Ly thuyét sb co ban

Pinh ly phan du Trung Hoa (The Chinese Remainder Theorem) ndi
rang néu cac modun cla mdt hé cac phuong trinh ddng du tuyén tinh
la d6i mdt nguyén td cung nhau thi hé phuong trinh cé nghiém duy
nhat theo médun tich clia cdc médun cla tiing phuong trinh

Hoang Anh Buc

Dinh nghta va tinh chat co

A Dinh ly 16: Dinh ly phan dv Trung Hoa

DPodng du theo modun m

Cho cdc sb nguyén duong my,ms,...,m, thda man m; > 2 va

Biéu dién theo hé b-phan

ng(mi, m]) = 1 VO,’I mQIZ 7& ] Vé 1 S 7:, ] S n. ChO Ca,C SO,,\ nguyén bét Coéng va nhan céc sb6 nhj
N A \ han
ky a’l) a’27 0 oo 7a’?’L' H.e pthdng trlnh FL;iéu dién cac sb nguyén

am theo hé nhi phan

Tinh IGy thra médun

r=a; (mod mq)

r =as (mod msy)

S6 nguyén to

Uéc chung 16n nhat

d Gidi thiéu
Qny, (mO my, ) @ Dinh ly phan du Trung Hoa

Dinh ly Fermat nho

X

co nghiém duy nhat theo médun m = mims ... m,,. (Nghia la, ton tai
moét nghiém z voi 0 < x < m, va tat ca cdc nghiém khac dong du’ vdi
x theo mdédun m)
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Phuong trinh dong du

Pinh ly phan du Trung Hoa

, ] A ] Ly thuyét sb co ban
ChU’ﬂg mlnh (tOn tal) Hoang Anh Buc
m Theo Pinh ly 15, ton tai s6 nguyén y; sao cho y; M; = 1
(mod m;)
mDatz=>" ay M = ary1 My + asyaMa + - - - + anyn My,
m Do m; ’ M. vOi m0| k+1, M, =0 (mod mi), do do
r = a;y; M; = a; (mod my;) v&i moi i. Do dé x la nghiém
cuia hé phuong trinh da cho
O

Bai tap 22

Hoan thanh Chung minh cda Dinh ly phan duv Trung Hoa bang
cdch chi ra nghiém = cla hé phuong trinh da cho & duy nhat — (z) smysmenssses
theo médun m = mymso ... m,, (GOIiy: Gia st/ x vay la hai
nghiém phan biét cua hé phuong trinh da cho. Chu'ng minh
rang m; | (x —y) vdimoil < i < n. SU dung Bai tip 21 dé két
ludnrangm | (z —y))
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Phuong trinh dong du

Pinh ly phan du Trung Hoa

Vi du 14 (S& dung Chiing minh clia Dinh Iy Phan du Trung | 4mssierse
Hoa) oang An uc
Giai hé phuong trinh

2  (mod 3)
3 (mod 5)
5 (mod 7)

X
X
r =

Chu y: 3,5, 7 la day cac s6 nguyén > 2 va ddi mot nguyén toé cung
nhau

H m:m1m2m3:3-5-7:105
m M, =m/m; = 35vay, =2 lamot nghich dao clia M, theo
moédun m; = 3
m My =m/my =21 vay, = 1la mot nghich dao clia M, theo
modun mo = 5 @ Pinh Iy phan du Trung Hoa
m M3 =m/ms = 15va y3 = 1 la mot nghich dao cla M5 theo
modun my =7
mr=Y" ayM;=2-2-35+3-1-214+5-1-15 =278 = 68
(mod 105)
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Phuong trinh dong du

Pinh ly phan du Trung Hoa

Ly thuyét sb co ban

Vll dU 15 (PhU’dng phé.p thay ngU’dC) Hoang Anh Burc
Giai hé phuang trinh

r=2 (mod 3) (1)

r=3 (mod 5) (2)

r=5 (mod?7) (3)

m TU (1), t0ntai t € Z sao cho = = 3t + 2

m Thay vao (2),tacd 3t +2 =3 (mod 5), suy ra 3t = 1
(mod 5),do dd ¢t =2 (mod 5). Do do, tén tai u € Z sao cho
t=5u+2.Suyra,z=3t+2=30bu+2)+2=15u+38

m Thay vao (3), ta cé 15u + 8 = 5 (mod 7), suy ra 15u = —3 (52) om i T

(mod 7), do do u =4 (mod 7). Do do, tén tai v € Z sao
chou="7v+4

mSuyraxz=15u+8 = 15(7Tv +4) + 8 = 105v + 68. Do dd,
r = 68 (mod 105)
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Phuong trinh dong du

Pinh ly phan du Trung Hoa

Ly thuyét sb co ban
Hoang Anh Buc

Bai tap 23
Gidi hé phuong trinh sau bang cdc phuong phap da dé cap
r=1 (mod 5) (4)
r =2 (mod 6) (9)
r=3 (mod7) (6)
Bai tap 24
Gidi hé phuong trinh sau bang cdc phuong phap da dé cap
r=2 (mod 3) (7)
=1 (mod 4) (8) Y o
r=3 (mod 5) (9)
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Phuong trinh dong du

Pinh ly phan du Trung Hoa

Bai tap 25

Gidi hé phuong trinh sau bang cdc phuong phap da dé cap

Bai tap 26

Nhitng sé nguyén nao chia 2 du'1 va chia 3 ciing du'1?

e N N
—t e et )k
w N = O
S— N N SN

Ly thuyét sb co ban
Hoang Anh Buc

Dinh nghta va tinh chat co
ban

DPodng du theo modun m

Biéu dién theo hé b-phan
Cong va nhan cac s6 nhi
phan

Biéu dién cac sb nguyén
am theo hé nhi phan

Tinh IGy thra médun

S6 nguyén to

Uéc chung 16n nhat

Gidi thiéu
Dinh ly phan du Trung Hoa
Dinh ly Fermat nho



Phuong trinh dong du

Pinh ly phan du Trung Hoa

Bai tap 27 (%)
Giai hé phuong trinh

r =5 (mod 6)
r =3 (mod 10)
r =8 (mod 15)

Chu y: 6, 10, va 15 khéng déi mét nguyén tb cung nhau
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Ly thuyét sb co ban
Hoang Anh Buc

Dinh nghta va tinh chat co
ban

DPodng du theo modun m

Biéu dién theo hé b-phan
Cong va nhan cac s6 nhi
phan

Biéu dién cac sb nguyén
am theo hé nhi phan

Tinh IGy thra médun

S6 nguyén to

Uéc chung 16n nhat

Gidi thiéu
Dinh ly phan du Trung Hoa
Dinh ly Fermat nho



Phuong trinh dong du

Pinh ly phan du Trung Hoa

Ly thuyét sb co ban
Hoang Anh Buc

DPinh Iy phan du Trung Hoa cho ta mot cach thuc hién cac tinh
toan s6 hoc vdi cac sb nguyen fo]g

m Theo Dinh ly, mdt s6 nguyén a V6i
0<a<m=mims...my,trong do gcd(m;,m;) =1 vOi
moi i # j, 1 <4, j < n, cd thé dugc biéu dién thong qua bd
(a mod mq,a mod mo,...,a mod m,)

m Dé thuc hién tinh toan vdi cac sd nguyén 16n dugc biéu
dién theo céch nay
m Thuc hién tinh toan riéng biét cho tung b6
m Mbi tinh todn cé thé dugc thuc hién trong cung mot may
tinh hoac thuc hién song song
m Xuat k§t qua dau ra bang cach gidi hé phuong trinh dong du' (z,)
m Co thé thyc hién khi m lubn I6n hon ket qua dau ra mong
muon

Dinh ly phan du Trung Hoa
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Phuong trinh dong du

Dinh ly Fermat nhd

Ly thuyét sb co ban

A Dinh ly 17: Dinh ly Fermat nho

Hoang Anh Buc

Néu p la mgt s nguyén t6 va a la mdt s6 nguyén khéng chia hét
cho p, thi a?»~! = 1 (mod p). Thém vao do, vdi moi s6 nguyén a,
ta co a? = a (mod p)

Bai tap 28 (Chirng minh Dinh ly Fermat nho)

Nhac lai: Vi cdc s6 nguyén a, b, c va sb nguyén duong m, néu
ac = be (mod m) vaged(e,m) =1thia=b (mod m).

(a) Gia st a khéng chia hét cho p. Chifng minh rang khéng cd hai
s6 nguyén ndo trong s6 cacs61-a,2-a,...,(p—1)-ala
déng du’ theo médun p

(b) T phan (a), két ludn rang tich cdc s61,2,...,p — 1 déng du
Vi tich cdc s a, 2a, . . ., (p — 1)a theo médun p. St dung diéu
nay dé churng minh rang (p — 1)! = a?~*(p — 1)! (mod p)

(c) Chiratir phéan (b) rang a?~! =1 (mod p) néu a khéng chia O
hét cho p. (Go'i y: Xem lai phan chiing minh Dinh ly co ban
cla sé hoc. Chung minh p t (p — 1)! va dp dung ménh dé trén)

Dinh ly Fermat nho
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Phuong trinh dong du

Dinh ly Fermat nhd

Vi du 16 (Tim s6 du cla phép chia cho s6 nguyén
t0)
Tim 7222 mod 11
m Theo Dinh ly Fermat nho, ta c6 71° = 1 (mod 11)
m Do do, (71%)% =1 (mod 11) v6i moi k € Z
m Mét khéc, 7222 = 7102242 — (710)22 . 72 = 49 = 5 (mod 11)
Bai tap 29
S dung Pinh ly Fermat nhé dé tinh
(a) 7'?! mod 13
(b) 231002 04 41
(c) nghich dao cua 53° theo médun 41

74

Ly thuyét sb co ban
Hoang Anh Buc

Dinh nghta va tinh chat co
ban

DPodng du theo modun m

Biéu dién theo hé b-phan
Cong va nhan cac s6 nhi
phan

Biéu dién cac sb nguyén
am theo hé nhi phan
Tinh IGy thra médun

S6 nguyén to

Uéc chung 16n nhat

Gidi thiéu
Dinh ly phan du Trung Hoa
Binh ly Fermat nho



Phuong trinh dong du

Dinh ly Fermat nhd

Ly thuyét sb co ban
Hoang Anh Buc

Bai tap 30
(a) S dung Pinh ly Fermat nhé dé tinh 52903 mod 7,
52903 mod 11, va 52993 mod 13

(b) St dung két qua tir phan (a) va Binh ly phan du Trung Hoa
dé tinh 52993 mod 1001 (Chud y rang 1001 = 7-11-13)

Bai tap 31
Su dung su tro giup tir Dinh ly Fermat nho, hay chiing minh
rang 42 1a udc cuan” —n

@ Dinh ly Fermat nho
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Thuat toan ma hoa RSA

Mat ma khéa céng khai

Ly thuyét sb co ban
Hoang Anh Buc

m Trong mat ma khoa bi mat (private key cryptography), mot
khda bi mat dugc st dung ca trong viéc ma hda lan giai
ma cac thong diép

m MO0t van dé dat ra 1a 1am sao dé chia sé khéa bi mat mét
cach an toan

m Trong mat ma khoa céng khai (public key cryptography),
hai khéa duoc st dung: mot dé ma hda va mot dé giai ma

m Thong tin glii dén cé thé dugc ma hda bai bat ky ai co khoa
cong khai, nhung chi cé thé dugc gidi ma bdi ngudi sé hitu
khoa bi mat

m Ngudi sG hitu khéa bi mat c6 thé ma hoéa théng tin véi khoa
bi mat clia minh, va bt ky ai cling cé thé gidi ma thdng tin
nay bang khoa cong khai, va biét rang chi cé duy nhat
ngudi s& hitu khda bi mat c6 thé ma hda théng tin dé. (Pay
la co sd cua chit ky d|én tloJ’) ;glft todn ma héa

m Hé ma khoa cong khai dugc biét dén nhiéu nhat 1a RSA
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Thuat toan ma hoa RSA

RSA - Rivest-Shamir-Adleman

Ly thuyét sb co ban

m Chon hai s6 nguyén t6 16n phan biét p, ¢ Ho3ng Anh Bic
mbatn=pgvak=(p—-1)(¢—1)
m Chon s0 nguyén e thda méan 1 < e < k va ged(e, k) = 1

m Tinh nghich dao d cla e theo moédun k, nghia la de = 1
(mod k)

m Khoa cong khai: (n,e)
m Khoa bi mat: (n, d)
m Ma hoa:

m Chuyén thong diép M can ma hda thanh s6 nguyén m,
0<m<n ]

m Théng diép ma hda ¢ dugc tinh bang ¢ = m® mod n (Viéc
nay cé thé dugc thuc hién mot cach hiéu qua. Xem bai
giang trudc)

] Giéi mé: ;glfttoén ma hda

m Tinh m = ¢ mod n ‘

m Chuyén m tif s nguyén sang thdng diép M ban dau
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Thuat toan ma hoa RSA

RSA - Rivest-Shamir-Adleman

Ly thuyét sb co ban

V|, du 1 7 Hoang Anh Biic

B n=pg=43 59 = 2537, k =42 - 58 = 2436

m Chone=13:1<e < kvaged(13,2436) = 1

m d = 937 |a nghich dao cla 13 theo modun 2436

m Khoa cong khai: (2537, 13)

m Khoa bi mat: (2537, 937)

Ma hda va Giai ma

m Chuyén thdng diép M = STOP gdm cdac chit cai thanh sb
nguyén bang cach gan méi chi¥ cai bang thi tu trong bang
chir cdi tiéng Anh tri di 1: ST = 1819 va OP = 1415

m 1819% mod 2537 = 2081 va 1415'% mod 2537 = 2182

m Thong diép ma hoa la 2081 2182

® Vi du néu nhan dugc thong diép 0981 0461

B 098197 mod 2537 = 0704 va 0461%37 mod 2537 = 1115 Rea e

m Thong diép giai ma 14 HELP
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Thuat toan ma hoa RSA

RSA - Rivest-Shamir-Adleman

; i z R . .. _ Ly thuyét sb co ban
Tinh dung dan cua qua trinh giai ma. Hoang Anh Blfc
Ta chirng minh néu ¢ = m® mod n thi m = ¢? mod n.

m Tacodc? = (m®)? =m* (mod n)

m Theo cach xay dung, ed =1 (mod k) véi k = (p — 1)(¢ — 1). Do

do ton tai s6 nguyén hthda méned — 1 = h(p —1)(qg — 1)

m Ta xét m®® mod p. Néu p ¥ m thi theo Dinh ly Fermat nho, ta c6

méd — mhe—1(a=1),, (mp—l)h(q—l)m

= 1" Ym =m  (mod p)

Néu p | m, tacd m® = 0=m (mod p). Tom lai, m¢? = m
(mod p). Tuong tu, ta cé m? = m (mod q)

m Do ged(p, ¢) = 1, st dung Binh ly phan du Trung Hoa, ta c6
m®? = m (mod pq)

m Do ged(p, ¢) = 1, theo Dinh ly Bézout, ton tai s, ¢t € Z thda man
sp+tg=1.Datz =m - sp+ m - tq thi
xmodp=(m-sp+m-(1—sp)) mod p=m modp.Suyrazx=m
(mod p). Tuong tv, = m (mod q)

m Theo Pinh ly phan du Trung Hoa, = m®? (mod pq), hay m®? = m
(mod pq) = m (mod n)

Thuat toan ma hoda
RSA
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Ly thuyét sb co ban
Hoang Anh Buc

Dinh nghta va tinh chat co
ban

DPdng du theo médun m

Biéu dién theo hé b-phan
Cong va nhan cac s6 nhi
phan

Biéu dién cac sb nguyén
am theo hé nhi phan

Tinh Gy thwa moédun

Sb6 nguyén tb

Uéc chung 16n nhat

Gidi thiéu
Dinh ly phan du Trung Hoa
Dinh ly Fermat nho
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