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NOi dung

Tap hop
M6t s6 khai niém va tinh chat co ban
Cac phép toan trén tap hop
Biéu dién tap hop bang chudi nhi phan

Ham
Quan hé
Pinh nghia ham va mot s khai niém
Mot sb ham va toan tl

Day
Pinh nghia day va mét s6 khai niém
Mot s6 day dac biét

Tong
Ky hiéu tong va mot s6 khai niém
Mot s6 cong thic tdng hitu ich
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Céc cAu tric co ban

Hoang Anh Buc



Tap hop

Khai niém va cach mo ta tap hop

Céc cAu tric co ban

m Mot tdp hop (set) 1A mot tdng thé khdng sip thi tu cac dbi
tuwgng phan biét (goi la cac phan tir (element) hoac thanh
Vién (member) Caa tép hdp) MGt s6 khai niém va tinh

Hoang Anh Buc

chét cd ban

m 2 c S:zlaphantlcla s
m x ¢ Sz khong la phan tl cia S
m Ta thuong s dung cac chiiin hoa S, T, U, ... dé ky hiéu
tap hop
m Cé thé md ta mdt tAp hop bang cach liét ké tat ca cdc
phéan tir cla tap d6 gitra hai dau ngodc nhon “{” va “}".
Trong nhiéu trudng hop, co thé liét ké théng qua “quy luat
don gian” ,
m Tap cac nguyén am trong bang chir cai tieng Anh
V =A{a,e,i,0,u}
m TapcacsétynhiénN={0,1,2,3,...}
m C6 thé mo t& mét tap hop thong qua quy tac nhan biét
m VGi vitu P(z) bat ky trén mién xac dinh nao do, {z | P(z)}
la tAp hop tat ca = sao cho P(z) ding (co thé dung “:” thay
Vi “)
m Tap cac sb tu nhiénchan E = {z | z = 2k v6i k € N} "




Tap hop

Khai niém va cach mo ta tap hop

Céc cAu tric co ban

m C6 thé mo ta mot tap hop thong qua gidn dé Venn (Venn

Hoang Anh Buc

diagram)
m T3p v tru (universal set) U gdm tat ca cac doi tugng dang T
xét Hinh chir nhat chétcobén
m TAp hop can mo ta Hinh tron hodc cac hinh khac
m Phan t( cla tap hop Piém

U

Hinh: M6 ta tap cac nguyén am trong bang chif cai tieng Anh
V ={a,e,i,0,u} bang gian do Venn
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Tap hop

Tap hgp rong

Céc cAu tric co ban

Hoang Anh Buc

M6t sb khai niém va tinh
chat co ban

m T4p hop rong (empty set), ky hiéu 0, 1a tap hop duy nhat
khong chira bat ky phan tir nao

m (= {} hodc () = {z | F} v6i F la mot ménh dé ludn ludn
sai (mau thuan)

m Bat ké mién xac dinh 1a gi, ménh dé —3z (x € () luén dung

m )+ {0}
m Tap {0} khdng réng, vi né chita mét phan ti—tap hop réng
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Tap hop

Tap hop con va tap hop bang nhau

Céc cAu tric co ban

Cho hai tap hdp A va B. A la tap con (subset) cua B, ky hiéu
A C B hoac B D A, khi va chi khi méi phan tlr clia tap A ciing
|a mét phan t& cla B
m(ACB)=Va(xre A—x € B) ot
m (A¢ B)=-(AC B) (A khdong la tap con clia B)
m(ACB)=(ACB)AN(B¢A) (Alatap con thuc su

Hoang Anh Buc

Mbt sb khai niém va tinh

(proper subset) cua B)

Bai tap 1

Cho A = {1,2,3} va , U

B = {1,3,5,7}. Hay liét ké tat B

ca cac tap hop

(a) latdp con cua A

(b) la tdp con thuc su cua A

(c) vura la tdp con cua A vira
la tdp con cua B \

(d) 13 ta"p con CEI& A nhu’ng Hinh: Gidn do Venn md ta A C B
khéng la tdp con cua B %




Tap hop

Tap hop con va tap hop bang nhau

Vidu 1
Ta chirtng minh vdi moi tdp A, taco () C A
m Nghia I3, ta can cthng minh VAVz ((x € 0) — (z € A)) Mot s K rigm vt
m Cu thé, tacanchira rang vGi mot tap A, va mot phan ti

o cu thé thudc cac mién xac dinh tuong ¢ing, ménh dé

(xg € 0) — (xo € A) dung
m Thét vay, theo dinh nghia cla tap hop rong, (zo € #) = F.

Do dé, (330 c @) —

Bai tap 2

Chung minh rang vdi moi tdp hop A,

tacoAC A
Bai tap 3

Cdc ménh dé sau ding hay sai?

(a)
(b)

1e{l}
1 C{1}

(ZL'() c A) =

¢) {1} € {{1}}
d) {1} € {{1}}

Céc cAu tric co ban

Hoang Anh Buc

Bai tap 4

Chttng minh rang néu

AC BvaBCC thi
ACC

Bai tap 5

Liéu c6 ton tai cdc tap

hop A va B thoa man
AcBvaACB? 5



Tap hop

Tap hop con va tap hop bang nhau

Céc cAu tric co ban

Hoang Anh Buc

Cho hai tap hop A va B. A va B |a hai tap bang nhau, ky hiéu Mot s0 ki nigm va tnh
A= B,khivachikhiAC BvaBCA
B (A=B)=(ACB)AN(BCA)=Ve(xrc Az € B)
m Tat ¢ cac phan tif trong mét tap déu phan biét (distinct);
liét ké mot phan t& nhiéu lan 1a vo nghia
m Néua =b thi {a,b,c} = {a,ct = {b,c} ={a,a,b,¢c,a,c,c}
m Ta ndi rang tap trén co6 (nhiéu nhat) 2 phan t
m Cac phan ti cla mot tap hgp khéng sap thir tu
(unordereqd)
m Batké a,b,clagi, {a,b,c} ={a,c,b} = {b,a,c} =
{b,c,a} = {c,a,b} ={c,b,a}
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Tap hop

Luc luong clia mot tap hop

Céc cAu tric co ban

m Luc luong (cardinality) cia mot tAp A, ky hiéu |A|, 1a s6
phan ti khac biét ma A co

m (0] =05 [{1,2,3} = 3; [{{1,2,3}, {4,5}}| = 2 o

m Néu |A| € N, thi ta goi A la tap huou han (finite set). Nguoc ehat eo ban

Cac phép toan trén tap hgp

Hoang Anh Buc

M6t sb khai niém va tinh

lai, A la mét tap vo han (infinite set) Bi cntp hop bing
m Mbt s6 tAp vo han quan trong
m N={0,1, 2 ) Tép s tv nhién (natural numbers) | 2"
mZ={.. ~1,0,1,2,...} Tép s6 nguyén (integers) | v
mZ = {1, 2, . } Tap sé nguyén duong (positive integers) |
mQ={p/q|p,qeZ vaqg+0} Tap so hitu ty (rational Dinh nghadiy va mot
numbers) l\/I(f)atl :ée(:r:;y dic biat
mR Tap sé thuc (real numbers)
m Rt Tap sé thuc duong (positive real numbers) L erevanesid
mC Tap so phuic (complex numbers) | Vo= eom e
BNCZCQCRCC
Bai tap 6

Tim cdc tap hop A, B théa man cac diéu kién
(a) A=1{3,|Bl} va (b) B ={1,]A],|B|}
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Tap hop

Tap hop luy thua

m T4p ldy thira (power set) cia mot tap A, ky hiéu P(A), la
tAp hop gom tat ca cac tap con cla A
O 73( y={{x |z C A}
P({a,b}) ={0,{a}, {b},{a, b}}
P0) = {0}
P{0}) ={0,{0}}
O Neu Alatap hitu han, |P(A)| = 2/4l. Do dé ky hiéu 24 doi
khi cling dudc st dung dé chi tap ldy thira cla A
Bai tap 7
Cho A = {1,2,3}. Cdc ménh dé sau ding hay sai?
(@) 2€ A (c) 2eP(A) (e) {2} e P(4) (9) {{2}} € P(4)
b)2cA () 2CcPA4) (f) {2} cP) (h) {{2}} S P4
Bai tap 8
Chutng minh rdng néu A = B thi P(A) = P(B) vdi hai tdp A, B
bat ky. Nguoc lai, néu P(A) = P(B) thi A ¢ bang B khéng?
(GOiy: A=B=(ACB)AN(BCA)=Vr(xrc Az ecB)va
neBuACBvaBCCtACC)
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Céc cAu tric co ban

Hoang Anh Buc

Mbt sb khai niém va tinh
chat ca ban



Tap hop

Tich Décac

Céc cAu tric co ban

m V3in € N, mot bo sap thi tv' n phan ti (ordered n-tuples) Ho3ng Anh B
(a1,as,...,a,) & mot ddy cac phan t&r c6 phan ti th&t nhat
la a1, phan ti thd hai 1a as, . .., va phan ti thi n 12 a,, (10) v v o
m Mot bo sap th( tu 2 phan ti dudc goi 1a mot cdp sap thir tu
(order pair)
m Haibo (ai,...,a,) va (b1,...,b,) |a bang nhau néu véi
MOi 7 € {1,...,72},0,7;:[%'
m Chuy: (1,2) # (2,1) # (2,1,1) nhung
{1,2} ={2,1} ={2,1,1}
m Tich Pécdc (Cartesian product) cla hai tap A, B, ky hiéu
A x B, 14 tap tat ca cac cap sap thi tu (a, b) trong do
ac Avabe B
mAxB={(ab)|acAAbe B} ,
m Chuy rang tich Bécac khong cé tinh chat giao hoan, nghia
la VA, B(Ax B=BxA)
m Tong quat hda
A1 x - x Ap ={(a1,...,an) |a1 €A1 AN~ Nan € Ap}
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Tap hop

Tich Décac

Céc cAu tric co ban

Hoang Anh Buc

M6t sb khai niém va tinh
chat co ban

Bai tap 9

Cho A ={1,{2,3}} vaB ={4,5,6}. Tim cac tdp hop A x A,
BxB,AxB,vaBx A

Bai tap 10

Chiing minh rang A x B = () khi va chi khi A = () hodc B = ()
Baitap 11

Ching minh rang A x B = B x A khi va chi khi A = () hodc
B =10 hoac A= B
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Tap hop

Phép hop

C4éc cAu trdc co ban
m Hop (union) cua hai tap hgp A, B, ky hiéu A U B, la tap Hoang Anh Bic
chira tat ca cac phan ti hoac thudc A, hoac thudc B, hoac
thudc ca hai
mVA B(AUB={x|x€ AVx € B})
m AUBDAvaAUBDORB
m{1,3,5}U{2,3,4} ={1,2,3,4,5}

Cé4c phép toan trén tap hop

U

Hinh: Gian d6 Venn moéta AU B
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Tap hop

Phép giao

Céc cAu tric co ban

m Giao (intersection) cua hai tap hgp A, B, ky hiéu AN B, la
tAp chla tat ca cac phan tir ddng thdi thudc ca A va B
mVA B(ANB={x|x€ AANx € B})
mANAB C AvaANB C B Céc phép todn trén tap hop
m {1,3,5}N{2,3,4} = {3}
m HaitAp A va B |a roi nhau (disjoint) néu AN B = 0.
m{1,3,5}N{2,4,6} =10

Hoang Anh Buc

U

Hinh: Gian d6 Venn méta A N B
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Tap hop

Phép hiéu

Céc cAu tric co ban

m Hiéu (difference) clia hai tap hop A, B, ky hiéu A — B hoac Hoang Anh Bic
A\ B, la tAp chita tat ca céc phan tir thuéc A nhung
khéng thuéc B
| VA, B (A — B = {CE ‘ rEANT ¢ B}) @ C4c phép toan trén tap hop
m {1,3,5} —{2,3,4} = {1,5}
m Khi tap vii tru U duoc xac dinh, phan bi (complement) cla
tap A, ky hidu 4, [atap U — A
mVAA={z|xz¢ A}

U U

Hinh: Gian do Venn méta A — B Hinh: Gian do6 Venn mo ta A
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Tap hop

Phép hiéu dbi xting

Céc cAu trlic co ban
m Hiéu dbi xiing (symmetric difference) cla hai tap hop A, B, Hoang Anh Bite
ky hiéu AAB hodc A @ B, |a tap chila tit ca cac phan ti
hoac thuéc A hodc thudc B nhung khdng thudc ca A va B
m VA B(AAB={x |z € A®zx € B})
m AAB=(A-B)U(B - A)
m {1,3,5}A{2,3,4} = {1,2,4,5)

Cé4c phép toan trén tap hop

Hinh: Gian do Venn mo ta AAB
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Tap hop

Cac phép toan trén tap hop

Bai tap 12
Tim cdc tdp A va B, biétrang A — B = {1,5,7,8},
B—A={210},vaANB = {3,6,9}

Bai tap 13

Cho cac tap hop A, B. Chu'ng minh
(@) AhNBC AvaANnBCB

(b) AC (AU B)

(c) A—BCA

74

Céc cAu tric co ban

Hoang Anh Buc

Mét s6 khai niém va tinh
chat co ban

Cé4c phép toan trén tap hop

Biéu dién tap hap bang
chubi nhi phan

Quan hé
Dinh nghia ham va mét sb
khai niém

Mot sb ham va toan ti

Dinh nghia day va mot sb
khai niém

Mbt s6 day dac biét

Ky hiéu t6ng va mot s6 khai
niém

Mét s6 cong thire tdng hitu
ich



Tap hop

Bang tinh thudc

Céc cAu tric co ban

Hoang Anh Buc

Bang tinh thuéc (membership table) clia cac phép toan trén tap
hop

Cé4c phép toan trén tap hop

A|B| AuB | AnB| A—B | A | AAB
1|1 1 1 0 0 0
1 0 1 0 1 0 1
0] 1 1 0 0 1 1
010 0 0 0 1 0

Bai tap 14

Xay dung bang tinh thuéc cua

(a) Au(BuC)va(AuB)uC

(b) An(BuUC)va(AnB)U(ANCQC)
(c) AuUBvaAnB
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Tap hop

Cé&c hing dang thic tap hop

Céc cAu tric co ban

Hoang Anh Buc

Tén goi Pang thirc
Luat ddng nhat ANU=A oF
(Identity laws) Aup=A syt o rop iy
Luat nuot AUU=U
(Domination laws) ANP=10
Luat |Gy dang AUA=A
(Idempotent laws) ANA=A
Luat bu kép —
(Double complement laws) A=A
Luét giao hoan AUB=BUA
(Commutative laws) ANB=BnNA
Luat két hop AU(BUC)=(AUB)UC
(Associative laws) AN(BNC)=(AnB)NnC
Luat phan phoi AU(BNC)=(AUB)N(AUCQ)
(Distributive laws) AN(BUC)=(ANnB)U(AnC()
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Tap hop

Cé&c hing dang thic tap hop

Céc cAu tric co ban

Tén goi Pang thire roang Ann B
Luat De Morgan ANB=AUB
(De Morgan'slaws) | AUB=ANDB (12) i srép o sin b
Luat hap thu AU(ANB)=A
(Absorptionlaws) | AN(AUuB)=A
Luat bu AUA=U
(Complement laws) ANA=1(

V6i hai tap A, B bét ky,

-~ Chung minh A =B

(1) Chéng minh tructiép AC BvaB C A

(2) Chung minh thong qua dinh nghia tap hop va cac phep
bién doi logic

(3) Ching minh bang bang tinh thudc
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Tap hop

Cé&c hing dang thic tap hop

Céc cAu tric co ban

Hoang Anh Buc

Vi du 2 (Dung dinh nghia)
Chingminh ANnB=AUB (20) i phip o en ap v
m ANBCAUB
m Giaslz € AN B. Theo dinh nghia, = ¢ AN B. Do d6,
ménh dé —~(x € A Az € B) dung. Ap dung luat De Morgan,
—(z € A) V ~(z € B) dung. Theo dinh nghia,taco x ¢ A
hoacx ¢ B.Dodd,x € Ahoacz € B,suyrax € AUB
m ANBDAUB
m Giaslz € AU B. Theo dinh nghia, = € A hodc = € B. Do
do, x ¢ Ahoac x ¢ B. Nhu' vay, ménh dé (z ¢ A) V (x ¢ B)
dung. Theo dinh nghia, ~(z € A) V —=(z € B) cung dung. Ap
dung luat De Morgan, ménh dé —(x € A Az € B) dung. Do
do, -(r € AnB)dung,suyraz € ANB
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Tap hop

Cé&c hing dang thic tap hop

Céc cAu tric co ban

Hoang Anh Buc

Vi du 3 (DUng dang thiic 1dgic da biét)
Chl'fng minh A ﬂ B — z U E (C;:T:;::éié;éntréntéphdp

Biéu dién tap hap bang
chubi nhi phan

ANB

|
—~—
&

¢ AN B} dinh nghia phan bu
—~(z € AN B)} dinh nghia ¢

khai niém

~(zr€ ANz € B)} dinh nghia N Mot 56 ham va ot
—(x € A)V—(z € B)} luat De Morgan o

khai niém

réd AV x ¢ B} d|nh nghTa ¢ Mt sb day déc biet
Tr € Z Ve E} d|nh nghTa phén bu Ky hiéu téng va mot sb khai

niém

1 | | I | |
e A A
8 8 8 8 8

. E Z U E} d’inh nghTa U xhétsé cong thirc tong htu

JUB mo ta tap hop

Lo
N
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i

Tap hop P

Cé&c hing dang thic tap hop

04 HOC TY NHIEN

Céc cAu tric co ban

Hoang Anh Buc

Mét s6 khai niém va tinh
chat co ban

Cé4c phép toan trén tap hop

Vi du 4 (Dung bang tinh thudc)
Ching minh ANB =AUB

Quan hé

Dinh nghia ham va mét sb
khai niém

Sy

A| B B|ANB | A

Mot sb ham va toan ti

Dinh nghia day va mot sb
khai niém
Mbt s6 day dac biét

OO = =
O R O
— —_ O O
_ O = O
B en M an RS
—_ == O D)
— = = O C

Ky hiéu t6ng va mot s6 khai
niém

Mét s6 cong thire tdng hitu
ich
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Tap hop

Cé&c hing dang thic tap hop

Bé.l tép 15 Céc ciu trdc co ban
2 2 \ " Hoang Anh Burc

Chung minh cac hang dang thuc tap hop da dé cap (su' dung g

cac phuong phap da trinh bay)

Bai té.p 16 Céc phép todn trén tap hop
VGi cdc tap A, B bat ky, chirng minh

(@) ANB=A—(A- B) (d) AAA =0

(b) AU(B—A)=AUB (e) AAD=A

(c) AN(B— A) =0 (f) AAB = BAA

Bai tap 17

VGi cdc tdp A, B, C, co thé két ludn rang A = B néu
(@) AUC =BUC?

(b) ANC =BNC?

(c) AuUC=BuUuCvaAnC=BnC?

Bai tap 18

C6 thé ndi gi vé cac tdp A, B néu AAB = A?
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Tap hop

Cé&c hing dang thic tap hop

Céc cAu tric co ban

Bai tap 19

Vi A Ia tap con cua mét tap vi tru U, chiing minh rang
(a) AAU = A

(b) AAA = U

Hoang Anh Buc

Bai tap 20

VGi hai tdp A, B bat ky, chirng minh

(a) AAB = (AUB) — (AN B)

(b) AAB = BAA

() (AAB)AB = A

Bai tap 21

Cht?ng minh hodc tim phan vi du cho cdc dang thic sau
(a) Ax (BUC)=(AxC)U(B xC)

(b) Ax(BNC)=(AxC)N(B x ()

trong dé A, B, C' la cdc tap bat ky
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Tap hop

Téng quat héa phép hap va phép giao

Céc cAu tric co ban

Hoang Anh Buc
m Do cac phép hop va giao thoa man luat giao hoan va luat
két hop, ta co thé md rong cac khai niém nay cho day n
tép Al, o o o 7ATL hOéC thé.m Chl, dé.y Vé han CéC tép- Céac phép toan trén tap hgp

m Cach nhom va thu tu thuc hién khdng quan trong
m AUBUC = (AUB)UC = AU(BUCQC) = Bu(AuC)
B ANBNC =(ANnB)NC =ANn(BNC)=BN(ANC)

E
ﬁ
N4

Hinh: Gian dé Venn cho AU BUC Hinh: Gian dé Venncho ANBNC
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Tap hop

Téng quat héa phép hap va phép giao

Céc cAu tric co ban

Holp (union) cua mét b6 (hitu han hodc v han) cac tap hop la Hoang Anh bt
mot tap chita tat ca cac phan ti 1a thanh vién clua it nhat mot
tap trong b6

@ Cé4c phép toan trén tap hop

[ UAZ:{ZE‘EIZG{L,n}(ZEGAZ)}:AlLJAQUUAn
1=1
m Tuong tu v6i tap chi s 1 bat ky | | 4; hay véi vo han céc
el

tap hop [j A;

1=1

Vidu5
VGii=1,2,...néu A, = {i,i+1,i+2,...} thi

A= J{ii+1i+2,...={1,2,3,...}=2"
1=1 =1
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Tap hop

Téng quat héa phép hap va phép giao

Céc cAu tric co ban

Giao (intersection) cia moét bd (hitu han hoac v6 han) cac tap Hoang Anh Bic
hap la moét tap chira tat ca cac phan ti la thanh vién cla tat ca
cac tap trong bd

[ ﬂAZ:{ZE‘VZG{l,,n}(ZCGAZ)}:AlﬂAgﬂﬂAn
1=1
m Tuong tu véi tap chi s6 1 bat ky ()] 4; hay vdi vo han céc
el

tap hop ﬁ A;

1=1

Vidu 6
VGii=1,2,...néu A, = {i,i+1,i+2,...} thi

(A= {ii+lLi+2,.. . }={nn+1ln+2,..}=A4,
1=1 =1
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Tap hop

Téng quat héa phép hap va phép giao

Bai tap 22
Vi cac tap hop A = {1,2,3,4,5}, B = {1,4,6,8}, va
C=1{5"7,910},timAnBNnCvaAuBUC

Bai tap 23

VGi cdc tdp hop A, B, C bat ky, chiing minh
(@) ANBNC=AUBUC

(b) AUBNC=ANnBnNnC

74
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Hoang Anh Buc

Mét s6 khai niém va tinh
chat co ban
Cé4c phép toan trén tap hop

Biéu dién tap hap bang
chubi nhi phan

Quan hé
Dinh nghia ham va mét sb
khai niém

Mot sb ham va toan ti

Dinh nghia day va mot sb
khai niém

Mbt s6 day dac biét

Ky hiéu t6ng va mot s6 khai
niém

Mét s6 cong thire tdng hitu
ich



Tap hop

Biéu dién tap hgp bang chubi nhi phan

Céc cAu tric co ban

m Gia s tap vi tru U 1a hifu han va cac phan tr clia U dugc
liet ké theo thi? tv uy, us, us, . . . , u,. Ta cO thé biéu dién
mot tap hitu han A C U dudi dang mét chudi nhi phan
B(A) = z12o ...z, trongdé 2; = 1 néuu;, € Avaz, =0
néu u; ¢ A. (26) s i o reping

| VGIU:{l,Q,,lO} (u1 =1,...,u10 :10)vé1
A={2,3,57}thi B(A) = 0110101000

Hoang Anh Buc

U [1] 2] 3]4[5[6] 7[8]9]10
BAY[0o| 1] 1[0 1|0l 1[0][0] 0

m Cactoan tl tap hap ‘U7, N’ va “ ”1an luot tuong tng vGi
cac toan tur l6gic “v”, “A”, va “=” thuc hién theo tiing bit.
Bai tap 24
VGiU = {1,2,...,10} (u; = i), A; = {2,3,5,7}, Ay = {1,3,9},
hay so sanh
(1) B(Al U Ag) va B(Al) V B(AQ)
(2) B(Al M AQ) va B(Al) N B(AQ)
(3) B(A—l) Vé _'B(Al) 74




Ham

Quan hé

m Cho hai tAp haop A va B. Mét quan hé (relation) R gitia A e t;\“'nch‘;’;é”
va B 1a mot tAp con cla tich Pécac A x B. Ta viét aRb SR
néu (a,b) € R. Trong trudng hop A = B thi R dudc goi la
moét quan hé trong A

m Alatap cac giang vién. Blatip cacldp. R C A x B la
quan hé “phan cong giang vién day 16p hoc”
m R = (): khong cé giang vién nao day bat ky 16p nao (50) auanhs
m R = A x B: mbi gidng vién day tat ca cac 16p
m Biéu dién mét quan hé bang hinh vé

A R B A R B

| 3
< —3——‘—&0—2
*-----@

(a) (b) (c)
Hinh: (a) twong tu gidan dé Venn, (b) dd thi, (c) hé toa do Décac »



Ham

Quan hé

Céc cAu tric co ban

m Mot quan hé R trong A duoc goi la quan hé tuong duong Hoang Anh B
(equivalence relation) néu né thda man cac diéu kién sau
Tinh phan xa (reflexive) V&i moi a thudc A, ta ¢ aRa
Tinh d6i xting (symmetric) V&i moi a, b thudc A, néu ta cé
aRb thi ta clng cb bRa
Tinh bac cau (transitive) V&i moi a, b, ¢ thudc A, néu ta cé uan e
aRb va bRc thi ta cung ¢co aRc

Bai tap 25

Trong mbi trudng hop sau, R ¢6 phai la quan hé tuong duong

hay khéng?

(1) R={(p,q) | p = q} VGip, q 1 cdc ménh dé légic

(2) R={(A,B)| AC B} vdi A, B la cac tap hop

(8) R={(A,B)| A= B} vdi A, B la cac tap hop

(4) R = {(a,b) | b chia hét cho a} Vdia,b la cdc s6 nguyén
duong
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Ham

Pinh nghia ham va mét s6 khai niém

m Vi hai tAp khac rbng A, B, mot ham (function) f t A dén Géc cau i co bin
B, ky hiéu f : A — B, la mot quan hé gilra A va B gan riosng Amn Bre
chinh xdc mét phan ti cia B cho méi phan tl clia A

(1) V6imoia € A, tontai b € B sao cho (a,b) € f
(2) V@i by va bz thudéc B sao cho (a,b1) € fva (a,b2) € f,taco

bl — b2
Néu b la phan t& duy nhat thudc B dugc gan cho phan tlr a e
thudc A bdi f, taviét f(a) =b D g i v s

Hinh: Ham Hinh: Khéng phai ham e



Ham

Pinh nghia ham va mét s6 khai niém

Céc cAu tric co ban

G|é SG’ f |é mét hém tl‘j A dén B Hoang Anh Burc
m A dudc goi la mién xdc dinh (domain) cla f
m B dudc goi 1a mién gia tri (codomain) cla f

m Néu f(a) = b, ta goi b 1a dnh (image) cla a va a 1a mot
nghich anh (preimage) ciia b

m Ia Cl]ng noi réng f anh Xa A dén B Dinh nghiia ham va mét sb

khai niém

Vidu7

VGi ham £ cho bdi hinh bén
m Tap xac dinh A = {1,2,3,4,5}
m Tap giatri B = {2,4,6,8,10}

m4c Blaanhclacalec Ava
hbe A

Hinh: f: A — B
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Ham

Pinh nghia ham va mét s6 khai niém

Gi s{t f 1a ham tir A dén B .
m Tap hap tat ca cac anh cla cac phan t& thuéc A dugc goi
la anh cua A qua ham f, ky hiéu f(A)
m f(A)CB
m Vditap con S C A, anh cua S qua ham f, ky hiéu f(S), la
tap tat ca cac anh cla céc phan ti thudc S

= f(S) — {t | ElS E S (t :\ f(f)),} — {f(S) | 5 E S} @ Dinh nghia ham va mot sb
m Chuy: f(s) la mdt phan ti cua B va f(S) la mot tap con i niém |
cua B

Vidu 8
VGi ham f cho bdi hinh bén
mf(A)=1{2,4,6,8}
m Vi S=1{125}taco
f(S) — {476}

Hinh: f: A — B

74



Ham

Ham téng va ham tich cla hai ham thuc

Cho f, va f, la cdc ham tir A dénR. Ta dinh nghia f + fo va Ci‘l’o:i:t;\“'n‘:;’;f”
fifo la cac ham tu A dén R, goi la cac ham thuc (real-valued
function), nhu sau. VGi moi x € A,

A+ R)e) =[filz) + (o phép toan
Ky hieu ham
(frf2)f=) =|fr(2)f2(2) |trong R
Bé'l tép 26 Mot s6 ham va todn t
Hay kiém tra lai rang f1 + f-» va fif. thue su la cac ham
Bai tap 27

Goi F la tap hop tat cé cdc ham f : R — R vdi tap xdc dinh va
tap gia tri la tap cac so thuc. Cac ménh dé sau la dung hay
sai? Hay giai thich dap an cua ban

(@) Ve e R [3f € F (f(0) =¢)]
(b) 3f € F [VeeR (f(0) =c
(c) 3f € F [Ve e R (f(c) =0)
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Ham
Ham hop

m VGicichamg: A — Bva f: B — C, ta c6 thé dinh nghia Cée cu tric oo ban
hop (composition) cua f va g, ky hiéu fog: A — C, nhu Floang Anh B
sau

(fog)(x) = flg(x))
véimoix € A

m Chuy: f o g chi duoc dinh nghia khi t4p gid tri cua g la tdp
con cua tap xdc dinh cua f

m Chu y: Toan tif “o” khong giao hodn, nghia 13, frong hau () wsmma s
hét moi truong hop, fog+# go f

74




Ham
Ham hop

] Céc cAu tric co ban
VI d u 9 Hoang Anh D¢
A g B f C A Jog C
a h a @ @ h
b b
2 (; t M6t s6 ham va toan tl
c C
3
d J d J
4
Bai tap 28

Chog:{a,b,c} — {a,b,c} vdig(a) =0b, g(b) = ¢, vag(c) = a.
Cho f :{a,b,c} — {1,2,3} vOi f(a) =3, f(b) =2, va f(c) = 1.
Hay tim fogvago f
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Ham

Pon anh

Céc cAu tric co ban

m Ham f : A — B dugc goi la mét don anh (injection) hay
mot ham mét-mdét (one-to-one function) khi va chi khi
f(a) = f(b) kéo theo a = b vGi moi a va b thubc tap xac
dinh A cua f

m Va,b(f(a) = f(b) >a=0b)=Va,b(a+b— f(a) # f(b))

Hoang Anh Buc

Vidu 10

Hinh: Don anh Hinh: Khéng phai don anh 7



Ham

Pon anh

Céc cAu tric co ban

Hoang Anh Buc

Mét s6 khai niém va tinh
chat co ban
Cac phép toan trén tap hgp

Biéu dién tap hap bang
chubi nhi phan

Béi té.p 29 Quan hé

Ham f : Z — Z trong mai trudng hop sau day cé phéi la don ol e e ot
a’nh khéng? @ Mot s6 ham va todn t
(a) f(n) = n — 1 (C) f(n) — n3 Dinh nghia day va mot sb

khai niém

(b) f(n) =n?+1 (d) f(n) = [n/2]

Ky hiéu t8ng va mot s6 khai
niém

Mét s6 cong thire tdng hitu
ich

74



Ham

Pon anh

Céc cAu tric co ban

Hoang Anh Buc

Cho f : A — B la mot ham trong dé A, B la cdc tdp con cua R
m f duoc goi la tang (increasing) khi va chi khi véi moi z, y
thudc A thoa man = < y, ta ludn co f(z) < f(y)
B VaVy (z <y — f(z) < f(y))
m f dudc goi la thuc su tang (strictly increasing) khi va chi
khi v&i moi z, y thuéc A thoa man z < vy, ta ludn cé
f(ZC) < f(y) @ Mot s& ham va toan tir
B VaVy (z <y — f(z) < f(y))
m f dugdc goi la giam (decreasing) khi va chi khi véi moi z, y
thudc A thda man = < y, ta luén cé f(x) > f(y)
B VaVy (z <y — f(z) > f(y))
m f dudc goi la thuc su giam (strictly decreasing) khi va chi
khi v&i moi z, y thuéc A théa man z < y, ta ludn cd
f(x) > f(y)
m VoVy (z <y — f(z) > f(y))
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Ham
Bon anh

Céc cAu tric co ban

Hoang Anh Buc

Bai tap 30

(a) Cho vi du vé mét ham f 1a ham thuc su gidm

(b) Cho vi du vé mét ham f 1a ham giam nhung khéng 1a thuc (1) werssanvatn
su giam

(c) Chttng minh néu f 1a ham thuc su tang hodc thuc su’ giam
thi f la don anh
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Ham

Toan anh

Céc cAu tric co ban

Ham f : A — B dudc goi la mot foan anh (surjection) khi va chi
khi vGi moi phan t b thudc B ton tai mot phan ti « thudc A sao
cho f(a) =0

mVYbc Bdac A(f(a) =0)

m f(A) = B (anh cla A qua f bang vdGi tap gid tri B)

Hoang Anh Buc

Vidu 11 v o

Hinh: Toan anh Hinh: Khéng phai toan anh 74



Ham

Toan anh

Céc cAu tric co ban

Hoang Anh Buc

Bai tap 31
Ham f : Z x Z — Z trong moi trudng hop sau day co phai 13
toan anh khéng?

(@ f(m,n)=2m—n (c) f(m,n)=m+n+1 (42) ot i
(b) f(m,n) =m?—n? (d) f(m,n)=m?—4
Bai tap 32

Chung minh rang f : A — B la toan dnh khi va chi khi
f(A) =B

74



Ham
Song anh

Céc cAu tric co ban

Ham f: A — B dudc goi la mét song anh (bijection) khi va chi
khi né déng thai la don anh va toan anh

Vidu 12
X
o/.
&

Hinh: Sona anh Hinh: Bon anh,  inn: Toan anh, Hinh: Khéng don
NN S0NG @M khong toan anh  khong don anh  &nh, khéng toan
anh 74

Hoang Anh Buc

v ¢ ¢




Ham
Song anh

Céc cAu tric co ban

Hoang Anh Buc

{chay

VGi céc tap hop hiu han A, B, ta c6 |A| = |B| khi va chi khi
ton tai mét songanh f: A — B

Bé.i té.p 33 @ Mot sb ham va toan ti
Ham f : R — R trong méi trudng hop sau ddy cé phdi la song
anh khéng?

(a) f(x)=—-3z+4 (e) f(z)=2x+1

(b) f(z)=—32%+7 (f) f(z)=2?+1

(c) f(z)=(x+1)/(z+2) (9) f(z) ==2°

(d) f(z)=2"+1 (h) f(z) = (2® +1)/(2*) + 2

74



Ham

Ham nguogc

Céc cAu tric co ban

Hoang Anh Buc

m Cho f: A — Blamotsong anh. Ham ngugc (inverse
functlon) cla f 1a mdt ham gan cho méi phan ti b € B mot
phan t duy nhat a € A sao cho f(a) = b. Ham ngugc cla
f dugcky hiéula f~1:B—+ A

m Mot song anh con dugc goi la mot ham kha nghich
(invertible function)

74



Ham

Ham nguogc

Céc cAu tric co ban

Hoang Anh Burc

Mét s6 khai niém va tinh
chat co ban

N n VN
Bal tap 34 Céc phép toan trén tap hop

Biéu dién tap hop bing

Chiuing minh rang f~* l1a mét song dnh chudi i p

\ o A Quan hé
Bal tap 35 Dinh nghia ham va mét sb

khai niém

Ham ngugc cla cdc ham sau cd ton tai hay khéng? Tai sao? (&) wassrmawin
(a) f . R — R, f(ZIZ') =T —|— 1 Pinh ngha day va mét sb

(b) f . R — R; f(x) — 332 Métséldéydécbiét
(C) f : R _> R’ f(aj) — 2.7; Eéméuténgvamétsé khai
(d)

d f . N — N, f(gj) o 23; :}gstsécéngthwcténghcfu
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Ham

Ham dong nhét

Céc cAu tric co ban

m Cho A 1a mot tap hap. Ham déng nhét (identity function)
trén Alahamidy : A — Atrong doids(z) = x v3i moi
xreA

m id4 la song anh véi moi tap A

m Vdisong anh f : A — B va ham ngudc clia nd
f71:B— A

Hoang Anh Buc

fThof=idy

Hinh: Ham déng nhat trén A %



Céc cAu tric co ban

Bai té.p 36 Hoang Anh Diic
Hay tim vi du mét ham f : N — N thoa man

(a) f la don anh nhung khéng la toan anh

(b) f la toan anh nhung khéng la don anh

(c) f la song dnh va f khdc ham déng nhat trén N

(d) f vira khéng la don anh vua khéng la toan anh

Bai tap 37

Chocdchamg: A— Bva f: B — C. Ching minh rang

a) Néu cd g va f déu la don anh thi f o g ciing la don dnh.

b) Néu cd g va f déu la toan dnh thi f o g cang 1a toan anh.

c) Néu f o g 1a toan dnh thi f ciing la toan dnh

d) Néu f o g Ia don anh thi g cang la don dnh
)

e) Néu f o g la song anh thi g 1a toan anh khi va chi khi f 12
don anh

(
(
(
(
(
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Céc cAu tric co ban

Hoang Anh Buc

Bai tap 38
Tim vi du cac ham f va g thca man f o g la song anh, nhung g
khéng phai toan anh va f khéng phai don anh.

Bai tap 39

Goi f : A — B la mét ham vdi A, B la cdc tdp hitu han thoa
man |A| = |B|. Chitng minh rang f la don anh khi va chi khi né
la toan anh.
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Ham

Ham san va ham tran

Trong toan r0i rac, ta thuong dung hai ham sau
m Ham san (floor function) gan cho s6 thuc = sd nguyén I6n
nhat c6 gid tri nhd hon hodc bang z. Gid tri cdla ham san
dugc ky hiéu la |z
m Ham tran (ce///ng function) gan cho so thuc z s nguyen
nho nhat ¢ gia tri I6n hon hoic bang z. G|a tri cla ham
tran dugc ky hiéu 13 [z

m Néuz¢Zthi |—z] #
|—a] # |z
m Néuz € Zthi [z]| = [7]
Vidu 13
m|15]=1,[1.5]=2
m|-15]=-2[-15] =
m|-3=-3[-3]=-

—|x| va

=T

—1

) —

74

Céc cAu tric co ban

Hoang Anh Buc

Mot sb ham va toan ti



Ham

Ham san va ham tran

Céc cAu tric co ban

<. . Hoang Anh Buc
Bai tap 40
Cht’ng minh céc tinh chat sau clia ham tran va ham san, trong
dorcRvancZ

(1a) |z| =n khivachikhin <z <n+1

(1b) [z] =n khivachikhin —1 <z <n

(1C) r| =n khivachikhiz —1 <n <z MGt s ham va todn tir
(1d) [z] =n khivachikhiz <n <z +1

2 r—1<|z|<z<|z]|<zx+1

(3a) [—z] = —[x]

8b) [~2] = —z]

(4a) |x+n] =|x] +n

(4b) [z +n|=|z]+n

74



Ham

Ham san va ham tran

Céc cAu tric co ban

Hoang Anh Buc

Bai tap 41
Chuing minh rang néu n € N thi [n/2| = n/2 néun chan va
In/2| = (n—1)/2 néun lé

Bé| tép 42 Mot sb ham va toan tir
Chitng minh rdng néu x € R thi |2z| = x| + |z + 1/2]. (GOl y:

Khi xét cdc bai todn lién quan dén ham san, mot cdch tiép can

hitu ich la datz =n+ e trong dén = |x| € Z va e 1a mdt sb

thuc théa man 0 < e < 1. Tuong tu, vdi ham tran, cd thé dat

r=mn—E¢€)
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Day

Pinh nghia day va mot s khai niém

Céc chu trdc co ban
m Mot day (sequence) {a,, } dugc xac dinh qua mot ham Hoang Anh Bc
f:1— Atrong dd I C Zla tap cdc chi so (indices) va A la
tap bat ky
m Thongthuong, I = N hodac I =Z* =N — {0}
m Vidy, ddy {a,} x4c dinh bdi f(n) = n” véi moi s0 nguyén
n > 0co cac phantu0,1,4,9,16,...
m Véiicl, a;laanhcliaiqua f, nghiala a; = f(7)
m Ta goi a; 1a mét s6 hang (term) cla day {a.}
m i la chi so (index) cua a; (4) Binh i Gy va ot
m Doi khi, thay vi ky hiéu {a, }, c6 thé viét “day a,,a,,...” dé
chac chan rang tap cac chi so I dugc xac dinh rd rang
m Cé thé md ta mdt day bang cach liét ké mot vai sd hang
dau tién hoac cubi cung cla day va st dung “...” cho
phan con lai
m Vidu, c6thé md ta day {a.} & trén bang cach viét
{an} =0,1,4,9,16,25,...

74



Day

Pinh nghia day va mot s khai niém

Céc cAu tric co ban

Hoang Anh Burc

Mét s6 khai niém va tinh

Ai 18 chét co ban
Bal tap 43 Ca’cphf}ptoéntrén\tap hop
Trong moi trudng hop sau, tim cdc so6 hang ag, a1, ..., as cua crudinripen
day {an} neu Quan hé

(@) an =27
(b) a, =1+ (=1)"

(c
(
(

Mot sb ham va toan ti

)

) ap = (’]’L —l— 1)7’L—|—1 Etiwr;?rﬂg:adayvamotsé
Mot s6 day dac bigt

d) a, =7

)

)

e

(f

L n Ky hiéu t8ng va mot s6 khai
Cl,n —_— T (_ 2) niém

Mét s6 cong thire tdng hitu

an = |n/2] e
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Day

Cap sb nhan va cp sb cong

m Mot cap sé nhan (geometric progression) 1a mot day cé
dang

2

n

a,ar,ar”,...,ar ...

trong d6 sé hang dau tién (initial term) a va céng boi
(common ratio) r la cac so thuc

mVidu, véin=0,1,2,...
m {b,}VvOib, =(-1)"
m {c,}Vlic,=6-(1/3)"

s0 hang dau tién 1, cong boi —1
sO hang dau tién 6, cong bdi 1/3

m Mbt cap s6 cong (arithmetic progression) la mot day cé

dang

a,a+d,a+2d,...,a+nd,...

trong d6 s6 hang dau tién (initial term) a va cong sai
(common difference) d la cac so thuc

mVidu,véin=0,1,2,...
m {d,}Vvlid,=—-1+4n
m{e,}VGie,=T7-—3n

s6 hang dau tien —1, cong sai 4
s6 hang dau tién 7, cdng sai —3

74

Céc cAu tric co ban

Hoang Anh Buc

Mét s6 khai niém va tinh
chat co ban
Cac phép toan trén tap hgp

Biéu dién tap hap bang
chubi nhi phan

Quan hé
Dinh nghia ham va mét sb
khai niém

Mot sb ham va toan ti

Dinh nghia day va mot sb
khai niém

Mét sb day dac biét

Ky hiéu t6ng va mot s6 khai
niém

Mét s6 cong thire tdng hitu
ich



Day

Tim cong thirc twdng minh ctia mot day

Céc cAu tric co ban

Hoang Anh Buc

m Cho tru6c mét vai phan ti cla day
m Yéu cau tim

m moét cong thirc tudng minh clia céc s6 hang
m hoac moét phuong thirc dé liét ké cac phan tlr cua day

Vidu 14

Sé tiép theo trong day c6 thé 1a bao nhiéu?
m1,23,4,...
m1,3579,...
m235711,...

Vidu 15

Céc sb hang tiép theo cé thé I1a bao nhiéu?
m1,223334,4,4,4
m 0,1, 3,06,10,15,21,28, 36,45, 55

Mét sb day dic biét
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Day

Tim cong thirc twdng minh ctia mot day

Céc cAu tric co ban

Hoang Anh Buc
m M6t phuong phdp hitu ich dé tim cdng thirc tong quét cho
cac s6 hang clia mét day 1a so sdnh cdc s6 hang cla day
can tim vdi cac sé hang clia mot day da biét (vi du nhu
cap sb cong, cap so nhan, day sé chinh phuong, v.v...)

Cong thirc | Muoi so6 hang dau tién
n> 1,4,9, 16, 25, 36, 49, 64, 81, 100, . . .
n3 1,8,27,64,125, 216,343,512, 729, 1000, . . .
n’ 1,16, 81,256, 625, 1296, 2401, 4096, 6561, 10000, . . .
fu 1,1,2,3,5,8,13,21, 34, 55,89, ...
n 2,4,8,16,32,64, 128, 256,512, 1024, . . . (58) ot cay azcvie
3n 3,9,27, 81,243,729, 2187, 6561, 19683, 59049, . . .
n! 1,2,6,24, 120, 720, 5040, 40320, 362880, 3628800, . . .

m Bang Tra Ctiu Day S6 Nguyén Truc Tuyén (The On-Line
Encyclopedia of Integer Sequences - OEIS)
https://oeis.org/
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Day

Tim cong thirc twdng minh ctia mot day

Céc cAu tric co ban

Hoang Anh Dic

Bai tép 44
Vi méi day so nguyen sau, hay tim m¢t cong thuc don g/an
hodc mét cdch dé tim cdc sé hang tiép theo cua aay. Gia su
céng thic ban tim ra la dung, hdy tim ba s6 hang tiép theo cua
aday
(a) 1,0,1,1,0,0,1,1,1,0,0,0,1,...
(b) 1,2,2,3,4,4,5,6,6,7,8,8,.
(c) 1,0,2,0,4,0,8,0,16,0,.
(d) 3,6,12,24,48,96,192, .
(e) 15,8,1,—6,—13,—20, —27,.
(f) 3,5,8,12,17,23, 30, 38,47, .

) 2,16,54,128, 250,432, 686, .

)

2,3,7,25,121,721,5041,40321, . ..

(
(h

(@)
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Tong

Ky hiéu tdng va mot s6 khai niém

m Cho day {an} mot s6 nguyén gidi han dudi (lower limit) m
va mot so nguyen g/d/ han trén (upper //m/t) n > m. Tong
(summation) cla cac s6 hang a.,, a1, - . ., an CO thé
duagc viét 1a

am_"am—i—l"l_"'—l_an

m O day, j dudc goi 1a chi s Iy téng (index of summation)
va dudc chon hoan toan tuy y

n
> 5= Z =Y o
j=m k=m

74

Céc cAu tric co ban

Hoang Anh Buc

Mét s6 khai niém va tinh
chat co ban
Cac phép toan trén tap hgp

Biéu dién tap hap bang
chubi nhi phan

Quan hé
Dinh nghia ham va mét sb
khai niém

Mot sb ham va toan ti

Dinh nghia day va mot sb
khai niém

Mbt s6 day dac biét

Ky hiéu t8ng va mot s6 khai
niém

Mét s6 cong thire tdng hitu
ich



Tong

Ky hiéu tdng va mot s6 khai niém

Vidu 16
Cho day {a,,},
m Vi tap chi so S bat ky, tong cac s6 hang a,; véii € S:

S

€S

m Tong cac s6 hang 16n hon hodc bang a;:

00
E a; = aj + Qi1+ ...
1=
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Céc cAu tric co ban

Hoang Anh Buc

Mét s6 khai niém va tinh
chat co ban
Cac phép toan trén tap hgp

Biéu dién tap hap bang
chubi nhi phan

Quan hé
Dinh nghia ham va mét sb
khai niém

Mot sb ham va toan ti

Dinh nghia day va mot sb
khai niém

Mbt s6 day dac biét

Ky hiéu t8ng va mot s6 khai
niém

Mét s6 cong thire tdng hitu
ich



Tong

Ky hiéu tdng va mot s6 khai niém

Vidu 17
Véiham f: X — R,
m VGi X = {z1,2,,...},t0ng cdc gid tri cla ham f:

> f@) = flx) + f(z2) +

reX

m VGi X = {z | P(z)} trong d6 P(x) | vi t&f cho trudc, tong
cac gia tri cia ham f:

Z f(@) = fz1) + fz2) +

P(z)

74

Céc cAu tric co ban

Hoang Anh Buc

Mét s6 khai niém va tinh
chét co ban
Cac phép toan trén tap hgp

Biéu dién tap hap bang
chubi nhi phan

Quan hé
Dinh nghia ham va mét sb
khai niém

Mot s6 ham va toan tlf

Dinh nghia day va mot sb
khai niém

Mbt s6 day dac biét

Ky hiéu t8ng va mot s6 khai
niém

Mét s6 cong thire tdng hitu
ich



Tong

Ky hiéu tdng va mot s6 khai niém

Vidu 18

4
Zj2:12_|_22_|_32_|_42
j=1

100 1

1 1
e P B
D A R T

j=1
sz:1+2+22+23+...
=0
Z 22 = 0422 442 £ 62 4+ 82 4+ 102
(0<x<10)

A(z chan)

74
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Céc cAu tric co ban

Hoang Anh Buc

Mét s6 khai niém va tinh
chat co ban
Cac phép toan trén tap hgp

Biéu dién tap hap bang
chubi nhi phan

Quan hé
Dinh nghia ham va mét sb
khai niém

Mot sb ham va toan ti

Dinh nghia day va mot sb
khai niém

Mbt s6 day dac biét

Ky hiéu t8ng va mot s6 khai
niém

Mét s6 cong thire tdng hitu
ich



Tong

Ky hiéu tdng va mot s6 khai niém

Céc cAu trlic co ban
N oA Hoang Anh Burc

Bai tap 45
SU dung ky hiéu téng dé viét lai cac céng thiic sau ot s kv i vt

chét co ban

(@) 244+ 64844 2m ol
b) 1+5+94+13+---+425

chubi nhi phan

]_ Quan hé

© 14=+2te+ e
2 3 50 khai niém '

Mot s6 ham va toan tlf

Bé.i tép 46 Eég?l:}gmadéyvémétsé
Viét lai cdc téng sau dudi dang céng thic dai hon e

100 @ Ky hiu t8ng va mot 6 khai
niém
(a) E (3 —|_ 4k) Mét s6 cong thire tdng hitu
ich
k=1

50 1
0) >
k=2

74



Tong

Mét s6 cong thirc tong hitu ich

m 76ng hang sé: V6i hang sb ¢ bat ky,
j
Zc:(j—z'—l—l)-c

n=—1

m Phan phdi: V6i hang sb ¢ bat ky,

D cfm)=c) f(n)
m Giao hoan:
D (F )+ gn) = D Fn) + Y gln)
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Céc cAu tric co ban

Hoang Anh Buc

Mét s6 khai niém va tinh
chat co ban
Cac phép toan trén tap hgp

Biéu dién tap hap bang
chubi nhi phan

Quan hé
Dinh nghia ham va mét sb
khai niém

Mot sb ham va toan ti

Dinh nghia day va mot sb
khai niém

Mbt s6 day dac biét

Ky hiéu t6ng va mot s6 khai
niém

Mét sb cong thirc téng hitu
ich



Tong

Mét s6 cong thirc tong hitu ich

Céc cAu tric co ban

A 2 A, Hoang Anh DU
m Doichi so. oang Anh Bue
m m-+n
E f (Z) p— E f (k —_ n) E/Ih(f);tsc(;kbhéa’ri niém va tinh
7,:] kﬁ:j—f—n Céc phép toan trén tap hop

Biéu dién tap hap bang
chubi nhi phan

4 6
mVidy) ¥ =) (k-2)° (ddth=i+2) uan
1=1 k=3

Dinh nghia ham va mét sb
khai niém
Mot sb ham va toan ti

m Tdchténg: Vi j <m < k

Dinh nghia day va mot sb

k m k :Ah;i sr]éé(?éay dac biét
D> =) fa)+ >, f@) S e
— _ . +1 Eiyé:ﬁ:eu tong va mot so khai
= =) = @ I’\Agtsécéngthacténg hitu
m D3o thu tu:
k k
> @) =) flk—1)
1=0 1=0

74



Tong

Mét s6 cong thirc tong hitu ich

i i ; . Céc cAu tric co ban
m VGi {a,} la cap s6 nhan co s6 hang dau tién a va coéng bbi Hoang Anh Bifc
r, tong clia n + 1 s6 hang dau tién cla day la

n
S = g ar’
i=0

m CoOng thuc tvong minh

(ar™tl —q

—~ né 1
S:Zarzz< r—1 ?Uri
i=0 ((n+1)a néur=1

@ Mbt sb cong thiic téng hitu
ich

S=a+ar+ar’+ar’+ - +ar"”
rS = ar +ar® +ar’ + -+ ar™ + ar™t

rS —8=ar"tt —q

1

74
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Mét s6 cong thirc tong hitu ich
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n Céc cau tric co ban
) n Vg ?
rS=r g ar’ cong thuic cua S Hoang Anh Bic
1=0
n Mét s6 khai niém va tinh

i1 A <. chét co ban
— E ar phan phOI Céc phép toan trén tap hap

Biéu dién tap hap bang

1=0 chudi nhij phan
n—+1
L k A2 ? A o Quan hé
p— E ar dOI Ch I SO, k =1 _|_ ]- Dinh nghia ham va mét sb
khai niém
k=1 Mot s6 ham va toan tlf
n+1

n
4 ~° inh nghia day va mot sé
— g ar® + g ar® tach tong dinam
Mbt s6 day dac biét
k=1 k=n-+1
n Ky hiéu t6ng va mot s6 khai

= ( g ar® 4+ ar?) + (ar"™! — ar®) thém va bét ar’ = a (50 wotscon o g i
ich
k=1

= Z ar® 4+ (ar™*! — q) tach tong
k=0

=S+ (ar™tt —a) cong thirc clia S

74



Tong

Mét s6 cong thirc tong hitu ich

Céc cAu tric co ban

Vll dU 1 9 Hoang Anh Buc
Tim cong thiic tuong minh cho tong 7' =) i

1=1
T=14+24+34+---+n
T=n+n-1)+n-2)+---+1
2'=(n+1)-n

Bai tap 47
VGi {an} 1a c4p sb céng c6 s6 hang dau tién a va cong sai d,
tbng cua n + 1 s6 hang dau tién cua day la (55, worscaog i g

T = zn:(a + id)
i=0

Hay tim céng thuc tuong minh cho T

74



Tong

Mét s6 cong thirc tong hitu ich

Céc cAu tric co ban

Vll dU 20 Hoang Anh Burc
100

Phuong phap clia Gauss dé tinh ) i
1=1

I +2+3+44+...+97+ 95499 4+ 100

+[H+

Béi tép 48 @ :’\(/:Ihétsécéngthu’cté’ng hitu
Tim céng thifc tuong minh cho T =) i sif dung phuong phap

1=1
tuong tu nhu vi du trén. C6 thé dp dung phuong phdp tuong tu
cho Bai tap 47 khéng?

74



Tong

Mét s6 cong thirc tong hitu ich

Céc cAu tric co ban

Hoang Anh Buc

Vi du 21
Tim cong thic tuong minh clia 7' = ) =™ vdi z la s thuc thda
n=0

man -1 <z <1
Ta da ching minh

k . $k+1 1

> -
r—1

Do—-1<ax<1,zF! =5 0khik — co. Taco
Mét sb cong thirc téng hitu
©.@) k: kﬁ—i—l ich
: R — 1 1
T:ZCUn: lim " = lim =
n=0

k—s 00 k—soco a1 —1 1 —=x
n=0

74



Tong

Mét s6 cong thirc tong hitu ich

Céc cAu tric co ban

Tong Céng thirc twong minh roang fnn B
n n+1
N ar’ (r #0) T #)
o r—1
i . n(n+1)
kn:l 2
k=1 6
i k‘3 nz(n —+ ].)2
k=1 4
- 1 n
Z .:Uk (_1 < T < 1) Il,\(/:lhc_)tsocongthuctong hitu
P— 1l —=x
- 1
ket (-1 <z < 1)
;::1 (1 —x)?

74



Tong

Mét s6 cong thirc tong hitu ich

Bé' tép 49 Cac ?éu tric cor,bén
Tinh céc téng sau roang Amh e
200 200 20
>k (b) > K (c) > K*(k-3)
k=100 k=99 10
Bai tap 50 .
(a) Chiing minh rang > "(a; — a;—1) = a, — ag, trong do
1=1
ao,ai, ..., a, la motday gom cdc sé thuc
? z Ve ]. ]_ ]_ N A 2
b) Su dung dang thuc = — — va phan (a) dé
(b) ing aang thie 1-a=—5 = . ~ p 41 vapPhan @
- 1
tinh
kz_:l k(k- _I_ ]_) Il’\(/:lhcf)tsc'“J ¢ong thiic téng hitu

Bai tap 51

L&y tong cé hai vé cla dang thic k* — (k — 1)? = 2k — 1 tir

k =1 dénk = n va s dung Bai tap 50(a) dé tim mot cong thue
turoing minh cho S _ (2k — 1) (t6ng n s6 tu’ nhién Ié dau tién)

74



Tong

Mét s6 cong thirc tong hitu ich

Céc cAu tric co ban

Ngoai ky hiéu tong, ta cling c6 ky hiéu déc biét cho tich o
(product). Cho day {a,} va cac chi so gigi ham dudi m va gidi
han trén n > m. Tich cla cac s6 hang a.m,, ami1, - . ., an €O thé
duagc viét 1a
Am * Am+1 - .- Ap

mn

I @
j=m

I o

m<j<n
Bai tap 52
Tlhh gla, tr! Clja Ca’C tl,Ch Sau @ M6t sb cong thic téng hiiu
10 8 ich
(@ ] () 1]
i=0 1=95
100 10

) TI-v @ ]]2

1=1 1=1 74
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NOi dung

Tap hop
Nghich ly

Luc lugng cua tap vo han
Dinh nghia ,
Tap dém dugc va khong dém duoc

Céc cAu tric co ban

Hoang Anh Buc

Nghich ly

DBinh nghia

Tap dém dugc va khong
dem duoc



Tap hop

Nghich ly

m Chung ta dang hoc mét Iy thyét tdp hop ngdy tho (naive I
set theory)
m Dinh nghia bang ngdn ngl tv nhién, khdng chat ché vé mat et
toan hoc

m M0 ta cac khia canh cua cac tap hgp toan hoc quen thudc
trong toan rai rac
m Ban than ly thuyét nay cé chilra cac nghich ly (paradox) (=
mot phat biéu tv phi dinh chinh né mac du ldc dau nhin ¢
veé dung)
m Nghich ly Russell (D&t theo tén nha triét hoc, nha l6gic
hoc, nha toan hoc ngudi Anh Bertrand Russell
(1872-1970))

m Goi S |4 tap tat cd cdc tdp hop khéng chifa chinh né nhu 13
mot phan tr, nghiala S = {A| Alaméttap hgpva A ¢ A}
m Chuy rang theo dinh nghia tdp hop ta da hoc, ton tai mot tdp
hop chita chinh n6 nhu la mét phan tor. Vi du xét t4p T cac
tap hop co chia it nhat mét phan to
m Liéu S cd phai la mdt phan tl cla chinh né hay khéng, néi
cach khac, liéu S € S?



Luc lugng cua tap vo han

Dinh nghia

Céc cAu tric co ban

m Nhac lai: Luc luong (cardinality) cla mét tap A, ky hiéu
|Al, 14 s6 phan t0 khac biét ma A ¢

m Cactap A va B co cung luc lugng, ky hieu |A| = |B|, khi
va chi khi ton tai mét song dnh tr A dén B

m Néu ton tai mét d‘o\fn anhtr A déen B, ta nédi “luc lugng cua inh nghia
A nho hon hoac bang luc lugng cua B”, va ky hiéu
Al < |B|
m Khi |A| < |B|va haitdp A, B cé luc lugng khac nhau, ta
noi “luc lugng cua A nho hon luc lugng cha B”, va ky hiéu
[A] <|B|
Bai tap 53
Chutng minh rang | A| < |P(A)| vdi moi tdp hop A, trong do
P(A) la tip tat ca cac tap hop con cua A
Bai tap 54
Tap 2Z gébm cdc s6 nguyén chan cd cung luc luong vdi tap s6
nguyén Z hay khong?

Hoang Anh Buc



Luc lugng cua tap vo han
Dinh nghia

Céc cAu tric co ban

~ 'Blnh Iy’ 1: 'Dlnh Iy CantOI‘ Hoang Anh Durc

Khéng ton tai mot toan dnh f : A — P(A) vdi A la mét tap
hop bat ky va P(A) la tap tat ca cdc tap con cua A

Chung minh.

Ta chirng minh bang phuang phap phan chiing
m Gid s ton tai toan anh f : A — P(A)
m Ta dinh nghia tap con G C A nhu sau

G={zxcA|lx¢ f(x)}

m Do f latoan &nh, ton tai « € A sao cho G = f(a)

m Xét hai truong hop
m Néu a € G thi theo dinh nghia clla G, tacd a ¢ f(a) = G.
Pay 14 mét mau thuan
m Néua¢ G = f(a)thiag¢ f(a). Do d6 theo dinh nghia cla
G,tacd a € G. Day la mét mau thuan :



Luc lugng cua tap vo han

Tap dém duoc va khong dém duoc

Céc cAu tric co ban

m M6t tAp c6 hitu han s6 phan ti hodc ¢ clung luc lugng Vi
tap cac sb nguyén duong Z+ dudc goi 1a tdp dém duoc
(countable set) va ngudc lai thi goi 1a tap khéng dém duoc
(uncountable set)

m CO thé liét ké cac phan ti cla tap dém dudc theo thu tu:
phan tl thi 1, phan t& thd 2, v.v... Tap déim duge va knong

Hoang Anh Buc

dém duoc

m Khi mét tap vo han S |a tap dem duac, ta ky hiéu luc lugng
cla S la Ry (“aleph null”) va viét | S| = N,

Vi du 22

W > N
B~ =—> W
S

0 1
Tap cdac so tu nhién N 13 tap dém duoc I I
1 2

Vi du 23

Tap céc so nguyén duong 1é la tap
dém duagc

— e
W >
Ul = W
~J > B~
© > U



Luc lugng cua tap vo han

Tap dém duoc va khong dém duoc

VII d U 24 Céc cAu trlic co ban

3 4 5 Hoang Anh Dc
111
2

19 —92...

1 2
Tap cac so nguyén Z 1a tap dém duoc I I
0 1

Vi du 25 L
Tap cac sb hitu ty duong Qt = {§ | p,q € ZT) |a tAp dém dugc e

11 12031 14015
11"111j1

4
i o273 4 s
21 2 (2 2 2
./l/'_/
L fz2] 37 4 s 1 2 3 45
310 13y 3 3 3
Q_J/ 12112
2 3 4 5 1 1 2 3 1
il 4 4 4 1 T 2 1 1 3
g
i 2 3 4 s
(!55555



Luc lugng cua tap vo han

Tap dém duoc va khong dém duoc

Céc cAu trlic co ban
Ta chiing minh t4p s6 thuc R 1a tdp khéng dém duoc bang Hoang Anh Bc
phuong phap phan chiing st dung /4p ludn duong chéo cla
Cantor (Cantor diagonalization argument)

m Gia s R 1a tap dém dugc. Do moi tap con cla mottap
dem dudgc cung la mét tap dém dugc (tai sao?), tap cac so Tap dém oo va Khong
thuc nam gilra 0 va 1 cling la tp dém dugc o

m S3p thi tv cac s6 thuc gita 0 va 1: rq, 7o, . . .

r1 = 0.dy1d12d13d14 . . .
Tro = 0.d21d22d23d24 “ .
r3 = 0.d31d32d33d34 . . .

T4 = O.d41d42d43d44 “.

trong do d;, € {0,1,2,3,4,5,6,7,8,9}



Luc lugng cua tap vo han

Tap dém duoc va khong dém duoc

Céc cAu tric co ban

m Xay dung modt s6 thuc r = 0.d;dadsdy . .. mdi trong d6 Hoang Anh Bitc

J — 4 néUdm‘iél
o 5) néUdm‘:4

o, , (2) g im o sg
m r khdng bang bat cr s6 nao trong cac s6 r1,72,... Vino |
lubn khac r; 6 vi tri th& ¢ sau “0.”
m Do d6 r 1a mét sb thue gilra 0 va 1 khéng nam trong danh
sach ry, 7, ..., do moi so thuc cd mot bi€u dién thap phan
duy nhat

m Tom lai, khdng phdi moi sb thuc gitra 0 va 1 déu duac liét
ké theo thi ty 71,74, . .., va do dd tap céc so thuc gidra 0
va 1 14 tap khéng dém duoc

m Néu tap con clia mét tap la khdng dem duoc thi tap dé
cling khéng dém duoc (tai sao?), suy ra tap so thuc R I
khéng dém duoc
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