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Gidi thiéu

Ly thuyét sb co ban
Hoang Anh Buc

Gidi thiéu

Pinh nghia va tinh chét co

m Ly thuyét s6 (number theory) nghién cliu vé cac tinh chat n
va mbi quan hé giita cac loai sb e
m Dbi twong nghién cliu quan trong nhét 1a cdc s nguyén B e o
duong (positive integers) ) oran
m Ddc biét chu trong vao cdc so nguyén to (prime numbers)

va c4c tinh chat cla chiing
m Ly thuyét sb 1a nén tang cho nhiéu (ing dung quan trong hung
trong mat ma hoc hién dai Ut ahumg én v
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Tinh chia hét va phép todn modun

Dinh nghia va tinh chat co ban

m Cho cac sb nguyén a va b v6i a # 0. Ta néi b chia hét cho Ly thyét b co bin
a, ky hiéu b: a, néu ton tai mot sb nguyén ¢ sao cho b = ac. Hoang Anh Bie
m Trong trudong hop nay, ta ciing ndi a 1a udc (factor) clia b
hay b la boi (multiple) cGa a va ky hiéu a | b.
m Ta lan lugt si dung cac ky hiéu b 7 a va a £ b d& chi b

ban

khéng chia hét cho a va a khong la uéc cla b o duheo o

Pinh Iy 1

(1) Néua|bvaa|ec thia|(b+c)
(2) Néua |b, thia|be e
(3) Néua|bvab|c thia|c

Bai tap 1
Chung minh Binh ly 1
Bai tap 2 Dy Femat v

Chttng minh hodc tim phan vi du cho ménh dé: “V&i moi s6
nguyén r,t, s, u, néu r chia hét cho s va ¢ chia hét cho u thi
r + s chia hét cho ¢ + u” 7



Tinh chia hét va phép todn modun

Dinh nghia va tinh chat co ban

Ly thuyét sb co ban

Dlnh Iy 2 Hoang Anh Burc

VBia € Z vad € Z*, ton tai duy nhat cdc sé nguyén q var, voi
0<r<d, thbamana =dqg+r

Dinh nghia va tinh chét co
ban

Chiing minh.

m Ton tai cac sb nguyén ¢ va r v6i 0 < r < d théa man
a=dq+r : >

m Chon ¢ 1& s6 nguyén 16n nhat thda man dg < a
m Chonr=a—dq.Tacé 0 <r < d(Tai sao?)

m Gia s{ ton tai cac cap sb nguyén g1, 71 Va ga, 7> thda man
a=dg+rvaa=dg+1r2,V0i0<r <ry<dva S
(q1,71) # (g2,72) ‘

BENeugr =qthiri=a—dgp =a—dg =rs ki
m Do dé, ¢1 # q2. Theo glé thiét a = dq1 + 71 = dga + 72 va do Dinh I Fermat and
doéd= (7‘2 —7"1)/((]1 —QQ). Do 0 <ri<re< d, taco
0<rg—ri<d= (TQ 77‘1)/((]1 7(]2). Do dé,

0 < q1 — q2 < 1. Bay la mot mau thuan (Tai sao?)
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Tinh chia hét va phép todn modun

Dinh nghia va tinh chat co ban

m Trong Dinh Iy 2, a 12 s6 bj chia (dividend), d 1a sé chia
(divisor), q |a thuong (quotient), va r 1a s6 du (remainder)

m Tacling viét ¢ = a div d va r = a mod d. Chui y rang véi d
¢0 dinh, a div d va a mod d la cac ham tur Z dén Z

mTacoqg=|a/d]var=a—dg=a—dla/d]

Vidu 1
m 101div1l = va10lmod 11 =
m —101div1l = va —101 mod 11 =

(Chd y rang mac du —101 = 11(—9) — 2 nhung s6 du cla
phép chia a = —101 cho d = 11 khéng bang —2 do r = —2
khéng théa man 0 < r < d)
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Dinh nghia va tinh chét co
ban

Déng du theo médun




Tinh chia hét va phép todn modun

Dinh nghia va tinh chat co ban

1
2
3
4

o o

Input:a €Z,dc 2t
Output: Thuong ¢ va s6 du r clia phép chia a cho d

procedure div-mod(a, d): o vation o
q:=0
r:=|al

while »r > ddo // Tiép tuc trit d ti r va tang q
cho dén khi r <d

re=r—d
qg:=q+1
if a <0 var > 0then // Trudéng hop a &m
r:=d-—r
q:=—(¢+1)
return (q,r) // q=a div d 14 thuong,

r=amodd 1a sb du
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Ly thuyét sb co ban

Thuét toan 1: Tim thuong va s6 du Hoang Anh Bitc



Tinh chia hét va phép todn modun

Dinh nghia va tinh chat co ban

Ly thuyét sb co ban
Hoang Anh Buc

Vi du 2 (Thuc hién thuat toan tim thuong va sé du)
VGI (a’d) = (1017 11) Binh nghia va tinh chat ca
1. Khéitao: ¢ = 0,7 = |101] = 101 b o o

2. Vong Iap while:
BKhir=101>11=d:r=101-11=90,q=04+1=1
mKhir=90>11=dr=90-11=79,g=1+1=2
m ... (tiép tuc 7 lan nira) rit
mBKhir=24>11=d:r=24-11=13,¢q=8+1=9
B Khir=13>11=d:ir=13-11=2,¢q=9+1=10

3. Sauvong lap: r = 2 < 11 = d, dung vong lap
4. Kiém tra diéu kién if: « = 101 > 0 nén khong thuc hién S
5. Két qua: (¢,7) = (9,2) -

Bié
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Tinh chia hét va phép todn modun

Dinh nghia va tinh chat co ban

Ly thuyét sb co ban

Vi dU 3 (ThU’C hlén thUé.t toan tim thu’dng va 36 dU’) Hoang Anh Biic
V@i (a,d) = (—101,11):
1- Khal taO: q ~ O, "= | B 101| - 101 o Dgnhnghiav'annhché(cd

ban

2. Vong 1ap while: Déng i theo modun
BKhir=101>11=d:r=101-11=90,¢g=0+1=1
mKhir=90>11=dr=90-11=79,¢g=1+1=2
m ... (tiép tuc 7 lan nira)
mKhir=24>11=d:r=24—11=13,¢=8+1=9
BKhir=13>1l=d:r=13-11=2,¢=9+1=10

3. Sau vong lap: r = 2 < 11 = d, dung vong lap

4. Kiém tra diéu kién if: « = —101 < 0 va r = 2 > 0 nén thyc

hién (i‘u‘\ M"j ‘
Er=11-2=9 Binh 1 Fermat
mg=—(10+1)=-11

5. Két qua: (¢,7) = (—10,9)

Bidu dién theo hé b-phan

75



Tinh chia hét va phép todn modun

DPong du theo modun m

m Véia beZvameZt, adbng du véib (theo) médun m,
Ky hiéu a = b (mod m), khi va chi khim | (a — b)

Dinh Iy 3

VGia,b € Zvam € Z*, a = b (mod m) khi va chi khi a mod
m = bmod m

Ching minh.

(=) Giaslla=b (mod m). Gia slt a = gym + r va
b=gm+roVliqi, 2 €Z,0<r; <m,vad<ry,<m.Ta
chitng minh @ mod m = r; = r5 = bmod m

® Doa=b (mod m),tacéd m | (a —b)

m Suyram| ((qn — g2)m+ (r1 —r2)). Dodd m | (r1 — r2),
nghialari —ro =mpvléipeZ

B Do0<r,r2<mnén-m<nri—ra<m

B Suyra—m <mp<mvadodép=0,nghialar, =ry

(<) Gidslf a mod m =bmodm =r.Suyraa=qm+rva
b= qgam+ 1 VGiq,qs € Z. Do dd, a — b = (¢1 — g2)m, nghia
@am| (a—0b)

75

Ly thuyét sb co ban
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inh nghia va tinh chat co

Dédng du theo modun m.




Tinh chia hét va phép todn modun

DPong du theo modun m

Ly thuyét sb co ban
Hoang Anh Buc

Bai tap 3
Chiing minh rang quan hé déng du’ theo médun m ‘=
(mod m)” la mQt quan hé tuong ducng trén tap cac so nguyén s

i
an
Q Dédng du theo modun m.

Dinh ly 4

VGia,b € Zvam € ZT, a = b (mod m) khi va chi khi tén tai
keZsaochoa=>b-+km

Ching minh.
(=) Gid slt a = b (mod m). Theo dinh nghia, m | (a — b), nghia
latontai k € Zsaochoa—b=kmhaya=b+km

(<) Gidstrténtaik € Zsaochoa=b+km.Suyraa—b=Fkm oo o
vado d6 m | (a — b). Theo dinh nghia, a = b (mod m)

O
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Tinh chia hét va phép todn modun

DPong du theo modun m

Ly thuyét sb co ban

‘Dlnh Iy’ 5 Hoang Anh Bc

If
=Y

VGi a,b,c,d € Z vam € Zt, néua = b (mod m) va ¢
(mod m) thia4+ c¢=b+d (mod m) vaac = bd (mod m) e e

Dédng du theo modun m.

Chiing minh.

Gidslia =b (mod m) vac = d (mod m). Theo Dinh ly 4, ton
tai s,t € Zthéa man a = b+ sm va ¢ = d + tm. Do dé,
a+c=(b+d)+ (s+t)mva

ac = (b+ sm)(d+tm) = bd + (bt + sd + stm)m. Theo Binh ly 4,
a+c=b+d (mod m)va ac=bd (mod m) ] R

B (a +b) mod m = ((a mod m) 4+ (b mod m)) mod m

B ab mod m = ((a mod m)(b mod m)) mod m
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Tinh chia hét va phép todn modun

DPong du theo modun m

Ly thuyét sb co ban

Hoang Anh Buc

Bai tap 4
Chitng minh rang néu a = b (mod m) va ¢ = d (mod m), trong
déa,b,c,decZvamecZthbamanm > 2, thia—c=b—d
(mod m)

Baitap 5

Tinh cac biéu thirc sau

(a) (=133 mod 23 + 261 mod 23) mod 23 o
(b) ((457 mod 23) - (182 mod 23)) mod 23
(c) (992 mod 32)® mod 15

(d) (3* mod 17) mod 11

o~ o~ o~ o~

Baitap 6
Chttng minh rang tich clia ba s6 nguyén lién tiép bét ky chia
héet cho 6
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Bi€u dién s6 nguyén

Biéu dién theo hé b-phan

m Thong thudng, chiing ta biéu dién cac sb theo hé co sé Lf bt sb ou b
(base) 10, st dung cac chir sé (digit) tir 0 dén 9 Hoang Anh e
m Ta c6 thé biéu dién cdc sé theo hé co sb b > 1 bat ky
m V&i moin,beZt (b> 1), ton tai duy nhat mot day
aRak—1 - .. arag gom cac chir s6 a; < b (0 < i < k) thda
man
n=agb" +ap 10"+ ap b P4 arb +ag = Z aib’ () swainmesre oo

Ta ciing ky hiéu n = (agag_1 . ..asaiag)p
m Mot s6 hé co sb phd bién

m Hé co s6 10 (hé thap phan (decimal)): st dung 10 chi sb
0,1,2,3,4,5,6,7,8,9 (do ching ta c6 10 ngdn tay)

= Hé co s6 2 (nhi phan (binary)): sit dung 2 chit s6 0,1
(dung trong tat ca cac hé thébng may tinh hién dai)

m Hé cao so6 8 (hé bat phan (octal)): st dung 8 chii sb
0,1,2,3,4,5,6,7 (tuong Ung vGi cac nhom 3 bit)

m Hé co 56 16 (hé thap luc phan (hexadecimal)): st dung
16 chirs60,1,2,3,4,5,6,7,8,9, A, B,C, D, E, F (tuong
ung vai cac nhom 4 bit)
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Bi€u dién s6 nguyén

Biéu dién theo hé b-phan

Vi du 4 (Phan quyén tép tin (file permission))
Ky hiéu sb trong hé bat phan sit dung dé biéu dién phan quyén
tép tin trong cdc hé diéu hanh Linux

Théng tin tép trong Linux
1 hoanganhduc hoanganhduc 1085121 Oct 21 15:17 Basic_Number_Theory.pdf |

| -TW-r—-r--

Théng tin thu muc trong Linux
3 hoanganhduc hoanganhduc 4096 Oct 21 15:24 Basic_Number_Theory |

| drwxr-xr-x

Phan quyén Phan quyén Phan quyén

Loai owner group public
I N B 3 1 5 B 12 S N T
[a] LGl [x] [

Ky hiéu b tuong dng cha cic quyén r (read, doc), w (write, ghi), x (execute, thuc thi)

Phan quyén owner Phan quyén group Phan quyén public

T WX T WX r WX
400 200 100 40 20 10 4 2 1
Irw-r-—-r—-— 644

IWXI—Xr—-X 755

Ly thuyét sb co ban
Hoang Anh Buc

Q Biéu dién theo hé b-phan
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Bi€u dién s6 nguyén

Biéu dién theo hé b-phan

Vi du 5 (Ma mau)
Cac s6 trong hé thap luc phan dugc st dung dé biéu dién ma
mau (color code) (nham dam bao cac mau sac dudc st dung

mot cach chinh xac)

#DFFFO0 #FFBFOO #FF7F50 #DE3163

223, 255, 0 255, 191, 0 255, 127, 80 222, 49, 99
#9FE2BF #40E0DO #6495ED #CCCCFF
159, 226, 191 64, 224, 208 100, 149, 237 204, 204, 255

Hinh: M6t s6 ma mau tif trang https://htmlcolorcodes . com/
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Gidi thiéu

Tinh chia hét va phép
toan modun

Binh nghia va tinh chét co
ban

Déng du theo mddun m

Biéu dién sb nguyén
Bidu dién theo hé b-phan

Cong va nhan cac sb nhi
phan

Biéu dién cdc sb nguyén
am theo hé nhj phan
Tinh Iy thita médun
S6 nguyeén t6 va Udc
chung I6n nhat
S6 nguyén to
Udc chung 16n nhat

Phuong trinh dong du
Gidi thigu
Binh Iy phan du Trung Hoa

Binh ly Fermat nhé

Thuéat toan ma hoéa
RSA


https://htmlcolorcodes.com/

Bi€u dién s6 nguyén

Biéu dién theo hé b-phan

Ly thuyét sb co ban
Hoang Anh Buc

Chuyén so tir hé b-phan sang hé thap phan (b > 1) oo aten it
Dbng du theo madun m
k
(akar—1.- ara)y = Y _ a;t’ (o) sssinvorg
i=0

m (101011111) =
1.2840-274+1-26040-2541-24+1.23+1.2241.2' +1.20 = 351 "

| (2AEOB)16 = o
2-16*+10-16% +14-162+0-16' + 11 -16° = 175627
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Bi€u dién s6 nguyén

Biéu dién theo hé b-phan

Chuyén so6 tir hé thap phan sang hé b-phan (b > 1)

(1) Tim gia tri cla chit s6 ngoai cung bén phai bang cach
tinh n mod b

(2) Gann:=ndivd

(3) Lap lai cac budc (1) va (2) cho dén khin =0

n = bqo + ag n:=qo
= b(bg1 + a1) + ag
= b2q1 + ba1 + ag n:i=q

= bk(O +ag)+ b lag_1 4+ ... b%a3 + b2as + bay +ag n =0
= bka;c + bk_lak_l + ... b3a3 +b%ay + bag + ag

Baitap 7

Mb ta thuat toan trén bang gid ma

75

Ly thuyét sb co ban
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Pinh nghia va tinh chét co
ban

Ddng du theo modun m

Bidu dién theo hé b-phan
nhan céc so nh




Bi€u dién s6 nguyén

Biéu dién theo hé b-phan

Vll du 6 Ly thuyét sb co ban

Hoang Anh Buc

(12345)10 = (7)s

12345 =8-1543 +1
15643 =8-19247

192=8-24+0
24:8'3+0 \\«H‘ i
3=8-0+3
0 d9, (12345)10 = (30071)g
Baitap 8 o o TurgH
(@) (177130)10 = (?)2 i i Fermt
(b) (177130)10 = (7)s
(c) (177130)10 = (?)16
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Bi€u dién s6 nguyén

Chuyén ddi giita cac hé nhi phan, bat phan, va thap luc phan

4 Chuyén déi giira hé nhi phén va bat/thap luc phan |—

bit trong biéu dién nhi phan

m Mbi chit s trong hé bat phan tuong ing véi mot khoi 3

m M6i chir s6 trong hé thap Iuc phan tuong ting véi mét
khoi 4 bit trong biéu dién nhi phan

Thapphdn |01 2|3 ]| 4 5 6 7 8 9 10 11 12 13 14 15
Thap lucphén |01 2|3 | 4 | 5 |6 | T 8 9 A B C D E F
Batphan |01 2|3 |4 |5 | 6| 7] 10| 11| 12| 13| 14| 15| 16 | 17
Nhi phdn |0 | 1]10|11{100 |101 | 110|111 | 1000|1001 | 1010|1011 | 1100 | 1101|1110 | 1111
(111110 1011 1111), = (3EBF)g
Y

-

(ASD)H; =
TIT

(10110 0011 1101),

e Bidu dién theo hé b-phan
C y

Ly thuyét sb co ban
Hoang Anh Buc

Pinh nghia va tinh chét co
ban

Ddng du theo modun

nha




Bi€u dién s6 nguyén

Chuyén ddi giita cac hé nhi phan, bat phan, va thap luc phan

Ly thuyét sb co ban
Hoang Anh Buc

Pinh nghia va tinh chét co
ban

Bai tap 9
(a) (11111010111100)5 = (?)s (2) stssiomars
(b) (11111010111100)5 = (?)16

(c) (765)s = (7)s

(d) (A8D)ig = (?)2
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Bi€u dién s6 nguyén

Cong va nhan cac sé nhi phan

Ly thuyét sb co ban

Dé cong hai s6 nhi phan a = (an_1an_3 ... a1a0)2 Va
b= (bp—1bp—2...b1bo)2
m Cong hai chit sb nhj phan ngoai cling bén phai
ap +bo = co - 2 + so, .
trong do s la chi* sO ngoai cung bén phai trong biéu dién
nhi phan cla téng a + b va nhd (carry) ¢,
m Cong hai chit s6 nhi phan tiép theo va nhé
ai ji_ b,l + cop=cq - 2 + 81, . R ;::;Svénnéncacsénm
trong do s; la chir so tiép theo (tinh tir bén phai) trong biéu
dién nhi phan cla téng a + b va nhé ¢
m Tiép tuc cong hai chit s6 nhi phan tiép theo va nhé dé xac
dinh chi s6 tiép theo (tinh ti* bén phai) trong biéu dién nhi
phan clia téng a + b va nhé
m O budc cubi cung, tinh
ap—1+ bn—l +Ch—2=Cp-1" 2+ Sn—1,
va chit s6 dau tién trong biéu dién nhj phan cla téng a + b
|é. Sp = Cp—1
Thuat toan trénchotaa+b = (s,8,—1...5150)2

Hoang Anh Buc
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Bi€u dién s6 nguyén

Cong va nhan cac sé nhi phan

1
2
3
4
5
6

~

Ly thuyét sb co ban
Hoang Anh Buc

Thuat toan 2: Cong hai sé nhi phan
|nput: a= (an_l . a0)27 b= (bn—l . bo)g: bléu dlén nhl

A

phan cla cac so nguyén duong a, b
Output: s = (5,,5,_1 ... 50): biéu dién nhj phan cla

s=a+b
procedure add(a, b): Cong 1 hincao s
c:=0

forj:=0ton—1do
d:= L(aj+bj+c)/2j
Sj :aj+bj+c—2d
c:=d

Sy i=cC

return (so, s1,...,5n)
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Bi€u dién s6 nguyén

Cong va nhan cac sé nhi phan

Ly thuyét sb ca ban
Hoang Anh Buc

Vidu7
Cong hai 6 a = (10111)y va b = (11100)

10111 10111 ) 10111

+ nhé 0 + nhé 0 + nhé 1
11100 11100 11100
1 11 011
v )
10111 ) 10111

+ nhé 1

+ nhé 1
0011 110011
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Bi€u dién s6 nguyén

Cong va nhan cac sé nhi phan

Ly thuyét sb ca ban
D& nhan hai s6 nhi phan a = (a,—1an_2 ... a1ag)2 va
b= (bnflbnfg R b1b0)2, chu y’ réng
ab = a(b020 + b121 + -+ bn_12n_1)

= a(b020) + a(b121) 4+ a(bn712n71)

Phuong trinh nay cho ta cach tinh ab:
m Chlyrang ab; =anéub; =1vaab; =0néub; =0 wan
= M&Gi Ian nhan mét sb hang vai 2, ta dich chuyén biéu dién
nhi phan clia s0 do sang trai mét don vj va thém 0 vao
dudi clia biéu dién. NGi céch khéc, ta cé thé thuqdu’dg biéu
dién nhj phan clia (ab;)2? bang céach dich chuyén biéu
dién nhj phan cla ab; sang tri j don vj va thém ;j s6 0 vao
dudi clia biéu dién
m Cubi cling, ta nhan dugc ab bang cach cong biéu dién nhi
phan cla n so (ab;)27 véi j € {0,...,n — 1}
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Biéu dién sb nguyén

Cong va nhan cac sé nhi phan

1

2
3
4

3]

11

Ly thuyét sb ca ban

Thuat toan 3: Nhan hai s nhj phan

|nput: a = (an_l Ce ao)g, b= (bn—l e bo)g: bléu dlén nhl
phan clia c4c s6 nguyén duong a, b

Output: biéu dién nhi phan clia p = ab

procedure multiply(a, b):

forj:=0ton—1do

if b; = 1 then

¢; := a sau khi di chuyén j don vj sang trai

Hoang Anh Buc

Cong va nhan cac sb nhi
phan

else
L c;j =0
// coy...,Cn—1 1a& cAc tich thanh phin
p:=0
forj:=0ton—1do
| p:=add(p, ¢;)

return p

75




Biéu dién s6 nguyén

Cong va nhan cac sé nhi phan

Ly thuyét s6 co ban
Hoang Anh Buc

Vidu 8

Nhan hai s6 a = (110) va b = (101), .
]. 10 1 10 1 10 Pdng du theo modun

110 110 110 B
0000 + 0000
11000

11110 Binh 1§ phén du Trung Hoa
Binh ly Fermat nhé
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Bi€u dién s6 nguyén

Cong va nhan cac sé nhi phan

Ly thuyét sb co ban
Hoang Anh Buc

Bai tap 10 E—
Tinh t6ng va tich cac s6 nhi phan sau
(a) (1000111)5 va (1110111)

m Két qua: Téng = (10111110)s, Tich = (10000100000001)s it g

(b) (11101111)5 va (10111101),
m Két qua: Téng = (110101100)s, Tich = (1011000001110011),
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Bi€u dién s6 nguyén

Biéu dién cac s6 nguyén am theo hé nhi phan

Ly thuyét sb ca ban
Hoang Anh Buc

m Trong thuc hanh, chiing ta can biéu dién khong chi cac s6
duaong (positive integers) ma ca cac s6 am (negative
integers)
m Khi st dung “gidy va bit", cac s6 &m dugc thé hién bang () assncs s
cach thém dau “—” dang truéc :
m Khi sir dung may tinh, tat ca céc loai dit liéu déu dugc biéu
dién trong hé nhi phan
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Bi€u dién s6 nguyén

Biéu dién cac s6 nguyén am theo hé nhi phan

Ly thuyét sb ca ban
Hoang Anh Buc

Biéu dién thong qua dinh dang dau-Iiong (sign-magnitude
format)
m Bit ngoai cuing bén trai dung dé biéu dién dau (0 Ia duong,
11a am)
m Phan con lai biéu dién do I16n (hay tri tuyét doi) clia sb
m M6t chudi nhi phan n bit c6 thé bidu dién bat ky s6 nguyén () st
inaothéaman —(2"~ 1 —1) <i<2nt -1
m Vi du: biéu dién nhi phan cla 93 13 01011101 va biéu dién
nhi phan clia —93 1a 11011101
m Han ché: S6 0 ¢6 hai bi€u dién nhj phan: 000..... 00 (biéu
dién +0) va 100. .. 00 (biéu dién —0)
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Bi€u dién s6 nguyén

Biéu dién cac s6 nguyén am theo hé nhi phan

Ly thuyét sb ca ban
Hoang Anh Buc

Biéu dién thong qua ky hiéu phan bl mét (one’s complement
notation)
m Bit ngoai cuing bén trai dung dé biéu dién dau (0 la duong,
11a am)
m Khi biéu dién bing ky hiéu phan bu mét, néu
+a = (an_l - CLQ)Q thi —a = (an_l L. ao)g, trong do
@n_1..-ag laphanbu cla a, : ...ao thu dugc thong qua () B i o
tinh toan bang toan tr 16gic ~ (ph( dinh) theo tiing bit :
m M6t chudi nhi phan n bit cé thé biéu dién bat ky s6 nguyén
inaothdéaman —(2"" 1 —1) <i<2nt 1
m Vi du: biéu dién nhj phan cla 93 1& 01011101 va biéu dién
nhi phan cla —93 1a 10100010
m Han ché: S6 0 c6 hai biéu dién nhi phan: 00. .. 00 (biéu
dien +0) va 11...11 (biéu dien —0)
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Bi€u dién s6 nguyén

Biéu dién cac s6 nguyén am theo hé nhi phan

Biéu dién thong qua ky hiéu phan bu hai (two’s complement

notation) o
m Bit ngoai cling bén tréi dung dé biéu dién dau (0 Ia duong,
11a am)

m Khi biéu dién bang ky hiéu phan bu hai, néu
a=(an_1...a9)2 thi —a = (a,_1.--a0)2 + 1, trong d6
@n—1...ao laphanbu cla a,_ . ..ao thu dugc théng qua
tinh toan bang toan t 16gic ~ (phd dinh) theo ting bit

m Trong trudng hop nay, mét chudi nhi phan » bit ¢6 thé biéu
dién bat ky sb nguyén i nao théa man —27~1 < j < 27!

Vidu 9 (VGin = 3)
Giatri | Chudi 3-bit | Gia tri | Chudi 3-bit

3 011 -3 101

010 -2 110

2
1 001 -1 111
0 000 —4 100

Ly thuyét sb co ban
Hoang Anh Buc

Biéu dién cac sb nguyén
am theo hé nhi phan
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Tinh chia hét va phép todn modun
Tinh 10y thtra médun

Ly thuyét sb co ban
Hoang Anh Buc

m Trong cac thuat toan ma hda hién dai, mét bai toan quan
trong la tinh b" mod m mot cdch hiéu qua ma khéng can
st dung qua nhiéu bd nhé, dac biét 1a khi b, n, m la cdc sb
nguyén Ién

m Viéc tinh 5" rdi tim s du khi chia né cho m 1a khéng thuc
té, do b™ c6 thé cuc 16n va ta sé can mot lugng 16n bd nhd
chi dé Iuu gid tri cla b

m Ta c6 thé tinh " mod m bang céch Ian lugt tinh b* Tih iy i micn
mod m cho k = 1,2,...,n, s dung tinh chat
b*+1 mod m = b(b* mod m) mod m. Tuy nhién, hudng tiép
cén nay clng khong thuc té, do ta can thyc hién n — 1
phép nhan cac sb nguyén va n cé thé rat I6n

m Ta trinh bay mét hudng tiép can hidu qué dva trén biéu
dién nhj phan ctuan
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Tinh chia hét va phép todn modun

Tinh 10y thtra médun

Ly thuyét sb co ban
Hoang Anh Buc

m Chiy rang

R X . R
Biéu dién nhi phan cia n

- — N v‘\ a v tint
pr = ba,k_12k’1+ak_22]‘7’2+‘-~+(L121+a020 Béng durtheo modun
= (b2’“*1>ak71 « (bZ’C*Z)ak,g X oo X (b21)a1 % (bQO)ao sésainon
m Chiing ta c6 thé tinh céc gid tri 6%’ bang céch /ién tuc binh e tneeng oo
pthdng Tinh ldy thita modun

m Sau dé ta chi can nhan céc gid tri nay véi nhau dé tao
thanh mét tich thanh phan, tly thudc vao a; cd bang 1 hay o
khéng

m Quan trong 13, sau méi budc nhan, dé tang tinh hiéu qua
va tiét kiém bo nhé, ta cd thé 1dy mod m cla két qua dé
tiép tuc thuc hién tinh todn
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Tinh chia hét va phép todn modun

Tinh 10y thtra médun

Ly thuyét sb ca ban
Hoang Anh Buc

Vidu 10
Ta tinh 344 mod 645
644 =1x224+0x28+1x2"40x204+0x2°+0x2*
+0x2+1x2240x2'+0x2°
30 = (37)1 % (3%)x (37 )1 % (3%7)° x (3%)° x (37)°
x (32)0 x (32°)L x (32')°
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Tinh chia hét va phép todn modun
Tinh 10y thtra médun

Ta tinh cac gia tri,32j mod 645 (1 < j < 9) bang cach lién tuc
binh phuong va lay mod 645

32"
3%’
32’

5

mod 645 =9

mod 645 = (321)2 mod 645 = (32l

mod 645 = (32°)2 mod 645 = (32"

mod 645 = (32°)2 mod 645 = (32’

mod 645 = (32")2 mod 645 = (32"
( (

mod 645 = (3°")? mod 645 = (3°
mod 645 = (-'3?:)2 mod 645 = (/32['

mod 645 = (327)2 mod 645 = (3%
mod 645 = (32°)2 mod 645 = (32"

mod 645)% mod 645 = 81
mod 645)% mod 645 = 111
mod 645)% mod 645 = 66
mod 645)? mod 645 = 486
mod 645)% mod 645 = 126
mod 645)% mod 645 = 396
mod 645)2 mod 645 = 81
mod 645)? mod 645 = 111

75

Ly thuyét sb co ban
Hoang Anh Buc

inh nghia va tinh chat co

Déng du theo médun

Bidu s6 nguyér
im theo hé nhi phar

Tinh Iy thita médun



Tinh chia hét va phép todn modun

Tinh 10y thtra médun

Ly thuyét sb co ban
Hoang Anh Buc

Do do,

3644 1110d 645 = (32" x 3° x 32) mod 645

(((( 2’ mod 645) x (32" mod 645)) mod 645)
(3 mod 645)) mod 645

(((81 x 396) mod 45) x 111) mod 645

= (471 x 111) mod 645

36

X
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Tinh chia hét va phép todn modun
Tinh 10y thtra médun

Ly thuyét sb co ban

Thuat toan 4: Tinh IGy thira médun nhanh Hoang Anh Dic

Input: b: s6 nguyén, n = (ax—1ak—2 ... aia)s: biéu dién nhi
phan cla s6 nguyén duong n, m: sO nguyén duong
Output: " mod m

1 2:=1 // d&& luu trit k&t qua
2 b2i :=bmod m // b*, dau tién i=0
3 fori:=0tok —1do // xét tat cd k bit cta n
4 ifaz_lthen
5 L z = (- b2i) mod m Ty e
6 b2i := (b2i - b2i) mod m /7 b= (%) (b))
7 return z
Bai tap 11

St dung thuat todn tinh 5" mod m théng qua biéu dién nhi
phan cla n da mé ta G trén dé tinh 754 mod 645
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Sé nguyén t6 va Udc chung 16n nhat

S6 nguyén to

Ly thuyét sb ca ban
m M6t sb nguyén p > 1 13 mot sé nguyén té (prime number) o A
néu cac udc sb duong duy nhat clia p la 1 va chinh né
m Vidu:2,3,5,11,...
m Céc sb nguyén I6n hon 1 va khong phai la s6 nguyén t6
dugc goi la cac hop sé (composite number)
Baitap 12
Chitng minh rang néu p la mét sé nguyén t6 va p | ab véi
a,b € Z* thip|ahodc p|b. (GOiy: Gia s p 1 a, chiing minh
p | b. SG dung Dinh ly Bézout (Dinh ly 12)) s& dé cap & phan
sau.) Phat biéu trén cé ding véi p 1a hogp s6 hay khong? Tai (38) sénouyen o
sao?

Bai tap 13
St dung quy nap, hay chiing minh phat biéu tong quat: néu p

la mét s6 nguyénto va p | ajas...an, trong do a; € Z Vi
1<i<mn,thip|a;véijnaodd (1 <j<n)
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Sé nguyén t6 va Udc chung 16n nhat

S6 nguyén to

Ly thuyét sb co ban

Dinh ly 7: Dinh Iy co ban cla s6 hoc Hoang Anh biic

Moi s6 nguyén duong I6n hon 1 cd thé duoc viét mot cach duy
nhat dudi dang mét so nguyén t6 hodc mét tich cua céc udc
nguyén to cua no theo thu tu tang dan

Goi y.
m Ta da chung minh bang phu’dng phap quy nap: néun > 1

la mot so nguyen thi n co thé duogc biéu dién dudi dang
tich clia cac s6 nguyén tb

m Dé chi ra tinh “duy nhat”, ta chiing minh bang phan (32) sromence
chiing: gia st s6 nguyén duong n > 1 ¢ thé dudc biéu
dién dudi dang tich cac sb nguyén t6 theo hai cach, vi du
NhU n = pips...psVan = qiqa. - qt, trong do m0| Di
(1<i< s) va qj (1<ji<t)la mot sb nguyén t6 thda man
pr<pa<---<psvaq < g <--- < g SUdung Bai
tap 13 dé ch| ra mau thuan
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Sé nguyén t6 va Udc chung 16n nhat

S6 nguyén to

R z Ly thuyét sb co ban
Dinh ly 8

Hoang Anh Buc

Néun € Z* la mét hgp sb, thi n cé mét udc nguyén t6 nhd
hon hoac bang /n

Ching minh.

m Theo gia thiét, n € Z* Ia hop s6, do d6 n c6 mot udc sb a
thda man 1 < a < n. Do dd, ton tai s6 nguyén b > 1 sao
cho n = ab.

m Ta chiéing minh a < /n hodc b < /n. That vay, gia su
a> \/nvab> /n.Suyra, ab> \/n- \/n =n, mau thuan () s
v6i dinh nghia clia a, b. Do d6 a < /n hodc b < /n, nghia = ="
12, n c6 mot udc sb 16n hon 1 va khéng vugt qua /7 (a
hoac b)
m Theo DPinh ly co ban clia s6 hoc, udc sb nay la mot sb
nguyén t6 hodc cé mot wdc nguyén td nhd hon né. Trong
ca hai trudng hop, n ¢ mot udc nguyén tb nhd hon hoac
bang /n s



Sé nguyén t6 va Udc chung 16n nhat

S6 nguyén to

Ly thuyét sb co ban
Hoang Anh Biic
® Ménh dé phan dao clia Dinh ly 8: Mot s6 nguyén n > 11a
sb nguyen t6 néu nd khong chia hét cho bat ky s6 nguyén
t6 nao nhé hon hoic bang /n
m Tim céc sb nguyén tb gilra 2 va n bang Sang Eratosthenes
(The Sieve of Eratosthenes)
(1) Vit cac sb 2,...,n vao mot danh sach. Gan i := 2
(2) B0 di tAt ca cac bgi clia i trir chinh nd khdi danh sach
(8) Goi k la s6 nhd nhat hién cé trong danh sach thda man
k>i.Gani:=k
(4) Néu i > \/n thi diing lai, ngugc lai thi quay lai budc (2) (41) sbrawents
m Viéc kiém tra xem mot s6 cé phai la sé nguyén té hay
khong cé thé dugc thuc hién trong thdi gian da
thitc [Agrawal, Kayal, and Saxena 2004] (da thiic clia sb
bit s& dung dé mé t& sb dau vao)
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Sé nguyén t6 va Udc chung 16n nhat

S6 nguyén to

Ly thuyét sb co ban

Dlnh Iy’ 9 Hoang Anh Buc

C6 v6 han sb nguyén tb

Chting minh (theo Euclid).

m Gia s{ chi ¢6 hitu han cac s6 nguyén tb p1, ps, . .., p,. Dit i i oo
Q=pip2-..pn+1
m Theo Dinh Iy co béan clia s6 hoc, (a) Q 1a mot sb nguyénté =
hodc (b) Q c6 thé dugc viet thanh tich cla it nhat hai so
nguyén to (#2) séoauments
® (a) dung: Do d6, Q Ia sb nguyén t6. Theo dinh nghia,
Q ¢ {p1,...,pn}, mau thuan véi gia thiét toan bo céac so
nguyén té Ié’ P1y---3Pn L‘: ‘\Hw:u
= (b) dung: Do dé, ton tai j théa méan p; | Q véi1 < j < n.
Chuyrang p; | (p1p2 - .Pn), Va do’dé ;| (Q —Pp1p2 - -,-Pn),
suy ra p; | 1, mau thuan vdi gia thiét p; 1a so6 nguyén to
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Sé nguyén t6 va Udc chung 16n nhat

Udc chung 16n nhat

Ly thuyét sb ca ban

m Cho a,b € Z va a, b khdng dong thoi bang 0. Udc chung oing A i
I6n nhat (greatest common divisor) cta a va b, ky hiéu
ged(a, b), 1a s6 nguyén I6n nhat d théamand |avad | b

m Céc sb nguyén a va b dudc goi la nguyén t6 cting nhau
(relatively prime hodc coprime) khi va chi khi ged(a, b) = 1

m Mot tap céc sb nguyén {a, az, as, . . ., a,} dUgc goi la doi
mot nguyén té cung nhau (pairwise relatively prime) néu g e
moi ¢&p a;, a; vi 1 <i < j < n languyén t6 cuing nhau o

m Néu céc s6 nguyén duong a va b dugc phan tich thanh ooy it o
tich cac s6 nguyén to

a=pl'ps*...pon b=pph .. pbr (42) oo onungien m
trong d6 céc s6 mii 1a cac s6 nguyén khong am (c6 thé canke
bang 0), thi Binh 1 Fermat nho

ged(a, b) = pn@by) pmin(az ba) | min(anba)
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Sé nguyén t6 va Udc chung 16n nhat

Boi chung nhd nhat va lién hé véi Udc chung 16n nhat

Ly thuyét sb co ban

m Cho a,b € Z*. Boi chung nhé nhét (least common
multiple) cla a va b, ky hiéu lem(a, b), 1a sb nguyén nhd
nhét dthdamana | dvab|d

®m Tap céc bdi chung clia a va b c6 it nhat mot phan tirab
m Tinh sap th tw tot: Moi tAp con khac rong clia Z* ¢d phan
tl nhé nhat )

m Néu a va b dugc phan tich thanh tich cac sb nguyén t6

Hoang Anh Buc

a=pitps?...pin b=phph .. pbr
trong d6 cac s6 mii 1a cac s6 nguyén khong am (c6 thé
bang 0), thi

lem(a, b) = plflax(ahbl)pglax(a%bz) - .pg’ax(“"’b")
Pinh ly 10 o
VGia,b e Z", ab = ged(a, b) - lem(a, b) ] Binh 1 Format g
Bai tap 15

Chung minh Binh ly 10
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S6 nguyén t6 va Udc chung 16n nhat

Thuét toan Euclid

Ly thuyét sb co ban
Hoang Anh Buc

B6 dé 11

Choa = bq+r Via,b,q,r la cdc s6 nguyén. Ta cé ged(a, b) =
ged(b, 7). Do do, ta ciing cd ged(a,b) = ged(b, (a mod b))

Ching minh.
m Goi Dy, 1a tap cac udc s6 chung clia a va b, véi cac sb
nguyén a, b bat ky. Ta chitng minh D, = Dy,
m D,, C Dy, Gid sl z € D,,. Theo dinh nghia, z | ava z | b.
Theo Pinhly 1,z | (a —bg) vado dé z | v, suy rax € Dy, () vsconngenmin

m Dy, C D,y Gid st x € Dy,. Theo dinh nghia, z | bva z | 7.
Theo Binhly 1, 2| (bg +r)vado dd x | a, suy rax € Dy,

m TU Dy, = Dy, ta c6 ged(a, b) = ged(b, r)
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S6 nguyén t6 va Udc chung 16n nhat

Thuét toan Euclid

Ly thuyét sb co ban

Hoang Anh Buc

Thuat toan Euclid |
Y twdng: St dung dang thiic ged(a, b) = ged(b, (a mod b))

Vi du 11 (Thuat toan Euclid)
Tim ged(372, 164)

gcd(372, 164) = ged (164,372 mod 164) = ged (164, 44) y
— ged(44, 164 mod 44) = ged (44, 32) oy s
= ged(32, 44 mod 32) = ged(32,12) ‘
= ged(12,32 mod 12) = ged(12,8) (1) s i
= gcd(8,12 mod 8) = ged(8,4)
= ged(4,8 mod 4) = ged(4,0) ooyt
=4
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S6 nguyén t6 va Udc chung 16n nhat

Thuét toan Euclid

Ly thuyét sb co ban
Hoang Anh Buc

Thuat toan 5: Thuat toan Euclid

Input: a, b: cac sb nguyén duong
Output: ged(a, b)

1 z:=a

2 y:=b

3 while y # 0 do

4 r:=x mod y

5 Ti=y

6 y = @ Uéc chung 16n nhat
7

return z // x = gcd(a,b)
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S6 nguyén t6 va Udc chung 16n nhat

Thuét toan Euclid

Ly thuyét sb ca ban
Hoang Anh Buc

Bai tap 16
S dung thuat toan Euclid dé tim o oo
(@) ged(12,18)

(b) ged(111,201)
(c) ged(1001,1331)

Baitap 17

Chitng minh rang néu a, b, m 1a cac sb nguyén véi m > 2 va (3) i
a=b (mod m) thi gcd(a m) = ged(b,m). (Gdi y: Chitng minh

tap cac wdc chung clia a va m bang véi tap cac uéc chung clia T
bvam) Dinh Iy Fermat nhd
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Sé nguyén t6 va Udc chung 16n nhat

Udc chung 16n nhét va té hop tuyén tinh

Dinh Iy 12: Dinh ly Bézout |

Cho céc sb nguyén duong a,b. Ton tai cdc s6 nguyén s, t sao
cho ged(a,b) = sa + tb

m Céc sb nguyén s, t thda man Dinh ly Bézout dugc goi 1a
cac hé sb Bézout (Bézout’s coefficients) clia a va b
m Phuang trinh ged(a, b) = sa + tb dugc goi la dang thic
Bézout (Bézout'’s identity)
Chuy:
m Chtng ta khong trinh bay chiing minh cla Dinh ly Bézout
[ Chung ta sé dé cap hai phu’dng phap dé tim mot t6 hop
tuyen tinh clia hai s6 nguyen bang vai wdc chung 16n nhat
clia ching (Trong phan nay, ta ludn gia thiét c4c t6 hop
tuyén tinh chi cé hé s6 nguyén)
(1) Di ngugc lai theo cac phép chia clia thuat toan Euclid
(2) Thuat toan Euclid md rong (The extended Euclidean
algorithm)

75

Ly thuyét sb co ban
Hoang Anh Buc

Udc chung 16n nhat

Dinh Iy ph&n du Trung Ho
Dinh Iy Fermat nhd



Sé nguyén t6 va Udc chung 16n nhat

Udc chung 16n nhét va té hop tuyén tinh

Ly thuyét sb co ban

VI’ dU 1 2 Hoang Anh Buc

Biéu dién ged (252, 198) = 18 dudi dang t6 hop tuyén tinh clia

252 va 198

m Thuét toan Euclid st dung cac phép chia nhu sau i g o it

m252=1-198+54 Db heo modn
m 198 =354+ 36
m54=1-36+18
m36=2-1840

m Taco
18 =54—1-36 (22) s cumginows
=54—1-(198 —3-54)

=4-54—-1-198 - SR
=4-(252—-1-198) —1-198
=4-252—-5-198
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Sé nguyén t6 va Udc chung 16n nhat

Udc chung 16n nhét va té hop tuyén tinh

1
2
3

0 N o g &

Ly thuyét sb co ban
Hoang Anh Buc

Thuat toan 6: Thuat toan Euclid md rong

Input: a, b: cac sb nguyén duong
Output: (d,s,t): d = ged(a,b) va s, t thda man d = sa + tb
procedure ExtEuclid(a, b):
if b =0 then
| return (¢, 1,0)

(d1, $1,t1) := ExtEuclid (b, a mod b)

d:= d1

S = tl Uéc chung 16n nhét
t:=s1 —(adivd)- t;

return (d, s, t)
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Sé nguyén t6 va Udc chung 16n nhat

Udc chung 16n nhét va té hop tuyén tinh

Ly thuyét sb co ban

VI’ dU 1 3 Hoang Anh Burc
ExtEuclid (252, 198) = (18,4, —5)

Goi ExtEuclid(:, -) a b d s t , N
1 252 | 198 | 18 | 4] =5 e
2 198 | 54 | 18 | —1] 4
3 54 [ 36 | 18| 1./ -1 e
4 36 18 | 18 0&\"1 e
5 18 0 18] 1 |70 S
Bél tép 18 uﬁcén\;néwénnnéx
Bi€u dién udc chung I6n nhét clia céc cap sb sau dudi dang t6 :
hap tuyén tinh cla ching
(a) 10,11 (d) 34,55 P
(b) 21,44 (e) 117,213

(c) 36,48 (f) 1023, 36
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Sé nguyén t6 va Udc chung 16n nhat

Udc chung 16n nhét va té hop tuyén tinh

Pinh Iy 13

Cho céc sb nguyén duong a,b,c théa man ged(a,b) = 1 va
albc. Tacda|c

Chiing minh.
m Theo Dinh ly Bézout, ton tai cac sb nguyén s, ¢ théa man
ged(a,b) =1 =sa+tb
m Do a | be, ta cling ¢6 a | the
m Mat khac, a | sac
B Suyra,a|(th+sa)c, haya|c

75

Ly thuyét sb co ban

Hoang Anh Buc




Sé nguyén t6 va Udc chung 16n nhat

Udc chung 16n nhét va té hop tuyén tinh

Dinh Iy 14

Cho sb nguyén duong m va cdc sb nguyén a, b, c. Néu ac = be
(mod m) vaged(c,m) =1, thia =b (mod m)

Ching minh.
m Theo dinh nghia, do ac = bc (mod m), tacd m | (a — b)c

m Két hop vdi ged(c,m) = 1 va Dinh Iy 13,tacé m | (a — b),
nghiala a = b (mod m)

75

Ly thuyét sb co ban
Hoang Anh Buc



Phuong trinh dong du

Gi6i thiéu

Ly thuyét sb co ban

m Mot phuong trinh déng du (congruence) cé dang Hoang Anh Blfc
ar =b (mod m)

V6ia,b e Z, m e Z", va z la mdt bién, dugc goi la mot
phuong trinh déng du tuyén tinh (linear congruence)
m Viéc gidi phuong trinh déng du nghia 1a tim gia tri clia = Bidudién rea
thda man phuong trinh dé ovan

m Mot nghich ddo (inverse) clia a theo médun m |a bat ky sb R
nguyén s nao thda man sa = 1 (mod m)

m Viduy, 51a mét nghich ddo clia 3 theo médun 7, vi5-3 =1 e
(mod 7) s chung ion nnét

m Doi khi ta cling dung ky hiéu @ hodc «~* dé chi mét nghich
dao cla a Binh 1 phén i Trung Ho

m Chu y réing néu ta c6 thé tim dudc s thda man diéu kién o
trén, ta c6 thé gidi az = b (mod m) bang cach nhan c& hai
vé V6i s, nghia 13, saxz = sb (mod m), suy ra z = sb

(mod m)



Phuong trinh dong du

Gi6i thiéu

Ly thuyét sb co ban

Pinh ly 15

Hoang Anh Buc

Néu ged(a,m) = 1 vam > 1 thi tén tai nghich déo s cua a.
Thém vao do, nghich ddo nay la duy nhat theo médun m
Chuing minh.
m Ton tai s6 nguyén s théa man sa = 1 (mod m)
m Theo dinh ly Bézout, tdn tai cac s6 nguyén s, ¢ théa man
sa+tm=1.Dodd sa+tm =1 (mod m)
m Do tm =0 (mod m),tacd sa =1 (mod m),vado dd s la
mét nghich dao clia a theo médun m
m Néu ton tai hai s6 nguyén s, r thda man sa = 1 (mod m)
vara=1 (mod m) thi s =7 (mod m)
m Nhac lai: V6i cac sb nguyén a, b, ¢ va s nguyén duong m, (o) camieo
néu ac = be (mod m) va ged(e,m) = 1thia =b (mod m)
Bai tap 19 O
Chttng minh rang néu ged(a, m) > 1 Vi a € Z bat ky vam > 2
thi khéng ton tai mét nghich ddo cla a theo médun m

75



Phuong trinh dong du

Gi6i thiéu

Dinh ly 15 cho ta mot phuong phap tim mét nghich dao ctia Ly;h“y:‘:":;ja
a € Z theo médun m € Z* khi ged(a,m) =1vam > 1
Vidu 14

Tim mot nghich do clia 3 theo modun 7
(1) Tim cac sb nguyén s,tthdaman1=s-3+¢-7
m Thuat todn Euclid tim uéc chung I6n nhat clia 3 va 7 bang
cach slr dung phuong trinh
7T=2-3+1
® TU phuong trinh trén, ta cé

1=-2.3+1-7

Gidi thiéu

nghialas=—-2vat=1

(2) Theo Dinh ly 15, s = —2 la mét nghich déo cla 3 theo
moédun 7. Chu y rang moi sb nguyén ¢ théa man ¢ = —2
(mod 7) (vi du nhu 5,—9,12,...) déu 1a nghich ddo clia 3
theo modun 7 75



Phuong trinh dong du

Gi6i thiéu

Ly thuyét sb co ban
Hoang Anh Buc

Vidu 15
Giai phuadng trinh 3z = 4 (mod 7) g it
m T vi du trudc, ta biét rang —2 Ia mét nghich ddo clia 3 o s o mon
theo mdédun 7. Nhan ca hai vé clia phuong trinh voi —2, ta e
co ctng ar

—2.3z=-2-4 (mod 7) st

m Do —6=1 (mod 7)va —8 =6 (mod 7), néu = la nghiém
cta phuang trinh thi 2 = 6 (mod 7)
m Thét vay, véi moi z théa man 2z = 6 (mod 7)

3r=3-6=18 = 4 (mod 7) r‘: \ “H;‘:L‘T‘““i

75



Phuong trinh dong du

Gi6i thiéu

Ly thuyét sb ca ban
N~ A Hoang Anh Buc
Bai tap 20
Tim nghich dao cla a theo médun m véi
(1) a:4’m:9 o g vt hé o

(2) a = 19’ m = 141 Ddng du theo méd
(3) @ =>55,m =289
(4) a =89, m =232

Bai tap 21

Giai cac phuong trinh déng du
(1) 4z =5 (mod 9)

(2) 19z =4 (mod 141) o i T Hoa
(3) 552 = 34 (mod 89) B
(4) 89z =2 (mod 232)

75



Phuong trinh dong du

Gi6i thiéu

Ly thuyét sb co ban

Hoang Anh Buc

Bai tap 22

Cho cac s6 nguyén duaong my, ms, . .., m, thba man m; > 2 va
ged(m;, mj) =1 vGimoii#jval<i,j<n.Ching minhrang
néua=b (mod m;) v6imoi1 <i < n,thia=b (mod m) Vi i
m = mims...my. (GO y: Chirng minh véi n = 2)

75



Phuong trinh dong du

Pinh ly phan du Trung Hoa

Dinh ly phan au Trung Hoa (The Chinese Remainder Theorem) noi
rang néu cac modun clia mét hé cac phuong trinh ddng du tuyén tinh
Ia d&i mdt nguyén t6 cung nhau thi hé phuong trinh ¢é nghiém duy
nhét theo médun tich clia cdc médun clia tirng phuong trinh

Cho cdc s6 nguyén duong my,my,...,m, théa man m; > 2 va
ged(mg,mj) =1 vdimoii+ jval <i,j <n.Cho cdc so nguyén bat
kyai,as,...,a,. Hé phuong trinh

x=a; (mod m;)

=as (mod ma)

x=a, (modm,)

x theo médun m,)

A Binh ly 16: Binh Iy phén du Trung Hoa | .

co nghiém duy nhat theo médun m = myms ... .my,. (Nghia &, ton tai
mét nghiém x v4i 0 < x < m, va tat ca cdc nghiém khdc déng du vai

J

75

Ly thuyét sb co ban
Hoang Anh Buc

Pinh nghia va tinh chét co
an

Déng du theo médun

Biéu ¢
im th

Tinh Iiiy thita médur

Udc chung 16n nhat
Gidi thiée

Binh Iy phan du Trung Hoa

Pinh Iy Fermat nhd



Phuong trinh dong du

Pinh ly phan du Trung Hoa

, . pY . Ly thuyét sb co ban
Chuing minh (ton tai). Hoang Anh Bilc
m Dat M; = m/m; (1 <i < n). Do d6 ged(M;,m;) =1
m Theo Pinh ly 15, t6n tai sb nguyén y; sao cho y; M; = 1
(mod m;)
mDate =" ayiM; = aryi My + asyo Mo + -+ + any, M,
m Do m; | My v6i moi k # 4, M}, =0 (mod m;), do do
T = a;y; M; = a; (mod m;) véi moi i. Do dd x la nghiém
cla hé phuong trinh d& cho
o

Bai tap 23

Hoan thanh Chiing minh clia Binh ly phan du Trung Hoa bang
cach chi ra nghiém z clia hé phuong trinh da cho 1a duy nhat
theo médun m = myms ... m,, (GOiy: Gia s x va y |a hai
nghiém phan biét clia hé phuaong trinh da cho. Chiing minh
rang m; | (x — y) véi moi 1 < i < n. S& dung Bai tap 22 dé két
luan rang m | (z — y))

Binh Iy phan du Trung Hoa

75



Phuong trinh dong du

Pinh ly phan du Trung Hoa

Vi du 16 (St dung Chitng minh ctia Dinh ly Phan du Trung
Hoa)
Giai hé phuong trinh

x=2 (mod 3)
z=3 (mod5)
z=5 (mod?7)

Chu y: 3, 5,7 12 day céc s6 nguyén > 2 va ddi mot nguyén 6 cling
nhau
BEm=mimom3z=3-5-7=105
m M, =m/m; = 35vay;, =2 lamdt nghich ddo clia M, theo
moédun m; = 3
B My =m/my = 21 va y, = 1 la mdt nghich ddo cta M, theo
moédun mq =5
m M; =m/ms3 = 15 va ys = 1 la mdt nghich ddo cla M; theo
moédun mqy =7
mr=Y" ayM=2-2-3543-1-2145-1-15 =278 =68
(mod 105)

75

Ly thuyét sb co ban
Hoang Anh Buc

Pinh nghia va tinh chét co
an

Déng du theo médun

Udc chung 16n nhat

Gidi thiéd
Binh Iy phan du Trung Hoa

Pinh Iy Fermat nhd



Phuong trinh dong du

Pinh ly phan du Trung Hoa

Ly thuyét sb co ban

Vi du 17 (Phuong phap thay nguagc) Hong Anh Bic
Giai hé phuang trinh
x=2 (mod 3) (1) o g vt cht o
=3 (mod 5) (2) ; \‘\H'\”ﬁn‘ fun
x=5 (mod7) (3)

m TU (1), t0ntai t € Z sao cho = = 3t + 2 o

m Thay vao (2),tacd 3t +2 =3 (mod 5), suy ra 3t = 1
(mod 5),do dd ¢t =2 (mod 5). Do dé, ton tai v € Z sao cho
t=5u+2.Suyra,z=3t+2=30u+2)+2=15u+38

m Thay vao (3),taco 15u +8 =5 (mod 7), suy ra 15u = —3 sane
(mod 7), do d6 u = 4 (mod 7). Do d6, ton tai v € Z sao ooy Fomat .
chou="Tv+4

m Suyraz=15u+8 = 15(Tv + 4) + 8 = 105v + 68. Do do,
x =68 (mod 105)

75



Phuong trinh dong du

Pinh ly phan du Trung Hoa

Ly thuyét sb co ban
Hoang Anh Buc

Bai tap 24

Giai hé phuong trinh sau bang cac phuong phap da dé cap
xE 1 (mOd 5) (4) f”\y\1 § “‘1“
x=2 (mod 6) (5)
=3 (mod?7) (6) F

Bai tap 25

Gidi hé phuong trinh sau bang cac phuong phép da dé cap
x=2 (mod 3) (7) it
z=1 (mod 4) ) Qe

x=3 (mod5) (9)

75



Phuong trinh dong du

Pinh ly phan du Trung Hoa

Ly thuyét sb co ban
Hoang Anh Buc

Bai tap 26
Giai hé phuang trinh sau bang cac phuong phéap da dé cap i o enstes

Bai tap 27 !
Nhiing sb nguyén nao chia 2 du 1 va chia 3 ciing du 1? (50) o rin g s

rmat nhd

75



Phuong trinh dong du

Pinh ly phan du Trung Hoa

Bai tap 28 (x)
Giai hé phuang trinh

x=5 (mod 6)
x=3 (mod 10)
=8 (mod 15)

Chu y: 6, 10, va 15 khéng déi mdt nguyén t6 cling nhau

Bai tap 29 (x)
Giai hé phuang trinh

y=5zx—3 (mod7)
y=3x+2 (mod7)

Ly thuyét sb co ban

Hoang Anh Buc

75
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Phuong trinh dong du

Pinh ly phan du Trung Hoa

Dinh Iy phan du Trung Hoa cho ta mot cach thuc hién cac tinh
toan s6 hoc véi cac so nguyen I6n

m Theo Dinh Iy, mdt sb nguyén a véi
0<a<m=mimsy...my trong dé gcd(m;, m;) =1 VOi
moi i # j, 1 < i,j < n, c6 thé dugc biéu dién thong qua bd
(a mod mq,a mod mg,...,a mod my)

m D& thuc hién tinh todn véi cac sb nguyén I6n dugc biéu
dién theo cach nay

m Thuc hién tinh toan riéng biét cho tirng bd

m M®i tinh toan c¢é thé dugc thuc hién trong cung mét may
tinh hoac thuc hién song song

m Xuat két qua dau ra bang céch giai hé phuang trinh déng du

m CG6 thé thuc hién khi m luén I6n hon két qué du ra mong
mudn

75

Ly thuyét sb co ban
Hoang Anh Buc

Binh Iy phan du Trung Hoa



Phuong trinh ddng du

Dinh ly Fermat nho

Ly thuyét sb co ban

Pinh ly 17: Dinh ly Fermat nh |

Hoang Anh Buc

Néu p la mgt sb nguyén t6 va a la mét s6 nguyén khéng chia hét
cho p, thi a?~1 =1 (mod p). Thém vao dd, vdi moi s6 nguyén a,
tacoa? = a (mod p)

Bai tap 30 (Ching minh Dinh ly Fermat nhd)

Nhac lai: V&i cac sb nguyén a, b, c va sb nguyén duang m, néu

ac = be (mod m) va ged(e,m) = 1thia =b (mod m).

(a) Gia sl a khéng chia hét cho p. Chiing minh rang khong cé hai
s6 nguyén nao trong sb cacsb1-a,2-a,...,(p—1)-ala
dong du theo modun p

(b) TU phan (a), két luan rang tich cac s6 1,2,...,p — 1 dong du
V@i tich cac s6 a, 2a, . . ., (p — 1)a theo médun p. SI dung diéu
nay dé chiing minh rang (p — 1)! = a?1(p — 1)! (mod p)

(c) Chiratlt phan (b) ring a?~' =1 (mod p) néu a khong chia ©
hét cho p. (Goi y: Xem lai phan chitng minh Dinh ly co ban
clia sb hoc. Chitng minh p t (p — 1)! va &p dung ménh dé trén)

Binh Iy Fermat nhé

75



Phuong trinh dong du

Dinh ly Fermat nho

Ly thuyét sb co ban
Hoang Anh Buc

Vi du 18 (Tim sb du cla phép chia cho s6 nguyén

t6)

Tim 7222 mod 11 ool
m Theo Dinh ly Fermat nhé, ta cé 7'° = 1 (mod 11)
m Do do, (7'°)% =1 (mod 11) véimoi k € Z
m Mat khac, 7222 = 7102242 = (710)22. 72 = 49 = 5 (mod 11)

Bai tap 31

S& dung Binh ly Fermat nhé dé tinh

(@) 72! mod 13
(b) 231002 mod 41 o 1o TungHoa
(c) nghich dao clia 53° theo mddun 41 ) omsromans

75



Phuong trinh ddng du

Dinh ly Fermat nho

Ly thuyét sb co ban
Hoang Anh Buc

Bai tap 32 S

(a) S¥ dung Dinh ly Fermat nhd dé tinh 5203 mod 7, g ¢ heo mcn
52003 1od 11, va 52903 mod 13 ;

(b) S dung két qua tir phan (a) va Pinh Iy phan du Trung Hoa "
dé tinh 5293 mod 1001 (Chud y rang 1001 = 7- 11 - 13) mbeons g

Bai tap 33
S{ dung sy trg gilp ti Dinh ly Fermat nhé, hay chiing minh
rang 42 la udc cian” —n

Binh Iy Fermat nhé

75



Thuat toan ma hoa RSA

Mat ma khéa cong khai

Ly thuyét sb co ban
Hoang Anh Buc

m Trong mat ma khda bi mat (private key cryptography),
cuing mét khda bi mat dugc st dung cho ca qua trinh ma
hoda va giai ma

m Théch thirc 16n nhéat 1a /am thé nao dé trao d6i khda bi mat
mot cdch an toan

m Trong mat ma khda céng khai (public key cryptography),
hai khéa riéng biét duogc st dung: mot khéa dé ma héa va
mot khéa khac dé giai ma

m Bat ky ai c6 khda cong khai déu cé thé ma héa thong diép,
nhung chi ngudi s hitu khéa bi mat méi cé thé gidi ma

m Khi ngudi s hitu khéa bi mat ma héa thong tin bang khéa
bi mat cla minh, bét ky ai c6 khda cong khai déu c6 thé giai
ma va xac minh ngudn gbc thong diép (Pay chinh 1a nguyén
ly ctia chi¥ ky dién t(r)

m RSA 12 hé théng ma héa khda cong khai dugc biét dén va () museinmares
st dung réng rai nhat

75



Thuat toan ma hoa RSA

RSA - Rivest-Shamir-Adleman

Ly thuyét sb co ban

m Chon hai sb nguyén t6 16n phan biét p, ¢ Hodng A Bic
mDatn=pgvak=(p—-1)(¢g—1)
m Chon s nguyén e thda man 1 < e < k va ged(e, k) = 1
m Tinh nghich dé&o d clia e theo mddun &, nghia la de = 1
(mod k)
m Khoa cong khai: (n,¢)
m Khoa bi mat: (n,d)
m Ma hoa:
m Chuyén thong diép M can ma héa thanh sb nguyén m,
0<m<n .
m Thong diép ma hoda c dugc tinh bang ¢ = m® mod n (Viéc
nay c6 thé duagc thuc hién mot cach hiéu qua. Xem bai
gidng trudc)
u Giéi mé: ;};\é\ttoénméhéa
[ Tl'nhm:cdmgdn ‘
m Chuyén m tUr s6 nguyén sang théng diép M ban dau
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Thuat toan ma hoa RSA

RSA - Rivest-Shamir-Adleman

Ly thuyét sb co ban

VI’ dU 1 9 Hoang Anh Burc

B n=pqg=43-59 = 2537, k =42 - 58 = 2436

B Chone=13:1<e < kvaged(13,2436) = 1

m d = 937 la nghich dao clia 13 theo modun 2436

m Khoa cong khai: (2537, 13)

m Khoa bi mat: (2537,937)

Ma hoda va Giai ma

m Chuyén théng diép M = STOP gbém céc chii ci thanh sb
nguyén bang cach gan méi chir cai bang thit tu trong bang
chir céi tiéng Anh trir di 1: ST = 1819 va OP = 1415

m 1819 mod 2537 = 2081 va 1415 mod 2537 = 2182

m Thong diép ma héa la 2081 2182

m Vi du néu nhan dugc thong diép 0981 0461

m 0981237 mod 2537 = 0704 va 0461937 mod 2537 = 1115 (st mavoa

m Théng diép gidi ma la HELP
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Thuat toan ma hoa RSA

RSA - Rivest-Shamir-Adleman

Tinh dlng dan cla qua trinh giai ma.
Ta chitng minh néu ¢ = m® mod n thi m = ¢ mod n.
m Tacod c? = (m)? =m® (mod n)
m Theo céch xay dung, ed =1 (mod k) v6i k = (p — 1)(¢ — 1). Do
d6 tbn tai sb nguyén h thda man ed — 1 = h(p — 1)(g — 1)
m Ta xét m*® mod p. N&u p 1 m thi theo Dinh ly Fermat nho, ta cé

med = mhlp—1(a-1),, — (mpfl)h(q%)m

=1V =m  (mod p)

Néu p | m, tacéd m® =0 =m (mod p). Tém lai, m*? = m
(mod p). Tudng ty, ta céd m*? = m (mod q)
m Do ged(p, ¢) = 1, st dung Binh ly phan du Trung Hoa, ta cé
me =m (mod pq)
m Do ged(p, g) = 1, theo Dinh ly Bézout, tén tai s, t € Z thda man
sp+tg=1.Datx=m-sp+m-tqgthi

zmodp=(m-sp+m-(1—sp)) modp=mmodp.Suyraz=m

(mod p). Tuong tu, x = m (mod q)

m Theo Dinh Iy phan du Trung Hoa, 2 = m®® (mod pq), hay m*? = m

(mod pg) = m (mod n)

75
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Ly thuyét sb co ban
Hoang Anh Buc

Pinh nghia va tinh chét co
an

Déng du theo médun

Bidu dién céc s6 nguyé
im theo hé nhj phar

Tinh Iiiy thita médur

Gidi thiée
Dinh Iy ph&n du Trung Ho
Dinh Iy Fermat nhd

Thuat todn ma hda
RSA



Part |
Phu luc



NGi dung

Ly thuyét s6 co ban
Hoang Anh Burc

Mét s6 16i thuong gap



Mét sb 16i thudng gap

Ly thuyét sb co ban
Hoang Anh Buc

Mét s6 16i thudng gap

Tham khdo tur tai lieu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf)

(a) Sai lam khi lam cho a mod m trd thanh s6 am
m Viduy, —16 mod 5 la 4, khéng phai —1
m Tuong tu, phép chia Iay nguyén a div m luén dugc tinh
bang cach lam tron xuong. Vi dy, —16 div 5 la —4, khéng
phai —

(b) Nham lan gifra a/bvaal|b

m D&u gach chéo /la mot phép toan (phep chia), va két qua
clia phép toan 1a mét sb. Vidu, 6/3 1a s6 2


https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf

Mét sb 16i thudng gap (tiép)

Ly thuyét sb ca ban
m DAu gach diing | la dong ti* clia mét cau. Viduy, 3 | 6 1a Hoang Anh Biic
khéng dinh ring 3 1a udc s clia 6; né khong néi dén két Mot sb 16 thitmg g
quaé clia viéc thuc hién phép chia
(c) Nham lan giira th tv trong biéu thirc o | b
m Viét a | b khi thuc s mubn viét b | . Dlng 1a 3 | 6, nhung
khong dung la 6 | 3
(d) L6i xem s6 1 la s6 nguyén to
m Day 12 van dé quy udc, nhung theo dinh nghia, sb 1 khéng
phai 14 s6 nguyén t6 va ciling khéng phai 1a hgp so6
(e) Quén rang moi s6 nguyén dwong déu la wdc cha 0
m Do d6 ged(a, 0) = a véi moi sb nguyén duong a. Vi du,
ged(6,0) = 6 ) )
m Tat nhién, 0 khéng 1a udc cla bat ky s6 khac 0 nao, va phép
chia cho 0 la khéng xac dinh
(f) Khi thuwe hién thuat toan Euclid, sif dung thuong cudi
cung la ket qua



Mét sb 16i thudng gap (tiép)

Ly thuyét sb ca ban
Hoang Anh Buc
, , Mét s6 16i thudng gap
m Dung ra phai st dung so chia cuodi cling lam wdc chung 1dn
nhéat, khéng phai thuong cubi cung.
m Vi du, ndu buédc cubi 1a chia 8 cho 4, cho thuong 13 2 va s6
du 0, thi uéc chung 16n nhat la sé chia cubi cung (tic 1a 4)
chit khéng phai 1a thuong cubi cling (2)
(g) Gia dinh sai rang moi quy tac dung v&i dang thirc
ciling dung vdi dong du
m Vidy, khong ding rang néu r = s (mod m), thi a” = a®
(mod m).
m Haythfvéim =3,a=2,r=1,vas = 4.
m Ciing luu y rdng du 8 = 14 (mod 6), nhung sé sai khi chia
¢4 hai vé cho 2 va khang dinh 4 = 7 (mod 6)



Tai liéu tham khao

Ly thuyét sb co ban
Hoang Anh Buc

Tai liéu tham khao

[§ Agrawal, Manindra, Neeraj Kayal, and Nitin Saxena
(2004). “PRIMES is in P”. In: Annals of Mathematics
160.2, pp. 781-793. DOI:
10.4007/annals.2004.160.781.
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