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C4c nguyén ly dém co ban

Quy tac song anh

Céc phuong phap dém
Hoang Anh Buc

m Quy tdc song anh (The Bijection Rule): Néu f : A — B la
mot song anh, trong do A va B la cac tap hitu han, thi
A = |B|

Vidu 1

m Cho tap hop U = {uy, u, ..., u, } gdM n phan t va tap
hgp X2 cac chudi nhj phan dé dai n

m f:P(U)— %} dudc dinh nghia nhu sau: Véi moi
AeP), f(A) =2122.. .z, trong dé z; = 1 N€U u; € A
V‘axi:Onéuuie‘A

m Do f la song anh (Tai sao?), |[P(U)| = || (s tap con
clia U bang véi s6 chudi nhi phan dé dai n)

Quy téc song &nh
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Céc phuong phap dém

m Quy tac nhan (The Product Rule): Hong Anh Bic
m Gié sl mét cong viéc dugc chia nhé ra thanh n giai doan
lién tiep nhau

Quy the nhan va Quy th

Giai doan th( 1 ¢d m1 cach thuc hién ek
V6i mébi cach thuc hién giai doan thi 1, cé mo cach thuc hién

giai doan th(r 2

V6i mbi cach thuc hién céc giai doan thi 1 va 2, ¢6 m3 céch

thuc hién giai doan th( 3

Vi mbi céch thuc hién céc giai doan thir 1,2,...,n — 1, ¢
my, cach thuc hién giai doan thét n

m C6 mims...m, cach thuc hién cong viéc

m Quy tdc cong (The Sum Rule):
m C6 n bién phép khac nhau dé thuc hién mét cdng viéc
m Cach thuc hién bién phap thi 4 luén luén khac cach thuc
hién bién phap thi j véimoii #jval <i,j5<n
m Néu bién phdp thi i c6 m; cach thuc hién (1 < i < n) thi ta
¢6 m1 + maz + - - - + my, cach thuc hién céng viéc
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Céc phuong phap dém
Hoang Anh Buc

Céc quy tac dém co ban cé thé dugc biéu dién theo ngdn ngir :
tap hop oy thoinva oy e

m Quy tdc nhan (The Product Rule): Cho céc tap hitu han o
Ay, As, ..., A, trong d6 |A;| =m; vOi 1 <4 <n.Taco

|A1 XAQ Xoeee XAn‘ = |A1||A2||An| =mimsa...Mpy
m Quy tdc céng (The Sum Rule): Cho cac tap hitu han doi

mot rdi nhau A, As, ..., Ay, (A; N A; =0 v6i moii # j,

1<i,j<n)vald;=m;viil<i<n. Taco

|A1UASU- - -UA,| = |AL|+HAsl+- -+ An| = mi+ma+- - +my,
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Vi du 2 (Quy tac nhan)
C6 bao nhiéu chudi nhi phan do dai 7?
m Gid st chubi z = 15 . .. 27 1a mot chubi nhj phan d6 dai 7
m Dé xay dung =, ta 1an lugt chon gid tri cho z1, 2, . . ., 27
m ¢6 2 cach chon 1 (0 hodc 1)
m vdi méi gia tri clia 1, ¢6 2 cach chon 2 (0 hodc 1)
: véi méi gid triclia z1, . .., zs, €O 2 cdch chon z- (0 hodc 1)

m Do d6 ¢6 27 chubi nhi phan do dai 7

Céc phuong phap dém
Hoang Anh Buc

Quy thc song an
Quy téc nhan va Quy tic
céng
Nguyé
téc chi

Mot s déng thiic t6 hoj

87



C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Céc phuong phap dém
Hoang Anh Buc

Vi du 3 (Quy tac nhan)
Tap hop n phan tt S = {21, zs, ..., z,} c6 bao nhiéu tap con?
m M6t tap con clia S c6 thé duoc xay dung thong qua n A
budc lién tiep
m chon z; hodc khéng chon
m chon z2 hoac khéng chon
: ;:.h.c_)n xn, hodc khoéng chon
m Mdi budc cé thé dugc thuc hién bang 2 cach
m Do db c6 2" thp concla S

Bai tap 1
C6 bao nhiéu ham f : A — B véi A va B lan luot la cac tap
hru han gom m va n phan t(?
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Céc phuong phap dém
Hoang Anh Buc

Vi du 4 (Quy tac cong)
M6t sinh vién c6 thé chon mét bai thuic hanh mdy tinh tir mot
trong ba danh sach tuong tng c6 23, 15, va 19 bai. Gia thiét
rang khéng co hai bai nao giong nhau. C6 bao nhiéu cach
chon bai thuc hanh?

m C6 23 cach chon bai thuc hanh ti¥ danh sach tht nhat

m Co 15 cach chon bai thuc hanh tir danh sach thit hai

m C6 19 cach chon bai thuc hanh tir danh sach thit ba

m Do khong c6 hai bai ndo gibng nhau, s6 cach chon bai

thuc hanh 1a 23 + 15 + 19 = 57

Quy téc nhan va Quy tic
céng
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Vi du 5 (Quy tac cong) cic iy o
C6 bao nhiéu chubi nhj phan dé dai 7 ¢6 chinh xac hai sb 1? e
m Trong mét chudi nhi phan =1z, . .. 7 d6 dai 7 ¢6 chinh xéac
hai 56 1 e cOélggtécnh'anvéQuyléc
[ 5cécvitriivéjnéodévdi1 <i<j<Tmi=z;=1
[ ] écécvitrl'keé{i,j}, =0

Ty T2 T3 Ty 5 g T

Lofo ] o] oo}

? J
m Ung v6i méi vi tri i clia s6 1 dau tién, cé 7 — i vi tri j c6 thé
cho s0 1 th hai
m V6ii=1,c67—1=6Iuachoncho j
...
[ | Véiii:7,cp’7—7:9|uachor_10hoj
m Theo quy tac cng, s6 cac chudi nhi phan do dai 7 cé chinh
7 6

xdchaisb 11ay (7—i)=> i=6(6+1)/2=21

=1 =0 87



C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Céc phuong phap dém

VI’ dU 6 Hoang Anh Buc
Gia sir tén cac bién trong mot ngon ng I&p trinh chi c6 thé 1a
mot chir cai viet hoa hodc mét chir cai viét hoa theo sau béi
mét chii s0. Gia sU ta st dung bang chir cdi tiéng Anh va cac o tho i va uy e
chir s6 trong hé thap phan. C6 tat ca bao nhiéu tén bién trong
ngdn ngl lap trinh nay?
m Mot tén bién cé dang = hodc za véiz € {A,B,...,Z} va
a€ef{0,1,...,9}
m Néu tén bién cé dang z, c6 26 cach chon gia tri clia =
m Néu tén bién c6 dang xa, ¢6 26 cach chon gid tri cla x, va
(ing v6i moi gia tri clia « ¢6 10 cach chon gid tri cla o
Theo quy tac nhan, c6 26 x 10 = 260 tén bién c6 dang z«
m Theo quy tic cong

s6 tén bién = sb tén bién dang x + sb tén bién dang za
= 26 + 260 = 286
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

, Céc phuong phap dém
VI du 7 Hoang Anh Buc
Céc dich vu rdt gon dudng dan (URL-shortening service) nhu bit.ly hay
tinyurl.com cho phép ngudi dung thu gon mét dudng dan dai thanh mét
day cac ky tu ngan hon rat nhiéu. Vi du duding dan tdi bai giang trén (1) au ot t
trang web mon hoc https://hoanganhduc.github.io/teaching/VNU-H corg
US/2025/summer/MAT3500/Counting.pdf sau khi rut gon thdng qua
bit.ly la http://bit.1ly/4kSjkM2.

Gia st cac duding dan sau khi riit gon goém c6 https://bit.1y/ kém
theo mdt chubi 7 ky tw, mdi ky tu chi ¢é thé 1a mot chir sb thap phan, mot
chi cai viét hoa, hodc mét chi cai viét thudng trong bang chii céi tiéng
Anh. Dich vu bit.ly cé thé cung cap t6i da bao nhiéu dudng dan rit gon?
m Mé&i duding dan tuong ¢ng v6i mot chudi ky tu @1, . . . 27 trong d6
2, €C={0,...,9YU{A,...,Z}U{a,...,2},1 <i<7(Quytic
song anh)
m C6 |C| = 10 + 26 + 26 = 62 cach chon gid tri cho =1 (Quy tac cong)
m VGi méi gid tri clia x1, ¢6 |C| = 62 cach chon gid tri cho 2
| .
[ Vc’Ji méi gia tri clia z1, . .., z6, €6 |C| = 62 cach chon gid tri cho 7
m Theo quy tc nhan, ¢6 |C|7 = 627 = 3521 614 606 208 dudng dan rat
gon
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Ny A Céc phuong phap dém
Bai tap 2 Hoaing Anh Bifc
Dia chi kiém sodt truy cap phuong tién truyén théng (MAC
(media access control) address), hay con goi la dia chi MAC, la
mét dinh danh duy nhat dugc gan cho mét card mang (network Quy téenhan va Quy o
adapter), vi du nhu card mang cé day (ethernet card) hoac
card mang khong day (wireless card). Dia chi nay gbm mot day
sdu cip cac chii sb thap luc phan (nghfa la cac chir s6 0, 1, 2,
3,4,5,6,7,8,9,A,B,C,D, E, F). Vidu, F7:DE:A1:B6:C4:33
la mot dia chi MAC. (Cac cép sb thudng dugc phan tach bdi
dau hai chadm.) C6 tat ca bao nhiéu dia chi MAC?

Bai tap 3

Theo quy dinh clia B6 Théng Tin & Truyén Théng Viét Nam, tat

ca cac s6 thué bao dién thoai di dong can cé 10 chir s, trong

d6 ba chit s6 dau tién dai biéu cho nha mang cung cép dich

vu. Vi du, nha mang Viettel hién tai s& hiitu 12 dau s6 di dong:
086, 096 — 098, va 032 — 039. Viettel c¢6 thé cung cap ti da

bao nhiéu sb dién thoai di dong? .



C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Céc phuong phap dém
Hoang Anh Buc

Bai tap 4
Gi& sir mot mat khdu cho mét hé thong may tinh phai ¢ it nhét
8, nhu’ng khéng qua 12 ky ty, trong d6 mai ky tu trong mat Quy tionhn va Guy téc
kh&u la mét chir cai tleng Anh viét thudng, mét chit cdi tiéng o
Anh viét hoa, mdt chi¥ s6, hodc mét trong sau ky tu dac biét x,
>, <L+ va =
(a) C6 bao nhiéu mat khau khac nhau cé sén cho hé théng
may tinh nay?
(b) C6 bao nhiéu mat khau trong s6 nay chita it nhat mét lan
xuat hién ctia it nhat mot trong sau ky tu dac biét?
(c) St dung cau tra 16i clia ban cho phan (a), hay xac dinh
xem mot hacker s& mat bao lau dé thir tat c& cac mat khau
c6 thé, gia sii rang hacker mat mét nano giay
(nanosecond) dé kiém tra mo6i méat khau co thé. (M6t nano
gidy la mot phan ty giay, hoac 10~? giay)
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C4c nguyén ly dém co ban

Quy tic nhan va Quy tic cong

Céc phuong phap dém
Bé| tép 5 Hoang Anh Burc
Tén clia mot bién trong ngodn ngit 14p trinh C la mot chu0| co
thé chira céc chii cdi viét hoa, chii céi viét thudng, chir sb, Quy o han va Quy o
hoac dau gach dudi. Hon nita, ky tu dau tién trong chubi phai o

la mét chir cai, viet hoa hodc viet thuong, hodc dau gach dudi.

Neu tén clia mot bien dugc xac dinh béi tam ky ty dau tién, c6

bao nhiéu bien khac nhau co thé dugc dat tén trong C? (Luu y

rang tén clia mot bien cé thé chira it hon tam ky tu'.)

Baitap 6

Tén clia mot bién trong ngdn ngi 1ap trinh JAVA & mét chudi
c6 do dai tir 1 dén 65535 ky tu (bao gém c& hai gid tri), trong d6
mdi ky tu cé thé 1a mot chir cai viét hoa, mét chir cai V|et
thuoing, dau dé la ($), dau gach dudi, hodc mot chir sb, ngoai
trir ky tu dau tién khong dugc la mot chii sb. Xac dinh sb luong
tén bién khac nhau trong JAVA
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Cac nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phap dém

m Nguyén ly bu trtr (Inclusion-Exclusion Principle): (hay Quy
tac trir (The Subtraction Rule))
m C6 hai bién phap khac nhau dé thuc hién mét cong viéc
m Bién phap tht nhat cé m cach thuc hién 2yt song an
m Bién phap th( hai ¢6 n céch thuc hién o
m Co6 k céch thuc hién dong thdi hai bién phap O, Nawren v
m Sb cach thuc hién cong viec lam +n — k
m Nguyén ly bu trir (Inclusion-Exclusion Principle): Cho cac
tap hitu han A, B trong d6 |A| = mva |B| =n. Taco

|AUB|=|A|+|B|—|AN B|

Hoang Anh Buc
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Cac nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phap dém
VI, du 8 Hoang Anh Buc
C6 bao nhiéu chubi nhi phan do dai 8 bat dau véi 1 hoac két
thuc véi 00?
m Goi A |a tap céc chudi nhi phan do dai 8 c6 dang Lus . ..ag () rewnsw
(bat dau véi 1) va B Ig‘a tap cac chuoi nhi phan doé dai 8 cé
dang zixs . .. x600 (két thuc véi 00)
m Tap cac chudi nhi phan dé dai 8 bat dau vdi 1 hodc két
thucvéioola AuB
m Theo nguyén ly bu trit, |[AU B| = |A| + |B| — |AN B|
m |AJ: S6 chui nhj phan d dai 8 c6 dang 15 ... zs 1a 2
® |B|: S6 chudi nhj phan d6 dai 8 c6 dang x> . .. 2600 1a 2°
® |A N BJ: S6 chudi nhi phan d6 dai 8 cé dang 1z2 ... xs00 la
25
Sb6 chubi nhi phan do dai 8 bt dau véi 1 hoac két thic véi
00la|AUB| =27 +25—-25=160
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Cac nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phap dém
VI’ du 9 Hoang Anh Burc
o} ngan hang X, khach hang cé thé st dung ma PIN (Personal
Identification Number) gdm 4 chit s6 thap phan dé truy cap tai khoan
tr mdy rdt tién tu déng thdng qua thé rdt tién. Ngan hang X dac biét
yéu cau cac ma PIN khong thé bat dau hoac két thiic vdi ba chit sb o
lién tiep giong nhau (vi dy, day 7770 hoac 0111 la khéng hop 1€). Co
tat ca bao nhiéu day PIN khong hop 167
m Goi S 1a tap hop tt ca cac day PIN bt dau véi ba chir s6 glong
nhau va E |a tap hop tat ca céc day PIN két thic véi ba chir sb
gibng nhau. Tap hop céc day PIN khéng hop lé la SU E
m Theo nguyén ly bu trlr, |[SU E| = |S| + |E| — |[SN E|
m |S|: S6 day PIN c6 dang zzxy Vi z,y € {0,...,9} la 102 (c6 10
cach chon z, va u’ng vGi mdi gid tri clia x ¢6 10 cach chon v)
m |E|: S6 day PIN cé dang wyyy Véi z, yE {0,...,9} 1210% (c6 10
céch chon x, va ting véi mdi gid tri cla « ¢ 10 céach chon y)
m |S N E|: Mét ddy PIN zyzt thudéc S N E khivachikhiz =y =z
(thudc S)vay = z = ¢ (thudc E), nghia la z = y = z = t. Moi day
thudc S N E do d6 cé dang zzzx va ¢6 10 day dang nay (c6 10 cach
chon z)
m Sb day PIN khéng hop 1& 12 |S U E| = 102 + 102 — 10 = 190
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Cac nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phap dém

Vi dU 10 Hoang Anh Biic
C6 bao nhiéu chudi nhi phan d6 dai 10 c6 chita 00000 hoc 111117
m Goi A 14 tAp céc chubi nhj phan dé dai 10 ¢ chira 00000 va B 1a
tap cac chudi nhi phan d6 dai 10 ¢6 chita 11111. AU B |a tap
chubi nhj phan dé dai 10 ¢é chita 00000 hodc 11111 Nauyén 1 bis i
® Theo nguyén ly bu trlr, |AU B| = |A| + |B| — |[AN B|
m Trudc tién, ta tinh | A|. M&i chudi nhj phan dé dai 10 c6 chita 00000
thudc chinh xac mét trong cac dang: 00000zsz7x8T9T10,
1000001’71‘83395610, x1100000x8x9x10, :leQlOOOOOzgzlo,
#13203100000210, VA 21 222324100000 (Ian lwdt Gng véi cac vi tri
bat dau day 00000) (Tai sao?)
m Co 25 ChUOI dang 00000x6x7T8TOT10
m V&i mbi dang con lai, ¢ 2 chubi
m Dodé |A| =2° +5-2*
m Tuong ty, |B| =2° +5-2%
m Tap AN B c6 chinh xéc hai phan t{: 0000011111 va 1111100000
m Do dd, |[AUB| =2(2° +5-2%) —2 =222

87



Cac nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phap dém

Bé.i tép 7 Hoang Anh Buc
C6 bao nhiéu chubi nhi phan do dai 7 bat dau véi 00 hodc két
thdc vadi 1117

Bai tap 8

M6t chudi doi xiing (palindrome) 1a mét chubi ky ty ma khi viét
ngugc lai tir phai sang trai thi chudi khdng thay doi. C6 bao
nhiéu chudi nhi phan do6 dai n la chudi doi xiing?

Baitap 9

C6 bao nhiéu sb nguyén duong nhd hon hodc bang 1000 thda
man

Nguyén Iy bd trir

(a) 1a boi cla 7

(b) la bdictaca 7vall

(c) la bdi clia 7 nhung khéng 1a béi clia 11
(d) 1a boi clia 7 ho&c la boi clia 11

(e) khéng la boi clia 7 va khdng la béi clia 11
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Cac nguyén ly dém co ban
Nguyén ly bu tru

Céc phuong phap dém
Hoang Anh Buc

Bai tap 10 Q e
C6 tat ca bao nhiéu s6 nguyén khong vugt qua 1000 la binh

phuang hoac lap phuang clia mot so nguyén duong?

Bai tap 11 (x) S
C6 bao nhiéu chudi nhi phan dé dai 8 c6 chira 000 hodc 11117

(Pap an: 147) B
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C4c nguyén ly dém co ban

Quy tac chia

- Céc phuong phap dém
m Quy tac chia (The Division Rule): Hoaing Anh Bic
m MGt cong viéc ¢6 thé dugc thuc hién bang n cach
m VGi moi cach thuc hién w, cé chinh xac d trong n cach thuc
hién tuang dudng/cung loai véi n6
m S céch khdc nhau dé thyc hién céng viéc 1a n/d
m Quy tac chia (The Division Rule): Néu A 1a hop clia m tap
con ddi mot khéng giao nhau, méi tap con cé d phan tl,
thi m = |A]/d
m Quy tac chia (The Division Rule): Néu B la mot tap hitu
han va ham f : A — B gan chinh x&c k phan ti clia A cho
méi phan i cla B, thi |[A| = k- | B|

Vidu 11
m Trong mot dan cliu, ngudi ta dém dugc n = 280 chan cliu
m Mbi con cliu w ¢6 chinh x&c d = 4 chan
m S con cliu trong dan ctiu 1a n/d = 280/4 = 70

Quy téc chia
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C4c nguyén ly dém co ban

Quy tac chia

VII dU 12 Céc phuong phap dém
C6 bao nhiéu cach khac nhau dé sip xép cac sb 1,1,2? roma B
m DAu tién, gia s hai s6 1 13 phan biét: 1, va 1,
m Co6 3! cach sap xép 3 sb phan biét

m Tuy nhién, khi coi 1, va 1, la cung mét sé 1, vdi mdi cach o tho o
sap xép cdc so 1, 1,2, cd chinh xac 2 trong 3! cdch “cung
loai”, vi du

m V&i cach sdp xép 1,1, 2, c6 hai cach sip xép tuong duong
& (1a,1s,2) va (1s, 14,2)
m Do d6, sb cach sap xép khac nhau cliaday 1,1,2 1a
31/2=3

1a71b72 1b7 1a12 ]-7]-72

1(172: ]-b 1b)2a ]-a 1727 1

271a71b 27 1b7 1a 27171
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C4c nguyén ly dém co ban

Quy tac chia

Céc phuong phap dém
Hoang Anh Buc

Vidu13

C6 bao nhiéu cach khac nhau dé sap xep 4 nQuoi ngoi quanh
mot ban tron? Biét rang hai cach sap xép la giong nhau néu e
méi ngudi c6 nguoi ngm bén trai giong nhau va nguoi ngéi bén Cuytocnia
phai gibng nhau trong ca hai cdch sdp xép. Vi du, hai cach sap

x&p sau 1a gibng nhau

ny ng

Ty o

u») Ty

ns3 ny
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C4c nguyén ly dém co ban

Quy tac chia

Céc phuong phap dém
Hoang Anh Buc

m Néu khéng cé diéu kién gi thi c6 tat c 4! cach sap xép

m Ch y réng hai cach sap xép 1a giong nhau néu khi ta xoay B
ban sao cho n; nam & trén dinh thi ching giong nhau oy hinva oy

m Do dd, vdi mbi cach sap xép 4 ngudi quanh ban tron, c6 !u‘ygccma
chinh xdc 4 trong 4! cach sap xép “cung loai”

m Theo quy tic chia, sb cach khac nhau dé xép 4 ngudi
quanh bantronla4!/4 =6

ni Ny ns N2
ny Q ny  ng Q ny oy Q ng m Q ngo
Nguyén U tri g qL
ns 9 ny Ty

Hinh: Bén cach sap xép gibng nhau
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C4c nguyén ly dém co ban

Quy tc chia

Céc phuong phap dém

Hoang Anh B¢
Céc nguyén ly dém co
ban

Quy téc song énh

Quy tic nhan va Quy téc
cong

Nguyén Iy bis trir

e Quy téc chia

Nguyén Iy chudng bd
cau

Hoan vi, Chinh hop,
To hop

Giéi thiéu

Mbt sb déng thiic t8 hop
Tam giac Pascal va
Binh Iy nhi thic

Tam gidc Pascal

Binh Iy nhi thiic

Nguyeén Iy bl trir téng quat
Chinh hop va t6 hop
suy rong

Ham sinh

Mét s6 vi du khac




C4c nguyén ly dém co ban

Quy tac chia

Céc phuong phap dém
B‘al tép 12 Hoang Anh Bic
Gid st hai cach sap xep 4 nguoi quanh mot ban tron 1a gibng
nhau khi m0| ngu’ou ¢6 hai nguoi ngoi canh gidéng nhau trong ca
hai cach sap xép khéng quan tam la ngdi bén trai hay bén phai,
vi du nhu hai céch s&p xép trong hinh sau la gibng nhau véi Quy te oia
gia thiét hién tai

Ty No iz Ty

ng n3

nhung khéng gidng nhau vai gia thiét trong Vi du 13. Trong
truong hgp nay, cé bao nhiéu cach khac nhau dé sap xép 4
ngudi quanh mét ban tron?
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C4c nguyén ly dém co ban

Quy tac chia

Céc phuong phap dém
Hoang Anh Buc

Bai tap 13
Gia thiét rang hai cach sap xép la giéng nhau néu méi ngudi cé (z5) auw tiocnia
ngu’dl ngoi ben tral va ngudi ngdi bén phai gibng nhau trong
mdi cach sdp xép
(a) C6 bao nhiéu cach khac nhau dé sap xép 5 ban nam va 5
ban nit ngbéi quanh mét ban tron?
(b) C6 bao nhiéu cach khac nhau dé sap xép 5 ban nam va 5
ban nt ngdi quanh mot ban tron sao cho nam va nit ngoi
xen ké nhau?
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Nguyén ly chuéng bb cau

Céc phuong phap dém

m Nguyén Iy chuéng bé cdu (The Pigeonhole Principle) (hay
Nguyén /y Dirichlet (The Dirichlet Drawer Principle)): Néu k
la mét sb nguyén duong va cé k + 1 con chim bd cau hodc
nhiéu hon dugc dat trong k& chudng bé cau, thi ¢é it nhat
méot chudng cé hai con chim bd cau hoic nhidu hon L

m Nguyén ly chuéng bé cau (The Pigeonhole Principle): Néu uy o cna
moét ham f : A — B anh xa mét tap hitu han A vdi Nauyén 1f chuéng bd
|A| > k + 1 dén mot tap hitu han B vé6i |B| = k, thi f
khong 1a mot don 4nh (Nhag lai: f 13 don anh khi va chi S i
khi v&i mOl x1,To € A, néu X1 # T2 thi f(xl) * f(l‘g)) Hes e

,-‘ Cach ap dung nguyén Iy chudng bo cau ]—

m Xac dinh xem cdi gi dai dién cho “bd cau (pigeon)” R

m X&c dinh xem cai gi dai dién cho “chudng bd cau
(pigeonhole)”

m X4c dinh cach “bd cau” dugc chia vao cac “chudng bd
cau”

Hoang Anh Buc




Nguyén ly chudng b6 cau

Céc phuong phap dém
Hoang Anh Buc

Vidu 14
Trong mdt nhém béat ky cé 367 ngudi, tai sao ludn cé hai ngudi
trong nhdm cé cung ngay sinh?
m Co tat ca 366 ngay sinh nhat (= “chudng bd cau”) va 367
ngudi (= “bd cau”), do dé cé it nhat hai ngudi cé clng (ae)Nguyen'y chuéng 08
ngay sinh nhat

Vidu 15
Gia st mot ky thi tinh cac diém sb tr 0 dén 100, va moi diém sb
déu 1a sb nguyén. Can bao nhiéu sinh vién tham gia ky thi dé
chéc chan c6 hai sinh vién cé cung diém s6?
m C6 tht c& 101 diém sb (= “chudng”). Can it nhat 102 sinh
vién (= “bd cau”) dé chéc chan cé hai sinh vién cé cung
diém sb

87



Nguyén ly chuéng bb cau

Céc phuong phap dém

m Nguyén ly chuéng bo cdu téng quét (The Generalized
Pigeonhole Principle): Neu N con chim bé cau dugc datvao k
chudng bd cau, véi k 1a s6 nguyén duong ndo dé, thi ton tai
mét chudng c6 it nhét [N/k] con

Hoang Anh Buc

Vidu 16

m C6 N = 280 sinh vién (= “bd cau”) trong mot I6p hoc. M6t nam Nguyén  chdng b3
c0 k = 52 tuan (= “chudng”). Do d6é c6 mét tuan ma it nhat cau
[280/52] = [5.38] = 6 sinh vién c6 ngay sinh nhat trong tuan
dé

m Gia tri /6n nhat cla d 1a bao nhiéu dé chac chan rang phéat
biéu “Trong tat ca 145 sinh vién, cé it nhat d sinh vién sinh ra
vao cung mét thang” la dang?

m Theo Nguyén Iy chudng bé cau téng quat, trong 145 sinh vién (=
“bd cau”), c6 it nhat [145/12] = 13 sinh vién sinh ra vao cung
mét thang (= “chudng”). Do d6, d = 13 thda man yéu cau dé ra

m Thém vao do, phét biéu vdi d > 14 khéng ding vi ¢6 thé xay ra
trudng hop cé 13 sinh vién sinh ra vao cung mot thang va cac
thang con lai méi thang cé 12 sinh vién sinh vao thang d6

m Do d6 d = 13 /a gid tri I6n nhét théa man yéu cau dé ra
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Nguyén ly chuéng bb cau

Céc phuong phap dém
Hoang Anh Buc

Vidu 17
Chdng minh rang trong moét tap n + 1 sb nguyen duong bat ky
nhd hon hodc bang 2n, ton tai mot sb 1a uéc clla mot s6 khac
trong tap do
m Viét c4c sb trong n + 1 sb nguyén duong (30) Nauyén 1 chusng bs
a1,as, . .., an, anyq dudi dang tich clia mot Iy thira clia 2 -
va mot sb nguyen duong I&, nghia 13, a; = 2bi¢; trong do
b; > 0va¢; < 2n (= “bd cau”) la mot sb nguyén duong 18,
vOi1<i<n+1(Taisao?)
m C6 t6i da n s6 nguyén duang 18 (= “chudng”) nhd hon 2n.
(Tai sao?) Do dé, theo nguyén ly chudng bé cau, cé hai sb
i, cjthdaman¢; = ¢, v6i 1 <i,j <n+1
m Suy ra, a; = 2%¢; va a; = 2% ¢;. Do d6, néu b; < b; thi
a; | a; va ngugc lai thi a; | a;
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Nguyén ly chudng b6 cau

Céc phuong phap dém
B‘a_l tép 14 Hoang Anh Buc
Gia sif mot ngén tii chi c6 hai loai tt mau den va trang, méi _
loai c6 12 chiéc. M6t ngudi lay tat trong ngan t0 mot cach ngau
nhién trong bong toi
(a) Can lay it nhat bao nhiéu chiéc tat dé chic chan cé hai Nouyén i chudng b
chiéc cing mau? bbn chiéc cung mau? cau

(b) Car) lay it nhat bao nhiéu chiéc tat dé chic chan cé hai
chiéc mau den?

(c) Néu c6 thém 12 chiéc tt mau nau nira trong ngan td thi
can lay it nhat bao nhiéu chiéc tat dé chac chan co hai
chiéc cung mau?

Bai tap 15
Chttng minh rang trong mét nhém n s6 nguyén bét ky, c6 hai
s0 nguyén co cung so du khi chiachon — 1
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Nguyén ly chudng b6 cau

Bai tap 16

Cé séau giao su day toan rgi rac cd ban tai mét truong dai hoc.
Tat ¢4 sau gido su déu st dung cling mot dé thi cubi ky. Néu
diém th&p nhéat cé thé dat dugc trong ky thi cubi ky Ia 0 va diém
cao nhéat cé thé Ia 100 va céc diém s6 déu la sb nguyén, thi can
c6 it nhat bao nhiéu sinh vién dé dam bao rang cé hai sinh vién
hoc cuing mot gido su dat dudc cung mot diém thi cudi ky?

Baitap 17 (x)

Chitng minh rang véi bat ky cach xép 5 ban nam va 5 ban ni
ngdi quanh mot ban tron, ludn tim dugc mot ban (cé thé 1a nam
ho&c ni¥) ngdi giira hai ban nam (Gl y: Ching minh bang
phuong phap phan ching. Gia sl c6 cach xép théa man diéu
kién khong c6 ban nao ngoi gitra hai ban nam. Néu chia nhém
cac ban nam thi mai nhém ¢ tdi da bao nhiéu thanh vién?
Giita cac nhdm nay can sap xép t6i thiéu bao nhiéu ban nir dé
khéng c6 ban nao ngdi gitta hai ban nam?)

87
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Hoang Anh Buc

Nguyén Iy chudng bd
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Nguyén ly chudng b6 cau

Céc phuong phap dém
B‘a.l tép 1 8 Hoang Anh Buc

(@) Chu’ng minh rang néu 7 s6 nguyén duagc chon tw tap
{1,2,...,10} thico it nhét hai cap trong sb céac sb dugc
chon c6 tng bang 11. Néu ta chon 6 sb nguyén thay vi 7
thi két luan trén con ding khong? o
Nguyén ly chuéng bo

(b) Can chon ra it nhat bao nhiéu so o tap {1,2,3,4,5, 6} de cau
chac chan rang trong tap cac sb da chon c6 ha| s6 co téng
bang 7?

Bai tap 19 ()

Chitng minh rang trong mét nhém n ngudi (n > 2) ¢o it nhat
hai nguoi cé cung s6 ngudi quen biét trong nhém

Bai tap 20

Chting minh rang trong mot nhom 6 nguoi bat ky, ludn co it
nhat ba ngudi déi mét biét nhau hodc déi mét khéng biét nhau
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Hoan vi, Chinh hap, T6 hop

Gi6i thiéu

m Mot hodn vi (permutation) clia mét tap S gom cac phan tly o emerecin
phan biét la mot day sép thi tu (ordered sequence) chira e
mbi phan tir trong S chinh xac mét lan

m Tap S = {1,2,3} co tat ca sdu hoan vi: (1,2,3), (1,3, 2),
(2,1,3), (2,3,1), (3,1,2), (3,2,1) oo

m Mot chinh hop chap k (k-permutation) cGa mét tap S la oy doctia
mot day sap thit tv k phan ti phan biét cla S, trong dé k
la mot s6 nguyén thda man 0 < k < |S|

m Tap S c6 tat ca sdu chinh hgp chap 2: (1,2), (2,1), (1,3), o
(3, 1), (2, 3), (3, 2) Mot s6 déng thitc 6 hop

m Ky hiéu P(n, k) hodc P¥ 1a s6 chinh hop chép k ctia (mét

tap) n phéin tr S

Pinh Iy 1

V&i moi s6 nguyén n > 1 va moi s6 nguyén k théa man
0<k<n
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Hoan vi, Chinh hap, T6 hop

Gi6i thiéu

Céc phuong phap dém

Ching minh Binh ly 1. Hong Anh Bic
D& xay dung mét chinh hop chép & clia mét tap S gém n phan
tlr, ta thuc hién mét day & budc chon cac phan tir phan biét
trong S dé xep vao k vij tri:
m Chon phan t{* xép vao vi tri thi 1: ¢c6 n céch chon
m Vi vi tri thi nhat da dudc xac dinh, chon phan tir xép vao
vi tri thr 2: ¢ n — 1 cach chon
m Vi hai vi tri dau da dugc xac dinh, chon phan tir xép vao e
vi tri th 3: ¢c6 n — 2 cach chon
.
m Vi k — 1 vi tri dau da dugc xac dinh, chon phan ti xép vao
vi tri thir k: c6 n — k + 1 cach chon
Theo quy tic nhan, cé tat ca

n-n—-1)-m-=2)-...-(n—k+1)= n!

(n—k)!

k clia mot tap n phan to. O

chinh hgp chap
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Hoan vi, Chinh hap, T6 hop

Gi6i thiéu

Céc phuong phap dém

VI’ dU 1 8 Hoang Anh Burc
C6 bao nhiéu hoan vi cla céc chit cdi ABCDEFGH c6 chita
chuoi ky tu lién tiep ABC?
m S6 hodn vi ¢6 chita chudi ky ty ABC bang véi sb hoan vi
cla tap gobm sau phan ti: ABC, D, E, F, G, H
m Do dé, dap an la 6! = 720

Vidu19 () G
Gia sir ban can dén 8 dia diém khac nhau trong mét thanh phd
nao do. Ban bat bugc phai xuat phat tir mot dia diém dinh san,
nhung c6 thé chon lan lugt cac dia diém con lai theo thi tu bat
ky. Cé bao nhiéu thir tu ban cé thé chon dé déen cac dia diém
nay?

= Dia diém dau tién Ia cb dinh, con 7 dia diém con lai c6 thé

dugc sap tha tu tuy y
m Do dé, dap an la 7! = 5040
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Hoan vi, Chinh hap, T6 hop

Gi6i thiéu

Vidu 20

C0 bao nhiéu cach khac nhau de sap xep 4 nguoi ngm quanh mot
ban tron? Blet rang hai cach sép xep la gibng nhau néu moi Nguai

¢6 ngudi ngm bén trai glong nhau va ngudi ngdi bén phai gibng
nhau trong ca hai cach sap xép.

m Gia sl ta muon s&p xép n1, N2, N3, N4 quanh ban tron
m Dé nguon ngdi bén trai luon gibng nhau va ngudi ngdi bén phal
luén giébng nhau trong c& hai cach sap xép, cach duy nhat dé
thu dudc mot céch sap xép tir mot cach khac gibng né la xoay
ban theo chiéu kim dong hé hoac nguoc chiéu kim dong hd.
m Do dd, dé s&p xép ny,ns, n3, ng quanh ban tron:
m C6 dinh vitri clia n1: c6 1 cdch (Chon ny & bat ky vi tri nao déu
giong nhau, do néu c6 mét céch sap xép giong cach ban st
dung nhung vi tri cda ny khong giong, ta co thé xoay ban dé vi
tri cua n1 gibng nhau trong ca hai cach sap xép)
m Sap Xép na, ns, na VA0 CAC Vi tri con lai: ¢ 3! = 6 cach
m Tomlai,dapanlal-3!'=6

Céc phuong phap dém
Hoang Anh Buc

Gidi thiéu
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Hoan vi, Chinh hap, T6 hop

Gi6i thiéu

Céc phuong phap dém
Hoang Anh Buc

m M6t 16 hop chap k (k-combination) cla mét tap hop S 1a
moét déy khong sap thu tu k phan tit phén biét clia S,
trong do k 1a mét s6 nguyén thda man 0 < k < | S|

m Mot t8 hop chap k cla S cling 12 mot tap con k phan t& clia Nown b
m Tap S = {1,2,3} c6 ba t6 hop chap 2: {1,2}, {2,3}, {1,3}

m Ky hiéu C(n, k), C%, hodc (}) (doc Ia “n chon ”) 1a s6 t6

holp chép k cta (mdt tap) n phan t () came.

Mot s6 déng thiic t hop

Dinh Iy 2

V&i moi s6 nguyén n > 1 va moi s6 nguyén k théa man
0<k<n

ko n!
Cn = kl(n —k)!
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Hoan vi, Chinh hap, T6 hop

Gi6i thiéu

Céc phuong phap dém
Hoang Anh Buc

Ching minh Binh ly 2.
Dé xay dung mot t& hop chap k clia mot tap S gdbm n phan ti:
m DAu tién, ta gia thiét rang thi tu cac phan tii 14 quan trong,
va xay dung mot chinh hgp chép k clia S: ¢ P* cach
m Theo dinh nghia, trong méi t6 hgp chap k clia S, thir ty
gilra cac phan tir 1a khéng quan trong. Noi cach khac, moi
t6 hop chép k cla S Ung vdi chinh xac P} = k! chinh hop
chap k co chira cung cdc phan t& va chi khac nhau béi thi
tu sap xép cac phan i

m Theo quy tic chia, sb t6 hop chap & cla S 1a

Gidi thiéu

Ck_]if_ n!
" PPkl (n—k)
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Hoan vi, Chinh hap, T6 hop

Gi6i thiéu

VI' du 21 Céc phuong phap dém
- Hoang Anh Buc
C6 bao nhiéu cach chon ra 7 quan bai khac nhau tir mot b bai ’
52 quan?
m Tho tu lya chon cac quéan bai 1a khéng quan trong
52!

m Do d6, dap an la Cl, =

Vidu 22
Cé6 bao phiéu cach chonra 3 ban namqvé 3 ban nir trong moét
nhém gom 10 ban nam va 7 ban nit dé dai dién tham gia mot
budi hop mat?
m DAu tién ta chon 3 ban nam t&¥ nhém 10 ban nam, sau dé
chon 3 ban nit tr nhém 7 ban ni
m C6 C§, cach chon ra 3 ban nam, va C3 cach chon ra 3 ban
nir
m Ap dung quy tic nhan, ¢ téng cong
C3, - C3 =120 - 35 = 4200 céch

Gidi thiéu

87



Hoan vi, Chinh hap, T6 hop

M6t sb déng thiic t6 hap

Céc phuong phap dém
Hoang Anh Buc

Pinh ly 3

Vi cdc sb nguyén n, k théa man 0 < k < n, ta cé o o s

k _ ~m—k Moo s
Crn =G oo

Ching minh.

m Gid sl A la tap céc tap con k phan tif va B 1a tap céc tap
con n — k phan t& ctia mét tap n phan t&r X. Ham
f:A— Bchobdi f(A) = X\ Avdi A c Alamot song
anh (Tai sao?) B 4 i

m Do do, Ck = cn—*

Bai tap 21
Chitng minh Binh ly 3 bang céng thiic da biét.
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Hoan vi, Chinh hap, T6 hop

M6t sb déng thiic t6 hap

Céc phuong phap dém
Hoang Anh Buc

Ta c6 thé chiing minh hai vé clia mdt dang thiic bang céach chi
ra ching dém cting mét déi tuong théng qua cdc phuong phdp | vy
khac nhau. Phuang phap chiing minh nay goi la phuong phap o
dém bang hai cdch (double counting proof)

Trong Vi du 23, vGin, k > 2 van > k + 2, ta sif dung phuong
phap dém bing hai cach dé chirng minh dang thirc

k k—2 k— k Tam gidc Pasca
Cn - Cn72 = 2Cn7% + Cn72 1y nhi th
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Hoan vi, Chinh hap, T6 hop

M6t sb déng thiic t6 hap

Vi du 23 (Bém bang hai cach) caesnuens o s
Gid strn,k > 2 van > k+ 2. Ta dém sé cdch chon k s6 nguyén tir ’
tap {1,2,...,n} sao cho 1 va 2 khéng dong thoi dugc chon
m Cach 1: o i vy
m C6 C* tap con k phan t& va khéng cé han ché gi oo o
m C6 CF~2 tap con k phan tlt c6 chita dong thdi ca 1 va 2 e
m Cb dinh 1va 2, chon k — 2 phan t& con lai tir tap {3,...,n}
m Do d6 dap an la ¢k — ¢*2
m Cach 2: '
m C6 C*~1 tap con k phan tf chia 1 nhung khéng chifa 2
m Cbdinh 1, chon k — 1 phan t& con lai tir tap {3,...,n} ny
m Tuong ty, c6 C*~1 tap con k phan t{ chlia 2 nhung khéng chita o
m éc') C¥_, tap con k phan tif khéng chira ca 1 va 2
m Chon k phan ti tir tap {3,...,n}
m Do dé ddp anla20*=3 + Ck_,
Do dé, Ck —cF=2 =2ck—1 + COF_,
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Hoan vi, Chinh hap, T6 hop

M6t sb déng thiic t6 hap

Céc phuong phap dém
Hoang Anh Buc

Pinh ly 4
Gidstrn>k>1.Tac6Ck=Ck_, +Ck ]

Ching minh.
m CF |2 s6 cach chon k phan tlr ti tp n phan t {1,2,...,n}
m Dé& chon k phan t tir {1,2,...,n}, ta cling c6 thé:
m Chon 1, va chon k — 1 phan t{ con lai tir tap {2,...,n}: c6 () s e rop
C*~1 céch chon
m Khong chon 1, va chon k phan t& i tap {2,...,n}:c6 CF_; S
cach chon e
Do dé, theo quy tac cong, cé C*_, + C*~1 tap con k phan '
t( cia tap n phan ti
m Dodo, CF =k | 4kl
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Hoan vi, Chinh hap, T6 hop

M6t sb déng thiic t6 hap

Céc phuong phap dém
Hoang Anh Buc

Bai tap 22 e
Chitng minh Binh ly 4 bang céng thiic da biét

Bai tap 23

sau

Q
>
\

— k—
Chos =205+ Crs S
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Tam giac Pascal va Dinh ly nhi thic

Tam giac Pascal

Céc phuong phap dém
Hoang Anh Buc

Bat dau vdi n = 0, hang thl n.cé n + 1 phan ti: €9, CL, ..., Cn

=1 Cl=1

Cz? — 1 Ci — 4 OZ — 6 OZ:’ = 4 Cil = 1 @ Tar:!gfé‘c:’a‘sfal

Hinh: Tam giac Pascal
Pinh ly 3va 4 cé thé dugc minh hoa béng tam giac Pascal
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Tam giac Pascal va Dinh ly nhi thic

Tam giac Pascal

Mét tinh chat khac clia tam gidc Pascal 1a Céc phuang phap dém
. . Hoang Anh Buc
Dinh ly 5

V&i moin > 0, téng cdc phan ti & hang thir n 12 ot

i O = 9"
k=0

Ching minh.

m CF |2 s6 cach chon tap con k phan ti tir mét tap » phan ti

m Do d6, Y~ C¥ 1a sb tap con clia mot tap n phén tir () rom o
k=0 Nguyén Iy b trr téng qu
m Nhu ta da dé cap trong phan quy tac nhan, s6 tap con clia
mot tap n phan t& 1a 27
Bai tap 24 O
Chitng minh Binh ly 5 bang phuong phap quy nap. (Goi y: SU
dung Binh ly 4) o



Tam giac Pascal va Dinh ly nhi thiic
Dinh Iy nhi thirc

Céc phuong phap dém
Hoang Anh Buc

Bai toan: Khai trién (z + y)"

Vidy24 SR
(z+y)°’=1
(z+y)'=1-z+1y
@ty =1-2"+2-2y+1-y° i i
(x+yP=1-2°+3 2%y +3 -2 + 14
(z+y)t=1-2"+4-2%+6-2%° +4-29° +1-9y* (=) ommimie

Nguyén Iy bl tris tng qua

Nhan xét: Cac hé sb khi khai trién (z + y)" (0 < n < 4) gibng
vGi cac hang tuong Uing trong tam giac Pascal
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Tam giac Pascal va Dinh ly nhi thiic
Dinh Iy nhi thirc

] Céc phuong phap dém

Dinh ly 6: Dinh Iy nhi thire

J Hoang Anh Buc

(x +y)" ZC’k n=kyk owtcsroam

Ching minh.

m Dé nhan dugc mot s6 hang =" ~*y* trong khai trién clia
(z+y)"=(=+y)(z+ty) ... (z+ y), ta can chon chinh xéc hop
n—ksbzvaksbytlnthitasd (z+y). (V6i mbithitasd, J i
chon chinh xac mét phan ti: hodc z hoic y)

m C6 C;~* céch chon chinh xdc n — k s6 @ s

m Ung véi m0| cach chonn — k s6 x, c6 chinh xac 1 cach s t6ng au
chon k s6 y tU k thita sb (= + y) con lai

m Do d6, hé sb cla =" *y+ la cn—F = Ck
Bai tap 25 :
Chutng minh Binh ly 5 bang cach st dung Dinh ly 6
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Tam giac Pascal va Dinh ly nhi thiic
Dinh Iy nhi thirc

Vidu 25
Khai trién (z + 2)*

(z+2)' =0 2" +CF -2® -2 + CF - 2?22+
+Ci-at 220t a0yt
= o + 82 + 2422 + 322 + 16
Vidu 26
Tinh (1.02)7 lam tron dén chir s thap phan thi 4

(140.02)"=C2-1"+C}-1°-(0.02) + CZ - 1° - (0.0004)
+C3-1%.(0.000008) + . ..
=14 1.14 4 0.0084 + 0.00028 + . ...
~ 1.14868 ~ 1.1487

Chu y: DE 1am tron dén chit s6 thap phan thit 4, ta can tinh
toan den chir so thap phan thi 5

Céc phuong phap dém
Hoang Anh Buc

Tam gidc Pasca
Binh Iy nhi thirc
Nguyén U trir tdng qua
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Tam giac Pascal va Dinh ly nhi thiic
Dinh Iy nhi thirc

Céc phuong phap dém

B‘a.l tép 26 Hoang Anh Burc
Chiing minh rang véi moi n > 0, Z okck — gn
k=0
(a) bang cach 4p dung Dinh ly nhi thitc (Dinh ly 6)
(b) (x) bang phuong phap dém hai lan (Goi y: C6 bao nhiéu
cach xay dung mot chudi n ky tu chi si dung cac ky tu
A, B, C thda man diéu kién cé chinh xac n — k ky tu A?)

Bai tap 27
Tim hé sb
(a) cla =7 trong khai trién cla (1 + z)'! -

(b) clha z? trong khai trién cla (2 — z)"?

100
2 . . 2 2 1 7 by
(c) () cla z* trong khai trién clia (x + a:) ,trong do & la

mot s6 nguyén
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Tam giac Pascal va Dinh ly nhi thic

Nguyén ly b trir t6ng quét

A Binh Iy 7: Nguyén Iy bis tri¢ téng quat | .
Vi cdc tap hitu han Ay, As, ..., A,

Uaj=3( = o
k=
(=D°Aa] + (=1)°Aa| + - + (=1)°| s
(=

k=1 1 N{IIIC{L,....n}AlT|=k}
DYHA N Ag| 4+ 4+ (=1D)YAn_1 N A,

(14

iel

£ 4

( 1)”—1|A1 NAzN---N A,

Bai tap 28

(a) Khaitrién |A; U---U A,| theo nguyén ly bu tri téng quat,
vGin € {1,2,3,4}

(b) Theo nguyen ly bu trir tbng quat, A1 U+ U Ay | dugc khai
trién thanh téng clia bao nhiéu sb hang”

Céc phuong phap dém
Hoang Anh Buc

Mot s6 déng thiic t hop

Tam giac Pascal
Binh Iy nhi thi
Nguyén ly bl trir tdng quét
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Tam giac Pascal va Dinh ly nhi thiic
Nguyén ly bu trir t8ng quét

Ching minh.

n

(T e

k=1 “N{I|IC{1,....n}A|I|=k}

N

iel

)

n
m Choa € | J Ay, va gid thiét rang a xuét hién trong chinh
k=1
xac mtap Aay, Aays -y Aa,,, VO 1 < ay,a2,...,a;m <n

B o dugc dém mot 1an & vé trai
m C6 bao nhiéu lan a dugc dém & vé phai?

®m a xuét hién trong Cy, t4p Aa,, Aa,, - .., Aa,,

m a xuat hién trong C7, tap A,, N A, Vi1 <i<j<m

® a xuét hién trong C3, tap Aa, N Aq, N A, VOi

1<i<j<k<m
...

Do do, & vé phai, a dugc dém > ~(—1)*'CF lan
k=1

Ay,
k=1

Céc phuong phap dém
Hoang Anh Buc

Binl v
Nguyén ly bl trir tdng quét
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Tam giac Pascal va Dinh ly nhi thiic
Nguyén ly bu trir t8ng quét

Chiing minh (tiép).

Hoang Anh Buc
m D& chiing minh vé trai béng vé phai, ta can chi ra a cling
dugc dém moét 1an & vé phai, nghia la

S (=ntiek =1 S
k=1 Quytho i
m Theo Dinh ly 6, ta cé
0=(-1+1)™
— ZC;?@( 1)k1mfk Mot ‘w thc t8 hoj
k=0
== 1 + Z(_l)kcﬁz @ rr\nguyén Iy'bu‘triltsngqua'l
k=1
Do do, » (~1)FCl, =—1.Suyra ) (-1)F'C =1
k=1 k=1

(Chia hai vé cho —1)
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Tam giac Pascal va Dinh ly nhi thiic

Nguyén ly bu trif tdng quét

Bai tap 29
(a) Chiing minh rang véi moin >0, > (~1)*Ck =0
k=0
(b) Chitng minh bang phuong phap quy nap rang véi moi

m >0, (-)F'Ck =1.(Goiy: Ck = Ck_, +Ch7y)
k=1

Bai tap 30
Chitng minh dang thifc Vandermonde (Vandermonde’s
Identity) sau

k
k _§ : k—i i
Cm+n_ C'm C’rw
=0

trong d6 m, n, k 1a cac s6 nguyén khéng am va k < min(m, n).
(Goi y: C6 bao nhiéu cach chon ra mot ban dai dién gom &
thanh vién tir mot I6p hoc ¢é m nam va n nir?)

Céc phuong phap dém
Hoang Anh Buc

Binl v
Nguyén ly bl trir tdng quét
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Tam giac Pascal va Dinh ly nhi thiic
Nguyén ly bu trir t8ng quét

Céc phuong phap dém
Hoang Anh Buc

Bai tap 31 s

Chitng minh rang véi moi n > 0, Z(C’,’j)2 =C3. . (Goiy: Co
k=0

bao nhiéu chubi nhj phan dé dai 2n ¢ chinh xac n s6 0?)

Bai tap 32 T
Chiing minh rang véi moi n > 3, S C? = C3. (Goi y: C6 bao ‘

nhiéu cach chon mét tap con gc*m]z:?)2 phan tf a, b, ¢ tif tap () romso oo

{1,...,n} v6ia < b < ¢? Xét cac trudng hap co thé xay ra véi a)
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Chinh hgp va t6 hop suy réng

m MOt chinh hop 1ap chdp k (k-permutation with repetition)
clia mot tap S 1a mot day sdp thi? tu k phan ti cla S trong
dé céc phan tlr cd thé Iap lai

m M6t 6 hop Idp chap k cla mét tdp S (k-combination with
repetition) cia mot tap S la mot day khéng sdp thit tu' k
phan t& cla S trong d6 cac phan tlr ¢d thé Idp lai

Vi du 27
Xéttap S = {a,b,c,d, e} vGi |S| = 5.
® (a,a,b,c,d,e), (a,b,a,c,d,e), VA (e,e, e, e, e e) déu la cac
chinh hgp I1dp chép 6 clia S
® {a,a,b,cde}, {a,ba,cde}, va{ee,e e e el déulacac
t6 hop lap chap 6 cla S
lCaCday{aabcde} {edcbaa} {aeadcb}
déu bleu dién cung mot t6 hop lap {a a,b,c,d, e} (co phan
t(f o xuat hién hai lan va cac phan t b, ¢, d, e xuét hién
mot 1an)

Céc phuong phap dém
Hoang Anh Buc

Chinh hop va t6 hop
suy rong

87



Chinh hgp va t6 hop suy réng

Céc phuong phap dém
Hoang Anh Buc

Dinh Iy 8

Sé chinh hop I3p chép k clia mdt tip n phan to 1a n* S

Chiing minh. o
Mét chinh hop lap chap k clia mét tap » phan ti c¢6 thé dugc
xay dyng nhu sau:
m C6 n lwa chon cho vi tri thi nhat
m V6i méi lya chon cho vi tri thi nhat, ¢é n lua chon cho vi
tri thit hai Yoh f
... Nouyen b g
m V6i mbi lya chon cho céc vi tri thtt nhat, thi hai, .. ., thd (58) Chinh hop v t hop
(k—1), cé n lya chon cho vi tri thi & e
m Theo quy tac nhan, ¢ n* cach xay dung mét chinh hgp
lap chap k clia mot tap n phan tlr



Chinh hgp va t6 hop suy réng

Pinh Iy 9

S6 t6 hop Idp chap k ctia mot tap n phan ti 1a

Chung minh.

m MGi t6 hop lap chap k tir tap » phan tr c6 thé biéu dién bang mot day
n — 1 thanh diing va & ngdi sao
m Tadung n — 1 thanh diing dé phan céch cac ngan
m Ngan th( 7 chita thém maét ngdi sao méi lan khi phan t& thi i cla tap
xuét hién trong t6 hop
m Vi du, mot td hop lap chap 6 clia tap 4 phan tir dudc biéu dién bdi

la mot t6 hop chita diing hai phan ti thir nhét, mot phan 1l thir hai,
khéng phan t thit ba, va ba phan t thit tu cla tap 4 phan ti
m Dé xay dung mot day n — 1 thanh ditng va k ngdi sao, trudc tién ta
chon vi tri cho k ngdi sao trong day n + k — 1 ky tu va sau do dién cac

thanh diing vao n — 1 vi tri con lai

m S6 céch chon vj tri cho k ngdisao trong day n + k — 1 ky twla C*,,_,
m S cach dién cac thanh ding vao cac vi tri con lai la 1
m Do dé, sb cac ddy thanh ding va ngdisao la C%,,_; =

il

P
“04 Hoc Ty NHIEN

o

Jo

o

Céc phuong phap dém
Hoang Anh Buc

Mot s déng thiic t6 hoj

Nguyén Iy bl tris tng qua

Chinh hop va t6 hop
suy rong



Chinh hgp va t6 hop suy réng

VI’ du 28 Céc phuong phap dém
" ” ” , . " .. " N x. Y Hoang Anh Buc
C6 bao nhiéu cach dé 6 qua bong vao mét tui, biét rang moi qua ’
bdng chi cé thé cé mau do (R), xanh 14 cay (G), hodc xanh da trgi
(B)?
m 6 qua bdng (ng vai 6 ngdi sao, va 2 thanh diing phan céch
thanh ba ngan (ng vdi cac mau dd, xanh 14 cay, xanh da trdi
m Lvachon [R, R, G, G, G, B] ing vGi day s | x| *
m Lyachon [R, B, R, R, B, R] ting v&i day = * *x* || *x
m Sb cach dé 6 qua bong vao tdi la O34, = 28
Vidu 29
Phuong trinh z; + x5 + 23 = 11 ¢6 bao nhiéu nghiém nguyén thda
ménl‘l >0, x9 ZO,V‘alg 20?
m Méi nghiém clia phuang trinh ting véi mét céch dé 11 qua (0) Crinh hop va 6 hop
bong vao 3 hép gan nhan 1, a2, 3 SN
m SO nghiém nguyén khong ém‘cﬂa phuong trinh chinh la t6
hop Iap chap 11 cla tap 3 phan ti: C3.1,_, = 78
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Chinh hgp va t6 hop suy réng

Céc phuong phap dém
Hoang Anh Buc

Dinh Iy 10 rosrg e

Cho phuong trinh zy + zo + -+ +z, =k vdin > 1vak > 0, e

s6 nghiém nguyén khéng &m cla phuong trinh nay (hay s Qoo

bd (z1, w2, ..., 1,) théa man phuong trinh, trong dé z; € N) la
1

m M6i nghiém clia phuong trinh (ing véi mét cach dé k qua
béng vao n hdp gan nhan zy, z,,...,z, SR
m S6 nghiém nguyén khong &m clia phuong trinh chinh lat6 1 00000
hop I&p chap k clia tap n phan tir: C'1 ), (1) Grin hop va 18 op
. suy rong
m Chuy: 21,2, ...,2, 12 cac sO nguyén khéng am
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Chinh hgp va t6 hop suy réng

Vidu 30
Phuong trinh 1 + 25 + 23 = 11 ¢6 bao nhiéu nghiém nguyén
théa man T > —2,x9 > 1, va T3 > 07?
m Ta x4y dung mét phuong trinh mdi cé dang téng cua cdc
s6 nguyén khéng &m nhu 6 vi du truéc
mTacoz;+2>0vaza—1>0
] Dléta:’lzacl—i—ZZOVéx'Q:xz—lZO
m S0 nghiém nguyén clia phuong trinh z; + T2+ 23 =11 thda
man z; > —2, z2 > 1, va z3 > 0 cling la s6 nghiém nguyén
khéng 4m clia phuang trinh 2} + 25 + 23 = 11+2—1 =12

m S6 nghiém thda man diéu kién 1a C5 1, ; = 91

Céc phuong phap dém
Hoang Anh Buc

Nguyén Iy bl tri téng qu

Chinh hop va t6 hop
suy rong

87



Chinh hgp va t6 hop suy réng

Vi du 31 s
Phuong trinh x1 + z2 + 23 = 11 ¢6 bao nhiéu nghiém nguyén
thdaman 0 < z; <2, 29 > 0, 73 > 0?
m Ta dém s6 nghiém thda man
mr >0,22>0,23>0
Bz >3,222>0,232>0
S6 nghiém thda man 0 < z; < 2, 5 > 0, 23 > 0 s& 1a hiéu
clia hai sb trén
m C6 Ci1,,_; = 78 nghiém nguyén théa man z; > 0, z5 > 0,
z3 > 0. C6 C§ 5_, = 45 nghiém nguyén théa man z; > 3,
x>0, 23 > 0. Do d6, két qua la
Citrir — Cg g =78 — 45 =33
Bai tap 33
Pém sb nghiém nguyén clia z; + x5 + x3 = 11 thda man
0 <z <2, 20 >0, 23 > 0 mot cach truc tiép bang cach xét
ting trudng hgp 21 =0, 1y = 1, va z; = 2 -

Chinh hop va t6 hop
suy rong



Chinh hgp va t6 hop suy réng

A Binh Iy 11 .

S6 hodn vj phan biét ctia n phan t trong do cd ny phan tir
giong nhau thudc loai 1, no phan t giong nhau thudc loai 2,
A e .z R N !

..., vany phan t giong nhau thudc loai k, la n

n1!n2! ‘e le!

J

A Binh Iy 12 .

Sé cdch chia n vat khdc nhau vao trong k hgp sao cho co n;
do vét dugc dat vao hgp thii, vdii =1,2,...,k la
n!

nilna! ... ng!

87

Céc phuong phap dém
Hoang Anh Buc

Chinh hop va t6 hop
suy rong



Chinh hgp va t6 hop suy réng

Céc phuong phap dém

VI’ dU 32 Hoang Anh Buc
C6 bao nhiéu chubi ky tu phan biét thu dugc bang cach sap
xép lai thi tv cac chir cai trong chu6i SUCCESS?
m Sb chudi ky tu chinh 13 s6 hoan vi phan biét cla 7 ky tu,
trongdo cé 3 kytu S, 2kytw C, 1 kytuw U,valkytu E

7! o -
3T 420 chudi ky tu phan biét

m Do do, c6 tat ca
Vidu 33
C6 bao nhiéu cach chia 5 quan bai cho méi ngudi trong s6 4
ngudi chai tr mét bd bai 52 quan théng thudng?
m Mai céch chia bai ting véi mét cach b6‘ 52 quan bai vao 5 S
“hdp” phan biét (4 “hép” ing vGi 4 nguGi choi va 1 “hép” suy réng ‘
(fng vdi cac quan bai khéng dugc chia cho ai ca)

m Do do, co tat ca céch chia bai

52!
5151515132!
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Chinh hgp va t6 hop suy réng

,-‘ Hé so6 da thirc téng quat

3

V6i cac sb nguyén khong am n, ny, ng, ..., ny, thda man n =
ny + ng + - - - + nyg, ta dinh nghia
n!
Crn Tk —

’I’Ll!’l’lg! .. .nk!

A Binh Iy 13: Dinh Iy da thiic | .

Voimoin>0vak>1

(@14 to)t= Y Cppmeemegin | gn

0<ny,...,nk<n
ny+-Fng=n

\. J

m Dinh Iy nhi thitc 1a truong hgp déc biét clia dinh ly da thic
voi k=2

87

Céc phuong phap dém
Hoang Anh Buc

Chinh hop va t6 hop
suy rong



Ham sinh

Céc phuong phap dém

Ham sinh

Hoang Anh Buc

Ham sinh ((ordinary) generating function) G(z) cGa mét day

v6 han {a,} (n > 0) dugc dinh nghia bdi G(z) = Zanx". A
n=0 ‘

NGi cach khac, a,, 1a hé sb cla =™ trong G(x) auiccns

m D& thuan tién, ta viét day {a,} = (ap,a1,a2,a3,...)
m Luu y rang bién z trong ham sinh khéng biéu dién bat ky

dai lgng nao ma chi dong vai trd nhu mét ky hiéu dé
thuan tién cho viéc dé cap dén “hé so cla 2™”
Vidu 34
00 Ngu N U trif tong qu
(a) Ham sinh cliaday (1,1,1,1,..) laG(x) = 2"
n=0 @ Ham sinh

(b) Ham sinh clia day (1, ~1,1,~1,...) [a G(z) = Y (~1)"z"

n=0
87



Ham sinh

. a Céc phuong phap dém
Ham sinh ; ,
Hoang Anh Burc

Ham sinh ((ordinary) generating function) G(x) cla mét Idp

(tdp hop) cdc dobi tuvgng Ala G(z Z anx", trong do a, |

n=0 m”‘ § bl tri
s6 phan i c6 “kich thudc” n trong I6p (tap hop) A
Vidu 35
(a) Ham sinh cla I6p cac chudi nhj phan {0,1}* 1a
G(m) — Z 2711,71 Mot sb déng thiic t8 hop
n=0
m C6 2" chubi nhi phan c6 do dai n -
(b) Ham sinh cla I6p gié tri cdc mat clia mot xuic xac thong A
thuong la G (x Z " (s8) Ham sinh

m C6 1 mat gia tr! 1, 1 mat gid tri 2, 1 mat gid tri 3, 1 mat gia tri
4,1 mat gia tri 5, va 1 mat gia tri 6

87



Ham sinh

Céc phuong phap dém
Hoang Anh Buc

Pém bang cach s dung ham sinh E——
Cac bai toan lién quan dén viéc dém sb cdch chon cdc phan tir | /00"
trong mét tap hop c6 thé dugc giai bang cach sl dung ham
sinh théng qua cac ly luan dé dong nhat so cach chon n phan
t voi hé so6 cua x™ trong ham sinh
m Ham sinh cho phép lam viéc vdi cac ham thay vi dém mot
cach truc tiep
m Khi lam viéc v6i cac ham, c6 thé tng dung céc thao tac -
bién doi dai sO (algebraic manipulation) Howen e
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Ham sinh

Céc phuong phap dém
Hoang Anh Buc

,-[ Tong hai ham sinh ]

Gia st A va B 1a cac 16p dbi tuong khong giao nhau, va C =
AwB la hop cla ching (ky hiéu Wk biéu thi hop cla hai tép hop

khong giao nhau). Néu A(z Z anz" va B(z Z bpz"

lan luot 14 cac ham sinh clia A va B, thi ham sinh cua Cla

oo

C(z) = A(x) + B(x) = ) _(an + by)z"

n=0

3

. J inl

m C6 a, dbi tuong trong I6p A cé kich thudc n va b, dbi

tuigng trong I6p B ¢6 kich thudc n, do d6 tng s6 dbi tUONG () s

trong 16p C cé kich thuée n la a,, + b,

87



Ham sinh

Céc phuong phap dém
Hoang Anh Buc

Vidu 36

m A= {{1},{2},{1, 3} {1.3,5}}, B={{4},{5}.{6},{4,5}}
(ChuylaAnB=

m Kich thudc cla céac phan t0 (tap hop) trong A va B 1a s6
thanh vién trong phan t (tap hop) doé

m Ham sinh clia A 1a A(z) = 2! + 12 4 12% (c6 2 phén tir
cd kich thudc 1, 1 phan t ¢ kich thudc 2, va 1 phan ti cé
kich thudc 3)

m Ham sinh clia B 1a B(x) = 32" + 122 (c6 3 phan t ¢ kich
thudc 1, va 1 phan t co kich thudc 2)

m HamsinhclaC = Aw B la
C(r) = A(x) + B(x) = 5at + 222 + 123 Ham sinh

87



Ham sinh

Céc phuong phap dém

Hoang Anh Buc

A Tich hai ham sinh | :
Gia st A va B la cac Iéfp dbi tugng vaC = A x B la tich

Décac cla ching. Néu A(x Z a,z™ va B(z Z bpa" o

lan luwot 1a cac ham smh cla A va B, thi ham sinh cua Cla
C(z) = A(z) - B(z) = Z cpx™ trong do ¢, = Z apbn_k

n=0 k=0 Mot c‘w thiic t8 hoj

m VGi 0 < k < n bat ky, c6 a, dbi tuigng trong I6p A c6 kich g Paca
thudc k va b, doi tugng trong I6p B ¢ kich thudc n — k. Ny b i g
Do d6 tong s doi tugng trong I6p C ¢ kich thude n la

Cp = Z akbn—k- (K|,Ch thudc C':la mét Cép (CL, b) la téng Ham sinh

k=0
kich thudc cla a va b)

87



Ham sinh

Céc phuong phap dém
Hoang Anh Buc

Vidu 37

m A=B={1,2,...,6}: tap hop gia tri cadc mat clia mét xiic
xac théng thuong

m Ham sinh cla cd A va Bdéu la
G(r) = 1! + 122 + 123 + 12* + 12° + 125 (c6 1 mét gia tri
1, 1matgiatri 2, ..., 1 mat gia tri 6)

mC=AxBlatap hdp cac cap (z,y) trong do = € A va
y € B. Kich thuéc clia méi cap (z,y) laz +y

® Ham sinh cla C la
G(z)? = (1ot + 122 + 123 + 12t + 12° + 125)?

Ham sinh

87



Ham sinh

V|, du 38 Céc phuong phap dém
C6 bao nhiéu cach chon k phan ti tir mét tap hop gdbm n phan t(i? Hoang Anh Do
m Ta mudn xay dung mét ham sinh G(x) sao cho hé sé clia «* trong
G(z) la s cdch chon k phan ti ttr mét tip hop gém n phén ti
S = {pla s -,pn}
m Goi A; (1 <i < n)latlp hop céc tap con cla {p;}. Ham sinh cla A;
aGi(z)=1+=
m C6 1 tap con clia {p;} c6 kich thudc 0 (tap réng) < Hé sb clia z° 1a 1
m C6 1 tap con clia {p;} c6 kich thudc 1 ({p;}) < Hé sb cla «' 1a 1
m C6 0tap con cla {p;} c6 kich thudc k > 2 < Hé sb clia z* véi k > 2120
B XétC=A x - X A,.
m C latap hop cac bd n phantl (Si,...,S,) trong dé S; C {p;} véi

1 < i < n. Kich thudc clia méi bo n phan tir la >~ |Si|
i=1
m Hamsinh cliaC la G(z) = Gi(2) - ... - Ga(z) = (L +z)"
m Ton tai mdt song anh £ : C — P(S) cho bdi f(S1,...,S8.) = S1U---US,
m Do d6, sb cach chon & phan tl tif mét tap hop gdm n phan tif (=86 (7+)Hamsimn

tap con k phan t& cla S = sb phan t thudc C c6 kich thudc k) 1a hé
s6 clia «* trong khai trién cla G(z) = (1 + )", va bang C* (Dinh ly
nhj thuc)
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Ham sinh

Céc phuong phap dém
, Hoang Anh Buc
Vidu 39
Phuong trinh 21 + x5 + 23 = 11 ¢ bao nhiéu nghiém nguyén S
théa man z; > 0, x5 > 0, va 25 > 0?
m Ta mubn xay dyng mot ham sinh G/(x) cho phuadng trinh .
sao cho hé so cla x'! trong G(x) la s6 nghiém théa man
phuong trinh
m Goi A; (1 <1 < 3)latap hop cac gid tri c6 thé cla z;. Ham | =~
sinhcla A; 1A Gi(x) =14z + -+ 2!t Mt s ding i 1
| ] XétCZ.Al XAQ ><.A3
m Clatép hgp cac b ba (1, x2, x3) trong dé z; € A; VOi i
1 < 4 < 3. Kich thudc clia moi bd ba 18 =1 + z2 + x3 Nguyen 1 bi i 6ng a
m Ham sinh cla C la
G(x) = Gi(z) - Ga(z) - Gs(x) = (L +x+ -+ z'h?
m MAi nghiém cla phuong trinh (ng véi mét bd cé kich thude
11 trong C

Ham sinh

87



Ham sinh

Vi du 39 (tiép)

Phuong trinh 21 + x5 + 23 = 11 ¢6 bao nhiéu nghiém nguyén
thda man z; > 0, zo > 0, va x5 > 0?

m Sb6 nghiém cla phuong trinh la hé s6 clia z!! trong khai
triencla G(z) = (1 + o +--- + 211)3
m Tacd

Gla)=0+z+- - +a')?

1—212\3
-(=5)

=(1-2)B301-2)3

D€ tim hé sb clia z!! trong khai trién clia G(z) & Vi du 39, ta
can mot so dinh nghia va dinh ly

Céc phuong phap dém
Hoang Anh Buc
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Ham sinh

Hé s6 nhi thirc m& réng } o prvong phé‘f oem
N N : Hoang Anh Burc

Vi n € R batky va k > 0, hé s nhj thiic téng quat (generalized binomial

coefficient) C* dugc dinh nghia nhu sau

Quy tie

p_nn-1..(n—k+1) e
C" = k! Nguyen Iy b tri
- Quy téc chia

= Vidu o5, — EDEEDEDE6) -
2 51

;-' Ménh dé 14 < Gidi thigu

Mt sb déing thic t6 hop
Néu n 1a mét s6 nguyén duong thi

Tam giac Pascal
Cﬁn = (_1)kcﬁ+k71 Binh Iy nhi thic

Nguyén Iy bi trir téng quét

A Binh Iy 15: Binh Iy nhi thifc téng quat |

Vi mOIn €R, Ham sinh

(14 z)" ZC’“ e
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Ham sinh

V|, du 40 Céc phuong phap dém
~ : A A 2 . R 2 Hoang Anh Burc
Tim hé so clia ! trong khai trién cla (1 — x) 3
m Hé sb clia =" trong khai trién clia (1 — z)~3 Ia

(r+2)(r+1)

(1€, = (-1 ) = T2

m Suy ra, hé sb clia z!! trong khai trién cla (1 — )3 la
(11+2)(11+1)/2 =78
Vi du 41 (Tiép tuc Vi du 39)
Tim hé sb6 clia z!! trong khai trién clia
G(r)=(1—-22)3(1 -2)73
mTacod (1 —2'%)% =1- 322 4 3224 — 236
m Cach duy nhét dé thu dugc ='! 12 14y z° trong khai trién (%) am s
cla (1 — z'2)? nhan véi z!! trong khai trién cla (1 — z)~3
m Do do, hé s6 clia x!* trong khai trién clia G(z) 1a hé s6 cla
21 trong khai trién cta (1 — 2)~3, va bang 78 (Vi du 40) .



Ham sinh

Vidu 42
Phuong trinh z; + x5 + x3 = 6 c6 bao nhiéu nghiém nguyén thda méan
1<z S2V31S12,$3S4?

m Ham sinh
G(z)= (7' + 2% + 2t + o) (2! + 2% 4 23 + 2*)?

® S6 nghiém nguyén clia phuong trinh théa man diéu kién dé ra la
hé so cla x° trong khai trién cla G(z)

m Taco
Gx)= (7' + 2" + 2t + o) (! + 22 + 2 + 2*)?

1

= ?(xl + 2% + 2% +2t)3
x3 P

:—2(1+1’+x2+x5)5
T

=z(l+x+2%+2°%)3

Bai tap 34

Hoan thanh Vi du 42 bang cach tim hé sbé cla z® trong khai trién cla
(14 z + 2% + 23)3

Céc phuong phap dém
Hoang Anh Buc
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Ham sinh

Céc phuong phap dém

VII dU 43 Hoang Anh Biic
C6 bao nhiéu cach dé bd n qua vao mét tdi thda man céc rang
budc sau? ‘
m Céac qua nay chi thudc bén loai: tao, chudi, cam, 1é g e
m S6 luong téo phai la s6 chan upteona
m S6 luogng chudi phai 2 boi sé clia 5
m C6 nhiéu nhat bén qua cam
m C6 nhiéu nhat mot qua 1& it s g o 8 o

m Vidu, cé 7 cach thuc hién vdi 6 qua:

Tao 6 4 4 2 2 0 0 o
Chuéi |0 0 0 0 0 5 5

Cam [0 2 1 4 3 1 0

Lé 00 1 0 1 0 1 (o) amsion

m C6 quéd nhiéu diéu kién. Cé vé nhu rat khé néu dém theo
cach thong thudng
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Ham sinh

Vi du 43 (tiép)
) Hoang Anh Buc

m Ham sinh cho viéc lya chon céc loai qua

1
m Tdo: 14224244+ = o
ao: Gr(x) +a°+ax + 1_3621 s
m Chubi: Ge(z) =1+2° +a0+... = —~ oyt
Chuot: Ge @) reden 1—ab 5 Quy t
m Cam: Gu(a) = 1+ a 42" 42° +a' = L2
A 1—2?
m Lé: =1 —
e GL(JL') +x - o

m Ham sinh cho téng s6 qua
G(z) = Gr(z) Ge(z) - Gu(z) - Gr(z)
1 1 1-a% 1—22 1

T 122 1-2° 1-2z 1-z (1 —x)?
Bé.i tép 35 Héms\nh
Hoan thanh Vi du 43 bang cach tim hé sb clia =" trong khai
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Ham sinh

B‘al tép 36 Céc phuong phap dém
Tim hé sb

(a) cla z* trong khai trié:n cla (1—xz)2
(b) cla z™ trong khai trién cla (1 + z)~*
1+

(1 —2x)5
(Gdl y: (1 +2)/((1- 2x) )) (1- 2:z) +x(1 —22)75. Tim hé
s6 clia 2™ trong khai trién clia tiing s6 hang va cong cac két qua
tim dugc)
Bai tap 37
S& dung ham sinh dé dém sb nghiém nguyén clia z1 + x5 + x5 = 11
thbaman 0 <z, <2, 25 >0,vazg >0
Bai tap 38
Xéc dinh s6 cach dé co dugc tdng 12 khi tung 3 vién xtic xac binh
thudng bang cach st dung ham sinh o
Bai tap 39 ()
St dung ham sinh dé dém sb nghiém nguyén clia z1 + 2o + x5 = 11
théa man T > —2,19 > 1, va x3 >0

Hoang Anh Buc

(c) cha z™ trong khai trién cla
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Mot sb vi du khac

P

VI' du 44 Céc phuong phap dém
C6 bao nhiéu cach phan phéi 4 nhan vién khac nhau A, B, C, D vao 3 Floang Ann Bie
vin phong hoan toan giéng hét nhau? (Chu y la xép A, B vao phong
tht nhat va C, D vao phong thit hai hoan toan gidng véi viéc xép A, B
vao phong thi hai va C, D vao phong tht ba Dleu quan trong la A, B
cung phong va C, D cung phong.) Gid sif ring méi van phong cé the
chia duagc bat ky mét so lugng nhan vién nao
m Ca 4 nguoi chung mét van phong: ¢é Cf = 1 cach
m Xép 4 ngudi vao bat ky phong nao déu dudc
m ba + mét: cé C3 = 4 cach
m Chon 3 ngudi x&p vao mét phong, ngudi con lai ty dong x&p vao
mot trong hai phong con lai, phong nao déu dugc
m hai + hai: ¢6 C%?/2 = 3 cach
= Chon 2 ngudi d& xép vao mot phong, hai ngudi con lai tif dong vao
mét trong hai phong con lai. Moi cach chon nay c6 mét cach tuong
duong v6i n, vi du nhu chon A, B xep vao mét phong tuong duong
véi chon C, D xép vao mét phong, vi déu cho két qua 1a
{{4, B}, {C, D}}
m hai + mot + mét: ¢é C? céch (36) Mt sb vi du knice
m Chon 2 ngudi dé xép vao mét phong, hai ngudi con lai tu dong xép

vao hai phong con lai
87



Mét sb vi du khac

Céc phuong phap dém

VI' du 45 Hoang Anh Buc
C6 bao nhiéu cach dé dat 6 quyén sach hoan toan giébng nhau
vao 4 hdp hoan toan gibng nhau, trong d6 méi hop cé thé chira
nhiéu nhat 6 quyén sach?

m Ta liét ké cac cach sdp xép bang cach liét ké s6 sach 16n
nhat trong mot hop, theo sau béi cac sb sach nhd hon
trong cac hdp cé chira it nhat mot quyén sach khac, theo
thi tu gidm dan cla sb sach. Vidu, 4,1,1 md ta cach xép
séch vao 3 hop, mét hop cé 4 quyén, hai hop khac méi hop
c6 1 quyén

m Céc céch sap xép la:

m 6

)

)
)

N W &~ Ut
N W N =

1,1
2.1 3,1.1.1 (8¢) Mot sb vi du knc
2,2
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Mot sb vi du khac

NN Céc phuong phap dém
Bai tap 40 (*) Hoéing Anh Diic
Alice va Bob choi trd chai sau: Bob chon 10 sb nguyén bat ky
trong khodng tir 1 dén 40. Alice can tim hai tap s6 nguyén khéc
nhau trong cac s ma Bob chon, mdi tap ¢6 3 phan t(, sao cho
téng cac s0 nguyén trong hai tap la bang nhau. Hay chiing
minh rang Alice ludn ludn thang. (Goi y: Ap dung nguyén ly
chuéng bd cau)

Bai tap 41

C6 bao nhiéu cach di tir géc
dudi cung bén trai dén géc trén
cung bén phai ctia mot luéi
kich thudc n x n? Gia sl rang
trong méi budc tir mot dinh
sang dinh khac cta Iudi, ban
chi c6 thé di sang phai mot
budc hoac di l1én trén mot budc

Hinh: Mot IuGi 4 x 4 va vi du mot  (&)merss vicuknae
s0 dudng di
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Mot sb vi du khac

Céc phuong phap dém

Bé.i tép 42 Hoang Anh Buc
C6 bao nhiéu chudi nhi phan d6 dai » khong c6 hai s6 1 lién
tiep? (Gl y: Goi a,, 1a s0 chuoi nhi phan dé dai n khong co hai
s0 1 lién tiép. Tim va giai hé thitc truy hoi cho a,,)

Bai tap 43

Bét phuong trinh z; 4 x5 + 23 < 11 ¢ bao nhiéu nghiém
nguyén théa, man z; > 0, zp > 0, va z3 > 0? (Goi y: Dua vao
thém mot bien tam thoi 2, thda man x; + x5 + 23 + x4 = 11.)
Bai tap 44

Phuong trinh z; + T2+ T3+ T4+ 25 =21 c6 bao nhiéu nghlem
nguyén thda man diéu kién z; > 0 véi moi i € {1,2,3,4,5} va
(@) 1 >17?

(b) z; >2véimoiie{1,2,3,4,5}7

(c) 0 <z <107

(d) (*)0§£E1S3,1§1‘2<4,Vél‘3215?

(85) Mot sb vi du knc

87



Mot sb vi du khac

Bai tap 45 ()

Co bao nhiéu s6 nguyén duong nhd hon 1000 000 ¢6 téng cac
chir s6 bang 197

Bai tap 46

Chitng minh rang néu n va k la cac s6 nguyén véi 1 < k < n thi

ECF = nChl (1)

(a) bang cach st dung cac cong thiic t& hogp va bién déi dai s6
(b) bang phuong phap dém hai lan
Bai tap 47
Chuiing minh rang néu n 1a mét sé nguyén duong thi

C3, = 202 4 @
(a) bang cach sl dung cac cong thiic t& hop va bién déi dai s6
(b) bang phuong phap dém hai lan

Céc phuong phap dém
Hoang Anh Buc

(87) Mot sb vi du knc
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Phu luc



NGi dung

Céc phuong phap dém
Hoang Anh Burc

Mét s6 16i thuong gap



Mét sb 16i thudng gap

Céc phuong phap dém
Hoang Anh Buc

Mét s6 16i thudng gap
Tham khdo tu tai lieu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf)

(a) Vé sa do khong chinh xac khi giai quyéet cac bai toan
dem

m So dd rét hitu ich trong toan bo todn hoc, va viéc vé so do
hau nhu ludn 1a cach t6t dé bat dau gidi quyét mot bai toan;
do dé viéc khdng vé sa db ciing c6 thé duagc coi 13 mot 16i
phé bién.

m Viduy, ban nén vé mot hang gém sau 6 tréng (khong phai
nam) 1am khudn mau dé xay dung cac tr cé do dai 6 ma
cdac ky hiéu dugc chon tir mét tap hop gdm nim phan t&. So
dd cay déi khi ciing rat hitu ich


https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf

Mét sb 16i thudng gap (tiép)

Céc phuong phap dém
Hoang Anh Buc
(b) Khong xac dinh liéu thtr tw co quan trong hay khong
trong viéc giai quyet bai toan dem
m Vi du, néu ching ta dugc hdi s6 cach dé viét 7 dudi dang
t6ng céc sb nguyén duang, thi chiing ta can biét lidu
3+2+2va2+ 3+ 2cédduge coi la cung mét cach hay la
cac cach khac nhau
m Hay doc ky dé bai dé hiéu rd nhitng gi dang dugc dém. Giai
quyét moi diém khong rd rang bang cach néu rd céc gia
dinh dudng nhu thiéu tir dé bai
(c) Khong xac dinh liéu co cho phép lap lai hay khong
trong viéc giai quyet bai toan dem
m Vi du, néu ching ta dugc hdi sb cach dé chon ndm chiéc
banh donut tr mét clra hang ban tdm loai banh donut khac
nhau, ching ta can biét liéu cé dugc phép chon nhiéu hon
mét banh donut cling loai hay khong

Mét s6 16i thudng gap



Mét sb 16i thudng gap (tiép)

Céc phuong phap dém
Hoang Anh Buc

Mét s6 16i thudng gap

®m Hay doc ky dé bai dé hiéu r6 nhitng gi dang dugc dém. Gidi
quyét moi diém khdng r6 rang bang cach néu r6 cac gia
dinh duong nhu thieu ti dé bai
(d) Dém mai phan tl trong tap hop dang xét nhiéu hon
mét lan, khéng nhan ra rang can phai diéu chinh cho
viéc dém hai lan
® Vidy, néu chiing ta dém s cai bat tay theo tiing ngudi, thi
chuing ta can nhan ra rang moi cai bat tay da dugc dem hai
lan, moi lan cho mét ngudi tham gia
(e) Dém moi phan tl trong tap hdp dang xét nhiéu hdn

mot lan, khong nhan ra rang can st dung nguyén tac
bu-tri? (inclusion-exclusion principle)



Mét sb 16i thudng gap (tiép)

Céc phuong phap dém

® Vidu, ndu ching ta dugc biét cé 26 sinh vién chuyén nganh Hoana Anh e

khoa hoc may tinh va 34 sinh vién chuyén nganh toan hoc Mat sb 151 thiubing g3p
tai mot truding dai hoc, thi cé thé khdng c6 26 + 34 = 60
ngudi hoc chuyén nganh khoa hoc may tinh hodc todn hoc,
vi hai con s6 nay cé thé bao gdm ca nhitng ngudi hoc ddng
thai c& hai nganh
m Dé tinh chinh xéc téng sé ngudi hoc cac chuyén nganh nay,
ching ta can trir di sb luong ngudi hoc ¢ hai nganh tUr téng
nay
(f) S dung nguyén ly chuong bo cau hoac nguyén ly
chuodng bo cau téng quat khong chinh xac
m Nén xac dinh r6 dau la “chim bd cau” va dau 1a “chudng”
m Vidu, d& tim s6 quan bai t6i thiu phai chon dé dam bao cé
it nhat sau quan bai cling chét, cac “chudng” 1a cac chét bai
va céc quan bai 1a cac “chim bd cau” (cau tra 16i [a 21).
(9) Loi khi ap dung nguyén ly bu-tri



Mét sb 16i thudng gap (tiép)

Céc phuong phap dém
Hoang Anh Buc

Mét s6 16i thudng gap

m Viéc tin rdng |[A U B| = |A] + |B| lubn dung lién quan dén
suy nghi mong muon rang moi phép toan déu phan phéi
(ho&c c6 hanh vi don gidn, dé chiu nao dé) dbi véi moi phép
toan khac. Dang thifc nay chi ding khi A va B roi nhau

m Nham Ian dau cla cac sb hang khi 4p dung nguyén ly
bu-trlr. Luu y rang céc dau thay di xen ké khi ching ta xét
hop clia cang nhiéu tap hop

m Khong dua day di céc s6 hang khi ap dung nguyen ly
bu-trir. Néu cé n tap hop dudc xét, thi ¢ gan 2" s6 hang
khac nhau trong phuang trinh
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