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Quy nap toan hoc

Gigi thiéu

Quy nap va bé quy

m Quy nap toan hoc (mathematical induction) 1a mot ky thuat Hoing Anh Bic
ching minh cuc ky quan trong
m Quy nap toan hoc dugc sl dung dé chi’ng minh cdc két s

qua vé nhitng dbi tuong roi rac khdc nhau

m Ta sé gi6i thiéu mot s6 dang quy nap toan hoc
m Quy nap todn hoc yéu (Weak Mathematical Induction), hay Binh nghia va mot sb kil
con goi 1a Nguyén ly Thi nhat ctia Quy nap todn hoc (The
First Principle of Mathematical Induction)
®m Quy nap todn hoc manh (Strong Mathematical Induction)
hay con goi la Nguyén ly Thit hai ctia Quy nap todn hoc
(The Second Principle of Mathematical Induction)

m Tinh ding dén clia phuong phap quy nap bat ngudn tur

Tién dé 1: Tinh chat sap thu tu tot

Moi tap con khac répg cla tap cdc sb nguyén duong cé
mét phan t nhé nhat
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Quy nap toan hoc
Quy nap yéu

,-‘ Nguyén ly quy nap yéu
Dé chitng minh ¥n € Z P(n), ching ta thuc hién hai budc
m Budc co sé (basis step): Chi ra ménh dé P(1) dung
m Budc quy nap (inductive step): th’ng minh ménh dé
P(k) — P(k + 1) dung v6i moi s0 nguyén duong k
m Gié thiét P(k) dung, chiing minh P(k + 1) ding
m Gia thiét P(k) ding dugdc goi la gia thiét quy nap

(inductive hypothesis hoac induction hypothesis)

Theo ngén nglr 16gic,

(P(1)AVk €ZT (P(k) = P(k+1)) = VneZ" P(n)
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Quy nap toan hoc

Gigi thiéu

Quy nap va bé quy
N Hoang Anh Buc
m Chiing minh Vn € Z* P(n) bang phuang phap quy nap
(1) Budc co sé: Chirng minh P(1) ding ,
(2) Budc quy nap: Ching minh P(k) — P(k + 1) ding véi moi Quyna yeu
k € Z*. Theo dinh nghia clia toan t(f 16gic “—", ta can
chiing minh rang P(k + 1) khéng thé sai khi P(k) dling.
Diéu nay c6 thé dugc thuc hién bang cach gid thiét 1a P(k)
diing va chifng minh rdng vdi gi thiét dé P(k + 1) ciing
ding
m Chu y réng & day ta khong gia thiét P(k) ding v&i moi k € 7.+
m Sau khi hoan thanh budc co sé va budc quy nap:
m Tl budc co 8, ta biét rang P(1) ding
m Tu budce quy nap va P(1) ding, ta biét rang P(2) dung
m TU budc quy nap va P(2) ding, ta biét rang P(3) ding
[
[

Tir budc quy nap va P(n — 1) ding, ta biét rang P(n) ding
(v&i bat ky s6 nguyén duong n)

73



Quy nap toan hoc

Tai sao Quy nap toan hoc dung’?

Quy nap va bé quy
Hoang Anh Buc

Chiing minh (Quy nap yéu la ding).

m Gia st P(1) ding va v6i moi k € Z*, P(k) — P(k+1)
ding. Ta chitng minh ¥n € Z* P(n) bang phan chiing

m Gid sif ton tai n € Z* sao cho P(n) sai. Do do, tap
S={n|neztvaP(n)sai} CZ" latap khac rong.

m Theo Tién dé 1, S ¢6 mét phan t&t nhd nhat m. Do P(1)
ding, m# 1vadodém > 1,suyram—1€2Z"

mDom—1<m,m—1¢S,vadodd P(m—1)ding

m Do P(k — 1) — P(k) dung vGi moi k € Z*, ta cé
P(m —1) — P(m) dung.

m Két hop véi P(m — 1) ding, ta cé P(m) ding. Diéu nay
mau thuan véi dinh ngha clia m. Do d6 P(n) ding véi moi
s0 nguyén duong n

Quy nap yéu

O
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Quy nap toan hoc

Chon budc co sé

Khi st dung quy nap toan hoc, khong nhat thiét can bat dau véi
P(1) & budc co sG

,.‘ Nguyén ly quy nap yéu (t6ng quat)
Dé chiing minh ¥n > b P(n) véin € Z vab la sb nguyén cho
trude, chung ta thuc hién hai budc
m Budc co sé (basis step): Chi ra ménh dé P(b) diing
m Budc quy nap (inductive step): Chiing minh ménh dé
P(k) — P(k + 1) ddng vé6i moi sO nguyén k > b

Theo ngén nglr 16gic,
(P(b) AVk € ZZ° (P(k) — P(k+1))) = Vn € Z=" P(n),
trong d6 Z2° = {m | m € Zvam > b} (chiylaz=! =7Z7%)
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Quy nap toan hoc
MAu trinh bay chiing minh quy nap

(1) Mb ta diéu can chitng minh dudi dang “v6i moi n > b,
P(n)” vé6i b 1a s6 nguyén cb dinh nao dé
m “P(n) véi moi s<f) nguyén duong n” = chonb =1
m “P(n) vGi moi s0 nguyén khong am n” = chon b = 0
[ ] Vg’ji mot sO ph,ét biéu, can xac dinh 9ié tri phu hop cua b
bang céch kiém tra gia tri chan ly cla P(n) véi mot so gia tri
nhé clia n
(2) Viét cum ti “Budc ca s8.” Sau dé chi ra P(b) la ding. Hay
cén than chon duing gid tri ctia b
(3) Viét cum tir “Budc quy nap.” va phat biéu mot cach rd rang
gia thiét quy nap duéi dang “Gia sl rang P (k) ding véi
mét sb nguyén cb dinh & > b nao do”
(4) Phat biéu diéu can chitng minh véi gia thiét P(k) ding,
nghia la, phat biéu cu thé P(k + 1)
(5) Chiing minh P(k + 1) ding st dung gia thiét P(k) ding
(6) Xac dinh rd rang phan két clia budc quy nap, vi du nhu
bang céch viét “Budc quy nap dén day |a hoan tat.”
(7) Sau khi hoan thanh budc cd s@ va budc quy nap, phat
biéu két luan “Bang phuong phap quy nap, ta da ching
minh P(n) ding v&i moi s6 nguyén n thda man n > b.”
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Quy nap toan hoc
Chuy

Quy nap va Bé quy
m Quy nap toan hoc cé thé duoc st dung dé chiing minh Hoang Anh Bic
mét gid thuyét khi gi& thuyét nay da dugc thanh l1ap (va
dung). Tuy nhién, quy nap toan hoc khéng cung cap y oy
tudng gidi thich tai sao cdc dinh ly lai ding
m Viéc kiém tra phdt biéu can chiing minh véi mét sé gid tri
nhé cta n trude khi di vao chiing minh c6 thé rat hitu ich.
Thong thuding, cac vi du nhd cé thé gilp ta nhan ra cac
khia canh dé& nham |an clia phat biéu hodc nhan ra tai sao
phat biéu lai ding trong trudng hop téng quat
m Thong thudng, budc chitng minh P(k + 1) véi gia thiét
P(k) la budc khé nhét trong toan bd chitng minh quy nap.
Hay chac chan rang chiing minh cda ban ding vdi moi
k > b, nhat 1a v6i cac gia tri nhd cla k, tham chila cd k = b
m Néu ban khéng sit dung gid thiét P(k) trong chiing minh
P(k + 1), thi ¢6 thé cé diéu gi dé sai, ho&c it nhét chiing
minh cla ban khoéng thuc su 1a chirng minh quy nap
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Quy nap toan hoc
Vidu

V|, du 1 Quy nap va Dé quy
Ta chitng minh vi tir P(n) sau ddng véi moi n € Z+ oo A ore
ii ~n(n+1) ;
. - 2 uy nap yeu
=1
m Budc co sd. P(1) ding, do vé trdi bang 1 va vé phai
bang 1 — 1

m Budc quy nap. Gia st P(k) dung v6i mét sb nguyén cb
dinh k& > 1 n&o d6, nghia la >-F | i = k(k + 1)/2. Ta chiing
minh P(k + 1) dung, nghia la chirfng minh
z’“*f i=(k+ 1)(k: +2)/2.Tacé

+ (k+1) tach téng

) + (k+1) gia thiét quy nap
= (k+ D)k +2)/2

”Mt
MF

»H

k(
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Quy nap toan hoc
Vidu

Vll dU 2 Quy nap va bé quy
Hoang Anh Burc
Ta chiing minh vij t P(n) sau dung véi moin € N ?

1 5
ZT = T véi sb thuc r # 1 bt ky cho trudc (15) o

n By’dc co sd. P(0) ding, do vé trai bang 1 va vé phai
bang (r* —1)/(r—1)=1
m Budc quy nap. Gia s P(k) ding v6i mét sb nguyén cb
dinh k& > 0 ndo d6, nghia la S-F i = (rF+1 —1)/(r — 1).
Ta chiing minh P(k + 1) dung, nghia la chiing minh
Vit = @21/ 1)
k

Zr = it tach téng
1=0
rrtl 1 ” p
=—— phtl gia thiét quy nap
= (" -1)/(r-1)
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Quy nap toan hoc

Vidu
Vll dU 3 Quy nap va bé quy
7 < , Hoang Anh Buc
Ta ching minh vGi moi s6 nguyén n > 0, vi tU P(n) sau ding ?
n A < 5
; 1 néunchan Quy nap yéu
Y= L
e 0 néunle

m Budc co sd: P(0) ding, do vé tréi
S0 (=1)F = (~=1)° = 1 va vé phai bang 1 (vi 0 1a s chén)
m Budc quy nap: Gia st P(k) ding véi mot sb nguyén cb
dinh & > 0 nao dd, nghia la

k I3 <
i 1 néukchan
> (1) ={

= 0 neukle.
Ta chirng minh P(k + 1) ddng, nghia la chiting minh

k+1 A S
i 1 néuk +1chan
> (-1 = {

rr 0 néuk+11é -



Quy nap toan hoc
Vidu

Quy nap va bé quy

That vay, ta c6 Hoang Anh Bitc
k+1 k . 3i6i thigu )
S0 =3 (1) 4 (- tach tdng @ =
=0 =0 H‘v 56 chiing minh o
14 (=1)**1 néu k chén Y -
= ; ) ia thiet quy na S
{0+ (=11 neuklé 9 quy nap P —
—1)**1 néuk+118 . ,
= L+(=1) ?u + ec kchans k+1le
0+ (=1)**1 néuk+1chan
14 (-1) néuk+11é
Clo+1 néu k + 1 chan
_Jo néuk—+11é
11 néuk+1chan
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Quy nap toan hoc
Bai tap

Bai tap 1 O:yfap:éhﬁzfquy
. LR 1)(2 1 oang Anh B

Cho P(n) la phat biéu 12 + 22 + ... + n? = %

(a) D& chitng minh P(n) diing véi moin € Z+ uy nap ybu

(1) O budc ca s6, ta can ching minh diéu gi?
(2) O budc quy nap, gia thiét quy nap la gi? Ta can chiing minh
diéu gi?
(b) Hay chiing minh P(n) ding véi moin € Z* béng phuaong
phép quy nap theo cac budc ban da tra 16i & phan (a)
Bai tap 2
Chitng minh cac ménh dé sau bang phuong phap quy nap
n(n+1)\?
2
(b) 12+32+52+---+(2n+1)
moin € N

(c)3+3-5+3-52+...+3.5"=

(a) 13—|—23+---—|—n3:< véi moin € Z*+

2 _ (n+1)(2n+1)(2n + 3) v

Gi
3

37t —1)
gvmmolneN
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Quy nap toan hoc

Bai tap
Quy nap va bé quy
Hoang Anh Buc
3i0i thiéu

(14) Quynapyiu
N n Mét so chirng minh qu
Bai tap 3
(a) Chitng minh rang 3™ < n! véi moi s6 nguyén n > 6 B gt va mot b

(b) Véi cac s6 nguyén khéng &m n nao thi 2n + 3 < 2"? Hay
chirng minh dap an clia ban

(c) Chiing minh ring n? + 2n chia hét cho 3 véi moi s6
nguyén duong n
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Quy nap toan hoc
Bai tap

Quy nap va bé quy

Hay st dung phuong phap quy nap dé gidi cac bai tap sau

Hoang Anh Buc
Bai tap 4
Chitng minh véi moi sb nguyén n > 0, curnap s

n
=0

Baitap 5

Chitng minh rang véi moi sb nguyén n > 4, ta ¢ 2" > n?
Baitap 6

Tim mot s6 nguyén b thda man diéu kién véi moi n > b,

2" > n®. Chiing minh rang so b ban tim dugc thuc sy théa man
diéu kién dé ra

Baitap 7

Chiing minh réng v6i moi sb nguyén n > 2, cac tap Ay, Ao, ...,
A, thdaman 4, NnAd;nN---NA, =4, UAU---UA,
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Quy nap toan hoc
Bai tap

Quy nap va bé quy

Hay st dung phuong phap quy nap dé gidi cac bai tap sau

Hoang Anh Dic
Bai tap 8

Chitng minh rang véi moi n € Z*, ta ¢é thé phd kin ban cd (16) aw i
khéng hoan chinh kich thudc 27 x 2™ véi mét 6 vudng bi loai bd

bang cac khéi hinh chii L nhu trong hinh dudi day sao cho

khong c6 hai khdi ndo chdng lén nhau'

(a) (b)

()

Hinh: Phi kin cac ban cg, vi du nhu (b) hodc (c), bang céc khéi hinh
chit L nhu & (a)

1Ban c6 thé thr phl kin ban cd 8 x 8 &
https://nstarr.people.amherst.edu/puzzle.html 7


https://nstarr.people.amherst.edu/puzzle.html

Quy nap toan hoc
Bai tap

Hay st dung phuong phap quy nap dé gidi cac bai tap sau

Baitap 9
Vi cac tap hop Ay, As, ..., A, va B, h@y ching minh cac phat
biéu sau dung véi moi s6 nguyén n > 2

(@) (A1NAsn---NA,)UB = (A1UB)N(A2UB)N---N(A,UB)
(b) (A1UAsU---UA,)NB = (A1NB)U(A2NB)U---U(A,NB)
(¢) (A1—B)N(A2—B)N---N(A,—B) = (A1NAaN---NA,)—

(d) (A;—B)U(As—B)U---U(A,—B) = (A;UA3U---UA,)—B

Bai tap 10

Chaing minh rang mot tap co n phan tlr 6 n(n —1)/2tap con
chiia chinh xac hai phan t&, v6i moi sé nguyén n > 2

Bai tap 11

Chiing minh rang “(P1Vp2 V- Vpp) =-p1r A pa A Apy
vGi moi n > 2, trong d6 py, ..., p, la cdc ménh dé logic
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Quy nap toan hoc

Quy nap manh

Quy nap va bé quy

,-{ Nguyén ly quy nap manh } . Hoang Anh Bic
pé ching minh ¥n € Z* P(n), ching ta thuc hién hai buéc sunn
m Budc co sé (basis step): Chi ra ménh dé P(1) dung () aompman
m Budc quy nap (inductive step): Ching minh ménh dé
(P(YAP2)N---AP(k)) — P(k+ 1) ding v8i moi sO Bio a2 ik

nguyén duong & Ham an i
m Gia thiét P(1) A P(2) A --- A P(k) ding, chiing minh inh
P(k+ 1) ding
m Gia thiét P(1) A P(2) A --- A P(k) diing dudc goi la gid
thiét quy nap

.

Theo ngén nglr 16gic,

k
(P(1)AVEeZ™ ( /\ )= P(k+1))) = Vn e Z" P(n),

trong d6 /\j=1 P(j)=P(L)AP2)A---ANP(k) -



Quy nap toan hoc

Quy nap manh

Quy nap va bé quy

Tuong ty nhu véi quy nap yéu, & budc co sd ta khong nhat Hoang Anh Bifc
thiet can bat dau tir P(1)
,-{ Nguyén ly quy nap manh (t6ng quat) } Yo an;mh
D& chiing minh¥n > bP(n) Véin € Z va b la sé nguyén cho| ~ == "
trude, ching ta thuc hién hai budc S

m Budc co sé (basis step): Chi ra ménh dé P(b) ding pp—

m Budc quy nap (inductive step): Chitng minh ménh dé
(P(O)ANPB+1)A---AP(k)) — P(k + 1) ding voi moi
sO nguyén k > b

Theo ngén nglr 16gic,

k
(P(b) AVk € 225 ( /\ §) — P(k+1))) = Vn € 22" P(n)
j=b
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Quy nap toan hoc

Quy nap manh

Quy nap va bé quy

Thém vao do, thay vi chi chitng minh P(b) diing, ta c6 thé 1am S,
nhiéu han & budc co sé

,.[ Nguyeén ly quy nap manh (t6ng quat) ] o Q ;h
Dé chitng minh ¥n > b P(n) vdin € Z vab la sé nguyén cho
trude, chung ta thuc hién hai budc bl ngha v mot s ki

m Budc co sd (basis step): Chi ra cac ménh de P(b), Ham an i
P(b+1),..., P(b+ j) dung, vGi j la mdt s0 nguyén Tap g i g i
duong co dinh nao do

m Budc quy nap (inductive step): Chitng minh ménh dé
(P()APb+1)A---AP(k)) = P(k+ 1) dung véi moi

songuyénk >b+j

Theo ngén nglr 16gic,
J k

(/\ P(b+i)AVEk € 22 (N P(i) — P(k +1))) = Vn € 27" P(n)
=0 i=b
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Quy nap toan hoc
Chuy

Quy nap va bé quy
Hoang Anh Buc

m V& mat hinh thirc, quy nap manh va quy nap yéu khdc
nhau & gia thiét quy nap: & quy nap yeu ta chi gia thiét
P(k) ddng, con & quy nap manh ta gia thiet tat c& cac
ménh dée P(1), P(2), ..., P(k) déu dung

m Quy nap manh va quy nap yéu la tu’dng duong vé mat
I6gic, nghia la, quy nap yéu dung khi va chi khi quy nap
manh cling ding

m Néu ban c6 thé tryc tiép chiing minh P(k + 1) véi gid thiét
P(k) dung, nén dung quy nap yéu

m Nguoc lai, néu ban c6 thé chitng minh P(k + 1) tif gia thiét
P(j) dung v6i moi j < k, nhung khong ro lam sao dé truc
tiep ching minh P(k) — P(k + 1), nén dung quy nap
manh

Quy nap manh
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Quy nap toan hoc
Vidu

Vidy 4 oot
Cho vi tif P(n):

n viét duoc dudi dang tich ciia mot hodc nhiéu sb nguyén t6

Ta chitng minh Vn € Z22 P(n) bang quy nap manh
m Buwdc co s0. P(2) diing, vi 2 ¢6 thé dugc biéu dién dudi
dang tich clla mot s nguyén to—chinh né
m Budc quy nap. Gid st P(j) ding véi moi sb nguyén j
théa man 2 < j < k, trong dé k > 2 la s6 nguyén c6 dinh
nao dé. Ta chiring minh P(k 4+ 1) dung. That vay,

m Néu k +11a s6 nguyén tb, P(k + 1) ding do k + 1 c6 thé
dugc biéu dién dudi dang tich clia moét s6 nguyén tb—chinh
né

m Néu k+11ahop s6, ta c6 thé biéu dién k+1 = ab vdi a, b 1a
cac sO nguyén du’dng thbaman 2 < a < b < k+ 1. Theo gid
thiét quy nap, cda va b déu c6 thé dugc biéu dién dudi
dang tich cla cac sb nguyén t6, va do dé k + 1 ciing thé
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Quy nap toan hoc
Vidu

V|, du 5 Quy nap va Bé quy
-. N Hoang Anh Burc
Chovitu P(n):
n=4a+5b Vlia,b€eZ

Quy nap manh

Ta chitng minh Vn € Z=12 P(n) bang quy nap manh

m Budc co s@. Ta chiing minh P(12), P(13), P(14), P(15)
déu ding. Thatvay, 12 =4-3+5-0,13=4-2+5-1,
14=4-1+5-2,val5=4-0+5-3

m Budc quy nap. Gia sl vdl s6 nguyén cb dinh k > 15 bat
ky, P(m) dung vd| moi s6 nguyén m thoa man 12 <m < k.
(Hay P(12) A P(k) ding véi s6 nguyén cb dinh
k>15.)Ta chL'fng minh P(k + 1) dung. Thét vay, do
k> k —3 > 12, theo gia thiét quy nap, ta c6 P(k — 3)
ding, nghia 13 ton tai a, b € Z sao cho k — 3 = 4a + 5b. Suy
rak+1=(k—3)+4=4(a+1)+5b

Bai tap 12
Chiing minh vi du trén bing quy nap yéu

73



Quy nap toan hoc

Quy nap manh

S dung phuong phap quy nap dé gidi cac bai tap sau Quy nap va Bé quy
Bél tép 13 Hoang Anh Biic
Cho vi tif P(n) = “ton tai a, b € Z thda man n = 3a + 5b”. Bai
tap nay mé t4 cach chiing minh P(n) ding véi moi sb nguyén )
n>8
(a) D& hoan thanh budc co sd, hay chiing minh rang cac
ménh dé P(8), P(9), va P(10) la ding
(b) Trong budc quy nap, Gia thiét quy nap la gi va ban can
ching minh diéu gi?
(c) Hay hoan thanh budc quy nap cho n > 10
Bai tap 14
Chitng minh rang véi moi sb nguyén n > 12, ton tai cac s6
nguyén khéng &m a va b sao cho n = 3a + 7b
Bai tap 15
Chitng minh rang moi s6 nguyén duong déu cé thé dugc viét
dudi dang 2° - ¢ trong d6 b 1a mot sb nguyén khong am va c la
mot sb 18 s



Quy nap toan hoc

Mét s6 chitng minh quy nap sai

Vidu 6 ([Gunderson and Rosen 2010]) v o8y
2 loang Anh Durc
Cho P(n) la Zz = ) . Ta chérng minh P(n) dung véi
moin € Z* bang phu’dng phap quy nap o
i . i (1 + %)2 nap sai
m Budc co so. P(1) dung do 5 =1

m Budc quy nap. Gia s P(k) ding v6i mét sb nguyén cb
dinh k£ > 1 nao dé. Ta chiing minh P(k+ 1) dung. That vay

k+1 k
Z¢:<Zi>+(k+l) tach téng
i=1 i=1
k4 1y2 2 LA
_( 4‘22) F(k+1) gia thiét quy nap
(k32 42k+3)+1
2 Chuiing minh nay sai &
_(hr1egp dau?

2 73



Quy nap toan hoc

Mét s6 chitng minh quy nap sai

Vi du 7 ([Gunderson and Rosen 2010]) !
Cho vi tit P(n)

Néu n = max{a,b} véia,b e Z thia =b
Ta chitng minh P(n) ding véi moi n € Z* bang quy nap S
m Buwdc ca s6. Véin = 1, gid sit 1 = max{a, b} véi
a,beZt.Dodbéa=0=1.Suyra P(1) ding
m Budc quy nap. Gia sif P(k)
dung véi mét s6 nguyén co dinh Cha h N i &
k > 1 nao do, nghta la néu a7
k = max{a,b} VGia,b € Z* thi au:
a=1> .
Ta chiing minh P(k + 1) dung, nghia la chitng minh néu )
k+1 = max{c,d} VGic,d € Z* thi c = d. That vay, gia st hai so
¢,d € Z* thda man k + 1 = max{c, d}. Do d6,
max{c —1,d — 1} = k. Theo gia thiét quy nap,c — 1 =d — 1, va
doddc=d
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Quy nap toan hoc

Mét s6 chitng minh quy nap sai

Quy nap va bé quy

Vi du 8 (Tat c& ngua déu cling mau) Haing Anh ot
P(n) := “Bét ky n con ngua nao déu c6 cting mau sac”
That vay, ta chiing minh Vn € Z* P(n) bang phuang phap quy oy rap
n ap nMag;: iZf"""g o Ay
m Budc co sd. P(1) hién nhién dung.
m Budc quy nap. Gia s P(k) ding véi sb nguyén k > 1 cb
dinh nao dé. Ta chiing minh P(k + 1) cling dung. Gié,sfr
c6 k+1connguwa Hy,Hs,...,Hy, Hypy1. Theo gia thiét

quy nap, Hy,H,,...,H deu c6 cling mau sac. Cung theo
gia thiét quy nap, Hg, ooy Higy Hyn déu co cung mau sac.
Do d6, Hy, Hs, ..., Hy, Hk+1 déu co cung mau sac

Ching minh nay sai & Hy Hy H3 Hy
dau?
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Quy nap toan hoc

Mét s6 chitng minh quy nap sai

Quy nap va bé quy
Hoang Anh Buc

Vidu9

Cau hOI @ Méts{s_cmng minh quy
Ching minh nay sai ¢ dau?

P(n):="5n=0"

Ta chitng minh ¥n € N P(n) bang quy nap manh
m Buwdc ca sd: P(0) ding,do 5-0 =0
m Budc quy nap: Gla s v6i s6 nguyén & > 0 ¢b dinh ndo
dé, 55 = 0 v6i moi s6 nguyén khong am j théa man
0 <j < k. Tachtng minh 5(k + 1) = 0. That vay, ta c6 thé
vietk+1 =i+ j,v6ii,j € Nvai,jnhéhonk+ 1. Theo
gia thiet quy nap, 5(k +1) =5(i +j) =5i+5j =0+0=0

73



bé quy

Dinh nghia va mot sb khai niém

Quy nap va bé quy
Hoang Anh Buc

m Trong quy nap, ta chling minh moi phan t& clia mét tap vo
han thda méan vi t¥ P nao dé bang cach
m chiing minh tinh diing dan clia P cho céc phan tit I6n hon
trong tap hop dua vao tinh ding dan clia cac phan t& nhd () D vt i
hon \
m Trong cac dinh nghia dé quy (recursive definition), tuong
ty, ta dinh nghia mot céu trdc (ham, vi ti, tap hop, hay mot
cau trdc nao dé phu’c tap hon) trén mot mién vé han nao
dé (mién xac dinh) bang cach
m dinh nghia cAu tric clia cac phan tlr I6n hon dya vao cau
tric clia cac phan ti nhd hon

73



bé quy

Ham dinh nghta bang dé quy

Quy nap va bé quy
Hoang Anh Buc

m Ham dinh nghia bang dé quy (recursive function)

f: N — A voitap A bat ky by o
m Budc co sd (basis step): Binh nghia mdt sb gid tri ban dau Quy v

£(0), £(1),..., f(b) véi s6 nguyén cb dinh b > 0 nao dé A

m Budc dé quy (recursive step): Dinh nghia mot quy luat dé o

tim gid tri cGa f(n) tl cac gia tri f(n — 1), f(n —2), ..., [T

fn—=25), f(n—b—1)véimoin >b

Ham dinh nghia béng dé
quy

Vidu 10 e
Dinh nghia mdt day bang hé thic truy hoi .
m Day Fibonacci {f,} 1
m Budccasd: fo =0, 1 =1 S
m Buwdc dé quy: f, = fr1 + fa—2 (n > 2) e
m Day giai thua {g,}
m Budccosd:g, =1
m Budc dé quy: g, = ng,—1 (n > 1)
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bé quy

Ham dinh nghta bang dé quy

Vi du 11 (Chiing minh tinh chat clia ham s{ dung
dinh nghia dé quy)
Cho déay Fibonacci {f,,}. Ta chiing minh f,, < 2" vdi moin € N
bang quy nap manh
m Budccosd: fp=0<20=1vaf, =1< 2! =2 (sl dung
cac dinh nghia & budc ca sd clia dinh nghia dé quy)
m Budc quy nap: Gia sl véi s6 nguyén & > 0 cb dinh nao
dé, f; < 2% vdi moi i thda man 1 < i < k. Ta chitng minh
fre+1 < 2FF1 That vay,

frr1 = fo + fo1 dinh nghta dé quy cla {f,}
< 2k 4 okt gia thiét quy nap
< 2F 42k = ok t!

73

Quy nap va bé quy
Hoang Anh Buc

quy



bé quy

Ham dinh nghta bang dé quy

Quy nap va bé quy

Vi du 12 (Chéing minh tinh chat cia ham sl dung
dinh nghia dé quy)
Cho day Fibonacci { f,,}. Ta chitng minh f,, > a"~2 vdi moi s6 amis

Hoang Anh Buc

A . 1 5 S 2y nep mann
twnhiénn >3 vaa = +2\[ ~ 1.61803 bang quy nap manh Mot sbching i
m Budccosd: Véin=3,taco f3=2> a2 =a. Vdi S
2
, 1 5 Ham dinh nghia béng dé
n:4,tacof4:3>a4‘2:a2=< +2\f> = w ’
+2\[ =a+1~2.61803

m Budc quy nap: Gia sl véi s6 nguyén & > 3 ¢ dinh nao
dé, 3 < i < k vdi moi i théa man f; > o'~2. Ta chiing minh
fra1 > aF71. That vay,

Jret1 = fe + fe—1 dinh nghia dé quy cta {f,}
>af 2 4 k3 gia thiét quy nap
=" 3a+1)

73



bé quy

Tap hap dinh nghia béng dé quy

m T4p hop dinh nghia bang dé quy (recursive set)
m Budc co sd (basis step): Dinh nghia mot tap con céc phan
tl ban dau
m Budc dé quy (recursive step): Binh nghia mét quy luét dé
tim phan t& mdi trong tap tUr cdc phan i da biét 1a thudc tap
do
m Thong thudng, véi cac tap dinh nghia bang dé quy, quy
tac ngoai trir (exclusion rule) sau ludn dugc &p dung: tap
hap can dinh nghia chi chifa cac phan tl liét ké & buéc co
s3 va cac phan ti thu dugc bang cach dp dung quy tac &
budc dé quy.

73

Quy nap va bé quy
Hoang Anh Buc

Tap hgp dinh nghia bing
dé quy
y nap theo cAu tri



bé quy

Tap hap dinh nghia béng dé quy

Quy nap va bé quy

VI’ dU 1 3 Hoang Anh Buc
m Tap S céc sb nguyén duong chia hét cho 3
m Budccosd:3c S
m Budcdéquy:Néuz e Svaye Sthiz+ye S
m Dautién, 3¢ S,saud6la3+3=6,3+6=9,Vv.v...
m Tap sb tu nhién N
m Budccosd:0c N
m Budc dé quy: NéU neNthin+1eN @ gzpq:‘;pdmhngmm‘ang
m Tap cdac chudi ky tu ©* sinh bdi bang chir cai &
m Budc co sd: A € ©* (A 1a chubi réng khong chita bat ky ky
ty nao)
m Budc dé quy: Néu w € X* va z € X thi wz € &
m Vidunéux = {0,1} thi
B ) e ¥* (budc ca s8)
® {0,1} C ¥* (lan dau ap dung budc quy nap)
m {00,01,10,11} C X (lan thd hai 4p dung budc quy nap)
H V...

m Do dé X* 1a tap tht c& cac chudi nhj phan .



bé quy

Tap hap dinh nghia béng dé quy

Vidu 14
m Tap cdc céng thiic duoc tao ding quy tac (well-formed
formulae) trong 16gic ménh dé
m Budc co sd: T, F, va ménh dé nguyén & s 1a cac cong
thiic dugc tao ding quy tac
m Budc dé quy: Néu A va B 1a cac cong thiic dugc tao ding
quy téc, thi (=A), (AA B), (AV B), (A — B),va (A < B)
cling thé
m Vidu, v6i cac ménh dé nguyén tli p, ¢, ((pV q) = (¢ A F))
va (p A q) 1a cac cong thiic dugc tao ding quy tac, con Apg,
pgA, Va p A q thi khdng phai (Tai sao?)
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Quy nap va bé quy
Hoang Anh Buc

Mat s chiing minh quy

Ham dinh nghia bang dé
qu

Tap hgp dinh nghia bing
dé quy




bé quy

Tap hap dinh nghia béng dé quy

Quy nap va bé quy
Hoang Anh Buc

Bai tap 16

Hay tim moét dinh nghia dé quy cla
(a) Day {a,} vlia, =4n—2van=1,2,...

(b) Day {bn} V6i by = n(n+1)van=1,2,...
(c) Tap hop céc sb nguyén duong 1& OF A
(d) Tap hop cac s6 nguyén duong 13 Idy thira cla 3

(e) Tap hap cac sb nguyén duong chia hét cho 5

(f) Tap hop céac sb6 nguyén duang khong chia hét cho 5

73



bé quy

Quy nap theo ciu triic

Quy nap va bé quy
Hoang Anh Buc

D& chitng minh mét tinh chét P clia cac phan tl clia mot tap
hop dinh nghia theo dé quy, ta st dung quy nap theo cau tric
(structural induction)

,.‘ Nguyén ly quy nap theo cau truc \ S e

m Budc co sé: Chiing minh rédng moi phan ti dinh nghia ot a b
trong buédc ca sé cla dinh nghia dé quy déu théa man P uynap oo i

m Budc quy nap: Chiing minh rang néu cac phan ti dugc
s dung dé xay dung phan t{ méi clia tap hap trong o
budc dé quy déu thdéa man P, thi phan ti méi cling théa Da s e

man P

. J

Ay cho béi hé thiic tr

73



bé quy

Quy nap theo ciu triic

Quy nap va bé quy
Hoang Anh Buc

Vidu 15
Cho S la tap dinh nghia theo dé quy nhu sau:
m Budccosd:3c S
m Budcdéquy:Néuz e Svaye Sthiz+ye S
Ta chiting minh bang quy nap theo cu triic rang moi phan tir
clia S déu chia hét cho 3
m Budc co sd: 3 chia hét cho 3 () corrpvenciuree
m Buwdc quy nap: Gid sl véiz € Svay € S, cd z vay déu
chia hét cho 3. Ta chiing minh n = x +y cling chia hét cho
3. That vay, do z chia hét cho 3, ta c6 = = 3k v4i sO nguyén
k nao do. Tuong ty, y = 3; vGi s0 nguyén j nao do. Suy ra
n=xz+y=3(k+j), vado dd n clng chia hét cho 3

73



bé quy

Quy nap theo ciu triic

Vidu 16

Ta chitng minh bang quy nap theo cau tric réng ‘moi cong thiic
duoc tao dung quy. tac trong I6gic ménh dé cdé sé dau ngodc
don trdi “(” bang s dau ngodc don phai “)”

m Budc co sd: Cac ménh dé T, F, va moi ménh dé nguyén
t0r s déu khong cé cac diu ngoac don tréi va phai

m Budc quy nap: Vi cong thiic A, goi 14 va r4 lan luot 1a
s6 ngodc don trai va ngodc don phai clia A. Gia st véi cac
cong thiic A, B, lx = r4 va I = rp. Ta chitng minh ring
diéu nay ciing dung véi cac cong thiic (—~A), (A A B),
(AV B), (A — B), va (A < B). That vay, cong thiic dau
tién co 14 + 1 ngoac trdi va 4 + 1 ngodc phai, va cac cong
thirc sau dé co i4 +Ip + 1 ngodc trdi va r4 +rp + 1 ngoac
phai

Quy nap va bé quy
Hoang Anh Buc

Quy nap theo cau tric

73



bé quy

Quy nap theo ciu triic

Baitap 17 O:yfap:éhﬁzfquy
B oan il uc
Cho day Fibonacci {f,}. Chling minh rang f1 + fs + -+ + fon—1 = fon ¢
vGi moi s0 nguyén duong n
Bai tap 18
Ching minh réng,tép Sdinhnghiabdile Svas+teSnéuseSva
t € S la tap cac so nguyén duang Z*. (Ggi y: Chiing minh S C Z*+ va
zt C S)
Bai tap 19
Cho § 13 tap cac cap sép thi tu cac sb nguyén duogc dinh nghia bang
dé quy nhu sau @ Quy nap theo cau tric
m Budc cos6: (0,0) € S
m Budc dé quy: Néu (a,b) € S, thi (a +2,b+3) € Sva
(a+3,b+2)e s

(a) S dung quy nap manh véi sb 1an &p dung budc dé quy trong
dinh nghia ctia S & trén, hay chitng minh a + b chia hét cho 5 véi
moi (a,b) € S

(b) S dung quy nap theo cAu triic dé chiing minh a + b chia hét cho
5 véi moi (a,b) € S
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Gidi hé thurc truy hoi

Day cho bdi hé thiic truy hdi

m Mot hé thic truy héi (recurrence relation) cho day {a,} 1a
mot phuong trinh biéu dién a,, thong qua mot hodc nhiéu
s6 hang trudc dé cua day véi moi s6 nguyén n thda man
n > ng V6i ng la mét sb6 nguyén khoéng am.

m VGiday {a,} =0,1,4,9,16... ‘(n >0),an =apn-1+2n—1
véin > 11a mot hé thire truy hoi cho {a,} (6 day no = 1)

m Dé dinh nghia mét day {a,,} théng qua hé thifc truy héi, ta
can thém cdc diéu kién ban dAu (initial conditions) bang
céch dinh nghia cac phan tl truéc a,,, trong day

m DE djnh nghia {a,} qua hé thic ay = an—1 +2n — 1
(n > 1), ta can thém diéu kién ban dau ao = 0

m Mot day dugc gm Ia mot ngh/em (solution) cia mét hé thirc
truy hdi néu cdc sé hang cla day théa man hé thic do

m Gidi hé thuc truy hoi vdi cdc diéu kién ban dau nghia 1a
tim mét cong thiic tudng minh cho céc sb hang cla day

® MGt cong thire tuang minh cho day {a»} dinh nghia bdi
n = Qp— 1+2n—1vd|n> 1 va diéu kién ban dau ap = 0
1a a, = n? (n >0)

73

Quy nap va bé quy
Hoang Anh Buc

Déy cho b hé thifc truy
hoi

Poan nghi

Pa thic dac tr

Ham sinl



Gidi hé thurc truy hoi

Day cho bdi hé thiic truy hdi

Quy nap va bé quy

VI’ dU 17 Hoang Anh Bc
m Déay {b,} thdéa méan hé thic truy hoi b, = —b,_; v6in > 1
va diéu kién ban dau b, = 1 e
m{b,}=1,-1,1,-1,... o

m Day {s,} thda man hé thirc truy hdi s, = s,,—1 — s,—o VOi pay
n > 2 va diéu kién ban dau s) = 3va s; =5 AT

m {s,}=3,52-3,-5,... .

m Day Fibonacci (Fibonacci sequence) {fn} (n > 0) dugc ——
dinh nghla béi diéu kién ban dau fo =0, f1 = 1 va hé thic (=) oy oorimomier
truy hoi o= fa—1+ fn_o v8i MQi s6 nguyén n > 2 o

m{f,}=0,1,1,2,35,...

m Day giai thira (factorial sequence) { g, } dugc dinh nghia
bdi diéu kién ban dau g, = 1 va hé thirc truy hdi
gn = ngn_1 VOi Moi sb nguyén n > 1

m{g,}=1,1,2,6,24,...

73



Gidi hé thurc truy hoi

Day cho bdi hé thiic truy hdi

Quy nap va bé quy
Hoang Anh Buc

m M6t sb phuong phap gidi hé thic truy hoi
(1) Doan nghiém (va chitng minh bang phuong phéap quy nap)
(2) S0 dung da thirc dac trung

(8) SU dung ham sinh

73



Gidi hé thuc truy hoi

Boan nghiém

Quy nap va bé quy
Hoang Anh Buc
m Doan nghiém (Guessing and verifying) 1a phuong phap
gidi hé thic truy hdi bang céch:
(1) Tinh mot sb gia tri dau tién clia day tir hé thiic truy hoi
(2) Quan sat cac gia tri nay dé dodn mét cong thiic tuong minh
(3) Chting minh cong thiic doan dugc 1a ding bing phuong
phap quy nap toan hoc
m Ky thuat doan nghiém thuong dua vao:
m Thay I3p di 13p lai hé thire truy hdi cho céc s6 hang diing
trudc
m Nhan ra quy luat xuat hién trong qué trinh thay thé
m TSng quét héa quy luat ndy thanh mot cong thire (44) Do rgniem
m Khi ap dung phuong phap nay, ta thuong:
m Biéu dién a,, qua a,,_, (v6i r phi hop)
m Dat n — r = 0 dé biéu dién a,, qua diéu kién ban dau a
m Rut ra cong thic twGng minh cho a,,
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Gidi hé thuc truy hoi

Boan nghiém

Vidu 18
Giai hé thitc truy hdi d,, = dy,—1 + 4 (n > 1) v6i diéu kién ban
dau do = —1

,-[ Hudng suy luan }

(1) Tt hé thic truy hdi, ta cling ¢6 d,—1 = dp—o + 4

(2) Thay (2) vao hé thiic ban dau
dp=(dpo+4)+4=d, 5+2-4

(3) T hé thic truy hoi, ta cling ¢ d,—g = dp—3 + 4

(4) Thay (4) vao (3), ta thu dugc d,, = d,,_3 + 3 - 4

(5) Lap lai qua trinh trén, ta “doan” d,, = d,,_, +r -4

(6) D& c6 mot cong thic tweng minh cho d,,, t7a cép
n—r =0, tc la r = n. Khi dé d,, dudc biéu dién qua dqy
da cho trudcvan = r.

(7) Tom lai, tacd d,, = —1 + 4n

Quy nap va bé quy
Hoang Anh Buc
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Gidi hé thuc truy hoi

Boan nghiém

Quy nap va bé quy

VII dU 19 Hoang Anh Biic
Gidi hé thirc truy hoi a,, = a,_1 + 2n — 1 (n > 1) V6i diéu kién
ban dau ag = 0
(1) T hé thic truy héi, ta cd a1 = an_o+2(n—1) — 1
(2) Thay vao hé thiic ban dau,
anp = (an_2+2n—1)—-1)+2n—1=a,_o+4n—4
(3) T hé thic truy héi, ta cé a,_o = a3+ 2(n —2) — 1
(4) Thay vao (2),
ap = (an-3+2n—2)—1)+4n—-4=a,_3+6n—9
(5) T hé thidc truy hoi, ta ¢é a,_3 = an_s + 2(n —3) — 1
(6) Thay vao (4),
ap = (an-4+2n—-3)—1)+6n—9=a,-4+8n—16
(7) Lap lai qua trinh trén, ta “doan” a,, =
(8) D& c6 mdt cong thirc twdng minh cho a,,, ta can n — r = 0,
tlic 1a r = n. Khi dé a,, dugc biéu dién qua ay da cho trudc
van=r
(9) Tém lai a,, =

Doan nghigm

73



Gidi hé thuc truy hoi

Boan nghiém

Bél tép 20 Quy nap va bé quy
N N N S Hoang Anh Buc

Gidi cac hé thirc truy hoi véi diéu kién ban dau sau bang ?

phuong phap doan nghiém va chiing minh céng thitc ban doan

dugc la dung bang quy nap

(@) ap, =—ap_1,a0="5 e) a, =2an,_1—3,a9=—1

(b) ap =ap—1+3,a0=1 (f) an = (n+1)apn_1, ap =2

(C) (p = Qp_1 — N, ag = 4 (g) an = 2nan_1,a0 =3

(d) a, =5a,_1,a9 =1 (h) a, =—ap_1+n—1,a90=7

Bai tap 21

Gid thiét dan sb thé gi6i nam 2023 1 8 ty ngudi va tang theo ty

16 0.8%/nam. V6in > 1, (o) exinrnin

(a) Xay dung hé thirc truy hoi dé tinh dan s6 thé gi6i n nam
sau 2023

(b) Tim cdng thiic twong minh dé tinh dan sbé thé gidi n ndm
sau 2023

(c) Dan s6 thé gidi nam 2057 sé la bao nhiéu? n



Gidi hé thuc truy hoi

Da thiic dac trung

Quy nap va bé quy

2 % N ~ 7 Hoang Anh Burc

m Hg thiic truy héi tuyén tinh thudn nhét bac k véi hé sb ?
hang (Linear homogeneous recurrence relation of degree
k with constant coefficients) 1a hé thic cé dang

Gp = C1Ap—1 + C2Gp—2 + - - + CkApn—fk,

trong d6 c1, ca, . .., ¢ 1a cac s6 thuc, ¢, #0,van > k i g et b
m M6t day {a,} (n > 0) théa man hé thic truy hdi trén dugc ‘ :
xdc dinh mot cdch duy nhat béi hé thire nay va k diéu kién
ban déu ag=Cy,a1 =C1,...,a5_1 = Ci_1 Déy cho bé hd thic i
m Hé thic truy hdi £, = fn_1 + fu_2 12 Mot hé thirc truy hoi
tuyén tinh thuan nhat bac hai véi hé sb hang. Day Fibonacci (1) onmcstor
{fx} dugc xac dinh bdi hé thirc trén va diéu kién ban dau
Jo=0,fi=1
m Cac hé thic g, = ngn-1, gp = gn—1 + g5r—» khong la hé
thire truy hoi tuyen tinh thuan nhat véi hé so hang
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Gidi hé thuc truy hoi

Da thiic dac trung

m Héthlca, = cian_1 + -+ + cran_i (cx # 0) 6 hai tinh
chat quan trong

m Nghiém cla hé thiic c6 dang a,, = r™ vdir # 0 la mot hdng
sbnao do. Tw dd, r™ = c1r™ ' + -+ + cpr™*. Chia hai vé
cho r"~* va chuyén vé, ta c6

r*— clrk_l — Cz?"k_Q — s —cCp_1r —c = 0.

Pa thiic cubi cling goi 1a da thifc dic trung (characteristic
polynomial) clia hé thirc, va nghiém ctia né goi la nghiém
déc trung (characteristic root) clia hé thirc

m Néu s, va t, théa man hé thiic truy hoi, thi moi t6 hop tuyén
tinh cla s, vat,, nghia |a moi biéu thirc ¢ dang
b18n + batn VG by, by | céc s6 thuc ndo d6, cling thdéa man
hé thic truy hoi
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Quy nap va bé quy
Hoang Anh Buc

Pa thirc dic trung
Ham sinh



Gidi hé thuc truy hoi

Da thiic dac trung

Cho cdc sb thuc ci,co, ... cr. Gid st rF — cirb=1 — ... —
cp_1r — ¢ €0 t nghiém phéan biét ry,rs,...,r; VOi cdc bdi
tuong L?ng mi,ma,...,m; thbamanm; > 1vdil <i<tva
my+---+my =k (ngh/a la, ¢6 m; nghiém co gia tri r;). Day
{an} /a nghiém cla hé thirc truy héi a,, = C1an-1 + C2an-2 +
4+ Chp_p (n > k) VOI diéu kién ban dau ay = = Cp,a1 =
C’1, ..., ap—1 = Cr_1 khiva chi khi
ml—l)

n
an = (1,0 + @1,1n + -+ + Qg 1N i

mao—1\,.n
+ (2,0 + a2 in+ - 4+ Qg my—1n™2 )1
=il
+oo+ (a0 Fagan 4 a1y

vdi n > 0, trong d6 «; ; la cdc hang s6 vdi 1 < i < t va
0<5j<m;—1

A Binh 1y 2 .

J

73

Quy nap va bé quy
Hoang Anh Buc

Ham dinh nghia bang dé
qu

Tap hop dinh nghia bing

Dodn nghiém
Pa thirc dic trung
Ham sinh



Gidi hé thuc truy hoi

Da thiic dac trung

Cac budc giai hé thirc truy hoi tuyén tinh thuan nhatbac k| cvwvooa
Vdi hé 56 héng Hoang Anh Bc

(1) Xac dinh da thic dac trung: ¥ — b1 — o — 11 — ¢y,
(2) Tim cac nghiém 71,75, ..., r; cla da thitc d&c trung va boi
twong tng my, mo, ..., my
(3) Viét dang téng quat ctia nghiém:
an = (10 +aiin+ -+ ag m_1n™ H)rf
+ (o0 + agan+ -+ Qg m, 102 1)1y

-1
4+ .4 (at,O +agin+--+ at7mt_1nmt )7,;1

(4) Thay cac diéu kién ban dau ag = Cy,a; = C1, ...,
ar_1 = Ci_1 vao dang tong quat dé thiét |ap hé phuong ©athie ddo g
trinh

(5) Giéi hé phuong trinh dé xéc dinh céc hé sb a; ; Vi
1<i<tva0<j<m;—1

(6) Thay céac hé sb vao biéu thiic téng quat dé cé nghiém cudi
cung

73



Gidi hé thuc truy hoi

Da thiic dac trung

A Binh Iy 3: (Binh Iy 2 véi k = 2) | .

Cho hé thuc truy héi a, = c1an-1 + C2an—2 (n > 2) vdi da
thu’c ddc trung 12 — cir — co. VG diéu kién ban dau ay = Cj,
= (1, day {a,} la nghiém cua hé thuc khi va chi khi:
(1) Khi da thue dac trung co hai nghiém phan biét r1,rs:
an = a7 + oary
(2) Khida thuc dac trung cé mot nghiém bji 2 lar:
an = (a1 + agn)ry

VGi a1, g 12 cdc hdng sé.

73

Quy nap va bé quy
Hoang Anh Buc

Dy cho béi hé thiic truy

hoi

Doén nghiém

Pa thirc dic trung
Ham sinh



Gidi hé thuc truy hoi

Da thiic dac trung

Quy nap va bé quy

VI’ dU 20 Hoang Anh Buc
Giai hé thiic truy h6i f,, = fn_1 + fn—2 (n > 2) vGi diéu kién
bandau fo=0va f; =1
m Da thiic d&c trung clia hé thic truy hoila r2 —r — 1
m Da thitc dac trung ¢é hai nghiém phan biét r; = 13—‘/5 va
_1-V5
To = 2
m Do d6, néu day {f,} la nghiém ciia hé thtic truy hoi thi
fn = a17? + aorl véi cdc hang sO oy, ay nao dé
m {f,} canthda man diéu kién ban dau fo = 0va f; = 1.
Thay vao dang tong quat cla f,,, ta c6 hé phuang trinh

Pa thirc dic trung

fo=ar+az=0

o (55 1 (57)

2 2

Tl‘fdo,Oq:l/\/EVéOQ:*l/\/g 7



Gidi hé thuc truy hoi

Da thiic dac trung

Quy nap va bé quy

VI’ dU 21 Hoang Anh Burc
Giai hé thiic truy hdi a,, = 6a,—1 — 9a,,_» V6i cac diéu kién ban
déua0=1Véa1 =6
m Da thiic dac trung cla hé thic truy hoila r2 — 6r + 9
m Da thirc dac trung cé mot nghiém r, = 3 vaGi boi 2
m Do d6, néu déy {a,} 1a nghiém cla hé thiic truy héi thi
an = a1,0rf + o110} = a1,03"™ + a1,1n3™ vGi cac hang so
Qa1,0,1,1 nao do
m Déy {a,} cling can théa man diéu kién ban dau ao = 1 va
a; = 6. Thay vao dang tong quat cla a,, ta c6 hé phuong
trinh @ Pa thitc dic trung

ap=a1p=1

a1:a1,0-3+0¢1,1-3:6

Do dé, ta co a10 = 1va a11 = 1

73



Gidi hé thuc truy hoi

Da thiic dac trung

A Binh Iy 4: (Binh Iy 2 véi k = 3) | .

Cho hé thuc truy héi a,, = cran—1 + Coan_o + c3an-3 (n > 3)

VO"’I' da thuc dac trung r® — cir? — cor — c3. VGi diéu kién ban

dau ag = Co, a; = Cl, as = 02, déy {an} la ngh/ém CL;a hé

thire khi va chi khi:

(1) Khi da thuc dac trung co ba nghiém phan biét ry, ra, r3:
an = a7 + oary + asry

(2) Khi da thuc dac trung co hai nghiém phén biét r1 (bdi2)
vare (b6il): an = (a1 + agn)ry + asry

(3) Khi da thifc ddc trung cé mot nghiém duy nhét r, (b6i 3):
an = (a1 + agn + azn?)ry

trong do a1, o, a3 la cdc hdng sé.

73

Quy nap va bé quy
Hoang Anh Buc

Dy cho bdi hé thic tr

D:

hé

DPoan nghiém

Pa thirc dic trung
Ha



Gidi hé thuc truy hoi

Da thiic dac trung

Quy nap va bé quy

VI’ dU 22 Hoang Anh Buc
Giai hé thitc truy héi a, = —3a,_1 — 3a,_ — a,—3 Véi cac diéu
kienbandauag=1,a; = —2,vaa, = —1
m Da thitc dac trung clia hé thirc la 3 + 3r2 +3r + 1
m Da thirc dac trung cé mot nghiém 7, = —1 véi bdi 3
m Do dd, néu {a,} 1a nghiém clia hé thic truy hdi thi
an = a1 077 + apnrf + a1,2n2r”
m Day {a,} cling can théda man diéu kién ban dau ay = 1,
a1 = —2, va a, = —1. Thay vao dang tong quat cla a,,, ta
¢6 hé phuong trinh

@ Pa thirc dic trung
ap = Q1,0 = 1
ap = —aip— oy — Q1= —2
a2 = 01,0 + 20&171 —+ 40&1,2 =-1

Do do ta co Q1,0 = 1, a1 = 3, va Q12 = -2

73



Gidi hé thuc truy hoi

Da thiic dac trung

Bai tap 22
Gidi cac hé thic truy hdi véi diéu kién ban dau sau
(@) ap, =2an_1Véin>1,a9=3

(b) a, =5a,_1—6a, o2véin>2,ay=1,a; =0

(€) ay, =4a,_1 —4a,_oVvéin>2a9=6,a; =8

(d) an = —3an_1 —3an_2 — an_3VGin>3,a9 =5,a; = —9,
as =15

(e) an =6a,_1 —8an_2(n>2),ay=4,a; =10

—

f) an =2ap_1+an_2—2a,_3(n>3),a0=3,a1 =6,a, =0

(9) (%) Van = a1 +2 /@3 (n>2),a0=a; = 1

73

Quy nap va bé quy
Hoang Anh Buc

Dy cho bdi hé thic tr

D:

hé

DPoan nghiém

Pa thirc dic trung
Ha



Gidi hé thuc truy hoi

Da thiic dac trung

m Hé thic truy hoi tuyén tinh khong thuan nhét bac k véi hé
S0 hang (Linear nonhomogeneous recurrence relation of
degree k with constant coefficients) la hé thirc cé dang

Up = C10p—1 + C20n_2 + -+ Cpan_ + F(n),

trong do ¢y, cs, . .., cx 1a céc sb thuc, ¢, # 0, F(n) 1a mot
ham chi phu thudc vao n va khong phai ludn bang 0, va
n>k

m Hé thica, = Clap—1 + C2an_2 + -+ + Cpan_k dugc goi la
hé thue truy héi thuan nhat tuong ting (associated
homogeneous recurrence relation) clia hé thic trén

Pinh Iy 5

Néu {a%")} la mét nghiém riéng nao do cua hé thuc a, =
C1Qp_1+ C2Gp_2 + -+ cpan_ + F(n) thi moi nghiém cda hé
thire do co dang {aﬁf’ )+ a%h)}, trong dé o 1a nghiém cta hé
thufc thuén nhéat tuong tng a, = c1an—14c2an_2+- -+ Cran_k

Quy nap va bé quy
Hoang Anh Buc

Day cho béi hé thiic truy
hoi

Dodn nghiém

Pa thifc dic trung

Ham sinh

73



Gidi hé thuc truy hoi

Da thiic dac trung

V6i mot sb dang F(n), nghiém riéng cé dang dic biét

A Binh 1y 6 .

Gia st {a,} théa man hé thuc

ap = C1ap_1 + C2Gn_o + - -+ + Ckan_i + F(n),
trong do c1, . .., ¢}, la cdc sé thuc, va
F(n) = (byn' + bnt L4+ bin+ bp)s",

trong do by, ...,b, va s la cdc s thuc. Khi s khéng phai Ia
nghiém cla da thic ddc trung ctia hé thic thudn nhét tuong
Ling, tén tai mét nghiém riéng cd dang (pin* +p;_in' 14+
pin + po)s™. Khi s la mét nghiém vdi béi m cda da thirc dac
trung cla hé thirc thudn nhat tuong (ing, ton tai mot nghiém

riéng c6 dang n™ (pint + pr_int~t 4 -+ pin + po)s™.

J

Quy nap va bé quy
Hoang Anh Buc

4n nghiém
@ Pa thirc dic trung

Ham sinl

73



Gidi hé thuc truy hoi

Da thiic dac trung

Cac budc giai hé thirc truy hoi tuyén tinh khong thuan nhat bac & Quy nap va B quy
VvGi hé sb h‘éng Hoang Anh Biic
Cho hé thic truy hdi: a, = c1an_1 4 c2p_2 + - - - + Can_i, + F(n) VoI
F(n) = (byn' + -+ +bin + by)s™
(1) Tim nghiém thuan nhat o!":
m Xac dinh da thitc d&c trung: r* — e1rF ™t — . —cp_1r — e
m Tim nghlem va boi tu’dng (fng cla da thitc d&c trung
m Viét dang t8ng quat clia nghiém thuan nhét theo Dinh Iy 2
(2) Tim nghiém riéng al?)
m Kiém tra xem s ¢ phéi la nghiém dic trung cla hé thiic thuan nhat
hay khong
m Néu s khdéng phéi nghiém dac trung: dat
al?) = (pen® + p_in'™ 4 - 4 pin+ po)s™
] Neu sla nghlem dac trung véi boi m: dat (50) oa e caeung
a? = n™(pin' 4+ pe_an’™ 4 -+ pin 4 po)s”
m Thay o’ vao hé thiic ban dau dé thiét 1ap hé phuong trinh tim
PosP1y.. -y Pt
(3) Tim nghiém téng quat: an = al + o)
(4) Ap dung diéu kién ban dau dé tim cac hing s6 trong nghiém
thuan nhét "



Gidi hé thuc truy hoi

Da thiic dac trung

Quy nap va Bé quy
Vi dU 23 Hoang Anh Biic
Gidi hé thic truy hoi a,, = a,_1 +n (n > 2) véi diéu kién ban
déu a =1
m Hé thirc thuan nhét tuong Ging 1a a,, = a,_1 (n > 2). Hé
thire nay c6 nghiém dac trung r = 1 va day {aﬁh)} VO
M =c. (1)™ 1a mot day thda man hé thic, trong dd c la
hang sb nao dé
B Tacéd F(n)=n=(1-n+0)-1" Vis=1langhiém dac
trung clia hé thire thuan nhat tuong tng véi bdi 1, mot
nghiém riéng clia hé thirc khéng thuan nhét da cho cé
dang a’ = n(pin + po)1" = pin’® + pon
m Thay dang ctia nghiém riéng vao hé thitc da cho, ta ¢ (51) 0a e dsctung
n(2p; — 1) + (po — p1) =0, nghiala 2p; —1=0va
po—p1=0,dodé py =p; =1/2
m Cudi cung, hé thirc ban dau cé nghiém dang
a, =al +al" = n(n+ 1)/2 + c. Thay vao diéu kién ban
daua, =1tadudgcc=0

73



Gidi hé thuc truy hoi

Da thiic dac trung

Quy nap va bé quy
Hoang Anh Buc

Bai tap 23 S
Gidi cac hé thic truy hdi véi diéu kién ban dau sau ;
(1) ap =3ap_1+2"Vv6in>1,a0=1 T

(2) ap =2an_1+2n°V0in>2,a, =5
(3) an = —ban_1 —6a,_o+42-4™ (n > 3), a; = 56, ay = 278 e
(4) an = 5ay—1 — 6a,—o + 2" + 3n (GO y: Tim nghiém riéng Day hoiing i

c6 dang qn2™ + pin + po, trong dé q, p1, p2 1a cac hang so) Don ntiem

73



Gidi hé thuc truy hoi

Ham sinh

'-| Ham sinh }

N0| cach khac, a,, |

Go(z) := Z anx™ = ag + a1 + agr® + -
n=0

Ham sinh (generating function) G,(z) clGa mét day vo han
{an} (n > 0) dugc dinh nghia nhu sau

—|—akxk+...

é s6 clia 2™ trong G, (x)

N

an = f(an-1,an2,..

ag=Cy,ay =Ch,....

)

Cong thiic tuong minh

Ga(z) = h(x)

Khal trlcn h(x

-

Cill

(&
01 woc Ty nmien|

Quy nap va bé quy
Hoang Anh Buc

manh

wing minh quy

Dinh nghfa va mét sb khai

niém

Ham dinh nghia bang dé
quy

Tap hop dinh nghia bing
dé quy

Quy nap theo cAu trii

Day cho bdi
héi

hé thiic truy

Dodn nghiém

Pa thifc déc trung

(52) Hamam

73



Gidi hé thuc truy hoi

Ham sinh

Quy nap va bé quy
Hoang Anh Buc

A Binh 1y 7 .

Cho f(x Z anz" va g(x Z bya™. Ta cé
n=0 e
1+ 000 = 3o + b o
n=0 inh nghta béing
F@)gla) =Y O arbnr)z
C

Chu y: Dinh ly trén chi dung cho cac chudi Iy thita hdi tu trong () wnsm
mdt khodng nao dd, va tat ca cac chudi chiing ta sé xét trong

bai gidng nay déu thda man diéu kién dé. Tuy nhién, ngay ca

khi cac chudi khéng hdi tu, dinh ly trén co thé duoc st dung

nhu la dinh nghia cho cdc phép céng va nhan cac ham sinh

73



Giai hé thiic truy hoi

Ham sinh

Cac budc giai hé thirc truy hoi bang ham sinh

(1) Binh nghia ham sinh: G,(z) = ) _ a,a”

(2) Xay dung phuwong trinh cho G, (x):
m S{ dung hé thic truy hoi, diéu kién ban dau, va cac phép
bién di dai s6 dé thu dudc phuong trinh dai sé cho G ()
(3) Giai phuang trinh dé tim biéu thirc tudng minh h(z) cla
Ga(z)
(4) Phan tich h(z):
m Khai trién h(x) thanh chuéi Iy thifa st dung phan tich
thanh phan so riéng hoac cac cong thttc chudi co baim
m Ap dung céc dang thiic da biét dé dua vé dang chudi Iy
thira
(5) Trich xuat hé s6: So sanh véi dinh nghia ban dau

Go(z) = Z anz” dé xac dinh a,,

n=0

Quy nap va bé quy
Hoang Anh Buc

(52) Homam

73



Giai hé thiic truy hoi

Ham sinh

Vidu 24

Gii hé thc truy hoi aT, =3an_1 (n > 1) v6i diéu kién ban dau ag = 2

Z anz™ = ag + Z(San,l)x"

n=0

n=1
o0 o0
=2+3z Z 12" P =2+ 3z Z amx™
n=1
=24+ 32G,(x)
2
Galz) = 1-3x

Nhac lai rdng ) " =

n=0
0o
§ N =

n=0
S0 dung dang thic trén, ta c6 thé viét

1 "
zvd|fl<ac<1.Suyra

——Voi—l<cr<ltongdéc0la hing s nao dé

Go(z) =

7223" " :i 2-3")a"
n=0

Suyraa, =2-3"

i

!

S
“04 Hoc Ty NHIEN

2

12z

/;

(

Quy nap va bé quy
Hoang Anh Buc

Dinh nghia va mét s6 khai
niém

Ham dinh nghia bang dé

Day cho bdi hé thic truy
hé

Dodn nghiém
Pa thire dac trung

Ham sinh

73



Giai hé thiic truy hoi

Ham sinh

M6t phuang phép khac dé tim cong thirc tidng minh cho Go (x) trong Vi Quy nap va B9 auvy
du 24. Chd ¥ réng a,, = 3a,, 1 (n > 1) VA ag = 2 Floana fnh Be
— Z anz" Dinh nghia ham sinh |
—32Ga(x) = =Y _[3an]a""! Nhan hai vé véi —3z
7=0 P e
Go(x) — 3G ( Z anz"” Z[?)an}x”“ Cong hai déng thic @ .. \
= anO + Z anxn - Z[3an]m7l+1 Day cho bdi hé thic tr
n=0 hei )
o oa i e
=2+ e Z[3an 1z DEi chi s6 (&7) wamsn
S
=2+ Z [ Ay — 3an71:|33n an = 30477,71
n=1
=2

73



Gidi hé thuc truy hoi

Ham sinh

Quy nap va bé quy
Hoang Anh Buc

Mét sb dang thiic hitu ich

Dinh nghfa va mét sb khai
niém

oo
1 — anxn \:\"vv\vv dinh nghia bang dé
1—ax Z . 1 nghia bing

e Pa thic dic trung

1 n Ham sinh
Toar e 1

73



Giai hé thiic truy hoi

Ham sinh

Quy nap va bé quy

VI’ dU 25 Hoang Anh Buc
Déay Fibonacci {f,} cho bdi hé thiic f,, = fn—1 + fu—2 (n > 2)
va diéu kiénbandau fo =0va f; =1

Gpx) =Y far" = fo+ iz + > (fa1 + fa2)2"
n=0

n=2

oo 0o

§ : -1 2§ : —2
=r+ fn—lxn +z fn—2xn

n=2

n=2 Quy nap theo cau tris

o o0
=x+x Z fmx™ 4 2 Z fmax™ déi bién
m=1 m=0 o8
0 0 @ H‘a‘mslnh
—x+x{2fmxmfox0} +x22fmxm fox® =0
m=0 m=0

=z + 2G(2) + 2°Gy ()
B x
o 1—2— a2 73



Giai hé thiic truy hoi

Ham sinh

Quy nap va bé quy
Hoang Anh Buc

M6t phuang phap khac dé tim cong thic tuong minh cho
G (z) trong vi du day Fibonacci. Chiyrang f, = f,—1 + fn—2 o
(n>2)va fo=0,fi=1 ot hing

= Z foz" Pinh nghia ham sinh 7
—2Gy(x Z Jna" Nhan véi — e
7‘L2Gf Z fnz" Nhan véi —z2 () ;a;‘s‘mh o

73



Gidi hé thuc truy hoi

Ham sinh

Gy(z) — 2Gy(x) — 2°Gy(x)

(oo} o0 oo
SO DR W
n=0 n=0 n=0

Cong ba dang thic

oo oo oo
=fothz+ Y far" = fa12" = froz" Déi chi s6
n=2 n=1 n=2
oo
=0+2+ Z [fn - fnfl - fn72]zn
n=2
=z+0 fn:fn—l“'fan
=x
x

Do dd, Gy(z)(1 — x — 2?) =z, vasuy ra G¢(z)

1—2— 22

73

Quy nap va bé quy
Hoang Anh Buc

Dodn nghiém

Pa thifc dac trung

Ham sinh



Giai hé thiic truy hoi

Ham sinh

Quy nap va bé quy
Hoang Anh Buc

. . > 1
Nhac lai ran Tt = —— vl —1<cx<ltrongddc+0
i rang nz:%c e cx gdéc
la hang sb nao dé

Bai tap 24
« A €T a b
- erth(ac)— 1—2—x2 lfAl’—’_ 1—- Bx
s0 a,b, A, B nao do
] Ap dung cbng thu’c trén dé dua G (z) vé dang

v6i cac hang

aZA”:c”erZB"x"vm—1<A:v<1va —1<Bzx<1
n=0 n=0 Ham sinh

(= Khai trién G (z) thanh chuéi Iy thira)
m TU dinh nghia ham sinh, suy ra cong thuc cho day {f,}

73



Giai hé thiic truy hoi

Ham sinh

véi —1 < & < 1, bang céch lay

Chuy rang tir >~ a" = - 1
n=0

— T

dao ham hai vé va déi chi sb lay t6ng, ta c6

S ~ S - 1

Bai tap 25

SU dung ham sinh dé gidi cac hé thic truy hdi sau
(@) an=Tapn—1 (n>1),a0=5

(b) a, =2ap_1—an_o(nN>2),a0=1,a; =1

(€) an =5a,_1 —6a,_2 (n>2),a9=06,a; =30
(d) (%) an =3apn—1+n(n>1),a =1

73

Quy nap va bé quy
Hoang Anh Buc

Ham sinh



Part |
Phu luc



NGi dung

Quy nap va bé quy
Hoang Anh Buc

Quy nap toan hoc
Tinh ding dan clia Quy nap manh
Quy nap manh va quy nap yéu la tuong duong

Mét s6 16i thudng gap



Quy nap toan hoc

Tinh ding dan cla Quy nap manh

Chiing minh (Quy nap manh la dung). Quy nap v2 92 quy
Hoang Anh Burc

m Gia st P(1) dung va véi moi k € Z™, ?
(P(L)yANP2)A---AP(k)) — P(k+1) ding. Ta chiing T ding i o Gy

nap manh

minh Vn € Z* P(n) bang phan chiing

m Gid s(f ton tai n € Z* sao cho P(n) sai. Do d6, tap
S={n|neZ"vaP(n)sai} CZ" latap khac rong.

m Theo Tién dé 1, S ¢é mét phan t&t nhd nhéat m. Do P(1)
dingvam € Z*,tacdm > 1,suyram — 1€ Z*

m Theo dinh nghia clia m, véi moi sb nguyén duong
j <m—1,tacd P(j) ding (néu khdng thi j < m va P(j)
sai; diéu nay mau thuan véi dinh nghia ctia m). Do dé
P(1)AP(2) A--- A P(m —1) ding

m Do (P(1) A P(2) A--+AP(k)) = P(k+ 1) dung véi moi
kezt, tacd (P(1)AP(2)A---AP(m—1)) — P(m) dung

] Kethdpvdl P( JAP2)A---AP(m—1) dung taco P(m)
dung. Diéu nay mau thuan véi dinh nghta cia m. Do dé

P(n) dling véi moi s6 nguyén duong n 2



Quy nap toan hoc

Quy nap manh va quy nap yéu la tuong duong

Quy nap yéu = Quy nap manh. Quy nap va B9 auvy

Hoang Anh Buc
(1) Gia st véi moi R(n), ta cd
(R(1) AVE € Z+ (R(k) = R(k +1))) = Vn € Z+ R(n)
diing, nghia Ia, quy nap yéu ding o
(2) Gid sl véi vi tlr P(n) ta c6 o siens
P(1) Ak € Z* \;_, P(j) — P(k + 1) dung, nghia I3,
budc cd sd va budc quy nap clia quy nap manh la ding.
Ta chitng minh Vn € Z* P(n) ding
(3) Tadinh nghia Q(n) = Aj_, P(n) v6i moin € Z*
(4) Tu (1), tacéd
Q) AVE e ZT (Q(k) —» Q(k+1))) = Vn € ZT Q(n) ding
(5) Tir (3), tacé Q(1) = P(1) vaVn € Z* Q(n) = ¥n € Z+ P(n)
(6) Chu'y rang véi cac ménh dé p,gbatkyp - g=p —pAgq
(Tai sao?).
(7) Do d6 Q(k) = Q(k +1) = \i_, P(k) = NiX P(k+1) =
Ni_y P(k) = Ni—y P(R)AP(k+1) = Ni_, P(k) — P(k+1)
(8) Thay (5) va (7) vao (4), ta c6 diéu phai chirng minh
O



Quy nap toan hoc

Quy nap manh va quy nap yéu la tuong duong

. Quy nap va Bé quy
Quy nap manh = Quy nap yeu. Hong Anh Bc
(1) Gia slr v8i moi R(n ) ta co
(R ()/\VkeZJf(/\,lR()—>R(k+1)))—>vneZ+R(n) ‘
dung, nghia 14, quy nap manh ding o n g ssng|
(2) Gia sl véi vi tlr P(n) ta cd
( ) AVk € Z* (P(k) — P(k + 1)) dung, nghia 1&, budc co
s& va budc quy nap clia quy nap yéu ding. Ta chitng minh
Vn € Z* P(n) dung
(3) Chu y rang véi cac ménh dé p, ¢, r bat ky, néu p — ¢ ding
thi p Ar — ¢ cling dung (Tai sao?)
(4) Ap dung (1) v6i P(n), ta co
(P(1) AVE € Z* (N}, P(j) = P(k +1))) — ¥n € Z* P(n)
dung.
(5) T (2), tacd P(1) dungva vk € ZT (P(k) — P(k +1))
ding. Két hdp véi (3), ta cé
Vk ezt (/\ P(j) — P(k+1)) dung
(6) TU (4) va (5) ta c6 diéu phai chiing minh



Mét sb 16i thudng gap

Quy nap va bé quy
Hoang Anh Buc

Tham khdo tur tai lieu “Common Mistakes in Discrete
Mathematics” (https://highered.mheducation.com/sit Mot s6 181 thubng géip
es/dl/free/125967651x/1106131/Common_Mistakes_in_D
iscrete_Math.pdf)

(a) Quén thuc hién budc ca sé trong chirng minh bang
quy nap toan hoc
m Budc quy nap c6 thé thyc hién tt, vi du, khi ching ta c6
gang chiing minh rang n = n + 1 v&i moi s6 nguyén duong
n, nhung ménh dé nay rd rang la khéng ding. Van dé la &
budc co s& (khi n = 1) khong thda man, vi1 # 141
(b) Khong thuc hién nhiéu hon mét truong hop trong
bwdc co sd cla chirng minh bang quy nap


https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf
https://highered.mheducation.com/sites/dl/free/125967651x/1106131/Common_Mistakes_in_Discrete_Math.pdf

Mét sb 16i thudng gap (tiép)

Quy nap va bé quy
m Trong mét s6 tinh hubng, chang han nhu khi budc quy nap Hoang Anh Buic
cén hai hoac nhiéu diéu kién trudc dé, can phai kiém tra
nhiéu trudng hop co sd
m Vi du, khi chirng minh cac phét biéu vé day Fibonacci,
thuding can phai kiém tra hai trudng hop co s& dau tién (gia
st n = 1 van = 2), vi budc quy nap dya vao phuaong trinh
fn = fn—l + fn—2
(c) Nham lan giira tong va vi tlr P(n) trong chirng minh
quy nap
m Viduy, khicb géng chiing minh 1 4+2 4+ 3+ - 4 n = 2t
bang quy nap, P(n) la toan bd phuong trinh nay, khéng
phai chi 14 vé trai clia né
(d) Viét P(k+1) khong chinh xac trong chirng minh bang
quy nap toan hoc
m Khi P(n) da dugc xac dinh dung, viéc viét P(k + 1) thudng
c6 thé dugc thuc hién moét cach may méc bang cach thay
k+1vaon

Mot sb 16i thuding gap



Mét sb 16i thudng gap (tiép)

Quy nap va bé quy
m Vidy,néu P(n)laménhdé2+4+6+---+2n=n(n+1), Hoang Anh Bie
thi P(k+1)la2+4+6+---+2k+2(k+1) = (k+1)(k+2)

(e) Roi vao “bay quy nap (induction trap)” trong chitrng

minh bang quy nap toan hoc

m Dy la thuat nglr dugc Douglas West (Dai hoc lllinois) dat ra

dé chi 16i khi bat dau tlr tinh ding dan cla P (k) va chiing

minh tinh dang dan cla P(k + 1) chi trong mét s6 trudng

hgp dac biét, thay vi chirng minh tong quat

(f) Mac loi khi thuc hién cac bien doi dai so co ban khi
chirng minh bang quy nap toan hoc

m Co thé xay ra trong khi thuc hién céc bién ddi dai sb co ban,
déc biét 1a trong viéc don gian héa biéu thirc

m Vi dy, ban ¢ thé can st dung dang thiic 2" + 27 = 27+,
ho&c can don gian héa (n + 1)% + 5(n + 1)2, diéu nay t6t
nhat nén dugc thuc hién bang cach phan tich thira so,
khong phai bang céch khai trién tiing s hang

Mot sb 16i thuding gap



Mét sb 16i thudng gap (tiép)

Quy nap va bé quy
Hoang Anh Buc
m Kiém tra kj céc thao tac bién déi dai sb clia ban khi ban gap
khé khan véi budc quy nap ctia mét chirng minh nhu vay
(g) Thiéu t6 chirc khi viéet dinh nghia dé quy
m M6t 18i khuyén 12 nén suy nghi vé cach xay dung tiing budc (e )wet b 16i g oép
mot cac dbi tugng dang xét
m Céc quy tac & budc dé quy clia dinh nghia can dugdc xay
dung dé cho phép tlrng budc nhu vy, va céc trudng hop co
s 1a can thiét dé bat dau qua trinh xay dung dbi tuong
= Nhiing I6i phé bién bao gbm:
m Khong dua dii cac truding hop co s& (vi du, dinh nghia dé quy
clia day Fibonacci yéu cau hai truong hop co s6)
B C6 céc trudng hgp xung dot (vi du, c6 mét trudng hgp cho n
chia het cho 2 va mét trudng hop khac cho n chia het cho 3,
dan den khéng c6 dinh nghia duy nhat cho cac trudng hop n
chia het cho 6) .
m Co6 gid tri ham tai n phu thudc vao gia tri ham tai dau vao I6n
honn (vidy, f(n) = f(3n+1) —2)



Mét sb 16i thudng gap (tiép)

Quy nap va bé quy
Hoang Anh Buc

(h) De dang tir bo khi co gang viet mot quan hé truy hoi
dé mo hinh héa moét bai toan
m Hay tu hdi ban than lam thé nao dé cé thé nhan dugc mot
truong hop cla bai toan kich thudc n tir cac trudng hgp kich
thudc n — 1 (hodc ddi khi la cac trudng hgp nhod hon)
m Dam bao xem xét tht ca cac kha ning, va nhd bao gdm dl
cac diéu kién ban dau
m Vidu, néu a, 1a sb cach dé leo n bac thang néu ching ta
dudc phép leo mbi 1an mot bac hodc ba bac, thi rd rang
a1 =1,as =1,vaas =2,vasau dd a, = an—1 + an—3 VOi
n > 4, vi budc dau tién cé thé 1a mot budc don hodc ba
buédc
(i) Ap dung sai thuat toan giai quan hé truy hoi tuyen tinh
thuan nhat v&i hé so hang khi phwong trinh dac trung
co nghiém lap
m Trong tridng hap nay, can phai nhan véi Iy thira cla n

Mot sb 16i thuding gap



Mét sb 16i thudng gap (tiép)

Quy nap va bé quy
Hoang Anh Buc

m Vi du, néu phuong trinh dic trung 1a
r?2 —6r +9 = (r — 3)2 = 0, thi nghiém téng quat 1a
an=c1-3"4+co-n-3"
(j) Tim nghiém riéng khéng chinh xac cda quan hé truy
hoi tuyén tinh khong thuan nhat véi hé s6 hang (ewatso i uing o
m Ludn nén kiém tra lai cac nghiém ban tim dugc. Vi du, néu
ban tinh dudc ring a, = 2" 1a nghiém riéng cla
an = 2an_1 + 2", thi khi thé vao, ban sé thay minh da méc
6i, vi khéng diing rang 2" = 2 - 2"~ ! 4 2»
(k) Quén quan tam den vai so hang dau tién ctia chuoi liy
thira
m Khi gidi quan hé truy hdi bang cach s dung ham sinh, quan
hé truy hdi thuding chi 4p dung dugc cho k& > 1 hodc k > 2;
do dé mét hodc hai sb hang dau tién phai dugc x{¥ ly riéng
biét
() Quén déi bién trong chudi liy thira khi can thiét



Mét sb 16i thudng gap (tiép)

Quy nap va bé quy
Hoang Anh Buc

Tinh diing dan ¢

Quy nap manh va quy nap
yéu 1a tuong duong

Mot sb 16i thuding gap

m Vidy, néu chudi Iy thira c6 z*~" va ban can chuyén n6
thanh ac , ban c6 thé thay k bang + 1 trong | toan b6 tong
(bao gdm ca cac gidi han) va don gian hoa vé mét dai s6:

ka’“ - Z (k + 1)z®*+D-1 = Z(k +1)z"
k=1

k+1=1 k=0



Tai liéu tham khao

Quy nap va bé quy
Hoang Anh Buc

Tai liéu tham khao

¥  Gunderson, David S. and Kenneth H. Rosen (2010).
Handbook of Mathematical Induction: Theory and
Applications. Chapman and Hall/CRC. Dol:
10.1201/b16005.
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