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Dinh nghia va mét s khai niém
M6 ta thuat toan
M6 ta bang ngon ngit thong thudng
M6 ta bang gid ma
M6 t& bang so do khoi
ChL’m,g minh thuat todn
Bat bien vong lap
D6 phtrc tap tinh toan
Do tang clia cac ham
Dinh nghia va khai niém
D6 phrc tap tinh toan theo thoi gian
Tim kiém va Sap xép
Mét sb thuat toan tim kiém

Tim kiém tuyén tinh
T|m kiém nhi phan

Mét sb thuat toan s&p xép
Sap xep ndi bot
Sap xép chén
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Pinh nghia va mét s6 khai niém

Thuét toan |

m MOGt thudt toan (algorithm) la moét tap hiru han cac hudng
dén cy thé dé thyc hién mot nhiém vu nao d6 oo vt
m cong hai sb ty nhién biéu dién dudi dang sb thap phan knainigm
m dang ky mon hoc tryc tuyen
m di tr nha dén trudng .
m MGt chuong trinh may tinh (computer program) la "
m mdt md t& cla thuat todn nao dé
m sl dung mét ngén ngit dl chuén xac dé may tinh cé thé Bitbiénvon
hiéu
m cling v6i cac phép todn ma mdy tinh da biét céch thuc hién
Ta néi ring thuat todn dudc cai dat (implement) cu thé
bang chuong trinh may tinh
m Khi m& mot phan mém trong may tinh, ta néi rang chuong .
trinh hodc thudt todn cta né duoc chay hoac dugc thuc VoL it i
hién bdi mdy tinh i sép chi
m Khi cé méd t& clia mét thuat todn, ban ciing cd thé thuc
hién ttrng budc cua thuat todn vdi gidy va but

Hoang Anh Buc
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Pinh nghia va mét s6 khai niém

Thuét toan |

Mot sb tinh chat clia mot thuat toan
Dau vao (Input) M6t thuat todn cé céc gia tri dau vao tir mot tap o
da dudc xac dinh trudc 1
DAu ra (Output) T méi mot tap cac gia tri dau vao, mot thuat toan
sinh ra cac gia tri dau ra. Cac gia tri nay chinh 13 |5
gidi cho bai toan
Tinh xac dinh (Definiteness) Céc budc clia mot thuat toan can
phéi dugdc xac dinh mot cach chinh xac
Tinh diing dan (Correctness) V&i méi tap gid tri dau vao, mot
thuat toan can cho ra két qua dau ra ding
Tinh hitu han (Finiteness) V&i méi tap gia tri dau vao, mot thuat
toan can cho ra cac gia tri ddu ra mong muén sau
mot s6 hitu han (cé thé 1a rat I6n) cac budc
Tinh hiéu quéa (Effectiveness) Méi budc clia thuat toan can dudc
thuc hién mot cach chinh xac va trong thai gian hiru
han
Tinh t6ng quét (Generality) Thuat todn phai ap dung dugc cho
moi bai toan mong mubn, chii khong phai chi véi
mot tap cac gid tri dau vao dic biét

Hoang Anh Buc
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Pinh nghia va mét s6 khai niém

Mot mé ta day di cla mét thuat todn bao gdbm ba phan
(1) Thuét toan (algorithm)
m M6 t& mét cach rd rang va chinh xac nhét c6 thé
m M6t thuat todn c6 thé dudc mo ta bang mét ngén ngit mdy .
tinh (C, Python, Java, v.v...). Tuy nhién, nhitng md ta nay can
tuan theo cac chi dan cu thé trong ngdn ngif mdy tinh tuong
ing. Diéu nay dan den viéc cac mé ta theo phuang phap nay
thuong phtic tap va khé hiéu
m Thay vi ding mdt ngén nglr mdy tinh cu thé dé mo ta thuat
toan, ta st dung ngén ngit théng thudng (natural language),
gid ma (pseudocode), hodc so do khoi (flowchart)
m Thudng kém theo mé t& ngén gon vé y tudng cla thuat toan

(2) M6t chiing minh vé tinh diing dan (correctness) cla thuat
toan
m V4i moi tap dau vao hop 18, thuat todn can cho két qua dau
ra dung
(3) M6t phan tich vé hiéu nang (performance) clia thuat toan
m Thoi gian thyc thi, khdng gian bo nhd, v.v...
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M0 ta thuét toan

Mb ta bang ngdn ngir théng thudng

» ” Thuét toan |
S dung ngdén ngir théng thudng (natural language) dé mé ta Hoang:nh Bite
tlrng budc thuc hién thuat toan
Budc 1 Thyc hiénviéc X  Budc 3 Lap lai Z

BU’GC 2 TinhY BU’GC 4 .. M5 té bng ngon ngit
thong thudng
Vidu 1 (M6 ta bang ngén nglt thong thuong)
m Bai toan:
® Input: Day s6 nguyén a1, as, ..., an
m Output: Gia tri cGla phan & I16n nhat trong day
m Tim gia tri cla phan t 16n nhat:
Budc 1 Gan bién v (luu gia tri I6n nhét hién tai) bang a
Budc 2 Lan lugt xét cac phan tlf as, as, . . ., an:
a) Néu phan ti dang xét I6n hon v, cap nhat v bang gid tri clia

phan t& d6
b) Ngudc lai, gilt nguyén gia tri ctia v
Budc 3 Sau khi xét hét tat ca cac phan td, tra vé gid tri clia v (chinh
l& phan t& 16n nhat trong déay)
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M0 ta thuét toan

Mb ta bang ngdn ngir théng thudng

Thuét toan |

Hoang Anh Buc

VI’ du 2 (Thuc hién thué‘t toa"n) M6 té bang ngén ngit
m Input: Day ay = 7,a2 = 12,a3 = 5,a4 = 16,a5 = 9 Mo t bing g

m Output: Gia tri clia phan t(f I6n nhét trong day

ay ao as aq as

[9]
1=2 1 =3 1=4 1=25

v="7 wv=12 wv=12 wv=16 w©v=16
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M0 ta thuét toan

Mb ta bang gid ma

Thuét toan |

Hoang Anh Buc
m Gid ma (pseudocode) 1a mot dang hén hop gitta ngén ngl
théng thu'dng va ngdn ngix 1ap trinh
m MGt bién (variable) dugc sir dung dé biéu dién vi tri trong
bo nhd may tinh dé luu tr mot gia tri. Khi ta n6i dén mot Mo t bang g ma
bién X nao do, trén thuc té, chiing ta muon sif dung gia tri
lwu tai mét vi tri nao dé trong bd nhé ting véi X
Phép gén (assignment)
m Tinh toan expression
m Luu két qué vao (vi tri trong b
nhd &ng vaGi) bién variable
| variable := expression | g cpy y rang = va := khac nhau.
Do do, trong nhiéu tai liéu, ky
hiéu « duoc s dung thay the
cho :=.
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M0 ta thuét toan

Mb ta bang gid ma

Thuét toan |

Hoang Anh Buc

Céu tric diéu kién (conditional statement)

Mb ta béng ngén ngir
r

if condition then ) U;[;b};;;;iéma
Sl M ta bang so dé K
else
S2 BAt bién vong 13

m Tinh condition; tra lai True hodc False
m Néu True, thuc hién S;; néu False, thuc hién S,

m Sau dé tiép tuc véi cac lénh tiép theo sau cu tric diéu
kién
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M0 ta thuét toan

Mb ta bang gid ma

Thuét toan |

Hoang Anh Buc

Vong Iap for (for loop)

for variable := initial_value to final_value do
S

Mb té bing gid ma

m Khai tao variable vdi gid tri initial_value

m Néu variable < final_value, thuc hién doan ma

m Sau médi lan I&p, tang variable thém 1

m Kiém tra lai diéu kién; néu van théa man, tiép tuc 1ap

m Khi variable > final_value, thoat vong Iap, thuc hién cac
Iénh tiep theo ngay sau vong for
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M0 ta thuét toan

Mb ta bang gid ma

Thuét toan |

Hoang Anh Buc

Vong lap while (while loop)

while condition do neng haeng
S Q Mb ta biing gia ma
M )ang so do khc
m Kiém tra gia tri clia condition

m Néu condition 12 True, thuc hién doan ma S
m Sau khi thuc hién S, kiém tra lai condition
m Néu van True, thyc hién S 1an nita

m Khi condition trg thanh False, thodt khéi vong I&p va thuc e uybntion
hién cac Iénh tiep theo ngay sau vong while § ‘
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M0 ta thuét toan

Mb ta bang gid ma

Thuét toan |

Hoang Anh Buc

Vong lap do-while (do-while loop)

do
S
while condition

Mb té bing gid ma

m Thyc hién doan ma S trudc

m Sau dé, kiém tra gia tri clia condition

m Néu condition 1a True, thuc hién S 1an nira

m Tiép tuc lap lai qua trinh cho dén khi condition trd thanh
False

m Khac v6i vong 1ap while, vong 1ap do-while luén thyc hién
S it nhat mot lan

m MGt s6 gido trinh dé cap cAu tric repeat...until tuong tu,
véi until sit dung diéu kién ngugc lai dé dirng lap
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M0 ta thuét toan

Mb ta bang gid ma

Thuét toan |

Lénh trd vé (return statement)

Hoang Anh Buc

| return expression |

m Tra vé gia tri clia expression 1am két qué dau ra clia thuat
toan Mo s bing i ma
m Khi gip Iénh return, thuat toan sé két thic ngay lap tiic
m Néu return nam trong mot ham, nd sé tré vé gid tri cho noi
goi ham va ket thuc viéc thyc thi ham
Nhén xét va chu thich (comments)
m Nhan xét 1a van ban giai thich ma chuang trinh sé bd qua
khi thuc thi
m Dugc sl dung dé lam rd code hodc gidi thich logic
m Cdc dang phd bién:
B // Nhén xét mdt dong
® /* Nhan xét nhidu déng */
m (( Nhan xét ))
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M0 ta thuét toan

Mb ta bang gid ma

Thuét toan |

Vi du 3 (M6 ta thuat toan bang gia ma)

Thuat toan 1: Tim gid tri clia phan tr 16n nhét

Input: ay, az, ..., a,: day sb nguyén o s e
Output: Gia tri cGia phan tf I6n nhat trong day
1 v:=a // phdn t& 16n nhit dén hién tai
2 fori:=2tondo // 1l3n lugt xét ao,...,an
3 if a; >vthen // a; > phdn t& 16n nhit hién tai?
4 vi=a; // bay gid v 16n nhit trong
aiy...,0;

5 returnv
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M0 ta thuat toan

Mb ta bang so db khoi

m So db khbi (flowchart)
la mot loai biéu db bidu
dién mét ludng cong
viéc hoac quy trinh

m Hién thi cac budc dudi
dang cac hop hinh
dang khac nhau

m Thi tu thuc hién dugc
két nbi bang cac mii
tén

m Céc thanh phéan chinh:

m Bét dau/Két thic
(hinh elip)

m X7 Iy (hinh chit nhat)

m O (hinh thoi)

m Dau vao/Pau ra
(hinh thang)

X 1y 1

Diéu kién?

X Iy 2A X ly 2B

Paura

Thuét toan |

Hoang Anh Buc

(14) Wo tabing so s ki
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M0 ta thuat toan

Mb ta bang so db khoi

Vi du 4 (M6 ta thuat toan bang so dd khoi)

Bai toan:
m Input: Day sb nguyén
a1,a2,...,0n
m Output: Gia tri clia
phan t 16n nhat trong
day

Y twdng: Duyét qua tiing
phan tlr clia day, luu gil gia
tri I6n nhat da tim thay cho
dén hién tai.

Input: D3y ay, as,...,a,
vi=ay

76
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Mo bang ngén nglt
théng thudn

Mb t& bing gia ma
Mb ta bing so dé khéi



Ching minh thuat toan

Bat bién vong 1&p

m Co rét nhiéu phuang phap khac nhau dé chiing minh tinh H““:T:B'u
ding dan cua mét thudt todn

m M6t trong sb d6 1a st dung bat bién vong Iap (loop
invariant)—mot phuong phap dugc xay dung dua trén
phuong phap quy nap toan hoc

m \Vong /ap (loop) for, while, v.v..

m Mot bat bién vong Idp 1a mét phat biéu luén ding trudc va
sau méi lan 13p (iteration) clia mét vong Idp (loop) (%) saos
Bét bién vong lap
What can I learn right now in just 10 minutes that could
improve my algorithmic thinking?

All related (92) v Sort  Recommended Vv

i \‘ Thomas Cormen
£ @ The Cin CLRS. - Featured on Forbes!
ce & Computational Complexity Theory, Indian Institute of Technology, Bombay (20... and

h Lin, M.S. Computer Science, National Taiwan University (2016)Author has 842
ers and 40.7M answer views - 10y

X
wvoted by Vaibhav Krishan, Ph. D. student Computer

nutes that mprove my algorithr

It's pretty hard to answer that question without knowing what you already know. If I had
to give just one thing, that thing would be loop invariants. Understand that when you
write a loop, you either implicitly or explicitly use a loop invariant.
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Ching minh thuat toan

Bét bién vong lap

MGt bét bién vong 1ap L 1a mét phat biéu thda man céc tinh HT““:‘A‘":B'U
chat sau:
Khéi dong (Initialization) L ding trudc 1an 1&p dau tién cla

vong lap

Duy tri (Maintainance) Néu L ding trudc mét 1an 13p cla vong
lap thi né cling dung trudc lan 13p tiép theo

Ding (Termination) Khi vong I&p diing, bat bién vong 13p cho
ta mot tinh chat hitu ich dé chiing minh thuat

Bét bién vong lap

toan dung
Lanl3p | Lanldp | Lanldp e Lan lap
Wi oo
Khéi-dong DisAg
1 2 8 cuoi

. Duytri | | | | |
3

/éng dung dung dung ding dﬂK

Khéi dong Két qua ding
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Ching minh thuat toan

Bét bién vong lap

7 Thuét toan |
VI du, 5 L, , N ” . Hoang Anh Burc
M6t bat bién vong lap trong Thuét toan 1 (vong for 6 Dong
2-4) tim gia tri I6n nhat trong day sO nguyén a4, ..., a,

L =“O'trudc 1an I3p véi bién i, v = max{ay, as, ..., a;_1}
Goi v; 1a gid tri clia v trudc Ian Idp vdi bién i
O

az as aq as
7 12 5 16 9 @ Bét bién vong lap
} } } } } }
Khditao /i=2 i=3 i=4 i=5  Kétthic

v2:7:a1

vy = max{a; }

Khéi dong: v2 = a1 = max{a1}
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Ching minh thuat toan

Bat bién vong 1&p

V|' du 5 Thuat toan |

M6t bt bién vong 13p trong Thuat toan 1 (vong for & Dong Hoang Ann oie
2-4) tim gi4 tri 16n nhéat trong day sb nguyén ay, ..., a

L =“O trude 1an lap Vi bién i, v = max{ai,as, ... 76%‘—1}”

Goi v; |a gid tri cla v trudc lan Iap vdi bién i
O P as aq as

7 12 5 16 9

Bt bién vbJép dufc}\(i];uy tri qua méi lan l3p

Kh&itao/:z /:3 i=4 i=5  Kétthic

v2 { v3 = 12 = max{ay,as}
v2 o ay > vy NéN cap nhat v

@ Bét bién vong lap

Kh@i déng: vz = a1 = max{a1}
Trudc i = k: v, = max{a1,...,ax—1}

Duy tri: L
Y Truéc i = k + 1: vy = max{ai,...,ax}
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Ching minh thuat toan

Bat bién vong 1&p

V|' du 5 Thuat toan |

M6t bt bién vong 13p trong Thuat toan 1 (vong for & Dong Hoang Ann oie
2-4) tim gi4 tri 16n nhéat trong day sb nguyén ay, ..., a

L =“O trude 1an lap Vi bién i, v = max{ai,as, ... 76%‘—1}”

Goi v; |a gid tri cla v trudc lan Iap vdi bién i
PN PN s aq as

7 12 5 16 9

Bt bién vbJép du’c_gguy tri qua méi lan 13p

: / / / : :
Kh&itgm/:z /:3 /:4 i=5  Kétthic

v2 { vz = 14 vy = 12 = max{a,az,a3}
V2 = ag > va| az < vz Nén gilr nguyén

Bét bién vong lap

Kh@i déng: vz = a1 = max{a1}
Trudc i = k: v, = max{a1,...,ax—1}

Duy tri: L
Y Truéc i = k + 1: vy = max{ai,...,ax}
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Ching minh thuat toan

Bat bién vong 1&p

V|' du 5 Thuat toan |

M6t bt bién vong 13p trong Thuat toan 1 (vong for & Dong Hoang Ann oie
2-4) tim gi4 tri 16n nhéat trong day sb nguyén ay, ..., a

L =“O trude 1an lap Vi bién i, v = max{ai,as, ... 76%‘—1}”

Goi v; |a gid tri cla v trudc lan Iap vdi bién i
O P s P as

7 12 5 16 9

Bt bién vbJép du’c_gguy tri qua méi lan |lap

/Y
Kho'l tao / / / / Két thuc

(3 113 =14 vy = 14 v = 16 = max{a, as,as, a4}
V2 Hag > va| az < a4 > v4 N€N cap nhat v
A

@ Bét bién vong lap

Kh@i déng: vz = a1 = max{a1}
Trudc i = k: v, = max{a1,...,ax—1}

Duy tri: L
Y Truéc i = k + 1: vy = max{ai,...,ax}
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Ching minh thuat toan

Bét bién vong lap

V|' du 5 Thuat toan |
M6t bat bién vong 1ap trong Thuat toén 1 (vong for & Dong oo o
2-4) tim gi4 tri 16n nhéat trong day sb nguyén ay, ..., a

L =“O trude 1an lap Vi bién i, v = max{ai,as, ... ,ai_l}”
Goi v; |a gid tri cla v trudc lan Iap vdi bién i
16 9

7 1 5
Bt bién vbJép dUc}\ELuy tr ;L méi 1an 1ap
Kh&itao/:z /:3 /:4 /:5 /{éttht]c

v2 { vy =14 vy = 14 vs = 16| v = 16 = max{ay, as, a3, a4, as }
V2 Hag > vs| a3z < as > as < vs Nén gilr nguyén

@ Bét bién vong lap

Kh@i déng: vz = a1 = max{a1}
Trudc i = k: v, = max{a1,...,ax—1}

Duy tri: L
Y Truéc i = k + 1: vy = max{ai,...,ax}
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Ching minh thuat toan

Bat bién vong 1&p

V|' du 5 Thuat toan |
M6t bat bién vong 1ap trong Thuat toén 1 (vong for & Dong oA
2-4) tim gi4 tri 16n nhéat trong day sb nguyén ay, ..., a
= O trudc lan Iap vdi bién i, v = max{ay, as,. .. 7%—1}”
Goi v; 1a gid tri cla v trudc lan Iap vdi bién i
L Lo P P P
16 9 @ Bét bién vong lap

5
Bat bién vbJép du;):juy tri q\; méi 1n Jap Két thic:

thuat toan dung

/ / / AR

V2 U3—12 4—12115_16 (v=16=m v—16:max{a1,‘..,a5}
vy Has > az <y as > as < Us Két qua ding
Kh@i dong: vz = a1 = max{a1}
. Truéc i = k: vy, = max{a1,...,ap_1}
Duy tri:

Trudc i = k + 1: vpy1 = max{ay,.

Lak}
Dirng: v = max{ai,...,an}
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Ching minh thuat toan

Bat bién vong 1&p

Chiing minh tinh chat clia bat bién vong I3p. Thoat toan |

Hoang Anh Buc
L =“O trude lan Iap véibién i, v = max{ay,as,...,a;_1}"

Goi v; 1a gid tri clia v trwdc 1an 18p véi bién i

m Khéi dong (i = 2): Ta can chi ra rang trudc vong for,
vy = max{al} = ay, va diéu nay hién nhién dung do Thuat toan 1 gan
v bang a; ¢ Dong 1

m Duy tri: Gid st L diing & trudc |an 13p véi i = k nao dé, nghia la
vp = max{ay,...,a,_1}. Ta chiing minh L ding & trudc Ian lap véi (15) stvién eng ap
i =k +1,nghia la vg+1 = max{ay,...,ax_1,ax}. Ta xét cac trudng
hgp dya trén diéu kién & Dong 3

m Néu ay, > v = vy sai, gid tri clla v khong thay déi, va do d6 vy 1 = vx. Ta

c6 max{ai,...,ax—1,ar} = max{vk, ar} = vy. Suy ra
V41 = max{ai,...,ax—1,ar} .
m Néu ax > v = v, dlng, gid tri cla v dugc gan bang ax, va do dé
k41 = ag. Tacling ¢ max{a1,...,ar—1,ar} = max{vg, ar} = ar. Suy
ra vgr1 = max{as,...,ax—1,ax}

m Dirng: Sau khi két thic 1an 18p i = n (hodc, trudc khi bat dau 1an 13p
i =n+ 1 ma sé khong bao gld dugc thyc hién), v = max{al, S an}
va do d6 12 gia tri 16n nhét clia cac phan t trong day dau vao
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Ching minh thuat toan

Bét bién vong lap

a Hh WO N =

Thuét toan |

Bé.l té.p 1 Hoang Anh Burc
Mot thuat todn tinh 2™ véi € RT van € N dugc md ta nhu sau

Thuat toan 2: Tinh 2.

Input: z: sb thuc duong, n: s6 tu nhién
Output: Gia tri clia 2"
answer := 1
m:=n @ BAt bién vong lap
while m > 0 do
answer := answer - x
L m:=m—1

return answer

Hay chiing minh phat biéu L sau la mét bat bién vong lap cho
vong while

L = “O trudc 1an 13p véi bién m, answer = z"—™”
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D6 phuc tap tinh toan

Do tang cla cac ham

Thuét toan |

®m Phan tich thuat todn (algorithm analysis) nghién cttu cach danh gia
hiéu qua clia thuat toan bang cach udc luong luong thdi gian (time)
va b nhd (space) can thiét
m D6 phiic tap (complexity) cGa thuat todn 1a thudc do dinh lugng vé
tai nguyén (thdi gian/bd nhd) ma thuat toan tiéu tén
m Thuodng dudc biéu dién dudi dang céc ham cla kich thudc dau vao
(input size) )
m Gilp ta so sanh va Iya chon thuat todn hiéu qua nhéat cho bai toan
m Vi cac ham dd phiic tap f : R — R hodc f : N — R, ta can hiéu rd
téc do ting trudng clia ching
m Tandi f tang nhanh hon g néu véi moi gia tri = dd 16n, f(z) > g(x)
m Gidp ta danh gia hiéu qua tuong dbi gitta cac thuat toan khi kich thudc
dau vao tang 1én
m L& nén tang dé phan loai cac thuat toan theo hiéu qua tiém can
m Dé& danh gid va so sanh do phiic tap mdt céch chinh xac, ta st dung
Ky hiéu O-Ién (big-O notation) va cac ky hiéu tiém can khac
m Cho phép ta mé ta tdc dé tang trudng (growth rate) clia cac ham dd
phuc tap . o
m Tap trung vao cdc thanh phan chinh anh hudng dén toc do tang
trudng, bd qua céc yéu té khong quan trong khi kich thudc dau vao 16n

Hoang Anh Buc

6 téing clia cac ham

76



DP6 phuc tap tinh toan

Do tang cla cac ham

N

A Ky hiéu O-én |

Cho fva g lacacham R — R. Tandirang f /a O(g) (doc la “f
la O-I6n cla g” hodc “f thudc I6p O(g)”) néu ton tai cdc hang
s0 C vak sao cho |f(x)| < Clg(z)| véi moi x > k

J

A Ky hiéu O-én |

=

Cho fvaglacachamR — R. Gid st g(z) # 0 vGi x € R dU
I6n. Ta ndi rang f /a O(g) (doc 1a “f 1a O-16n cla g” hoac “f
|f ()]
lg(x)]

la hitu han

thuoc 16p O(g)”) néu lim

\.

m Néu f1a O(y), ta cling ndi “f bi chin trén béi ¢”

m Céc hang s6 C va k dugc goi 1a cac bang chiing (witness)
cho mai lién hé gitra f va g. Dé xdc dinh f 1a O(g), chi can
mdét cap bang chirng la du

76

Thuét toan |

Hoang Anh Buc

D0 tang clia cac ham

Binh nghta va khai niém
D0 phiic tap tinh toan theo
thoi gian

Mat sb thuat toan tim kiém




D6 phuc tap tinh toan

Do tang cla cac ham

Thuét toan |

A Hoang Anh Burc

v

76



D6 phuc tap tinh toan

Do tang cla cac ham

Thuét toan |

Hoang Anh Buc

Vidu6
Ta chiing minh ham f : R — R cho bdi f(z) = 2 + 2z + 1 1a 1016 hugttodn
O(g) vGi g(x) = 22 (Ta cling viét 22 + 2z + 1 1a O(2?)) thng trm

M ta bang gid ma

Cach 1: M 1 bing 0 b K
m Chiyrangkhiz > 1,tacéz <2?val < a2
m Do dé véi moi z > 1,taco

Bét bién von

D6 tang cla cac ham
[f(@)] = |2% + 22 + 1| < [2? + 22% + 2?| = 4[| -

m TachonC =4vak=1 ‘
i 2 2 1 ; Jn\c tuyén tinh
Cach 2: Do lim F@)] _ lim w =1,tacéd Mttt o st b

z—oo |g(x)] @0 |22 S,

/=0) e

76



DP6 phuc tap tinh toan

Do tang cla cac ham

A Chi y vé quy téc chia (division law of limit) |——

y z) lim f(z)

s—a g(z)  lim g(z)
r—a

chi diing khi lim /() va lim g(x) déu ton tai? va lim g() # 0

aNgha la céc gidi han nay la cac s6 hitu han

\.

,-‘ Nhac lai: Quy tac LHospital (LHospital’s rule)

NéU lim f(.%‘) = oo va lim g(];) = 00, thi lim ﬁ —
Z—00 z—00 z—oo g(x)
/
lim %, trong d6 f'(z) va ¢/(x) lan luot 1a dao ham cla

f(z) va g(x)

76

Thuét toan |

Hoang Anh Buc

M0 ta bz

BAt bién vong l3p

6 téing clia cac ham




D6 phuc tap tinh toan

Do tang cla cac ham

Vidu7

Ta chitng minh 22 14 O(2%) bang cach sl dung dinh nghia

O-16n theo giGi han. Ta cé
|22 . a?

. 2z
lim
z—00 27 . In 2
2 . x
= — lim —
In2 z—oc0 2%
2 1
= — lim
In2 z—o00 27 - In 2
=0.

Do dd, theo dinh nghia, 22 1a O(2%)

Quy tac L'Hospital

Quy tac LHospital

Thuét toan |

Hoang Anh Buc

Mb ta béng ngén ngir

Mb
M0 ta ba

@ 6 téing clia cac ham
Dinh nghia va khai niém
r

76

Db phtic tap tinh toan theo

Mot s6 thuat todn sap xép



D6 phuc tap tinh toan

Do tang cla cac ham

Chuy
Néu khéng dé cap gi thém thi log(n) = log,(n)

Bai tap 2
Ching minh
) Tz 1a O(z?)
3 khong 1a O(x?)
1+2+---+nlao(n?)
nl=1x2x---xnlaonm)
log(n!) la O(nlogn)
(f) n3 12 0(2")
(9) logn la O(n)
(h) Véicac hangsb b > 1vak > 0, log,(n*) 1a O(logn)
Bai tap 3
Hay giai thich mét ham f : R — R 1a O(1) nghia la gi

(a

(b) =
(c
(d
(e

—_ e = L=

Thuét toan |

Hoang Anh Buc




D6 phuc tap tinh toan

Do tang cla cac ham

Bai té.p 4 Thuattodn |
N Hoang Anh Biic

Ching minh rang

(a) z31a O(x*) nhung x* khong la O(z?)

(b) 3z% + 112 O(x*/2) va z*/2 12 O(3z* + 1)

(c) xlogx la O(x?) nhung x? khong 1a O(z log )

(d) 2™ 1a O(3™) nhung 3™ khdng la O(2™)

Baitap 5

Chitng minh rang néu f(z) 1a O(z) thi f(x) cling 1a O(x2) (22) o0 angciacic i

Bai tap 6

Chitng minh hodc tim phan vi du cho phét biéu: Néu f(z) 1a

O(g1(x)) va fa(z) 1a O(ga2(x)) thi fi(z) — fo(z) 1a

O(g1(2) — g2())

Baitap 7

Chitng minh rang néu f(z) = ap,a™ + an_12" ' + - + ar

+ ag VGi ag, ay, . .., a, la cac so thuc (nghia la, f(z) 1a mét da

thiic bac n) thi f 1a O(z™) 7



D6 phuc tap tinh toan

Do tang cla cac ham

Thuét toan |

m Ky hiéu f(n) = O(g(n)) thudng dugc s dung dé chi f(n) la
Og(n)) ‘
m Ky hiéu nay khdng hoan toan chat ché vé mat toan hoc, do f(n) la
mot ham con O(g(n)) la mét tap hop cdc ham )
® f(n) = O(g(n)) trén thuc té nghia la f(n) € O(g(n)), do dé cé thé
viét n = O(n?) nhung khéng nén viét O(n?) = n
m Ban c6 thé gap biéu thiic dang “f(n) + O(g(n)) = O(h(n))”
= DAu “=" & day nghia Ia “C”. Cu thé, biéu thirc trén can duoc hiéu la
tap hgp S gom cac ham f(n) + g1 (n) véi g1(n) € O(g(n)) la tap con
cla tap O(h(n))
m Ban c6 thé gap biéu thiic dang “f(n) < g(n) + O(h(n)) v6i moi (22) ootmmeiaciran
n > 0” hodc tuong tu
m Nghia Ia ton tai e(n) sao cho (a) f(n) < g(n) + e(n) véi mgin > 0
va (b) e(n) € O(h(n))
m Mot s6 tac gia dinh nghia O-16n bang cach thay diéu kién
|f(z)| < Clg(x)| bang 0 < f(x) < C(g(x)). (Lam viéc vGi gia tri
tuyét d6i va kha ndng cac ham f(z) va g(z) cé thé nhan gid tri am
thudng khé hon 1a chi lam viéc véi cac ham nhén gia tri duong.)
Dinh nghia theo cach nay khéng hoan toan chat ché. Vi du nhu
ham log z ¢ thé nhan gia tri am vdi z nhd

Hoang Anh Buc

76



D6 phuc tap tinh toan

Do tang cla cac ham

Bai tap 8

Giai thich y nghia clia céc ky hiéu sau:

(@) no®
(b) n? + O(n)
(c) n?+0(n) = O(n?)

Baitap 9

S& dung ky hiéu O-16n dé danh gia lién hé gitta cac cdp ham

sau. Giai thich két qua clia ban

(a) n'?*va1.24"
(b) *%Y/n va (logn)2*
(c) nlogn vanloen

(d) /nva2Viesn
(e) \/ﬁ va nsin(n)
(f) (n+logn)?van?+nlogn

76

Thuét toan |

Hoang Anh Buc

Mb ta béng ngén ngir

Mb t:
M0 ta bang so do kho

Bat bien vong 13

6 téing clia cac ham
Dinh nghia va kk iém

D0 phiic tap tinh toan theo

thai gian

Mot s6 thuat toan tim kié




DP6 phuc tap tinh toan

Do tang cla cac ham

4096
2048
1024
512
256
128

Hinh: D6 ting clia mot s6 ham thuong dung khi danh gia véi ky hiéu
O-16n [Rosen 2012] s

i

"0 woc Tirnnien|

Thuét toan |

Hoang Anh Buc

BAt bién vong I3p

6 téing clia cac ham

a va khai niém

ap tinh todn theo

Mét s6 thuat toan tim kiém
im kiém tuyén tinh
Tim kiém nhi phan

Mot sb thuat toan sép xép

&p néi bot

chén



D6 phuc tap tinh toan

Do tang cla cac ham

Thuét toan |

Mét s6 xap xi hitu ich
(1) Néu d > ¢ > 1, thi n¢ 12 O(n?), nhung n? khong 1a O(n)
(2) Néu b > 1 va c,d 1a cac sb duong, thi (log, n)¢ 1a O(n?)
nhung n? khéng la O((log, n)°)
(3) Néu b > 1 va d la sb duang, thi n? 1a O(b™) nhung b"
khéng la O(n?)
(4) Néu ¢ > b > 1, thi b 12 O(c™) nhung ¢ khong la O(b")
Mét sb tinh chét quan trong
(@) Néu fi(z) = O(gi(z)) va fa(x) = O(ga(x)) thi
(f1 + f2)(z) = O(g(z)) trong d6
9(z) = max{|g:(z)|, |g2(z)|} véi moi z € R
(b) Néu fi(z) = O(g1(z)) va fo(x) = O(g2(x)) thi
(frf2)(z) = O(g1(x)g2())
Bai tap 10
Udc lugng theo O-16n ham f(n) = 3nlogn! + (n? + 3)logn

Hoang Anh Buc

76



D6 phuc tap tinh toan

Do tang cla cac ham

Thuét toan |

Bé,l tép 1 1 Hoang Anh Burc

Sap xép cac ham sau trong mét danh sach sao cho méi ham la
O-lén clia ham tiép theo

2
(a) Vi, 1000log m, nlogn, 2nl, 2%, 8", VA roooees

(b) (1.5)", n1%, (logn)3, \/nlogn, 107, (n!)?, va n% + n%

Bai tap 12

Gié s ban c6 hai thuat toan khac nhau dé giai mot bai toan.

Dé gidi mot bai toan co kich thude n,

(1) thuat todn thit nhat st dung diing n(log n) phép toan va
thuat todn thit hai st dung dung n3/2 phép toan;

(2) thuat todn tht nhat st dung ding n22™ phép toan va thuat
toan thit hai st dung dting n! phép toan.

Khi n tang, trong méi trudng hop trén, thuat toan nao st dung

it phép toan hon?

6 téing clia cac ham

76



D6 phuc tap tinh toan

Do tang cla cac ham

Thuét toan |

Hoang Anh Biic
Bai tap 13
Hay dua ra udc lugng O-16n chinh xac nhat cé thé cho méi
ham sau
(@) (n*+8)(n+1)
(b) (nlogn + n?)(n3 +2)
(€) (n!+2")(n® +log(n? +1))
(
(

d) (n®+n%logn)(logn + 1) + (17logn + 19)(n® + 2) (=) o9 acicrin
e) (2n +n?)(n® + 3n) B0 g gt e
(f) (n™+n2™ +57)(n! + 5n)

(9) nlog(n?+1) +n?logn

(h) (nlogn—l— 1)2 + (logn + 1)(n? + 1)
(i) n n? B

Mat sb thuat toan tim kiém

76



D6 phuc tap tinh toan

Do tang cla cac ham

Bél tép 14 Tihuét toan I'
Gia sir T(1) = O(1) va T(n) = T(n — 1) + O(1) véi moi n > 1. Chiing minh  ff """
sau sai & dau? Hay danh gia T'(n) theo ky hiéu O-1én va giai thich danh

gia cla ban.

Gia st P(n) la phét biéu T'(n) = O(1). Ta chling minh Vn € Z*+ P(n) béng
quy nap.
m Buwdc co sd: P(1) ding vi T'(1) = O(1).
m Buwdc quy nap: Gia st P(k) ding véi s6 nguyén k > 1 nao do,
nghia la T'(k) = O(1). Ta chitng minh P(k + 1) ding, nghia la chiing

minh T'(k + 1) = O(1). That vay, ta co: 98 tang cla odc am
T(k+1)=T(k) +0(1) gia thiét (1)
=0(1) + O(1) gia thiét quy nap )
=0(1). 3)

Do dé, P(k + 1) dung.
Vay theo nguyén ly quy nap, ta cd P(n) ding véi moi n € Z*, tic la
T(n) = O(1) v6i moin € Z*.

76



DP6 phuc tap tinh toan

Do tang cla cac ham

,.[ Ky hiéu Q-16n }

Cho f va g la cac ham R — R. Ta n6i rang [ /a (g) néu ton
tai cac hang s6 C > 0 va k sao cho |f(x)| > Clg(z)| véi moi
x>k

A Ky hiéu 0-16n |
Cho f va g lacac ham R — R. Gid st g(x) # 0 vGi x € R du

) s . s @, .
I6n. Ta ndi ran laQ(g) néu lim —% khac 0

m Néu f 12 Q(g), ta cling néi “f bi chdn duéi béi ¢”
Bai tap 15
Chiing minh rang f 1a Q(g) khi va chi khi g 1a O(f)

Thuét toan |
Hoang Anh Buc

Bat bién vong Iap

76



D6 phuc tap tinh toan

Do tang cla cac ham

Thuét toan |
Chl:l y’ Hoang Anh Buc
g” va tuong ty f la Q(g) nghia la “dd tang cua f > do tang
cla g”. Tuy nhién, ban can can than! V@i hai sé thuc a,b € R,
cac bat dang thirc a < b va b < a khéng thé cung sai. Nhung
tén tai ham f sao cho f = O(g) va f = Q(g) cung sai

Bai tap 16 (x)
Tim céac vi du clia cac ham f : R — R théa man céc diéu kién 09 tang el o ham
(a) — (d) tuong tng

f(n)lao@®) | f(n)khong la O(n?)
f(n) 12 Q(n%) (@) (b)
f(n) khong 1a Q(n?) (c) (d)

Cu thé, & (a), ban can tim vi du vé mot ham f(n) dong thoi 1a
O(n?) va Q(n®) va chitng minh vi dy ban tim ra la dung. Tuong
ty cho cac phan (b), (c), va (d) 7



DP6 phuc tap tinh toan

Do tang cla cac ham

!‘[ Ky’ hiéu (—)'Idn } . Thuét toan |

Hoang Anh Buc

Cho f va glacacham R — R. Tandiring f 1a ©(g) néu f Ia
O(g) va f la Q(g)

A Ky hiéu 6-16n | .

Cho fvaglacacham R — R. Gid st g(x) # 0 véi x € R du
f(@)]

I6n. Ta ndi rang f /2 ©(g) néu lim F@N 1 pip han va khdc
0 ) JI =t
Baitap 17 wotgan T

(a) Chiing minhrang 142+ --- 4+ n 1a ©(n?)

(b) Céc tap O(1) va ©(1) c¢6 bang nhau khéng? Tai sao?

Bai tap 18

Chitng minh rang vi cac ham £, g tr R dén R, £ 1a ©(g) khiva

chi khi ton tai cac hang so duang Cy, Co, va k sao cho

Cilg(x)| < |f(z)] < Calg(x)| véi moi z > k 7




DP6 phuc tap tinh toan

Do tang cla cac ham

A Ky hiéu o-nhé | .

Cho f va g la cac ham R — R. Ta ndi rang f /a o(g) néu vdi
moi C > 0 tén tai k sao cho | f(x)| < Clg(x)| v&i moi z > k

A Ky hiéu o-nhé |

Cho f va g lacac ham R — R. Gid st g(x) # 0 vGi » € R du
|/ ()|
lg(z)]

A Ky hiéu o-nhé | .

I6n. Ta ndi rang f /a o(g) néu lim béng 0
T—>00

Cho f va g la cac ham R — R. Ta néi rang f /a o(g) néu f Ia

O(g) nhung f khéng la Q2 (g)

J

76

Thuét toan |

Hoang Anh Buc




DP6 phuc tap tinh toan

Do tang cla cac ham

A Ky hiéu w-nho | .

Cho f va g la cac ham R — R. Ta néi rang f /a w(g) néu vdi
moi C > 0 tén tai k sao cho |f(x)| > Clg(x)| vdi moi z > k

A Ky hiéu w-nho | .
Cho f va glacacham R — R. Gid st g(x) # 0 véi x € R du

I6n. Ta ndi rang f /aw(g) néu lim @) bang oo
Tr—r 00

l9()]

. J

A Ky hiéu w-nho |

Cho fva g lacacham R — R. Gid st g(z) # 0 v6i 2 € R di
I6n. Tanoirang f law(g) neu f laQ(g) nhung f khéng la O(g)

J

Thuét toan |

Hoang Anh Buc

M0 ta bz

BAt bién vong I3p

@ D6 tiing clia c4c ham
Binl a khé 5m

Do ap

76



DP6 phuc tap tinh toan

Do tang cla cac ham

Tém lai, v6i cdc ham f va g tU R dén R HJ::::::';'UC
m flaO(g) “f tang khéng nhanh haon ¢” tuong ty “<”

AC,k Ve >k [f(2)] < Clg()|

m flaQ(g)  “ftang it nhat nhanh nhu g”  tuong tu “>”

3C >0,k Ve >k |f(z)] > Clg(z)]

m flao(g) “f tang nhanh nhu ¢~ tuong ty “="  phic tgp it
3C1 > 0,03 > 0,k Vo >k Cilg(a)| < |f(2)] < Calg()| oo g i
m f1a0(g) “f tdng cham haon g~ tuong tu <" ©

VO > 03kVz >k |f(z)] < Clg(z)]

mflaw(g) “f tang nhanh haon g” tuong tu “>” Sy
VC > 03kVe >k |f(x)] > Clg(x)]

76



D6 phuec tap tinh toan

Dinh nghia va khai niém

m M6t thuat toan tot phai ludn ding vé mat két qua va hiéu qua vé
mat tai nguyén
m D6 phiic tap (complexity) do ludng mdc 6 khd khan clia mét tinh
todn dua trén tai nguyén can thiét:
m D phiic tap theo thdi gian (time complexity): S6 lugng céc phép todn
co ban hodc sé budc thuc hién
m D6 phiic tap theo khdng gian (space complexity): Lugng bd nhé (s6
bit) c&n thiét dé thuic hién tinh toan
m Do phiic tap clia thuat todn thay ddi theo kich thudc dau vao (input
size)
® Vi dy: Tim kiém mét phan tir trong day ¢ 100000 phan tit s& ton
nhiéu tai nguyén hon so véi day cé chi vai phan ti
m Do dd, d6 phtic tap thuong dudc bidu dién dusi dang mét ham sé
f(n) véi n a kich thudc dau vao
m Ham nay gilp ta du dodn tai nguyén can thiét khi kich thudc dau vao
tang 1én
m Khi phan tich thuat todn, ching ta khéng quan tam dén chinh xac
s6 lugng phép toan, ma chi can ddnh gid tiém can (asymptotic
estimate) vé murc do tai nguyén tiéu thu khi kich thuéc dau vao
tang lén

Thuét toan |

Hoang Anh Buc

Do tang cla cac ham
@ Binh nghia va khai nigm
D0 phiic tap tinh toan th

76

p tinh
thai gian

Mat sb thuat toan tim kié
m kiém tuyén tinh
m kiem r han
Mat sb thuat toan s

Sap xép ndi bo

Sap xép cher



D6 phuec tap tinh toan

D6 phuc tap tinh toan theo thai gian

m Céc ky hiéu tiém can la nhiing cong cu toan hoc thiét yéu dé dac H;::::::LIUC
trung hoda va so sanh dé phuc tap cac thuat toan
m Trong phan tich dd phuic tap tinh toan theo thoi gian (time
complexity), ta xem xét ba loai trudong hop:
m Do phu’c tap truong hop xau nhét (worst case comp/extty) Thoi
gian t6i da ma thuat toan cé thé tiéu ton voi bat ky dau vao nao co
kich thuéc cu thé—thuwang dugc st dung phd bién nhat trong
phan tich thuat toan
m D) phuc tap trudng hop trung binh (average-case complexity): Thoi
gian trung binh khi xét tAt ca cac dau vao cé kha ning xuét hién véi
cung kich thuéc—thwong khé xac dinh
m DG phuic tap truong hop tot nhét (best-case complexity): Thai gian () o3t i
t6i thiéu véi dAu vao thuan Igi nhat c6 kich thudc cy thé—it c6 gia e gan
tri thuc tién trong danh gia thuat toan
m Trong thuc hanh, ta thuong mo ta thdi gian chay cla thuat toan
theo ky hiéu O-6n dé don gidn héa viéc phan tich. Ky hiéu ©-I6n
cung cap danh gia chinh xac hon vé dé phuc tap thuc sw nhung
doi khi khé xac dinh
m Céan Iuu y ring nhidu tai liéu s dung bidu thiic “f(n) 1a O(g(n))”
khi thuc chat ho dang mubn bidu dién “f(n) 1a ©(g(n))”

76



D6 phuec tap tinh toan

D6 phuc tap tinh toan theo thai gian

Thuét toan |

Hoang Anh Buc

Do phirc tap clia mot chudi tuan tu cac budc la téng cla do
phtrc tap cla tirng budc

Budc 1 Budc 2 Budc 3 .. | Bubcn
S1 Sa S3 § Sn ] BAtk o

‘\T(SIH @ \\T(Sz)/\ @ ‘\T(Ssﬂ ‘\T(Sn)/‘ @ 6 phifc tap tinh todn theo
— — — thai gian
. M4t so thuat toan tim kiem
( Téng do phiic tap = T(S;) + T(S) + T(Ss) + ... + T(Sy) )

76



D6 phuec tap tinh toan

D6 phuc tap tinh toan theo thai gian

Thuét toan |

Thoi gian thyc hién cac Iénh gan (:=), tra lai (return) la O(1),
va gia sl thai gian thuc hién cac phép toan co ban (cong, trir,
nhan, chia, so sanh, v.v...) cling la O(1)
m Trong thuc té, viéc cong hai s6 nguyén dé dai » bit biéu
dién dudi dang sb nhi phan cé do phuc tap O(n) chi
khong phai O(1)

Hoang Anh Buc

{ Phép gén: }{ Phép tra lai: }E Phép cong: }

T =Y return z a+b
@ 3?1 Fgf:is tap tinh toan theo
o(1) o(1) O(1)
Phép nhan: Phép so sanh:
cxd T <y




D6 phuec tap tinh toan

D6 phuc tap tinh toan theo thai gian

Thuét toan |

Hoang Anh Buc

Thei gian thuc hién cau tric if...then...else |a thoi gian 16n nhat
thuc hién cac 1énh sau then hodc sau else cong vdi thai gian
kiém tra diéu kién

if condition then

Sy // khéi 1énh
else

S5 // khéi lénh

B0 phiic tap tinh todn theo

"Kié:m tra diéu kién:\ nganm nganm e
T(condition) T(S1) T(S2)
\ )
. H .
Téng thdi gian = T'(condition) + max{T'(S;), T(S2)}

= max{T'(condition) + 7'(:Sy ), T'(condition) +T 2)}

76



D6 phuec tap tinh toan

D6 phuc tap tinh toan theo thai gian

Thuét toan |

Thei gian thuc hién vong I3p 1a téng thdi gian thuc hién cac 1an
lap va thoi gian kiém tra diéu kién 1&p. Néu thoi gian thuc hién
mdi 1an 13p 1a gibng nhau, thi tdng thdi gian thuc hién céc 1an
lap 14 tich clia s6 1an lap va thdi gian thuc hién méi 1an 1ap

Hoang Anh Buc

‘ fori:=1to ndo ‘
S // khoi l1énh

Khditao: | | Thi gian chay S & 1an [3p v6i i | Kidm travatang i |
T(i:=1)=0(1)] Ti(S) TG <nyit++)=0(1) Q B phic ap o o
v v v

Téng thoi gian = T(i := 1) + Y _[T3(S) + T(i < n,i ++)]

i=1

=01)+§n:Ti( S)+nxO(1 +ZT

Néu T3(S) = T(S) véi moi 4, ta c6: O(1) + n x T(S) + O(n) 0(1) + O(n x T(S))
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D6 phuec tap tinh toan

D6 phuc tap tinh toan theo thai gian

Thai gian thuc hién vong lap 1a tong thai gian thyc hién céc lan HJ::::::';'UC
|ap va thoi gian kiém tra diéu kién lap. Néu thdi gian thuc hién

méi lan Iap 1& gibng nhau, thi téng thdi gian thuc hién céc 1an

lap 12 tich clia s6 lan 13p va thoi gian thuc hién méi lan lap

] while condition do ‘
S // khdi lénh

'Kiém tra diéu kign:
T(condition)

'Thai gian chay S & 1an I3p thit 4:
T;(S)

- . @ Do phic tap tinh toén theo
== - - thoi gian

Téng thoi gian = T'(condition) + > " [T'(condition) + T;(S)]
w=1l
Néu T;(S) = T(S) véi moi i, ta co: (k + 1) x T(condition) + k x T(S)

\ivc’ii & Ia sb 14n 13p thuc t clia vong I3p while (k > 0) |

[cm’: y: Néu diéu kién sai ngay tir dau (k = 0), khéi Iénh S khong dugc thuc hién 1an nao]

76



D6 phuec tap tinh toan

D6 phuc tap tinh toan theo thai gian

Thoi gian thuc hién vong Iap 12 tng thoi gian thyc hién cac 1an HJ::::::';'UC
|ap va thoi gian kiém tra diéu kién lap. Néu thdi gian thuc hién

méi 1an I&p 1a gibng nhau, thi t6ng thoi gian thuc hién cac lan
lap la tich clia s0 1an |ap va thoi gian thuc hién mai lan 1ap

do )
‘ S // khoi l1énh !
while condition

Thoi gian chay S & lan lap tha -
T;(S)

Kiém tra diéu kién: |
T'(condition)

' @ D6 phiic tap tinh ton theo
thoi gian

T6ng thdi gian = Z[Ti(S) + T'(condition)]
=1
Néu T;(S) = T(S) v6i moi i, ta c6: k x T(S) + k x T(condition)
=k x [T(S) + T(condition)]

(V6 k 1a s6 1an I14p thuc t ciia vong I4p do-while (k > 1) |

(Chii y: Khac vong 13p while, vong Iz do-while luon thyc hién S it nhét mot 14n
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D6 phuec tap tinh toan

D6 phuc tap tinh toan theo thai gian

Thuét toan |

Hoang Anh Buc

Bang: M6t sb thuat ngit thudng dung

D6 phurc tap Thuat ngw
D6 phrc tap hang so

o) (constant complexity)

Ologn) (Ioggrir’zﬁri(i:ctacgr:) glzzitty)
ow | Ppe

Olnlogn) (Iinzzrﬁuﬁéi%rz;olg;ty) © wloin
O(n?) D6 phtrc tap da thirc

(polynomial complexity)
DB phurc tap ham mi
(exponential complexity)
Do phuc tap giai thira
(factorial complexity)

O(b™), véi b > 1

O(n!)

76



D6 phuec tap tinh toan

D6 phuc tap tinh toan theo thai gian

Thuét toan |

Thuat toan 1: Tim gis tri ciia phan tir 16n nhit Hoang Anh Diic

Input: a1, as, . .., a,: diy sb nguyén
Output: Gi4 tri cha phan tir I6n nhit trong d3y
1v:=a t
2 for i :=2 ton do

3 | if a; > v then e
4 L’U::ai BAt bién vong I
5 return v t3 R o
T(n) B t + t + t 3%‘p$:§lapt(nhloantheo
s 01(1) L |T(n)@OMm)| [T() aOw)|
1,43 m kiém tuyén tinh
n (xau nhat) (tbt nhét) i b g
ty =0(1) + > _ti+O(n) Slorbobin
2 o

th =t5 + (t.g. kiémtraa; > v) = O(1) + O(1) = O(1)

76



Thuéat toan

Mét sb bai tap

B‘al tép -1 9 Thuét toan |
) , , Y ” , , Hoang Anh Buc
(a) Thiet ke thuat toan dé tinh tong clia tat ca cac so6 hang trong mét day
s6 nguyén a,, as, . . ., a, cho trudc
(b) Chiing minh thuat todn ban thiét ké 1a ding
(c) Panh gia thoi gian chay cla thuat toan ban thiét ké
Bai tap 20
Mét chudi ky tu dugc goi la chudi déi xiing (palindrome) khi viét tir trai qua
phai va viét tir phai qua trdi thi chudi khong thay déi. Mot vi du 1a chudi

madam.
(a) Thiét ké thuat toan dé kiém tra xem mét chubi ky ty c6 phéi la chudi
dél XL},ng hay khéng z z B0 phiic tap tinh todn theo
(b) Déanh gia thai gian chay cla thuat toan ban thiét ké ol gan
Bai tap 21

Cho f: A — B la mét ham vdi cac tap A, B la céc tap con hitu han cla Z.
Hay thiét ké mot thuat todn dé kiém tra xem

(a) liéu f c6 la don anh khong;

(b) liéu f c6 la toan anh khong.

Trong m&i truding hop, hay danh gia thdi gian chay clia thuat toan ban thiét

ké

76



Thuat toan

Mat s6 thuat toan tim kiém

Thuét toan |

Hoang Anh Buc

Bai toan tim kiém |

Cho mét day n phan t& ai,az, ..., a, va mot phan tif z. Tim =

trong day da cho hoac két luan rang = khéng c6 trong day Sabeneng e
m Tim kiém tuyén tinh (Linear Search) R

thai gian

m Tim kiém nhi phan (Binary Search)

Mét s6 thuat toén tim kiém

76



Thuéat toan

Tim kiém tuyén tinh

Thuét toan |

Hoang Anh Buc

m Bai toan:
® Input: a1, . .., a,: day sb nguyén, z: s6 nguyén
m Output: Chi s0 i thda man = = a; hodc 0 néu x khdng ¢
trong day
= Tim kiém tuyén tinh:
1) Bat dau tir phan tir dau tién clia day (a1)_
2) So séanh phan o hién tai (a;) v6i gia tri can tim =
3) Neua; =, trd vé vitri i va ket thuc thuat toan
4) Neéu a; # x, chuyén sang phan t{ tiep theo (a;+1)
5) Lap lai budc (2) dén (4) cho den khi tim thay x hoac da
db’lyét hét dé.y ) ) . @ Tim kiém tuyén tinh
(6) Néu da duyst hét day ma khong tim thay =, tra vé gid tri 0

76



Thuéat toan

Tim kiém tuyén tinh

Thuét toan |

Hoang Anh Buc

Vi du 8 (Tim kiém tuyén tinh)

m Input: Day a; = 2,a3 =5,a3 =6,a4 = 8,a5 =12vaz =8

m Output: Chi sb i thda man z = a; hoac 0 néu z khéng cé
trong day

az as as o8 st
. Gl [ . 12 o
1 =1 1=2 i=3 i—4

Tim kiém tuyén tinh
Tim kiém nhj phan

76

Mat sb thuat toan tim kiém



Thuéat toan

Tim kiém tuyén tinh

w N

Thuat toan 3: Tim kiém tuyén tinh (Linear Search)

Input: a1, ..., a,: ddy sb nguyén, z: sb nguyén

Output: Chi sb i thda man z = a; hodc 0 néu z khéng cé
trong day

i:=1 // B&t d3u ti diu diay

while i <n vaz # a; do // Chua xong va chua tim thiy

t i:=i+1 // Pi t6i vi tri tiép theo trong diy
if i <nthen

t location := i // Tim thiy z trong diy
else

L location := 0 // Khéng tim thdy z trong diy

return /ocation

Thuét toan |

Hoang Anh Buc

@ Tim kiém tuyén tinh

76



Thuéat toan

Tim kiém tuyén tinh

Thuét toan |

M6t bat bién vong Iap trong Thuat toan 3 (vong while & Dong 2-3)
tim kiem tuyen tinh so nguyén z trong day a4, ..., a,

Hoang Anh Buc

L =“Otrudc Ian Iap voi bién i, x ¢ {ax, ... ai_1}"

m Khéidong (i = 1): Doi — 1 =0, tap {ay,...,a;_1} latap
réng, va do d6 = ¢ {ai,...,a;_1}, nghia la L ding

m Duy tri: Gid st L ding & truéc 1an |1ap véi i = k nao dd, nghia
laz ¢ {ai,...,ax_1}. Tachitng minh L ding & trudc lan lap
véii=k+1,nghiala z ¢ {ai1,...,a}. That vay, dé thuc hién
lan 1&p i = k, diéu kién & vong while can dugc thda man,
nghia la k < n va z # a,. Két hop véi gia thiét, ta cé diéu can
ching minh

m Dirng: Vong lap while két thic khi i = n + 1 hodc z = a; V6i P
1 < i < n. V6i trudng hop dau tién, bat bién vong 1&p L cho ta
x ¢ {a1,...,a,} vado dé két luan khong tim dugc z. V6i
truong hop thi hai, 2 hién nhién thudc day da cho

76



Thuéat toan

Tim kiém tuyén tinh

Thuat todn 3: Tim kiém tuyén tinh (Linear Search) Thuat toan |

~ A N A A Hoang Anh Burc
Input: A1y ., Qp: day SO nguyen, T sO nguyen

Output: Chi sb i thda man = = a; hojc 0 néu z
khong cé trong day

1i:=1 131
2 while i < n va z # a; do ;
3| di=i+l th 2
4 if i <n then

. . Batk
5 Llocat/on =1 L6

i3

6 else 90 tang clia céc ham

. Dinh nghta va khai niém
7 LlOC&tIOn =0 ty D6 phic tap tinh toan theo
8 return Jocation 7 '

Mat sb thuat toan tim kiém

T(n)=ti+ta+t3+1 |T(n) la O(n) | |T(n) la 0(1) | ox

t,tala O(1) (xau nhét) (t6t nhét) i
ts = max{tg, t7} + (th0i gian kiém tra i < n) = O(1) i sép chi

Mot s6 thuat todn sap xép

to = Z {t% + (t.g. kiémtrai <nvaz # ai)]

{ili<nAz#a;} 76



Thuéat toan
Tim kiém nhi phan

Thuét toan |

Hoang Anh Buc

= Bai toan:
® Input: ai, ..., an: day sb nguyén thuc su tang, z: s6 nguyén
= Output: Ch| s6 i théa man z = a; hodc 0 néu = khong cé
trong day

m Tim kiém nhi phan: (M6t vi du vé ky thuat chia dé tri

(divide and conquer) trong thiét ké thuat toan)

(1) Tinh m = [(1 4 n)/2]. Phan t& & giita cla day 1a a,

(2) Chiaday ai,...,a, thanh hai day con (a) a1, ..., am va (b)
Ami1s-- -, an. NU & > a,, thi ta chi tim z trong ddy con (b),
con ngugc lai thi ta chi tim  trong day con (a)

(3) Lam tuang tu cho dén khi khong gian tim kiém chi con mét
phan tif a;. N&u z = a; thi trd lai vi tri i cla z, con ngudc lai
thi trd lai 0

Tim kiém nhj phan

76



Thuéat toan

Tim kiém nhj phan

Vi du 9 (Tim kiém nhj phan)

Hoang Anh Buc
m Input: Day a; = 2,a3 =5,a3 =6,a4 = 8,a5 =12vaz =8
m Output: Chi s6 i thda man z = a; hodc 0 néu x khdng cé
trong day
ay a2 az a4 Aas
| 2 5 6 8 12

7 m j

<x

a1 a2 a3 G4 A5
2 5 6 8 12 th gan
i=m J

=z 76



Thuéat toan
Tim kiém nhi phan

Thuét toan |

Thuat toan 4: Tim kiém nhij phan (Binary Search)

Hoang Anh Buc

Input: a4, .. ) Q! day sb nguyén thuc su tang, z: 86 nguyén
Output: Ch| s6 i thda man & = a; hodc 0 néu z khong cé trong day
1 4:=1 // Chi sé b&t diu khodng tim kidm
2 ji=n // Chi s k&t thic khodng tim kiém
3 whilei < j do // Khi khodng tim kiém c6é > 1 phén tt
4 m:=|(+7)/2] // Chi sb clia phin td & gifta
5 if z > a,, then
6 | i=m1
7 else
8 L ji=m
9 if x = a, then (&) imibmri i

t location := 1

-
o

else
L location := 0

- -k
N =

13 return /location 7



Thuéat toan
Tim kiém nhi phan

Thuét toan |

M6t bat bién vong I3p trong Thuat toan 4 (vong while § Dong 3-8) tim

Hoang Anh Buc

kiém nhi phan sé nguyén z trong day thuc su tang a1, . . ., a,
L := O truéc méi Ian Iap vdi céc biéni, j, néu x € {a, ..., a,} thi
z € {ai,aip1,. .., a5}

m Khdi dong (i = 1, j = n): L hién nhién ding

m Duy tri: Gid s(t 6 tru6c 1an 1&p véi cac bién , ¢, néu
@ € {ay,...,an} thi @ € {ay, ars1, ..., ac}. Ta chitng minh rang &
trugc 1an 1ap ké tlep véi céc bién (a) k, | (k + ¢)/2] hoac (b)
[(k+¢)/2] +1,¢,néu z € {ay,...,a,} thi tuong tng (a)
x € {ak, .. aL(IH-Z /2J} hoac (b’) S {aL(k+[)/2J+1, .. ag}. Véi
(a), diéu kién & Dong 7 can dugc théda man, nghia 1a

x < A\ (k+0) /2] Do do, neg z € {ag,ag+1,---,ae} thi (@) ding. V6i
(b), diéu kién & Dong 5 can dugc théa mén, nghia la (%) Tmuim o
T > a|(k40)/2)- DO dO, néU x € {ag, ar41, ..., ac} thi (0°) ding

m Dirng: Vong lap while dirng khi i = 4, va tu’ L, ta cé néu
x € {ay,...,a,} thi z € {a;}. Do d6 Thuét todn 4 tra lai vi tri chinh
xac clia = ho&c két luan khdng tim duoc 2 (Dong 9—13)

76



i

D6 phurc tap tinh toan =P

Tim kiém nhj phan

01 woc Ty nmien|

Thuét toan |

Thuat toan 4: Tim kiém nhj phan (Binary Search) Hoang Anh Biic

Input: a1, ..., a,: diy sb nguyén thuc sy ting, z: sb
nguyén
Output: Chi sb i théa min z = a; hoic 0 néu z
khong c6 trong day

Mb ta béng ngén ngir

17:=1

25:=n

3 while ¢ < j do
e ()] —

5 | if z > a,, then - e
6 L’L =m-+1 2 Binh nghia va khai niém

t:-J D6 phiic tap tinh toan theo
7 | else g thei gian

8 L] - M6t s6 thuat toan tim kiem
9 if x = q; then m ém wyen ton

. . m nhi phan
10 Llocatlon =1

_tl

uét todn sap xép
— 1 s
11 else S4p x8p chér

12 | location := 0

13 return Jocation ty

76



D6 phurc tap tinh toan

Tim kiém nhi phan

T(’ﬂ) :tl +t2+t3+t4
by ta, 657 b7, .t 1A O(1)

ty = >

(157 +t57)+

1an 13p while véi cap 4, j

+ (thoi gian kiém tra i < j)}

te? = max{ts, tg}

+ (thoi gian kiém tra z > a,,)

t3 = max{tg, t10}

+ (thdi gian kiém tra z = a;)

# cap 1, j trong vong while 1a O(logn)

| T(n) 1a O(logn) | | T(n

) 12 O(logn) |

(xau nhat)

(tbt nhéat)

76

Thuét toan |

Hoang Anh Buc

Tim kiém nhj phan

Mot sb thut toan sép xép

Sép xép néi bol

S&p xép cher



D6 phurc tap tinh toan

Tim kiém nhi phan

Thuét toan |

Tai sao # cap i, j trong vong lap while 1a O(logn)? Hoang Anh Bic
m Lan l3p 0: day a,, ..., a; c6 d6 dai < [1n/2°]

m LAn 13p 1: day a;,...,a; c6 d6 dai < [n/2!)

|

m LAan I3p h (cubi cung): day a;, .. .,a; c6 dd dai < [n/2"]

m # cap i, j trong vong 1ap while la h + 1

m Vong while két thic khi i = j, nghia la khi day a;, ..., a; c6
dédail

m Vi i 12 1an 13p cubi cung, & phal la so nguyén duong nho
nhét thda man [n/2"] < 1 (Neu c6 sb6 i’ < hthéa man

fn/2h | < 1 thi khong thé c6 Ian Iap nao sau //, trai véi gid
thiét 4 1a 1an lap cubi cuing)

m TU [n/2"] <1, suy ran/2" <1, nghiala h > logn. Gia tri
nhd nhat cla h 1a [logn]. Do dd, # cap i, j trong vong lap
whilela h +1 = [logn] + 1 = O(logn)

Tim kiém nhj phan

76



Thuéat toan

Mot sb thuat todn s&p xép

Thuét toan |

Hoang Anh Buc

Bai toan sap xép

Cho mét day n phan tr va mét cach so sanh hai phan ti bat
ky trong day. Hay sap xép day theo thi(r tu tdng dan

m Sap xép ndi bot (Bubble Sort)
m S&p xép chén (Insertion Sort)

76



Thuéat toan

Sép xép néi bot

Thuét toan |

Hoang Anh Buc

m Bai toan:
m Input: a1, as, . .., a,: day sb thuc (n > 2)
m Output: Day da cho duagc sdp xép theo thi tu ting dan
m Sap xép ndi bot:
(1) So sénh céc phan ti lién tiép, bat dau véi cap (a1, az)
(2) Né&u a; > ao, hoan déi gid tri clia ching
(3) Lap lai (1) va (2) v6i cac cap (a2, as), (as,aa), ...,
(@n_1,a,). LUc ndy, a, 1a phan t{ 16n nhat trong day
(4) Lap lai (1) — (3) v&iday ai, .. .,an—1, va sau dé véi day
Aly...,0n—-2, déy Aly.v oy An—3, ..., cho dén déy ai, as

@ S&p xép ndi bot

76



Thuéat toan

Sép xép néi bot

Thuét toan |

Hoang Anh Buc

Vidu 10
m Input: Day a; = 34, ax = 13, a3 = 21, a4y = 3, a5 = 89 Mo t bing ngon
m Output: Day sép xép theo thii tu ting dan i

aq a9 as aq as

34 13 21 3 89
i=1 13 21 3 34 89
i=2 13 3 21 34 wogan
i= 3 13 21
i=4 3 13 -

3 13 21 34 89

S&p xép ndi bot

S4p xép cher

76



Thuéat toan

Sép xép néi bot

Thuét toan |

Hoang Anh Buc

Thuat toan 5: Sip xép ndi bot (Bubble Sort)

Input: a;,as,. .., a,: day s thuc (n > 2) )
Output: Day da cho dugc sap xép theo thi ty tang dan

1 fori:=1ton—1do // Lap lai n—1 lén
2 forj:=1ton—ido

3 if a; > a; 1 then

4 Hoan déi gid tri cla a; va a;,

5 // Qp_iy1,...,a, 44 dugc sip xép

6 // ay,...,a, da dudc sip x&p

@ S&p xép ndi bot

76



Thuéat toan

Sép xép néi bot

Thuét toan |

Hoang Anh Buc

Thuat toan 5 co hai vong Idp for: vong lap trong & Dong 2—4 va

vong lap ngoai (chita vong 1ap trong)  Dong 1—4

m Mot bat bién vong I3p cho vong 18p ngoai la
O trudc lan I3p i, day An—i+1,-- -, 0y l& day tang chua cdc
phan t& I6n hon hodc bang moi phan trtrongay,...,a, ;

m M6t bat bién vong I3p cho vong I3p trong 1a

O trudc lan lap j, a; = max{a,...,a;}
So do chirng minh:

m Ching minh buédc Khdi dong cho bat bién vong I3p ngoai

m O budc Duy tri cho vong Iap ngoai
m Chiing minh bét bién vong Iap trong (Kh&i dong, Duy tri,

Dwng) (0) sivsio i
m S dung bat bién vong 13p trong dé chiing minh cho vong B
I&p ngoai

m Chitng minh budc Dirng cho bét bién vong lap ngoai
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Thuéat toan

Sép xép néi bot

Thuat toén 5: S3p xép ndi bot (Bubble Sort)

Input: ay,as, . .., a,: diy sb thuc (n > 2)

Output: D3y di cho dugc sip x&p theo thd tu ting

dan

1fori:=1ton—1do

2| for j:=1ton—1ido
3 if aj > ajy then
LHoén d8i gis tri cha aj va aj—

) —
— ¢}

n—1

T(n)=t; =Y {té + (t.g.tang i va kimtrai < n — 1)}

=1

th = [té + (t.g. tang j vakiémtra j <n — i)w

tyla O(l) (’U = a5, Q5 1= Q41 Q41 1= ’l))

T(n) la O(n?)

(xau nhét)

t} = t4 + (thdi gian kiém tra a; > a;4,)

T(n) 12 O(n?)

(tot nhét)

7

Thuét toan |

Hoang Anh Buc

Mot s6 thuat toan tim kie

m kiém tuyen tinh
Tim kiém nhj phan
Mot s6 thuat toan sap xép
S&p xép ndi bot

Sap xép cher



Thuéat toan

Sap xép chén

Thuét toan |

Hoang Anh Buc

m Bai toan:
m Input: a1, as,. . ., a,: ddy sb thuc (n > 2) )
m Output: Day da cho dugc sap xép theo tht ty tang dan

m Sap xép chen:
(1) Ban dau, ta xem a; nhu mot day da dudc sap xép
(2) D& xU ly phan tlt a; (i = 2,3,...,n):
B Luu gid tri a; vao mét bién tam m
® Duyét Céc p‘hénqtfr Wi 1,052,y .., a}ltl‘.l’ phéi sang trai
B Day moi phan ttr 16n hon m sang phai mc}‘t vi tri .
m Chén m vao vi tri thich hgp (ngay sau phan tlr dau tién nhd
han hoac bang m)
(3) Sau méi budc, day a1, as, ..., a; da dugc sap xép theo thir
tu tang dan
(4) L&p lai qua trinh cho dén khi x& Iy xong an

76



Thuéat toan

Sép xép chén

Thuét toan |

Hoang Anh Buc

m Input: Day a; = 34, a3 =13, a3 =21, a4 = 3, a5 = 89
m Output: Day sip xép theo thif tu ting dan

a az as a4 as
34 13 21 3 89
1=2 13 34 21 3 89
1= 13 21 34 3 89
1=4 3 13 21 34 89
1=05 3 13 21 34 89

Sép xép néi bo

Sép xép chen

76



Thuéat toan

Sap xép chén

1

Thuat toan 6: Sap

xép chén (Insertion Sort)

Input: a1, as, . .., a,: day s6 thuc (n > 2) )
Output: Day da cho dugc sap xép theo thit tu tang dan

fori=2tondo

ji=i—1

while j > 1 vam < a; do
sang phdi d& cd chd chén m

aj+1 = aj
Jg=J-1
Ajq1 =M
// Day ai,...,a; da dugc s3p thit tu

m:=a; // m sip dudc chén vao diy ai,...,a;_1

// Néu m < aj, day a;

// Chén m

Thuét toan |

Hoang Anh Buc

(74) sipsépcren
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Thuéat toan

Sap xép chén

Thuét toan |

Hoang Anh Buc

Thuét toan 6 ¢ hai vong Idp: vong lap trong while & Dong 4-6
va vong lap ngoai for (chita vong lap trong) & Dong 1-7 w
m Mot bat bién vong I3p cho vong 1&p ngoai la

O'trude 1an I3p i, ddy a., . . ., a;_, 1a day tang

Bét bién von

hiic tap tinh todn theo

m MGt bat bién vong I3p cho vong 1p trong 1a SR
O truéc lan Iap j, m < min{a;i1,...,0;} s ‘

Mat s6 thuat toan tim kié

Mt s6 thuat toan s
Sap xép ndi bo
Sép xép chen

76



Thuéat toan

Sap xép chén

Thut toan 6: SSp x&p chen (Insertion Sort) Thuét toan |
Hoang Anh Buc

Input: a1, as, ..., a,: diy sb thuc (n > 2)
Output: D3y d3 cho dugc sip xép theo thir ty ting

dan
1fori=2tondo "
2 | m:=a; t5
3| ji=i—1 t
4 | while j > 1vam <a; do tq
5 Aj41 = Ay —ti BAt bién von
6 %j =7—1
7| aj=m t5 o e
- 5 ‘Hy':“‘\‘\’r tap tinh toan theo
T(n)=ti=)Y_ {Zt; +(tg.tang i vakiémtrai<n)| f oo
i=2 L k=2 m kiém tuyén tinh
. . . . N 2 Tim kiém nhi phan
b1, 15,17 1B O(1) HOLYR]|
(= 3 [t 4 (xdunhat) (@) sidwemn

1<j<i—1vam < ay T(n)la O(n)

+ (t.g. kiémtra j > 1 vam < a;)] (tBtnhat) (s




Part |
Phu luc



NGi dung

Thuét toan |

Hoang Anh Burc

Mét s6 16i thuong gap



Mét sb 16i thudng gap

Thuét toan |

Hoang Anh Buc

Mét s6 16i thudng gap

Tham khdo tur tai liéu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf)

(a) Quén tang bién dém bén trong vong lap ctia cac thi
tuc khi xay dwng thuat toan
m Néu bién dém khong dudc tang, vong lap cd thé sé chay
mal mal
(b) Nham Ian gitra wdc lwong O-lén va ©-16n, tirc 1a nghi
rang O-16n cung cap ca chan dwdi va chan trén cho
kich thwdc cia ham
m Udc lugng O-1én chi 1a chan trén


https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf

Mét sb 16i thudng gap (tiép)

Thuét toan |

m Khong chinh xac khi néi ring mét thuat toan kém hiéu qua Hoana Anh Be

vi né chay trong thdi gian O(n"), bdi vi, vi du, mét thuét Mot s516i thuding gap
todn chay trong thdi gian tuyén tinh (cé thdi gian chay ti 1&
véi n) cling théa man udc lugng nay
m Trong trdng hap nay, diéu chinh x&c can néi (néu ding) la
thuat toan chay trong thoi gian ©(n")
(c) Khéng hiéu rang hang s6 trong wdc Ivong O-16n coé
thé rat 16n
m Vi duy, néu mot thuat toan cé thdi gian chay O(n?), thi né cé
thé méat 10°°n? budc va do dé khdng kha thi ngay ca vdi cac
gia tri n nho
(d) Bi nham Ian b&i s6 mil khi so sanh cac ham khac
nhau
m Vi dy, thoat nhin c6 vé nhu (logn)'°° tdng nhanh hon n'/2,
nhung thuc t& n'/? tdng nhanh hon, vi log n tng rat cham
so V@i n



Mét sb 16i thudng gap (tiép)

Thuét toan |

Hoang Anh Buc

Mét s6 16i thudng gap

m Vithé (logn)'% 1a O(n'/?), nhung n'/? khéng phai la

O((logn)*™)
(e) Cong thay vi nhan, hoac ngugc lai, khi phan tich thoi
gian chay cua thuat toan

m Né&u mét vong lap 1dng bén trong mdt vong 18p khac, thi thoi
gian chay dugc nhéan lén

m Né&u mét vong I3p di sau vong I3p khac, thdi gian chay dugc
cong lai



Tai liéu tham khao

Thuét toan |

Hoang Anh Buc

Tai liéu tham khao

¥ Rosen, Kenneth (2012). Discrete Mathematics and Its
Applications. 7th. McGraw-Hill.
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