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Quy nap toan hoc
Gidi thiéu

Quy nap va bé quy

m Quy nap toan hoc (mathematical induction) la mét ky thuat
chiring minh cuc ky quan trong

Hoang Anh Buc

m Quy nap toan hoc dudc st dung dé chi’ng minh cac két G
qud vé nhitng dbi tuong roi rac khdc nhau Cuy o
m Ta sé gidi thiéu mot s6 dang quy nap todn hoc e s
m Quy nap todn hoc yéu (Weak Mathematical Induction), hay ———
con goi 12 Nguyén ly Thi? nhat cia Quy nap todn hoc (The Fam in nia bing
First Principle of Mathematical Induction) o e b
m Quy nap toan hoc manh (Strong Mathematical Induction) i
hay con goi la Nguyén ly Thi hai ctua Quy nap todan hoc
(The Second Principle of Mathematical Induction) Day cho bgi hé thic truy

m Tinh ding dan cla phuong phdp quy nap bat nguén tir Ooén rhigm

Da thirc dac trung

Ham sinh

- Tién de 1: Tinh chat sap thi tu tot

Moi tap con khac rong cla tap cdc sé nguyén duong co
moét phan t nhé nhét
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Quy nap toan hoc
Quy nap yéu

- Nguyeén ly quy nap yéu

Dé chitng minh Vn € Z*+ P(n), chung ta thuc hién hai buéc
m Budc co sd (basis step): Chi ra ménh dé P(1) ding
m Budc quy nap (inductive step): Chiing minh ménh dé
P(k) — P(k + 1) dung v&i moi s6 nguyén duong &
m Gid thiet P(k) diing, chling minh P(k + 1) diing
m Gia thiet P(k) dung dugc goi la gia thiét quy nap
(inductive hypothesis hoac induction hypothesis)

Theo ngdn ngu l6gic,

(P(1)AVE €Zt (P(k) = P(k+1)) = VnecZ" P(n)
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Quy nap toan hoc

Gidi thiéu

Quy nap va bé quy
. Hoang Anh Buc
m Chung minh Vn € ZT P(n) bang phuong phap quy nap
(1) Budc co sg: Ching minh P(1) dung |
(2) Budc quy nap: Ching minh P(k) — P(k + 1) dung v&i moi Quy nap yeu
k € ZT. Theo dinh nghia cla toan t( 16gic “—”, ta can
chiing minh rang P(k + 1) khéng thé sai khi P(k) ding.
Piéu nay cé thé dugc thuc hién bang cach gid thiét Ia P (k)
dung va chiing minh rang vdi gid thiét dé P(k + 1) cing
dung
m Chuy rang & day ta khéng gid thiét P(k) ding vdi moi k € Z+
m Sau khi hoan thanh budc ca sG va budc quy nap:
m TU budc co s6, ta biét rang P(1) ding
m TU budc quy nap va P(1) ding, ta biét rang P(2) dung
m TU budc quy nap va P(2) ding, ta biét rang P(3) dung
m ...
m TU budc quy nap va P(n — 1) dung, ta biét rang P(n) ding
(v3i bat ky sb nguyén duong n)
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Quy nap toan hoc

Tai sao Quy nap toan hoc dung?

Quy nap va bé quy
Hoang Anh Buc

Chung minh (Quy nap yéu la dung).

m Gia st P(1) ding va v6i moi k € Z*+, P(k) — P(k+1)
dung. Ta chitng minh ¥Vn € ZT P(n) bang phan chiing

m Gid s ton tai n € Z* sao cho P(n) sai. Do dd, tap
S={n|neZ"vaP(n)sai} CZ" latap khac rong.

m Theo Tién dé 1, S ¢ mét phan t& nhd nhat m. Do P(1)
dung, m#1vadodom > 1,suyram—1¢e€Z"

mDom—-—1<m,m—1¢S5,vadoddé P(m — 1) dung

m Do P(k—1) — P(k) dung vGi moi k € Z*, ta ¢
P(m — 1) — P(m) ding.

m Két hop véi P(m — 1) ding, ta ¢6 P(m) ding. Diéu nay
mau thuan véi dinh nghia cta m. Do d6 P(n) ding véi moi
s6 nguyén duong n

Quy nap yéu

[
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Quy nap toan hoc

Chon budc co sd

Khi st dung quy nap toan hoc, khdng nhat thiét can bat dau vdi
P(1) 6 budc co sd

- Nguyén ly quy nap yéu (tong quat)

Pé chung minh ¥n > bP(n) vdin € Z vab la sé nguyén cho
truoc, chung ta thuc hién hai budc

m Budc co sd (basis step): Chi ra ménh dé P(b) ding

m Budc quy nap (inductive step): Chiing minh ménh dé
P(k) — P(k + 1) dung v&i moi s6 nguyén k > b

Theo ngdn ngu l6gic,
(P(b) AVk € Z=° (P(k) — P(k+1))) = Vn € Z=" P(n),
trong d6 Z=° = {m | m € Zvam > b} (chiylaz=! = Z%)
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Quy nap toan hoc
Mau trinh bay chiing minh quy nap

(1) M0 ta diéu can chirng minh duéi dang “véi moi n > b,
P(n)” véi b 1a s6 nguyén c6 dinh nao dé
m “P(n) véi moi s0 nguyén duang n” = chon b = 1
m “P(n) v3i moi sO nguyén khong am n” = chon b = 0
m VGi mét so phat biéu, can xac dinh gia tri pht hgp cta b
bang cach kiém tra gia tri chan ly cia P(n) vdi mot so gia tri
nho clia n
(2) Viét cum tU “Budc co s8.” Sau d6 chi ra P(b) 1a dung. Hay
can than chon dung gia tri cla b
(3) Viét cum ti “Budc quy nap.” va phat biéu mot cach rd rang
gia thiét quy nap dudi dang “Gia st rang P (k) ding vdi
mot s6 nguyén cb dinh k& > b nao dé”
(4) Phat biéu diéu can chirng minh véi gia thiét P(k) dung,
nghia |4, phat biéu cu thé P(k + 1)
(5) Chung minh P(k + 1) dung st dung gia thiét P( ) dung
(6) Xac dinh ro rang phan két cla budc quy nap, vi du nhu
bang cach viét “Budc quy nap dén day la hoan tat.”
(7) Sau khi hoan thanh budc co sd va budc quy nap, phat
biéu két luan “Bang phuong phap quy nap, ta da chiing
minh P(n) ding vGi moi s6 nguyén n thda man n > b.”
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Quy nap toan hoc
Chuy

Quy nap va Bé quy

m Quy nap toan hoc cé thé dugc st dung dé chiing minh Hoang Anh Bife

mot gia thuyét khi gid thuyét nay da dugc thanh 14p (va

dung). Tuy nhién, quy nap todn hoc khéng cung cap y oy

tuéng giai thich tai sao cac dinh ly lai dung
m Viéc kiém tra phat biéu can chirng minh véi mét sé gid tri

nhé cua n trude khi di vao chirtng minh c6 thé rat hiiu ich.

Thong thudng, cac vi du nho cé thé gilp ta nhan ra cac

khia canh dé nham I1an clia phat bi€éu hodc nhan ra tai sao

phat biéu lai ding trong trudng hgp téng quat

m Thong thuong, budc chiing minh P(k + 1) véi gia thiét
P(k) la budc kho nhat trong toan bd chiing minh quy nap.
Hay chac chan rang chu’ng minh cua ban dung vdi moi
k. > b, nhat 12 vGi cac gid tri nhd cla k, tham chilacd k = b

m Néu ban khong st dung g/a thiét P(k) trong chung minh
P(k + ) thi ¢4 thé c6 diéu gi do sai, ho&c it nhat chiing
minh cua ban khong thuc su la chirng minh quy nap
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Quy nap toan hoc
Vidu

VII du 1 Quy nap va bé quy
Ta ching minh vi to P(n) sau dung véi moin € Z+ resne e
zn:i - n(n+1) i
. - 2 uy nap yeu
1=1
m Budc co sd. P(1) dlng, do vé trdi bang 1 va vé phai
bang 1L — 1

m Budc quy nap. Gid st P(k) ding v6i mot s6 nguyén cb
dinh k& > 1 nao d6, nghia la 32, i = k(k + 1)/2. Ta chiing
minh P(k + 1) dung, nghia la chng minh
St = (k+1)(k+2)/2. Tacé

i=> i+ (k+1) tach téng

=+ (k+1) gia thiét quy nap
— (k4 1)k +2)/2
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Quy nap toan hoc
Vidu

VII du 2 Quy nap va bé quy
’ . N , ;o . Hoang Anh Buc
Ta chung minh vi tu P(n) sau dung vGi moin € N g

- y f"'n_|_1 ]- 7, A A A 7 P

) 1t = — V6i s thuic 7 # 1 bat ky cho trudc (1) usrap s
/r’ PR

1=0

m Budc ca s. P(0) ding, do ve trai bang 1 va vé phai
bang (r' —1)/(r—1) =1

m Budc quy nap. Gid st P(k) ding v6i mot s6 nguyén co
dinh k& > 0 ndo dd, nghia la 3% ri = (k1 —1)/(r — 1).
Ta chung minh P(k + 1) dung, nghia la chirng minh
Yty rt=(rF =1 /(r = 1)

k+1 k
Z rt = Zri SHLES tach tong
1=0 1=0
Tk_H — 1 k+1 . 2 <A
E— +7r gia thiét quy nap

=" -1/(r-1)
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Quy nap toan hoc

Vidu
VII du 3 Quy nap va bé quy
., . - . A A . N , Hoang Anh Buc
Ta chu'ng minh vd&i moi s6 nguyén n > 0, vi tu P(n) sau dung
i( ) — 1 néun chan Quy e o
— 0 néunlé
1=0

m Budc co sd: P(0) dung, do vé tréi
S (=1)F = (=1)° = 1 va vé phai bang 1 (vi 0 |a s6 chan)

m Budc quy nap: Gia st P(k) ding véi mot sd nguyén co
dinh k& > 0 nao dod, nghia la

i . [1 néukchan
> (1) =

— 0 néukle.
Ta ching minh P(k + 1) dung, nghia la chirng minh

ki:l( ) = 1 néuk -+ 1 chan
|0 néuk+11é .



Quy nap toan hoc
Vidu

Quy nap va bé quy

Thét Véy, ta CO, Hoang Anh Durc
k+1 k |
S (1) = 1)+ 1 tch t6ng @
i=0 i=0
B <(1 + (—=1)¥*1  néu k chan 2 thibt QUv Na
B 0+ (= 1A+ néu k18 J quy hap
( A ?
14+ (=)t neuk+11lé . ,
:< . o kchan< k+1le
+ (=1)*T1 néu k + 1 chan
_ 1+ (=D néu k + 118
0+1 néu k + 1 chan
B <(O neuk 4 11&
B 1 néu k + 1 chan
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Quy nap toan hoc
Bai tap

Bé.l tép 1 Q:yf]ap:‘é:sfquy
\ , . 1 2 1 oang Anh Buc

Cho P(n) la phat biéu 1 +2% +--- +n* = n(n + )6( n+1)

(a) PE& chitng minh P(n) ding véi moin € Z+t Quy nap yéu

(1) Obudc co s6, ta can chiing minh diéu gi?
(2) O budc quy nap, gia thiet quy nap la gi? Ta can chiting minh
diéu gi?
(b) Hay chiing minh P(n) diing véi moin € Z*+ bang phuong
phdp quy nap theo cdc budc ban da tra 10i & phan (a)

Bai tap 2
Chtfng minh cdc ménh dé sau bang phuong phdp quy nap

2
1 Yyl -
n(n; ) voimoin € Z+

b) 124324524+ (2n+1)% = (n+D@r+1)2n+3)

_ 3
moin € N

3"t —-1) ..
(c) 3+3-5+3-524---43-5" = ( 1 )vo’/m_omeN

(a) 13+23+---+n3:(
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Quy nap toan hoc
Bai tap

Quy nap va bé quy
Hoang Anh Buc

@ Quy nap yéu
Bai tap 3
(a) Chung minh rdang 3" < n! véi moi s6 nguyénn > 6
(b) V@i cdc sé nguyén khéng 4m n nao thi 2n + 3 < 2" ? Hay
chit’ng minh ddp an cua ban
(c) Chitng minh rang n® + 2n chia hét cho 3 vdi moi s6
nguyén duong n
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Quy nap toan hoc
Bai tap

Quy nap va bé quy

Hay st dung phuong phap quy nap dé giai cac bai tap sau
Bai tap 4
Cht?ng minh vdi moi sé nguyénn > 0,

zn: 2t —ontl _1q
1=0

Hoang Anh Buc

Quy nap yéu

Baitap 5

Chi’ng minh rdng vdi moi s6 nguyénn > 4, ta c6 2™ > n?

Bai tap 6

Ching minh rang véi moi s6 nguyén n “dd I6n”, ta c6 2" > n?
(Go'i y: Voi bai tdp nay, trudc tién ban can tim dugc mot so
nguyén b va chung minh bat dang thuc da cho dung voi moi
n>b)

Bai tap 7

Chuiing minh rang véi moi s6 nguyénn > 2, cac tap A, A, ...,
A, thbaman A, NAsN---NA, =4, U4, U---UA,

66



Quy nap toan hoc
Bai tap

Quy nap va bé quy

Hay st dung phuong phap quy nap dé giai cac bai tap sau

Hoang Anh Bic
Bai tap 8

Chung minh rang vdi moin € Z+, ta c6 thé phu kin ban cd oy
khéng hoan chinh kich thudc 2™ x 2™ vdi mét 6 vubng bi loai bo

bang cdc khéi hinh chir L nhu trong hinh dudi ddy sao cho

khéng c6 hai khbi nao chéng 1én nhau’

(b)

(c)

Hinh: Pha kin céc ban c¢d, vi du nhu (b) hodc (c), bang cac khdi hinh
chit L nhu @ (a)

'Ban cé thé th( phd kin ban cd 8 x 8 &
https://nstarr.people.amherst.edu/puzzle.html 66
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Quy nap toan hoc
Bai tap

Hay st dung phuong phap quy nap dé giai cac bai tap sau
Bai tap 9

VGi cac tap hop Ay, As, . .., A, va B, hay chung minh cac phat
biéu sau dung voi moi s6 nguyénn > 2

(a) (A1NAsN---NA,)UB = (A1UB)N(AUB)N---N(A,UB)
(b) (AyUAsU---UA,)NB = (A1NB)U(A2NB)U---U(A,NB)
(c) (A1—B)N ( B)m ‘N(A,—B) = (A1NA3N---NA,)—B
(d) (A;—B)U(Ay—B)U---U(A,—B) = (A{UA3U---UA,)—B

Bai tap 10

Chu'ng minh rang mot tdp con phan tu' co n(n —1)/2 tap con
chita chinh xdc hai phan t&, vdi moi s6 nguyénn > 2

Bai tap 11

S dung phuong phdp quy nap dé chiing minh rang
“(p1Vpa V- Vpp)=-p1 A=p2 A+ A=p, VOIimMQin > 2,
trong do p., ..., p, la cac ménh dé logic
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Quy nap toan hoc

Quy nap manh

A Nguyén ly quy nap manh

Dé chirng minh Vn € Z*+ P(n), chung ta thuc hién hai buédc
m Budc co sd (basis step): Chi ra ménh dé P(1) ding

m Budc quy nap (inductive step): Chiing minh ménh dé
(P(1)AP(2)A--- A P(k)) = P(k + 1) ding véi moi sb
nguyén duong k

m Gia thiét P(1) A P(2) A --- A P(k) dlng, chitng minh
P(k+ 1) dung

m Gid thiét P(1) A P(2) A --- A P(k) dung dudc goi la gid
thiét quy nap

Theo ngdn ngu l6gic,

k
(P()AVE €ZY (N P(j) = P(k+1))) = Vn € Z" P(n),

trong d6 \°_, P(j) = P(1) AP(2) A+ A P(k)

Quy nap va bé quy
Hoang Anh Buc
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Quy nap toan hoc

Quy nap manh

Tuong tu nhu véi quy nap yéu, & budc co sé ta khdng nhat
thiét can bat dau tv P(1)

- Nguyén ly quy nap manh (tong quat)

Pé chuing minh ¥n > bP(n) vdin € Z vab la sé nguyén cho
triroe, chung ta thuc hién hai budc
m Budc co sd (basis step): Chi ra ménh dé P(b) ding
m Budc quy nap (inductive step): Chiing minh ménh dé
(PO)ANPOB+1)A---AP(k)) — P(k+ 1) dung vGi moi
sO nguyén k > b

Theo ngdn ngu 16gic,

k
(P(b) AVE € 27" ()\ P(j) = P(k+1))) = Vn € Z7" P(n)
7=b
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Quy nap toan hoc

Quy nap manh

Thém vao do, thay vi chi chitng minh P(b) diing, ta c6 thé lam
nhiéu hon & budc co sd

- Nguyén ly quy nap manh (tong quat)

Dé chung minh ¥n > b P(n) vdin € Z va b 1a sb nguyén cho
fruoc, chung ta thuc hién hai budc
m Budc co sé (basis step): Chi ra cac ménh dé P(b),
P +1), ..., P(b+ j) dung, vGi j la mot sO nguyén
duong c6 dinh nao dé
m Budc quy nap (inductive step): Chiing minh ménh dé
(PO)ANPOB+1)A---AP(k)) — P(k+ 1) ding vGi moi
sO nguyén k > b+ j

Theo ngdn ngu 16gic,
J k
(N P(b+i)AVk € 22" (N P(i) —» P(k + 1)) = Vn € Z7" P(n)
1=0 1=b
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Quy nap toan hoc
Chu y

Quy nap va bé quy
Hoang Anh Buc

m Vé mat hinh thdc, quy nap manh va quy nap yeu khac

nhau & gid thiét quy nap: 0 quy nap yeu ta ch| gla thiét

P(k) dung, con & quy nap manh ta gia thiét tat ca cac
ménh dé P(1), P(2), ..., P(k) déu ding

m Quy nap manh va quy nap yéu la tuvong duong vé mat
|6gic, nghia |a, quy nap yéeu dung khi va chi khi quy nap
manh clng dung

m Néu ban c6 thé truc tiep chiing minh P(k + 1) véi gid thiét
P(k) dung, nén dung quy nap yéu

m Nguoc lai, néu ban cé thé chiing minh P(k + 1) tir gia thiét
P(j) dung va8i moi j < k, nhung khong ro lam sao deé tryc
tiép ching minh P(k) — P(k + 1), nén dung quy nap
manh

Quy nap manh
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Quy nap toan hoc
Vidu

. Quy nap va Bé quy
Vi dU 4 Hoang Anh B
Cho vitu P(n):

n viét duoc dudi dang tich cua mét hodc nhiéu sb nguyén to

Ta chitng minh Vn € Z=2 P(n) bang quy nap manh

m Budc ca sd. P(2) ding, vi 2 ¢6 thé dugc biéu dién dudi
dang tich cia mot sé nguyén t6—chinh né

m Budc quy nap. Gia st P(j) dung vdi moi s6 nguyén j
théa man 2 < j < k véi k > 2 12 sb nguyén cb dinh nao do.
Ta ching minh P(k + 1) dung. Thét vay,

m Néu k + 1 14 s6 nguyén to, P(k T 1) dung do k + 1 co thé
dudc biéu dién dudi dang tich cia mot s6 nguyén to—chinh
no

m Néu k + 1 1a hop s0, ta c6 thé biéu dién k + 1 = ab Vi a,b la
cac sd nguyén duong thda man 2 < a < b < k + 1. Theo gia
thiét quy nap, ca a va b déu c6 thé dugc biéu dién dudi
dang tich clia cac sb nguyén td, va do dé k + 1 cling thé
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Quy nap toan hoc
Vidu

Vlr du 5 Quy nap va bé quy
.. N Hoang Anh Burc
Cho vitu P(n):

n=4a+ 5b vOia,b €Z
Quy nap manh

Ta chiing minh Vn € Z='2 P(n) bang quy nap manh
m Budc co s0. Ta chiing minh P(12), P(13), P(14), P(15)
déu dung. Thatvay, 12=4-3+5-0,13 =4-2+5-1,
14=4-1+5-2,valb=4-0+5-3
m Budc quy nap. Gid sl v6i s6 nguyén co dinh k > 15 bat
Ky, P(m) ding v6i moi so nguyén m théa man 12 < m < k.
(Hay P(12) A --- A P(k) dung vOi s6 nguyén c6 dinh
k > 15.) Ta chung minh P(k + 1) dung. That vay, do
k >k — 3 > 12, theo gia thiét quy nap, ta c6 P(k — 3)
dung, nghia la ton tai a,b € Z sao cho k — 3 = 4a + 5b. Suy
rak+1=(k—3)+4=4(a+1)+5b
Bai tap 12
Chuing minh vi du trén bang quy nap yéu
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Quy nap toan hoc

Quy nap manh

Quy nap va bé quy

Bél tép 1 3 Hoang Anh Burc
Goi P(n) 14 vi ttr “t6n tai a, b € Z théa man n = 3a + 5b”". Bai tap
nay moé ta cdch chirng minh P(n) ding vdi moi s6 nguyén (24) s

n > 8 bang phuong phap quy nap manh

(a) Dé hoan thanh budc co sd, hdy chiing minh rang céc
ménh dé P(8), P(9), va P(10) la dung

(b) Gia thiét quy nap la gi?

(c) Trong budc quy nap, ban can chiing minh diéu gi?

(d) Hay hoan thanh budc quy nap cho n > 10

Bai tap 14

Chi st dung cdc td tién ménh gid 20 USD va 50 USD, cdc ban
co thé tao thanh coc tién co nhirng gia tri nhu thé nao? Hay

chifing minh cdu trd 16i cda ban bang phuong phdp quy nap
manh
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Quy nap toan hoc

M6t s6 chiing minh quy nap sai

Vi du 6 ([Gunderson and Rosen 2010])

. (n+3)? , . L
ChoP(n)la) i= . Ta chiing minh P(n) ding véi
1=1
moi n € Z* bang phuang phap quy nap
, \ , (1+ 3)?
m Buoc co so. P(1) dung do 5 =1

m Budc quy nap. Gid st P(k) ding v6i mot s6 nguyén cb
dinh k& > 1 nao do. Ta ching minh P(k + 1) dung. That vay

k+1 k
Zi:(Zi)Jr(kJrl) tach tong
=1 1=1
k l 2 2 ' A
— ( 22) + (k+1) gia thiet quy nap
- (k+ %) +2(k+3) + 1 _Cau hoi
B 2 Ching minh nay sai &
(k14 3) dau?

2

Quy nap va bé quy
Hoang Anh Buc

Mét s6 chiing minh quy
nap sai
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Quy nap toan hoc

M6t s6 chiing minh quy nap sai

Vi du 7 ([Gunderson and Rosen 2010]) I
Cho vitu P(n)

Néun = max{a,b} Vdia,be Z* thia =b

Ta chitng minh P(n) dung véi moi n € Z* bang quy nap vep o

m Buwdc co sd. Vin =1, gia st/ 1 = max{a,b} VOi
a,beZT.Dodda=0=1.Suyra P(1) dung
m Budc quy nap. Gia sit P(k) A Cau hoi
dung v&i mot s6 nguyén c6 dinh
k > 1 ndo dd, nghia la néu
k = max{a, b} V@i a,b € ZT thi
a=~>
Ta chitng minh P(k + 1) dung, nghia la chiing minh néu
k+ 1 =max{c,d} V6ic,d € ZT thi ¢ = d. That vay, gia s’ hai s6
c,d € Z* théa man k + 1 = max{c,d}. Do do,
max{c—1,d — 1} = k. Theo gia thiét quy nap, c — 1 =d — 1, va
doddc=d

Ching minh nay sai &
dau?
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Quy nap toan hoc

M6t s6 chiing minh quy nap sai

Quy nap va bé quy

Vi du 8 (Tat ca ngya déu cung mau) Hoang A it
P(n) := “Béat ky n con ngua ndo déu c6 cting mau sac’
That vay, ta chiing minh Vn € Z P(n) bang phuong phap quy oo
nap e
m Budc co sd. P(1) hién nhién duing.
m Budc quy nap. Gia st P(k) ding véi sb nguyén k > 1 ¢b

dinh ndo d6. Ta chiing minh P(k + 1) cling dung. Gia sur
c6 k+1conngua Hy, Hs, ..., Hy, Hiy1. Theo gia thiét

quy nap, Hi, Hs, ..., Hy deu c6 cung mau sac. Cung theo
gia thiét quy nap, HQ, ey Hiy Hi 11 déu co cung mau sac.
Do do, Hy, Ho, ..., Hy, Hk+1 déu cé cung mau sac
A Cau hoi / \
Chiing minh nay sai & Hy Hy Hsz Hy
dau? W
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Quy nap toan hoc

M6t s6 chiing minh quy nap sai

Quy nap va bé quy
Hoang Anh Buc

Vidu9

Cau hOI @ Mcf)tsélchl'fng minh quy
Chi'ng minh nay sai & dau?

P(n):="5n=20"

Ta chiing minh Vn € N P(n) bang quy nap manh
m Budc co sd: P(0) ding,do5-0 =0
m Buwdc quy nap: Gid st 55 = 0 véi moi so nguyén khong
am j théa man 0 < j < k. Ta chiing minh 5(k + 1) = 0.
That vay, tacothewetk+1 =17+ 4,V0ii,7 € Nvai,jnho

hon k + 1. Theo gia thiét quy nap,
5k+1)=5(+j)=5+5=0+0=0
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Dé quy

Pinh nghia va mét sé khai niém

Quy nap va bé quy
Hoang Anh Buc

m Trong quy nap, ta chifng minh moi phan t& ca mét tap vo
han théa man vi tU P nao do6 bang cach
m ching minh tinh dling dan clia P cho cac phan tlr I6n hon
trong tap hop dya vao tinh ding dan cua cac phan ti nho () aimrariavamorss
haon '
m Trong cac dinh nghia dé quy (recursive definition), tuong
ty, ta dinh nghia mét cau trdc (ham, vi tU, tap hop, hay mot
cau truc nao dé phic tap han) trén mét mién vo han nao
dé (mién xac dinh) bang cach
m dinh nghia cau triic clia cac phan tf I6n hon dya vao cau
tric chia cac phan tl* nhd hon
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Dé quy

Ham dinh nghia bang dé quy

Quy nap va bé quy
Hoang Anh Buc

m Ham dinh nghia bang dé quy (recursive function)
f:N — A vditap A bat ky
m Budc co sd (basis step): Dinh nghia mét sb gia tri ban dau
£(0), £(1),..., f(b) v6i sb nguyén cb dinh b > 0 nao dé
m Budc dé quy (recursive step): Dinh nghia mét quy luat dé
tim gia tri cua f(n) tr cac giatri f(n — 1), f(n —2), ...,
f(n—=25), f(n—b—1)vdimoin >b ()

Vidu 10
Pinh nghia mét day bang hé thuc truy hoi
m Day Fibonacci {f,}
m Budccoso: fo =0, fi =1
m Buoc dé quy: [, = fro1 + fn2 (n > 2)
m Day giai thua {g,}
m Buwdccoso:g =1
m Buoc de quy: g, = ng,—1 (n > 1)

Ham dinh nghia bing dé
quy
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Dé quy

Ham dinh nghia bang dé quy

Quy nap va bé quy
Hoang Anh Buc

Vi du 11 (Chléng minh tinh chat cla ham s dung
dinh nghia dé quy)

C‘ho day Fibonacci {f,}. Ta chung minh f,, < 2™ vdimoin € N
bang quy nap manh

m Budccosd: fp=0<20=1vaf, =1<2'=2(stdung
cac dinh nghia ¢ budc ca s6 cua dinh nghia dé quy) i i nghia g

m Budc quy nap: Gia st véi moi i thbaman 1 < i < k, ta c6
fi < 2¢. Ta chi'ng minh f.; < 2F+1. That vay,
frer = fo + fr dinh nghia dé quy cla {f,}
< 2k 4 okl gia thiét quy nap
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Dé quy

Ham dinh nghia bang dé quy

Vi du 12 (Ching minh tinh chat cda ham st dung I
dinh nghra dé quy)

Cho day Fibonacci { f,}. Ta chéfng minh f,, > a2 vdi moi s6

tu nhiénn >3 vaa = ! +2\/5 ~ 1.61803 bang quy nap manh
m Budccoso:Voin=3taco fz3 =2 > a>? = a Vi
n=4,tacé fy=3>a't?=0a%= (1 +2\@> —
3+ V6

=a-+1~2.61803

2
m Budc quy nap: Gia st vdi moi i thdaman 3 < i < ktaco
fi > a'=2. Taching minh f.; > o*~ 1. That vay,

Jk+1 = Tk + fr—1 dinh nghia dé quy cua {f,}
> af 72 4 of 3 gia thiét quy nap
= a3 (a+1

—a"F 302 =01 doal=a+1 66



Dé quy

Tap hop dinh nghia bang dé quy

Quy nap va bé quy
Hoang Anh Buc

m T4p hop dinh nghia bang dé quy (recursive set)
m Budc co sd (basis step): Dinh nghia mot tap con cac phan
tf ban dau
m Budc dé quy (recursive step): Binh nghia mét quy luat dé
fim phan t& mdi trong tap tir cac phan t( da biét la thudc tap
d é Tap hop dinh nghia bang
m Thong thuding, véi cac tap dinh nghia bang dé quy, quy o
tac ngoai trir (exclusion rule) sau ludn dugdc ap dung: tap
hap can dinh nghia chi chira cac phan t liét ké & budc co
sG va cac phan t{ thu dudc bang cach ap dung quy tac &
budc dé quy.
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Dé quy

Tap hop dinh nghia bang dé quy

Quy nap va bé quy

Vll dU 1 3 Hoang Anh Buc

m Tap S céc so nguyén duaong chia hét cho 3
m Buwdccosd:3eS
m Budcdéquy:Neuz e Svaye Sthiz+ye S
m Dautién,3 € S,sauddla3+3=6,3+6=9, v.v...

m Tap so tu nhién N

m Buwdccosd:0cN
m Buodc dé quy. Néu n € Nthin +1€eN @ géépqzcjpdinhnghTabing
m Tap céc chudi ky tu ©* sinh bdi bang chit céi
m Budc co sd: )\ € * () |14 chubi rong khéng chira bat ky ky
tu nao)
m Budc dé quy: Néu w € X% vaz € ¥ thi wz € &*
m VidunéuX = {0,1} thi
B )\ € ¥* (budc ca sd)
m {0,1} C ¥* (lan dau ap dung budc quy nap)
m {00,01,10,11} C X (lan thu hai ap dung budc quy nap)
B V...

m Do dd X* 13 tap tat ca cac chubi nhi phan .



Dé quy

Tap hop dinh nghia bang dé quy

Quy nap va bé quy
Hoang Anh Buc

Vidu 14

m Tap céc céng thirc duoc tao ding quy tac (well-formed
formulae) trong l6gic ménh dé

m Budc co sd: T, F, va ménh dé nguyén ti s 1a cac cong
thiic dugc tao dung quy tac w o

m Budc dé quy: Néu A va B la cac cong thiic dugc tao ding ooy
quy tac, thi (=A), (AAB), (AV B), (A — B),va (A < B)
cling thé

m Vidu, v6i cdc ménh dé nguyén tl p,q, (pV q) = (¢ AF))
va (p A q) la céc cong thirc dugc tao ding quy tac, con Apg,
pgA, va p A g thi khong phai (Tai sao?)
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Dé quy

Tap hop dinh nghia bang dé quy

Bai tap 15

Hay tim mét dinh nghia dé quy cua

(a) Day {a,} vdia, =4n—2van=1,2,...

(b) Day {b,} vdib, =n(n+1)van=1,2,...

(c) Tap hgp céc sb nguyén duong Ié

(d) Tap hop cdc sb nguyén duong la Iy thira cua 3

(e) Tap hop cac sb nguyén duong chia hét cho 5

(f) Tap hop cdc so nguyén duong khéng chia hét cho 5

Quy nap va bé quy
Hoang Anh Buc

@ Tap hop dinh nghia bang
dé quy
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Dé quy

Quy nap theo cau tric

Quy nap va bé quy
Hoang Anh Burc

D& chitng minh mot tinh chat P clia cac phan ti cla mét tap .
hap dinh nghia theo dé quy, ta si dung quy nap theo cau tric s
(structural induction) e endng ity
- Nguyeén ly quy nap theo cau truc s
m Budc co sd: Chiing minh rang moi phan ti dinh nghia i o ot i
trong budc ca sd cla dinh nghia dé quy déu théa man P Quy ngp theo chu o
m Budc quy nap: Chimg minh rang néu cac phan tif duoc SR
st dung dé xay dung phan ti méi cua tp hgp trong ST
budc dé quy déu thda man P, thi phan t& mdi cling thoa e s
man P
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Dé quy

Quy nap theo cau tric

Quy nap va bé quy
Hoang Anh Buc

Vidu 15
Cho S la tap dinh nghia theo dé quy nhu sau:
m Budccoso:3cS
m Budcdéquy:Neuz e Svaye Sthiz+ye S
Ta chitng minh bang quy nap theo cau tric rang moi phan tir
cua S déu chia hét cho 3
m Budc co sd: 3 chia hét cho 3 (52) oo rapne huvic
m Buwdc quy nap: Gid sl véiz € Svay € 5, cd z va y déu
chia hét cho 3. Ta chu’ng minh n = = + y clng chia hét cho
3. That vay, do z chia hét cho 3, ta co z = 3k vOi sO nguyén

k nao do. Tuang tu, y = 35 véi sO nguyén j n,ao do. Suy ra
n=x+y=3(k+j),vado ddn cung chia hét cho 3
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Dé quy

Quy nap theo cau tric

Quy nap va bé quy
Hoang Anh Buc

Vidu 16

Ta chiing minh bang quy nap theo cau trdc rang ‘moi cong thue
duoc tao dung quy tac trong légic ménh dé cé sé dau ngodc
don trdi “(” bang s6 dau ngodc don phai “)”

m Budc co sd: Cac ménh dé T, F, va moi ménh dé nguyén
t& s déu khdng cé cac dau ngoac don trai va phai
m Budc quy nap: Véi cong thiic A, goil4 va r4 lan luot la
sO ngodc don trai va ngoac don phai cla A. Gia sif véi cac (52) ourrap oo i
cong thiic A, B, 14 = r4 va lg = rg. Ta chifng minh rang
diéu nay clng ding véi cac cong thiic (—A), (A A B),
(AV B), (A — B), va (A «+ B). That vay, cong thiic dau
tién cd 14 + 1 ngoac trai va r4 + 1 ngoac phai, va cac cong
thi'c saudé cod l4 + I + 1 ngoac trai va r4 + rg + 1 ngoac
phai
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Dé quy

Quy nap theo cau tric

B2 tp 16 Pl
Cho day Fibonacci { f,}. Chiing minh rang f1 + f3 + -+ + fon—1 = fon

voi moi s6 nguyén duong n

Bai tap 17

Chu'ng minh rang tap S dinh nghia béile Svas+teSnéusecSva

t € S la tdp cdc so nguyén duong 7. (Goi y: Ching minh S C Z* va

Zt CS)

Bai tap 18

Cho S 1a tdp cdc cdp sap thi tu cdc s6 nguyén duoc dinh nghia bang

dé quy nhu sau (40) Quy nep theo o i

m Buéc co'so: (0,0) € S
m Buoc dé quy: Néu (a,b) € S, thi (a+2,b+3) € S va
(a+3,b+2)e S

(a) St dung quy nap manh vdi sé Ian dp dung budc dé quy trong
dinh nghia cda S & trén, hdy chirng minh a + b chia hét cho 5 Vdi
moi (a,b) € S

(b) S dung quy nap theo cau tric dé chiing minh a + b chia hét cho
5 voi moi (a,b) € S
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Gidi hé thirc truy hoi

Day cho bdi hé thiic truy hoi

Quy nap va bé quy

m MOt hé thife truy héi (recurrence relation) cho day {a,} 12
mot phuong trinh biéu dién a,, théng qua mdt hodc nhiéu
s6 hang trudc do cla day véi moi s6 nguyén n thda man
n > ng VGi ng 1a moét sé nguyén khéng am.

m Véiday {a,} =0,1,4,9,16... (n=0),an=ap-1+2n-1
vGin > 1 la mot hé thire truy hoi cho {a.,} (6 day no = 1)

m Dé dinh nghia mét day {a.,} théng qua hé thitc truy héi, ta
can thém cdc diéu kién ban dau (initial conditions) bang
céch dinh nghia cac phan tl trudc a,,, trong day

m Dé dinh nghia{a.} qua hé thuc a, = an—1 +2n —1
(n > 1), ta can thém diéu kién ban dau ao = 0 (41) Dy cho bé ns thc tuy

m MOt day dugc 90| la mot ngh/em (solution) cua mot hé thirc
truy hdi néu cdc sé hang cua day thoa man hé thuc do

m Gidi hé thuc truy hoi vdi cac diéu kién ban dau nghia la
tim mét cong thu'c tvdng minh cho cac so hang cla day
® Mot cong thuc tuang minh cho day {ax } dinh nghia bai

Ay = Gyy— 1+2n—1vor|n>1vad|euk|enbandaUao_0
1a a, =n° (n>0)

Hoang Anh Buc
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Gidi hé thirc truy hoi

Day cho bdi hé thiic truy hoi

Quy nap va bé quy

VI' du 1 7 Hoang Anh Burc

m Day {b,} thda man hé thiic truy hoi b, = —b,_1 véin > 1
va diéu kién ban dau b, = 1
m{b,}=1-1,1,—-1,...
m Day {s,} thda man hé thic truy hdi s, = s,_1 — 5, VO
n > 2 va diéu kién ban dau s =3va s, =5
m {s,} =3,5,2-3,-5,...
m Day Fibonacci (Fibonacci sequence) { f,.} (n > 0) dugc
dinh nghia bi diéu kién ban dau fo =0, fi = 1vahéthdc G 00
truy hoi f,, = fn_1 + frn_2 VOi Moi SO nguyén n > 2 o
m{f.,}=0,1,1,2,3,5,...
m Day giai thua (factorial sequence) {g,} dugdc dinh nghia
bdi diéu kién ban dau g, = 1 va hé thic truy hoi
gn = Ngn_1 VG Moi s6 nguyén n > 1
m{g.}=1,1,2,6,24,...
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Gidi hé thirc truy hoi

Day cho bdi hé thiic truy hoi

m Mot s6 phuang phap giai hé thdc truy hoi

(1
(2
(3

) Poan nghiém (va chiing minh bang phuong phap quy nap)
) SU dung da thic dac trung
) SU dung ham sinh

66

i

04 HOC TY NHIEN

Quy nap va bé quy
Hoang Anh Buc

Gidi thiéu
Quy nap yéu
Quy nap manh

Mbt sb chiing minh quy
nap sai

Dinh nghta va mot s khai
niém

Ham dinh nghia bang dé
quy

Tap hap dinh nghia bang
dé quy

Quy nap theo cAu tric

Day cho bdi hé thic truy
hoi

Boan nghiém

Da thirc dac trung

Ham sinh



Gidi hé thic truy hoi

Poan nghlem

Vidu 18
Gidi hé thic truy hoi d,, = dj,—1 + 4 (n > 1) véi diéu kién ban
dau do = —1

q

Huong suy luan

(1) TU hé thic truy hoi, tacling cd d,,—; = d,,—o + 4
(2) Thay (2) vao hé thiic ban dau

d, =(d, 2+4)+4=d, o+2-4
(3) Tu hé thuc truy hoi, ta cungcd d,,_o=d,_3+4
(4) Thay (4) vao (3), ta thu dvoc d,, = d,,_3 +3-4
(5) Lap lai qua trinh trén, ta “doan” d,, = d,,_, +r -4
(6)

6) Dé cé moét cbng thuc tuong minh cho d,,, ta can
n—r =0, tdc 1a r = n. Khi dé d,, dugc biéu dién qua dy
da cho truécvan = r.

(7) Tom lai,taco d, = —1 + 4n

Quy nap va bé quy
Hoang Anh Buc
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Gidi hé thic truy hoi

Poan nghiém

Quy nap va bé quy

Vi dU 19 Hoang Anh Dirc

Giai hé thirc truy héi a, = a,_1 +2n — 1 (n > 1) Vi diéu kién

ban dau ag = 0

(1) TU hé thic truy hoi, ta cé ap_1 = an_o+2(n—1) — 1

(2) Thay vao hé thic ban dau,
ap = (ap_2+2(n—1)—1)+2n—1=a, o+4n—4

(3) TU hé thuc truy hdi, tacd an_o = an_3 +2(n —2) — 1

(4) Thay vao (2),
ap = (Gn—3+2n—2)—1)4+4n—-4=a,_35+6n —9

(5) TU hé thic truy hoi, ta ¢ ap_3 = ap_s +2(n —3) — 1

(6) Thay vao (4), o
an = (ap_4+2(n—3)—1)+6n—-9=a,_4+ 8n— 16

(7) Lap lai qua trinh trén, ta “doan” a,, =

(8) D€ c6 mot cong thiic tudng minh cho a,,, tacan n — r = 0,
téc 14 r = n. Khi dé a,, dugc biéu dién qua a, da cho trudc
van=r

(9) Tém lai a,, =
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Gidi hé thic truy hoi

Poan nghiém

Quy nap va bé quy

Bé.l tép 1 9 Hoang Anh Buc
Gidi cdc hé thuc truy hoi voi diéu kién ban dau sau va chiing
minh céng thu'c ban tim duoc la dung bang quy nap

(a) ap, = —ap_1,a9 =5 (e) ap, =2ap_1—3,a9 = —1

(b) a, =ap—1+3,a0=1 (f) an =N+ 1a,_1, ag =2

(C) ap =ap_1—n,a9 =4 (9) an, =2na,_1, a9 =3

(d) Ap — 5an—1: ag — 1 (h) Ap — —0n-—1 +n — 11 ag = 7

Bai tap 20

Gid thiét dan sb thé gidi nam 2023 Ia 8 ty ngudi va tang theo ty

l_é 0.8%/ném. Vﬁln Z 1, @ Boan nghiém

(a) XAy dung hé thirc truy héi dé tinh dan sé thé gidin ndm
sau 2023

(b) Tim céng thifc tudng minh dé tinh dan sé thé gidin ndm
sau 2023

(c) Dan sé thé gidi ndm 2057 sé la bao nhiéu?
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Gidi hé thic truy hoi

Pa thiic dac trung

Quy nap va bé quy

A ) , Q Z A oo A % Hoang Anh Durc

m Hé thuc truy héi tuyén tinh thuan nhat bac k voi hé sé g
hang (Linear homogeneous recurrence relation of degree
k with constant coefficients) la hé thirc cé dang

Ap — C1Ap—1 + Colp—2 + -+ CrQn—k,

trong d6 ¢, ¢a, . . ., ¢ 1 cac so thuc, ¢, 20, van > k
m M6t day {a,} (n > 0) thda man hé thic truy hoi trén dugc
xdc dinh mét cdch duy nhat béi hé thire nay va k diéu kién
ban déU ag = Cpo,a1 =C1,...,a,_1 = Clr_1
m Hé thic truy hdi fr = frn_1 + fn_2 |& Mot hé thic truy hoi
tuyén tinh thuan nhat bac hai véi hé sb hing. Day Fibonacci (%) exme s
{f.} dugc xac dinh bdi hé thic trén va diéu kién ban dau
Jo=0,f1=1
m C4c hé thic g, = ngn—1, gn = gn—1 + gn—3 khong la hé
thure truy hoi tuyén tinh thuan nhat véi hé s6 hang
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Gidi hé thic truy hoi

Pa thiic dac trung

Quy nap va bé quy
Hoang Anh Buc

m Héthuc a, = cran—1 + -+ cran—r (¢ #0) 6 hai tinh
chat quan trong
m Nghiém cla hé thiic cé dang a,, = »" vdir # 0 la mdt hang
SO NAo do. Tw dd, ™ = cyr™ L+ - .- + cpr™*. Chia hai vé
cho r™~* va chuyén vé, ta cé

o — e T — e — — e r — ¢ = 0.
Pa thdrc cudi cling goi 1a da thifc dac trung (characteristic
equation) clia hé thic, va nghiém cda né goi la nghiém dac
trung (characteristic root) cia hé thirc
m Néu s,, va t, thda man hé thic truy hoi, thi moi t6 hop tuyén (us) eaniesseng
tinh cda s, vat,, nghia la moi biéu thiic cé dang
bisn + batn VG b1, by 1 cac s6 thuc nao do, ciing thda man
hé thic truy hoi
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Gidi hé thic truy hoi

Pa thiic dac trung

A Dinh Iy 2

Cho cdc sé thuc ci,cs,...,c,. Gid st r* — cyrF=1t — ... —

CL_1T — ¢, €O t nghiém phan biét ri,rs,...,r; vOi cdc boi
tuvong tng mq,mso,...,m; thdamanm; > 1voil < i <t va
m1 + --- +my = k (nghia la, co m; nghiém co gia tri r;). Day
{a,} la nghiém cua hé thuc truy héi a, = cia,_1 + coa,_o +
oo 4 cpan—g (n > k) Vi diéu kién ban dau ap = Cy,a; =
Cl, ceeyQp—1 = Cr._1 khi va chi khi

ml—l)

n
an = (@10t a11n+ -+ a1,m—1n ri

—1
+ (a0 +az1n + -+ Qgm0 7)1y

—1
+ (o +aan + o F a1

Vi n > 0, trong d6 o, ; 14 cdc hdng s6 voi 1 < i < t va
0<j7<m; —1
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Gidi hé thic truy hoi

Pa thiic dac trung

Quy nap va bé quy

Vll dU 20 Hoang Anh Burc
Gidi hé thiic truy hoi f,, = fu—1 + fa—2 (n > 2) V6i diéu kién
bandau fo =0va f; =1

m Pa thic dac trung cla hé thic truy hoila r2 — r — 1

m Da thiic d4c trung cd hai nghiém phan biét r; = 125 va

2
1—+/5
2

m Do dd, néu day {f,} la nghiém clia hé thic truy hoi thi
fn = a1} + asrly vai cac hang sé aq, as nao do

m {f,} canthda man diéu kién ban dau f, =0va f; = 1.
Thay vao dang tong quéat cua f,,, ta cdé hé phuaong trinh

o —

fo=a1+as=0

(55 (15

2 2

Tl‘J’déOq:l/\/gVé.OéQZ—l/\/g 66



Gidi hé thic truy hoi

Pa thiic dac trung

Vi du 21
Gidi hé thirc truy hoi a,, = 6a,—1 — 9a,,—» VGi cac diéu kién ban
dé.UCL():lVé.al =6
m Da thic dac trung cla hé thic truy hdi 1a 2 — 6r + 9
m Da thuc dac trung c6 mot nghiém r; = 3 vdi bdi 2
m Do do, néu day {a,} 1a nghiém cla hé thiic truy hoi thi
an = a1 or] + aq 1nr = aq.03"™ + aq1.1n3" vOi cac hang so
1.0, 1,1 nao do
m Day {a,} cling can thda man diéu kién ban dau ao = 1 va
a; = 6. Thay vao dang tong quat cua a,,, ta cé hé phuong
trinh

ag = aq,0 =1

a1:a1,0-3+a1,1-3:6

Do dé, ta co 1.0 = 1 va 1,1 = 1

Quy nap va bé quy
Hoang Anh Buc

Pa thirc dac trung

66



Gidi hé thic truy hoi

Pa thiic dac trung

Quy nap va bé quy

Vll dU 22 Hoang Anh Burc
Gidi hé thiic truy hoi a, = —3an—1 — 3an—2 — an—3 VOi cac diéu
klén ban dau ap =1, a1 = —2, va as = —1
m Da thitc dac trung cla hé thirc l1a 3 + 3r2 + 3r + 1
m Da thuc dac trung c6 mét nghiém r; = —1 vGi bbi 3
m Do do, néu {a,} 1a nghiém cla hé thic truy hoi thi
an = 01,077 + a1 10T + aq gn2r”
m Day {a,} cling can thda man diéu kién ban dau ao = 1,
a; = —2, va ay = —1. Thay vao dang tong quat cua a,,, ta
c6 hé phuong trinh

Pa thirc dac trung

ap = a1, =1
a; = —Qo— Q11 — Q12 = —2

a2 = 10+ 2011 +4a1 2 = —1

Do do ta co 1,0 = 1, 1,1 = 3, va Q12 = —2

66



Gidi hé thic truy hoi

Pa thiic dac trung

Bai tap 21

Gidi cdc hé thuc truy hoi vdi diéu kién ban dau sau
(1) a, =2a,—1 VOin>1,a9 =3

(2) a,, = ba,—1 —6a,_2 VOin>2,a9=1,a; =0
(3) a, =4a,_1 —4a,_2 VOin>2,a9=06,a; =8
(4)

4) a, = —3ay,_1 — 3Qp_2 — ap_3 VOIn>3,a9p =5, a; = —9,

a2:15
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Gidi hé thic truy hoi

Pa thiic dac trung

m Hé thifc truy hoi tuyén tinh khdng thuan nhét bac k voi hé
s6 hang (Linear nonhomogeneous recurrence relation of
degree k with constant coefficients) la hé thi’c co dang

Ap = C1Ap—1 +C20p—2 + *++ + CkQp_k + F(n)a

trong do ¢1, ca, . . ., cx 1& cac sO thuc, ¢, # 0, F(n) 12 mot
ham chi phu thudc vao » va khéng phai luén bang 0, va
n >k

m Hé thuc a,, = cran—1 + c2ap—2 + -+ + cra,— . duoc goi la
hé thitc truy héi thuan nhét tuong Ung (associated
homogeneous recurrence relation) cua hé thic trén

A Pinh ly 3

Néu {aq(zp )} la mét nghiém riéng nao do cua hé thuc a, =
C1ap_1+ C20p_2 + -+ cpa,_k + F(n) thi moi nghiém cua hé
thu'c do co dang {aq(@p )+ azq(v,h)}, trong do a\" 14 nghiém cua hé

thu'e thuan nhat tuong ung a,, = c1ap—1+C20y, o+ -+ CrpQpn_4
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Gidi hé thic truy hoi

Pa thiic dac trung

VGi mot s6 dang F(n), nghiém riéng cé dang dac biét

A Dinh ly 4

Gia su {a, } thoa man hé thuc

Uy = C1Ap_1+ C2Gn_o + -+ + Ckay_§ + F(n),
trong do c1, ..., ¢ 1a cdc sé thuc, va

F(n) = (byn' +b;_1n'™' + -+ bn+by)s",

trong do bo, ...,by va s 1a cdc sb thuc. Khi s khéng phai la
nghiém cua d‘a tthc dac trung cla hé thirc thuan nhat thdng
(fng, ton tai mot nghiém riéng cé dang (pint +pi_1nt~t +- -+
pin + po)s™. Khi s 14 mét nghiém vdi bdi m cua da thic d‘éc
tring cla hé thuc thuén nhat tuong (ng, tén tai mét nghiém
riéng cd dang n (pin® + pi—1n’t + -+ pin+po)s”

66
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Pa thirc dac trung



Gidi hé thic truy hoi

Pa thiic dac trung

Quy nap va bé quy
Vi dU 23 Hoang Anh Dic
Giai hé thic truy hoi a,, = a,_1 + n (n > 2) véi diéu kién ban
déu a; = 1
m Hé thdc thuan nhét tuong Ung 12 a,, = a,_1 (n > 2). Hé
thirc nay co nghiém dac trung » = 1 va day {aq(ﬂ,,h)} VOi
allV =c. (1) 1a mot day thoa man hé thic, trong do c la
hang s6 nao do
O TacéF( )=n=(1-n+0)-1". Vis=1langhiém dac
trung cla hé thic thuan nhat tuong ung vai boi 1, mot
nghiém riéng cla hé thic khédng thuan nhat da cho cé
dang ay?) = n(pin + po)1™ = pin? + pon
m Thay dang cua nghiém riéng vao hé thic da cho, ta cé oy
n(2p1 — 1)+ (po —p1) =0,nghiala2p; — 1 =0va
po —p1=0,dod6 py =py = 1/2
m Cudi cung, hé thic ban dau cé nghiém dang
A, = a'? + a( ) = = n(n+1)/2 + ¢. Thay vao diéu kién ban
dau a; = 1 ta dugc ¢ = 0

66



Gidi hé thic truy hoi

Pa thiic dac trung

Quy nap va bé quy
Hoang Anh Buc

Bai tap 22

Gidi cdc hé thuc truy hoi vdi diéu kién ban dau sau
(1) ap =3a,_1+2" v0in>1,a9 =1

(2) an, =2ap_1 +2n° VOin>2,a; =5

(3) an = 5an_1 — 6a,_2 +2" + 3n (GOT y: Tim nghiém riéng
co dang qn2™ + p1n + p2, trong do q, p1, p> la cac hang so)

ba thirc dac trung

66



Gidi hé thire truy hoi

Ham sinh

~ Ham sinh

Ham sinh (generating function) G,(xz) cua mét day vo han
{a,} (n > 0) dugc dinh nghia nhu sau

Gq(x) ::Zanx":a0+a1x—|—a2x2+---+a,kxk+...

n=0

No6i céach khéc, a,, 1a hé sb cla z” trong G (z)

Go(x) = D apa”
n=0 Cong thitc tuong minh Khai trié?n"h(x)
an = f(an—la ap—2, - - ) Ga(gj) = h(x) h(ZE) — Z qQ "

n=0
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Gidi hé thire truy hoi

Ham sinh

Quy nap va bé quy

Hoang Anh Buc

{ Pinh 1y 5
Cho f(z Zanx va g(x Zb z". Ta co
n=0
fz) +g(z) = Z(an + bp)z"
n=0
f(@)g(z) =) (D arby i)z
n=0 k=0

Chu y: Dinh ly trén chi ding cho céc chuoi Iy thira hdi tu trong  (s) xamsm
mot khodng ndo dd, va tat ca cac chudi ching ta sé xét trong

bai gidng nay déu thda man diéu kién d6. Tuy nhién, ngay ca

khi cac chudi khong hoi tu, dinh ly trén cé thé dugc st dung

nhu la dinh nghia cho cac phép céng va nhan cac ham sinh

66



Gidi hé thire truy hoi

Ham sinh

Vi dU 24 Quy nap va bé quy
Giai hé thitc truy hoi a,, = 3a,,_1 (n > 1) Vo diéu kién ban dau ay = 2 Hoang Anh Buc

Gu(z) = Z anx” = ag + Z(3an_1)x”
n=0 n=1

=24 3x i an_12" 1 =243z i amx

n=1 m=0
=2+ 32G,(x)
2
Golx) =
(z) 1—3x
Nhac lai ran n— vGi —1 1. r
irang » —— Vi —1<z<1Suyra
n=0
- 1 , U
Dt = VGi —1 < cx < 1trong dé ¢ # 0 1a hdng s6 nao dé
1l—cx
n=0 @ Ham sinh

S dung dang thic trén, ta cé thé viét

2 - n _.n - n n
Ga(r) = T—5- =2) 3" =) (2:3")x
n=0 n=0

Suyraa, =2-3"

66



Gidi hé thire truy hoi

Mot phuong phap khac dé tim cong thirc tudng minh cho G, () trong Vi Quy nap va Be quy

Ham sinh
du 24. Chuyrang a,, = 3a,_1 (n > 1) va ag = 2
Gu(x) = Z anx"
n=0
—32Gqe(x) = — Z[3an]x”+1
n=0
Go(x) — 32Go(x) = Z anx’ — Z[San]az”H
n=0 n=0
= apx’ + Z anx" — Z[Ban]xnﬂ
n=1 n=0
=24+ Z anpr" — Z[San_l]x”
n=1 n=1
=2+ Z [an — San_l]:c"
n=1

= 2

Hoang Anh Buc
Dinh nghia ham sinh
Nhan hai vé véi —3z

Cong hai dang thtc

D6| Ch? 56 @ Ham sinh

Ay = 30p_1

66
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Gidi hé thire truy hoi

Ham sinh 0

%

Quy nap va bé quy
Hoang Anh Buc

Mét sb dang thiic hitu ich

Gidi thiéu
Quy nap yéu
Quy nap manh

1 oo
n Mbt sb chiing minh quy
1— p— T nap sai
—
n=0

Dinh nghta va mot s khai

1 oo niém
_ n_.n Ham dinh nghia bang dé
— § a X auy
]. - CLCE’ Tap hap dinh nghia bang
n=0 dé quy

Quy nap theo cAu tric

o0
1 . kn
ko & Day cho bi hé thic t
1_$ 0 \ayCO Ol he uc truy
n—

hoi
Boan nghiém

Da thirc dac trung

1 - mn H3 inh
(D MCRE © -
n=0
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Gidi hé thire truy hoi

Ham sinh

Quy nap va bé quy

Vll dU 25 Hoang Anh Burc
Day Fibonacci { f,,} cho bdi hé thic f,, = fu_1 + fr_2 (n > 2)
va diéu kién ban dau fo =0va f1 =1

Gp(z) = far™ = fo+ iz + Y _(fac1 + fo2)a”
n=0 n=2
=+ Z fro1x" 4+ 2” Z frn_ox"?
n=2 n=2

=24z Y fmz"+2* Y frnz™ doi bien
m=1 m=0

o0 o @ Ham sinh
=z + x[z ™ — fox°] + 27 Z fmz™ fox’ =0
m=0 m=0

=2+ 2Gs(x) + 2°Gy(x)
T

].—33—332 66



Gidi hé thire truy hoi

Ham sinh

Quy nap va bé quy
Hoang Anh Buc

VOi —1 < cx < 1trongddc+0

o
Nhac lai rang ) ~c"a" =

— 1l —cx
1a hang s6 nao dé
Bai tap 23
m ViétGy(z) = - S — b Vdi cdc han
FE - 1—z—22 1—Ax 1-— Bx g

s6a,b, A, B ndo dd
o Ap dung céng terc trén dé dua G ¢(x) vé dang
aZA”x”+bZB”x” Voi -1 < Az <lva—-1< Bz <1

n=0 n=0 _ @ Ham sinh
(= Khai trién G ;(x) thanh chudi liy thira)

m U dinh nghia ham sinh, suy ra céng thu'c cho day {f..}
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Gidi hé thire truy hoi

Ham sinh

Quy nap va bé quy
Hoang Anh Buc

Chiyrang tir ¥ 2" =
n=0

dao ham hai vé va doi chi sé lay tong, ta ¢

- vGi —1 < z < 1, bang céach lay
—

00 B 00 n 1
nz::lnajn 1:1%2::0(7714—1)3: = 1— 2

Bai tap 24

Gidi hé thuc truy hoi a, = 2a,—1 — an— VOin > 2 va cdc diéu
kién ban dau ag = 1, a1 = 1 bang cdch st dung ham sinh
Bai tap 25 (x)

Gidi hé thuc truy hoi a,, = 3a,—1 + n VOin > 1 va diéu kién ban
dau ag = 1 bang cdch st dung ham sinh

@ Ham sinh
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Tai liéu tham khao

Quy nap va bé quy
Hoang Anh Buc

Gidi thiéu

Quy nap yéu

Quy nap manh

Mbt sb chiing minh quy

¥  Gunderson, David S. and Kenneth H. Rosen (2010). o
Handbook of Mathematical Induction: Theory and 2 dinh nghia béing dé
Applications. Chapman and Hall/CRC. Dol: Tap hop dinh ngha bing

dé quy

10 ) 1201/b16005 Quy nap theo cAu tric

Day cho bdi hé thuc truy
hoi

Boan nghiém

Da thirc dac trung

Ham sinh
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NOi dung

Quy nap va bé quy
Hoang Anh Buc

Quy nap toan hoc
Tinh dung dan cua Quy nap manh
Quy nap manh va quy nap yéu la tvong duong



Quy nap toan hoc

Tinh dung dan cGa Quy nap manh

Chung minh (Quy nap manh la dung). Quy nap va B8 auy
Hoang Anh Buc
m Gia s P(1) dung va véi moi k € Z+, g
(P(L)ANP(2)A--- AN P(k)) — P(k+ 1) dung. Ta chung
minh Vn € Z* P(n) bang phan chiing
m Gia s( ton tai n € Z* sao cho P(n) sai. Do do, tap
S={n|neZ"vaP(n)sa} CZ" latap khac rong.
m Theo Tién dé 1, S c6 mét phan ti nhd nhat m. Do P(1)
dungvam cZt,tacom > 1,suyram—1€Z*
m Theo dinh nghta cla m, véi moi s6 nguyén duong
j <m —1,taco P(j)dung (néu khong thi j < m va P(j)
sai; dieu nay mau thuan vdi dinh nghia cdia m). Do d6
P(L)ANP(2)AN---ANP(m—1) dung
m Do (P(1))AP(2)A---ANP(k)) = P(k+ 1) dung v&i moi
keZt tacd (P(1)AP@2)A---AP(m—1)) — P(m) ding
m Két hop voi P(1) A P(2) A--- A P(m — 1) dung, ta c6 P(m)
dung. Biéu nay mau thuan véi dinh nghia cua m. Do d6
P(n) dung vdi moi s6 nguyén duong n 4

Tinh ding dan cla Quy
nap manh



Quy nap toan hoc

Quy nap manh va quy nap yéu la tuong duong

Quy nap yéu j Quy nap manh_ Quy nap va bé quy

Hoang Anh Buc
(1) Gia st vdéi moi R(n), ta co
(R(1)AVkeZ" (R(k) —» R(k+1))) - VneZ" R(n)
dung, nghia la, quy nap yéu ding Quy et vy
(2) Gid sl véi vi tir P(n) ta cé oo sune
P(1) AVE € ZT Ni_, P(j) — P(k + 1) diing, nghia 3,
budc co sG va budc quy nap cua quy nap manh la dung.
Ta chiing minh Vn € Z* P(n) dung
(3) Tadinh nghia Q(n) = A_, P(n) v6i moin € Z*
(4) Tu (1), taco
(QAVE e ZT (Q(k) = Q(k+1))) = Vn € ZT Q(n) ding
(5) Tu (3),taco Q(1) = P(l)vaVn € Z* Q(n) =Vn € ZT P(n)
(6) Chu y rang véi cac ménh dé p,qbatkyp = ¢g=p — pAg
(Tai sao?).
(7) Do dd Q(k) — Q(k+1) = \s_, P(k) = NJZT Pk + 1) =
Ni_y P(k) = N_, P(k)AP(k+1) = N}, P(k) = P(k+1)
(8) Thay (5) va (7) vao (4), ta c6 diéu phai chirng minh
O



Quy nap toan hoc

Quy nap manh va quy nap yéu la tuong duong

Quy nap va bé quy

Quy nap manh = Quy nap yéu. Hoang Anh B

(1) Gia st véi moi R(n) ta co
(R(1) AVk € Z* (N_, R(j) = R(k+1))) = Vn € Z* R(n) |
dung, nghia 1, quy nap manh duing o angcong
(2) Gia sl vdi vitir P(n) ta co
P(1) AVk € ZT (P(k) — P(k + 1)) dung, nghia la, budc co
sG va budc quy nap cla quy nap yéu ding. Ta chifng minh
Vn € ZT P(n) dung
(3) Chu vy rang véi cac ménh dé p, ¢, r bat ky, néu p — ¢ ding
thi p A r — ¢ cing dung (Tai sao?)
(4) Ap dung (1) v6i P(n), ta c6
(P(1) AVE € Z+ (N\;_, P(j) = P(k +1))) — Vn € Z* P(n)
dung.
(5) Tu (2),taco P(1)duangvaVvk € Zt (P(k) — P(k+1))
dung. Két hop véi (3), ta co
vk € Z* (\;_, P(j) — P(k + 1)) dung
(6) TU (4) va (5) ta co diéu phai chiing minh
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